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Abstract

The aim of this paper is to prove existence of weak solutions of hyperbolic-parabolic evolution
inclusions defined on Lipschitz domains with mixed boundary conditions describing, for instance,
damage processes and elasticity with inertial effects. To this end, we first present a suitable weak
formulation in order to deal with such evolution inclusions. Then, existence of weak solutions
is proven by utilizing time-discretization, H?-regularization and variational techniques.

1 Introduction

The gradient-of-damage model motivated by Frémond and Nedjar in [FN96| describes the damage
progression by microscopic motions in solid structures resulting from the growth of microcracks and
microvoids. In this approach, an order parameter z models the degree of damage in every material
point. It has the range [0, 1] with the following interpretation: the value 1 stands for no damage, a
value between 0 and 1 qualifies partial damage and the value 0 indicates maximal damage. Beyond
that, elastic deformations are described by a vector function u which specifies the displacement
from a given reference configuration 2. The evolution law for v and z consists of two equations:
a hyperbolic equation for the mechanical forces and a parabolic equation for the damage process
involving two subgradients. The considered evolution can be summarized in the following PDE
system with the unknowns (u, z, &, ¢):

uy — div (We(e(u), 2)) =1, (
2 — Dpz +Wo(e(u),2) + f'(2) +E+ 9 =0, (1b
§ € 0I1p o) (2), (
¢ € Ol (_o 0)(21), (

supplemented with the following initial-boundary conditions

u="b onI'p x (0,7, (2a)
We(e(u),z)-v=0 on I'y x (0,7, (2b)
Vz-v=0 on 012, (2¢)
u(0) = u® in Q, (2d)
ut (0) = v° in Q, (2¢)
2(0) = 2° in Q. (2f)

The hyperbolic equation (1a) is the balance equation of forces containing inertial effects modeled
by uy, the parabolic equation (1b) describes the evolution law for the damage processes and (1c)
as well as (1d) are sub-gradients corresponding to the constraints that the damage is non-negative
(z > 0) and irreversible (z; < 0).



Moreover, | denotes the exterior volume forces, f is a given damage-dependent potential, €(u)
describes the linearized strain tensor, i.e. e(u) = 3(Vu+ (Vu)T), and I'p and I'y are the Dirichlet
part and the Neumann part of the boundary 0€2. The elastic energy density W is assumed to be of
the form

Wi(e, z) = %h(z)Ce L€, (3)

where h models the influence of the damage on the stiffness tensor C. We assume that h’ > 0 and
that complete damage does not occur, i.e., h is bounded from below by a positive constant. Let
us note that an activation threshold for the damage process can be modeled by linear terms in the
potential f.

Our goal of this paper is to prove existence of weak solutions for the system (1) on Lipschitz domains
Q. First of all, we would like to mention that because of the Lipschitz regularity of 92 and the
mixed boundary conditions for u, we cannot apply H? regularity theory. Furthermore, we do not
have viscous terms such as €(u;) in the force balance equation (la) which gives better space-time
regularity for u. In the literature (see for instance [Seg04, BSS05, RR12]), H? regularity for u as
well as viscous regularizations are used to handle the differential inclusion (1b)-(1d) with Yosida
regularization techniques. We present a different approach which allows to prove existence in a
weak notion. More precisely, we show that the inclusion (1b)-(1d) can be rewritten as a variation
inequality and a total energy inequality. For both properties, we need less regularity for the damage
variable z. By using variational techniques introduced in [HK13] and H?-regularization techniques,
we are eventually able to show existence of weak solutions.

The paper is structured as follows. In Section 2, we introduce some notation and preliminary
mathematical results from [HK13|. The main part is Section 3. We state and justify a notion of
weak solutions in Subsection 3.1. The proof of the existence theorem ranges from Subsection 3.2
to Subsection 3.3. In the first instance, we prove existence of weak solution for an H? regularized
problem by using a time-discretization scheme and by applying variational techniques from Section
2 to pass to the time-continuous system. Finally, we get rid of the regularization by a further limit
passage which is performed in Subsection 3.3.

We like to conclude this introduction with a list in Table 1 showing some selected mathematical
works of related damage models and their results (the list is, of course, only an excerpt and by far
not complete).

Model type Boundary conditions Results References
quasi-static force balance  “smooth” boundary, local existence  [BS04]
+ regularized rate-depend. 0O-boundary cond. -+uniqueness

damage (special cases)
viscoelasticity “smooth” boundary, local existence ~ [BSSO05|
+ rate-dependent damage  O-boundary cond. -+uniqueness

(special cases)

quasi-static force balance  Lipschitz boundary, existence [HK11]
+ rate-dependent damage  mixed boundary cond. -+higher integr. [HK13|
+ Cahn-Hilliard equation



quasi-static force balance Lipschitz boundary, existence [KRZ11]

+ rate-dependent damage mixed boundary cond. +regularity

/ rate-indep. damage +uniqueness

(special cases)
quasi-static force balance Lipschitz boundary, existence [MRO6]
+ rate-independent damage mixed boundary cond. +regularity [BMRO9|
+uniqueness [MT10]

viscoelasticity C?-boundary, existence [RR12]
+ rate-dependent damage 0-boundary cond. +regularity
+ heat equation +uniqueness

(special cases)

Table 1: Selected mathematical results for gradient-of-damage models.
2 Notation and preliminary results

Throughout this work, let p > n be a constant and p’ = p/(p—1) its dual and let @ CR" (n = 1,2, 3)
be a bounded Lipschitz domain. For the Dirichlet boundary I'p and the Neumann boundary I'y of
00, we adopt the assumptions from [Berll], i.e., I'p and I'y are non-empty and relatively open sets
in OQ with finitely many path-connected components such that I'p NT'y = ) and I'p UTx = 99).

The considered time interval is denoted by [0,7] and Q; := Q x [0,t] for ¢t € [0,T]. The partial
derivative of a function h with respect to a variable s is abbreviated by h . Furthermore, we define
for k > 1 the spaces

WEP(Q) := {u € WFP(Q)|u >0 ae. in Q},
WHP(Q) = {ue WEP(Q) |u <0 ae. in Q},
H’Ii”D(Q) ={uc H*(€Q) |u =0 on I'p in the sense of traces .

In our considerations, we will frequently make use of the compact embedding
WiP(Q) — C(Q).

The following variational and approximation results are crucial for the proof of the existence theorem
in the next chapter.

Lemma 2.1 (See [HK13]) Let f € L ((;R"), g € LY(Q) and z € W}r’p(Q) with f-Vz >0 a.e.
in Q and {f =0} D {z =0} in an a.e. sense. Furthermore, we assume that

/ (f-V¢+g¢)dz >0 for allCeWi’p(Q) with { =0} 2 {z = 0}.
Q
Then

/ (f-V¢+g¢)da > / max{0,g}¢dx forall { € wiP(Q).
Q {z=0}

Remark 2.2 In [HK13], g is assumed to be in LP(Q2). But the proof extends to g € L*(Q) without
any modifications.



In the next lemma, the notation {¢ = 0} 2 {f = 0} for functions in L>(0,T; WP(£2)) should be
read as

{z € Q|((z,t) =0} D {z € Q] f(z,t) =0} for a.e. t € (0,T).

In the following, the subscript 7 always refers to a sequence 7, k € N, with 7, \, 0 as k — oo.

Lemma 2.3 (See [HK13]) Let

o fr.f €L®(0,T;WLP(Q), 7> 0
with fr(t) — f(t) weakly in WHP(Q) as 7\, 0 for a.e. t € (0,T),

o (€ L®0,T;WP(Q)) with {¢ =0} D {f =0}.
Then, there ezist a sequence (; € L*°(0,T}; W_il_’p(Q)) and constants vy > 0 such that

o (. — ( strongly in LY(0,T; WHP(Q)) as 7 — 0T for all ¢ > 1,

o (; — C weakly-star in L0, T; WHP(Q)) as 7 — 0T,

o (; <Cae inQp for all T >0 (in particular {{; =0} 2 {¢ =0}),
o v (- (t) < fr(t) in Q for a.e. t € (0,T) and for all T > 0.

If, in addition, { < f a.e. in Qp then the last condition can be refined to

Cr < fr a.e. in Qp for all T > 0.

3 Analysis of the hyperbolic-parabolic system

3.1 Notion of weak solutions and existence theorem

In this work, we assume f € C1([0,1],Ry) for the damage potential (see (1b)) and W to be given
by (3) with h € C1([0,1];R) and h > ¢ on [0, 1] for a constant ¢ > 0. Furthermore, we will use the
assumption A’ > 0 on [0, 1].

The main idea for a weak formulation is to rewrite the doubly nonlinear differential inclusion
(Ib)-(1d) into a variational inequality and a total energy inequality. This kind of notion was
introduced in [HK11] and is adapted to the present situation in the following (see Proposition 3.2
for a justification).

Definition 3.1 (Weak solution) We consider the following given data:

external volume forces: 1 € L*(0,T; L*(9;R™)),
Dirichlet boundary data: be HY0,T; H*(Q;R™") n W10, T; L*(Q; R™)),
initial values: u’ e HY(Q:R™), o° € L2(Q;R"Y), 20 e WhHP(Q)

with 0 < 2° <1 a.e. in Q.

A weak solution of the PDE system (1)-(2) for the data (f,b,u’,v°, 2%) is a triple (u, 2, &) satisfying
the following properties:



(i) spaces:
we L®(0,T; H (Q;R™)) N Wh>(0,T; L*(4 R™) N H?(0, T (Hp, (;R™))*)
with w =b on Tp x (0,T), u(0) =u° a.e. inQ, du(0) =v° a.e. inQ,
z € L0, T; WhP(Q)) N HY(0,T; L*(2))
with z(0) = 22inQ, 2>0 ae inQp, 8,2 <0 a.e. inQp,
¢ € L(0,T5 L1 (%),

(i) for all ¢ € Hp_ (4 R™) and for a.e. t € (0,T):
(O, C) 1 + /Q Wo(e(u), 2) ¢ €(C) da = /Q - da, (@)
(iii) for all ¢ € WXP(Q) and for a.e. t € (0,T):
0< [ (IV2P7202 V¢4 (Walelw).2) + £/(2) + €+ 012)C) da, o)
Q
(w) for all ¢ € LY (2) and for a.e. t € (0,T):
0 —z)d 6
> [ el =2)aa. ()
(v) total energy inequality for a.e. t € (0,T):
[ GIVA0P + Wetut). (00 + 1:(0) + S oo} ) d
+ /Qt |0,2|? dz ds — /Qﬁtu(t) - 0¢b(t) dx
< /Q (;\VZ0|P+W(6(UO),Z~0)+f(zo)+ ;|v0|2> dz
— / 0 90 da + We(e(u),z) : €(0:b)dzds — Oy - Oubdx ds
Q

Qt Qt

+ / - (Opu — O¢b) da:ds. (7)
Q4

Proposition 3.2 Let (u, z,§) be a weak solution. Furthermore, if additionally
we H'(0,T; H (S;R™), 2 € H'(0,T; Wh(Q)),
then for a.e. t € (0,T)

2= Dpz+ Wale(u),2) + f'(2) + €+ 9 =0 in (WHP(Q))",
5 S 0IW-41-’I)(Q) (Z),
€ Ol (21).

Moreover, the total energy inequality (7) becomes an energy balance.

5



Proof. Define the free energy functional £ as

E(u, 2) = /Q <;|Vz\p W (e(w), 2) + g(z)> dz.
The Gateaux derivatives d,£ and d,& are given as follows:
(@uE2). O = [ Wele(w.2) s ()
(08,2, Qo = [ (VE2V2 -V + Woalela), )1 el0) + £(2) do
Testing (4) with dsu(t) — 0:b(t) yields

(dy&(u, 2), ) i = (du&(u, z), Ob) 1 —I—/Q

+ <6ttu, atb>H1 . (8)

d [1
1 (Opu — O4b) daz—dt/Q2|8tu\2dx

Testing (5) with 0:z(t) yields

—/ 0;2)? dz < (d & (u, z),@tz>W1,p+/§8tzdx. 9)
Q Q

By using (8), the total energy inequality (7) can be rewritten as

E(u(t), =(8)) — £, ) < /0 (duE(u(s), 2(5)), Bru(s)) g1 ds — /Q 02(s)2dzds.  (10)

The right hand side of (10) can be estimated by (9) as follows:
t
/ (A (u(s), 2(5)), Dyus)) 1 ds — / By2(s) 2 da ds
0 o}

< / ((dué'(u(s),z(s)),@w(s))Hl+(dzé'(u(s),z(s)),atz(s)>wl,p> ds+ [ €0zdzds
0 Q¢

= E(u(t), z(t)) — E°, 2°) + A € Oyzdxds. (11)

To obtain an energy balance from (10) and (11), we have to show th £ Oz dards = 0. Indeed, from
(6) we infer £ = 0 a.e. in {z > 0} and £ < 0 a.e. in {z = 0}. Therefore, it suffices to prove the
following:

for a.e. (x,8) € Qy:  z(x,8) =0 = Oz(x,s) =0.

This is true because of 0;z < 0 a.e. in Q7 and by Fubini’s theorem (we also use z € C(£2r) which

follows from an Aubin-Lions type embedding L (0, T; WP(Q)) N H*(0,T; L?>(Q)) — C(Qr), see
[Sim86])

/ Oz(z,s)d(z, s) = / / Oz(x,s)dsdx
{z=0} Q J{z(x)=0}
= / (Z(iL‘,T) — z(x,T;nf)) dr =0,
Q

6



where {z(z) = 0} denotes the z-cut of {z = 0}, i.e.

{2(z) = 0} := {s € [0, T]|{z(x,s) = 0}}

and

inf _ inf{s € [0, 7] | z(z,s) =0} if {z(z,) =0} #0,
e T else.

Now, we have two ways of expressing the energy differences:

E(u(t), 2(1)) — E(®, %) = /0 (du€(u(s), 2(s)), Owu(s)) g1 ds — ; 10,2(s)|? da ds

and
E(u(t), 2(1)) — £(u’, 2°)
= /0 t (<du5(u(s), 2(5)), Opu(s)) 1 + (d=E(u(s), 2(s)), atz(s»wl,p) ds.
Comparison and adding [, ¢z dz ds yield for a.e. t € (0,T):
(d.E(u(t), 2(t)) + pz(t) + £(t), Opz(t)) 1 = 0.
The variational property (5) can be rewritten for all ¢ € W!?(Q) as
(=dzE(u(t), 2(t)) — ez(t) — £(t), Qe < 0.
Adding both, we get for all ¢ € WP(Q)
—(d=E(u(t), (1)) + Oez(t) + £(t), ¢ — Oz (t))wrw <0,

which proves the claim. (Il

The main aim of this work is to prove existence of weak solutions in the sense above.

Theorem 3.3 To the given data (I,b,u°,v°, 2°), there exists a weak solution of system (1)-(2) in
the sense of Definition 3.1.

3.2 Existence of weak solutions for an H2-regularized system

Here, we first solve a regularized version of our introduced damage model. The passage to the limit
system is performed in the next subsection.
Regularization
The regularized PDE system is given in a classical notion by a quadruple (u, z, &, ¢) satisfying
uy — diviWe(e(u), z) + 6Au =1,
2= Dpz + W), 2) + f(2) + €+ =0,

7



5 € aI[O,OO) (Z))
¢ € Ol (_oo 0)(21),
where the linear operator A : H?(Q2;R") — (H?(2;R™))* is defined as
(Au, o) o = / (V(Vu), V(T0)) e dz o= /
Q Q

1< j k<n

dzuk dQUk
dzx.
dxidwj d.%'idl'j

For the PDE system, we modify Definition 3.1 as follows.

Definition 3.4 (Weak solution for the regularized system) We consider the given data as in
Definition 3.1. A weak solution of the reqularized PDE system for the data (1,b,u°,v°, 29) is a triple
(u, z,€) satisfying the following properties:

(i) spaces:
w € L0, T5 H* (5 R™) N WH(0, T; LA R™)) N H*(0, T3 (Hp, (4 R™))),
with u="b on Tp x (0,T), u(0) =u® a.e. inQ, du(0) =" a.e. inQ,
z € L0, T; WhP(Q)) n HY(0,T; L*(Q)),
with 2(0) = 2 in Q, 2 >0 a.e. in Qp, 0z <0 a.e. in Qp,
£ € L®(0,T; L' (),

(ii) for all ¢ € HE_ (;R™) and for a.e. t € (0,T):
(D, C) 2 +/ Wo(e(u), 2) : €(C) dr + 5(Au, ) gy = / . da, (12)
Q Q
(iii) for all ¢ € WHP(Q) and for a.e. t € (0,T):
0< / (IV2P2Vz - VC + (Wa(e(u), 2) + f/(2) + €+ 02)¢) du, (13)
Q
(w) for all ( € LY (2) and for a.e. t € (0,T):
0> [ &c-2dn (14
(v) full energy inequality for a.e. t € (0,T):
/ <1Wz(t)yp + W(e(u(t)), 2(t)) + f(2(t) + 1\8tu(t)]2> dx+/ 02| dz ds
Q \P 2 Q
J
+ §<Au(t),u(t)>Hz - /Q(‘?tu(t) - Oib(t) dx
</ (1]Vzo|p+W(e(u0) O 4 () + 1\1)0\2) dz + 2 (400, u0) o
“Ja\p ’ 2 2

- / 009,00 dx + | We(e(u),2) : €(O4b) deds — Opu - Opbdx ds
Q Qt Qt

+ /Qt [+ (Opu — Ob) dx ds + 5/0 (Au(t), 0¢b(t)) g2 dt. (15)



The existence proof for the regularized system is carried out in five steps in the following and is
based on a time-discretization scheme.

Step 1: Time-discretization

Let 7 > 0 denote the discretization fineness and let M, := |T/7] be the number of discrete time
points.

We fix an m € 1,..., M, and define the functional F™ : H?(;R") x W1P(Q) — R by

1 p —limr x 0 U, U
) = [ (p|Vz| LW e(w).2) + F(=) — Im) - )d 2 Au )

2 2 2

m—1 T
L2 2

Z—2z u—2um 2

T

+

T
2 T L2.

A minimizer of " in the subspace

{u € H* (O R") | ulr, = b(Tm)|pD} X {z eWhP(Q)|0<z< szl}

obtained by the direct method is denoted by ( ul, 2). By a recursive minimization procedure
starting from the initial values (u°, z%) and u=! := 4% — 70°, we obtain functions (u™,2™) for
m =1,...,M,. The velocity field v™ is set to (u” — u™~1)/7 and b and ™ are given by b(7m)
and I(Tm).

Let w™ € {I", 0", u 77”, v, 2} we introduce the piecewise constant interpolations w,, w- and the

linear interpolation w, w.r.t. time as

wr(t) = wi with m = [t/7],

wy (t) := wra{0m—1} with m = [t/7],

By (t) := Suw™ + (1 — B)wrxi0m=1} with m = [t/7], 8= t—(m—-17
T

and the piecewise constant functions ¢, and ¢ as

tr :=[t/7] 7 = min{m7 |m € Ny and m7t > t},
t— = max{0,t, — 7}.

T

We would like to remark that, by definition, w,(t) = w,(¢;) for all ¢t € [0, T] and

R u™ — Qum—l 4 um—2
8th(t) _ T T > T

for t € [t/T].

m
T

m

) are minimizers, we obtain the following necessary conditions (Euler-

Since the functions (u
Lagrange equations):

, 2

o u,,v; € L0, T; HX(;RY)), Uy, 0y € WE(0,T; H?(Q;R™)),
zr € L0, T; WHP(Q)), 2, € WhHee(0, T; WhP(Q)),

e for all ¢ € HE_(9;R") and for a.e. t € (0,7T):

/at@-gdg”/ Wo(e(wr), ) ¢ €(C) da + 6(Auy, () o —/ZT-Cdx, (16)
Q Q Q



e for a.e. t € (0,T) and for all ¢ € WHP(Q) with 0 < ¢ + z,(¢) < 27 (1):
0 g/ (V2 P22, - VC 4+ (Wa(e(ur), 2) + f(z) + 83)C) da. (17)
Q

Step 2: A priori estimates

e Testing (16) with u, — u; — (b, — b7 ), and using the estimate

~ 1 1, -
/Q 0+ (ur —ur)do = leelf — 5 or [

as well as the convexity estimates (note that z= > z;)

/ We(e(ur), zr) s €(ur —uy )dz > / (W(e(ur), zr) — W(e(uy), 27)) do (18)
Q Q

S Aur,ur —ul )2 > g(AuT,uﬁHz—f(AuT,uT)Hz (19)
yield
SOl = 5 o7 ()] + §{Aur (0), u <t>>Hz—§<Au (0,07 (1)
[ V()20 (0) = Wetur (0),27 (1) da = [ 033(0) - (br(6) = b7 (1)) da

< [ 100) - (urlt) = w7 (1) = (bo(6) = b5 () do
Q
+ We(e(ur(t)), (1)) : €(br(t) — b7 (1) dz + 6{Aur (), by () — by () 2. (20)
The right hand side can be estimated as follows (7 > 0 has to be chosen suitably small)

rhus. < 7l Ol (lor(®)lz2 + 100 (1)1 ) + CrlleCur (0)) 2 (@15 (1) 12
+ 07 (A (£), 7 (£)) 13 (ADeD- (1), Orbr (1)) 12
< Cr (L 132 + lor(0)122 + 100 (D13 + nlle(ur ()32 + Colle(@1br (1)) 132
5 Aun(t), ur () g2 + 6{A8D- (1), a@(t»m). (21)

Summing (20) over the discrete time points ¢t = 7,27,...,m7 with m € {1,..., M;}, taking
(21) and the regularity assumptions for [ and b into account, we obtain

1 5 N
3 0Ol + 5 (0). 0 (O} + cllelur )z = [ [ 05, 0 s
1 0
< Loy, +

2<Au0,u0)H2—i—/QW(e(uo),zO)d:z
+ C/O " (lor ()13 + nlleCur (0132 + 6{Aur(s),wr(s)) gz + 1+ Cy) ds

10



for all t € [0,T]. The discrete integration by parts formula yields for all ¢ € [0, T

/tf/atm Oybr da ds = /vT() 0:b- ()dw—/gvo'at@(o)dx
/tf/ (s) — ?_t r(s — )dxds. (22)

o ()22 + 5 (Aur(0), ur () + el (1)

~

<c(s / T (Hw( s+l () s+ k.3

/tT/ (s) = ft (s T)d:vd:s)

<1 /0 (lors) 122 + o ()12 + nleCour ()3 + 6 Auur(5), ur(5)) 1) s

We eventually obtain for all ¢ € [0, T]

Applying Gronwall’s inequality for piecewise constant functions shows

||v(vu7-)HLOO(O’T;L2(Q;R7L><TL><TL)) < C,
le(ur) |l oo 0,712 (smxn Yy < C,

and

[vr]l Lo (0,7 L2(mn)) < C,

where C > 0 is independent of 7. Combining these estimates with Korn’s inequality, we obtain

7ll oo 0,12y < €
[l | <C

Consequently, by noticing v, = 0,

[8r [ Loo (0,712 (R ) AW oo (0,722 () < C-

A comparison argument in (16) also gives
||57||Loo(o,T;L2(Q;Rn))mH1(o,T;(HgD(Q;Rn))*) <C.
e Testing (17) with 2= — 2z, and using the convexity estimate
Vz [P7?Vz, -V Syde > LV, - v
Q‘ 2| zr - V(zr — 27) x_};H ZTHLp_gn zr | 1p

yield

1 p 1 N = (1)]12

EHVZT(t)HLP - ];HVZT @)ze + 7102 (8)]72

< /Q (W (e(tr (1)), 20 (1)) + F/(22(1))) (2 (1) — 2+(1)) da. (23)

11



Thus (7 > 0 has to be chosen suitably small)

1 1, N
];IIVZT(t)II]Zp - ];HVZT (ONFs + 71182 (t)]172

< 7 (182 (D72 + ColWa(e(ur (1)), 2()) + f' (2 (1)) I[72-

Summing over the discrete time points ¢t = 1,...,m7, m € {0,..., M;}, and using 0 < z, <1
as well as [|ur || oo (0.17;m2(0irn)) < C, we end up with

27|l oo (0, 3w 12 () < C,

127 oo (0, 0;w 10 (@))nE (0,13 22(02)) < C-

In conclusion, we obtain the following a priori estimates.

Corollary 3.5 There exists a C > 0 such that for all 7 >0

[vrll Lo 0.1;22(mn)) < C,

[wr |l Lo 0,312 (05m)) < €
HﬂTHLoo(o,T;H2(Q;R"))mwlv‘”(O,T;LZ(Q;R")) <0,
HﬁrHLoo(o,T;L?(Q;Rn))mHl(O,T;(H%D(Q;R"))*) <G,
1+l oo Wi e (@) < €

1271 Loo (0, 7w 1w (@) (0,1522(02)) < C-

Step 3: Compactness

Standard weakly and weakly-star compactness results applied to the a priori estimates (24)-(29)
reveal existence of functions

u,u” € L®(0,T; H* (€ R™)),

e L=(0,T; HA (O R™)) nWH>(0, T; L*(; R™)),

v,v” € L0, T; L*(;R™)),

o€ L=(0,T; L*(;R™) N WH(0, T (HE (5 R™))*),

2,27 € L®(0, T; WHP(€)),
Ze L0, T;WhP(Q)) N HY(0,T; L*(Q))

and subsequences indexed by 7 such that

U, — U weakly-star in L>(0,T; H?(Q; R")),

Uy, — U weakly-star in L>(0, T; H*(; R™)),

Uy, — U weakly-star in L>(0,T; H*(;R™)) N Wh°(0, T; L*(Q; R™)),
Vg, — U weakly-star in L°°(0,T; L?(Q; R™)),

v U weakly-star in L>(0,T; L?(; R™)),

Uy, — U weakly-star in L>(0,T; L*(Q;R™)) N H(0,T; (H%D(Q; R™))%),
Zr, — 2 weakly-star in L>(0,T; WP (Q)),
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2= =z weakly-star in L>(0,T; WHP(Q)), (37)

Tk

Zr, = 2 weakly-star in L>°(0,T; WP(Q)) and weakly in H'(0,T; L*(2)). (38)

Taking into account un,, —ur, = 7404y, and 740, — 0 strongly in L°>°(0, T L?(£;R™)), we obtain

u = u~ = u. Analogously, we get v = v~ =¥ and z = 2~ = 2. The identity 0:u,, = v,, implies
Oyu = v. Thus

w € L0, T; HA(Q;R™)) n WH(0, T; LA(Q R™)) 0 H?(0, T; (HE (4 R™)"),
z € L0, T; WHP(Q)) N HY(0,T; L*(Q)).

Applying standard compactness arguments (Aubin-Lion theorem, see [Sim86|, and the compact

embedding W1P(Q) — L*>(Q)) show

Uy Un, s Upy — U strongly in LI(0, T; H'(; R™)) for every ¢ > 1, (39)
Zrps Zpps Zry = 2 strongly in C(Qr). (40)

By choosing further subsequences (we omit the additional subscript), we also obtain pointwise a.e.
in Q7 convergence of ur, .

Strong convergence of of {Vz;, } in LP(Qp;R™) can be shown by a tricky approximation argument.

Lemma 3.6 There exists a subsequence of T, (omitting the additional subscript) such that z;, — z
in LP(0, T; WiP(Q)).

Proof. According to Lemma 2.3, there exists an approximation sequence {¢,, } € L*(0,T"; Wi’p (Q))
with the properties:

Cr, — 2 strongly in LP(0,T; WP (Q)), (41)
0<¢r <2, a.e. in Qp for all k € N. (42)

We omit the subscript & for notational convenience. Due to (42), we obtain
OS (CT_ZT)—i_ZTSZ;

and, therefore, we can test (17) with {; — 2z, and integrate in time:

/ V2 P2V 2, - V(2 — &) dadt < / (W(e(ur), z) + f'(2r) + 02) (& — 27) dzdt.
Qr Qp

A uniform p-convexity argument and the above estimate show

V2 = V|2 < / (IV2P2Vz — [V P2V2,) - V(e — 2,) da dt
Qr
= / |V2[P~2V2 - V(2 — zT)dxdt+/ V2, P2V 2, - V(2 — () dadt
QT QT
+ / V2 P2V 2, - V(¢ — 2) dadt
Qr
< / (Wale(ur), z0) + f/(z0) + 043) (Cr — 20) da dt
Qr
+ / |V2[P™2V2 - V(2 — z;) dzdt + / V2 P2V 2, - V(¢ — 2)dzdt. (43)
QT QT

In the following, we prove that every term on the right hand side converges to 0 as 7\ 0.
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The first integral on the r.h.s of (43) can be estimated as follows

/ (WZ(G(UT)v ZT) + f/(ZT) + 8{2\7) (C‘r — ZT) dx dt
Qrp
< [Wealelur), 20) + 5ol oo 1110 167 = 27 30132002
* Hat/Z\THp(QT)HCT N ZTHLQ(QT)' (44)

Note that for this estimate it suffices to have boundedness of 1w, in
L>=(0,T; H'(£;R™)) instead of the much stronger result (25) (the situation will change for the
passage 0 \, 0 in Subsection 3.3). By using the boundedness of u, in L®(0,T; H'(£2;R")),
boundedness properties (28)-(29) and convergence properties (40)-(41), we get convergence to
0" of the two summands on the right hand side of (44).

Due to (36), the second integral on the r.h.s. of (43) converges to 0+.

We estimate the third integral on the r.h.s. of (43):
/ Va2V 2 - V(G = 2) dadt < [V |7, V(G = 2)ll e
Q

Because of the boundedness property (28) and the convergence property (41), we obtain
convergence to 01 of the integral term above.

In conclusion, we obtain z;, — z strongly in LP(0,T; W1P(Q)). O

Step 4: Energy inequality

By using the sharper estimate

/W €(ur), zr)  €(ur —u; ) de
> /Q (W(e(ur), z-) — W(e(uy), 27 )) da
+ /Q % (h(z7) — h(2r)) Ce(uy) : e(uy ) dz

than the convexity estimate (18), we obtain by testing (16) with u; —u; — (b — b7) (cf. (20)):

o (22 — 5 [l ()2 + & (A (0) 0 <t>>H2—§<Au (0) 05 (1))

(W eurt@) 0) = Wielur (0). 27 () do = [ 9i32(6)- (5,0 = b7 (1) do
+ [ 5 (e (0) = her() ety () : (a7 (1) d
< [0 () = (0 = (o) = b7 (1) e
/W e(ur (), 20 (1)) : e(br () — b= (1)) dz + 8(Aur(£), by (t) — b= () o. (45)

14



Adding the estimates (45) and (23), we end up with

o (22 — 5 o ()2 + 3 (A (0 (1) 2 — Az (0, 7 ()

2
+ ;HVZT@)H; - ;nw;(t)nip 105 ()2 — /Q B4, (t) - (bs(t) — b= (1)) da
4 [ Vel 0), (0 = Wtz (0,27 (0) da
/sz dx—/f da:—i-Te()—i-TeZ(t)
g/zT(t)- (s () — uz (8) — (bs(8) — b2 (1)) do
Q

+ /Q We(€(ur (1)), 20 (1)) : €(br(£) — b5 (£)) da + 6 Auq (8), br (£) — b5 (£))
with the error terms

RGO R ®)
el(t) .= /92 . Ce(uy (1)) : €(u, (t)) dx

n / W (e(ur (), 2 (8)) 07 (t) da
2(t) = /sz - dx+/f 2 (1)) B3 (¢) da.

Summing over the discrete time points and taking into account formula (22), we finally obtain

[ IV 4 W elar ), 20) + Fer(e) + 3o O ) d o+ 5 (Aurte) ()

[ [ospavass [T+ @) ds- [ oo ab0 i

</< V201 4 W (e(u )ZO)+f(ZO>+1\v\>dx+5<Au ) 1o

tr tr
/ / 8tuT—<'“)tb ) dxds—i—/ /W e(ur), z2) : €(Oby) dar ds

+5/ (Aus(s), O4b ( ) e ds—/QUO-ath(O) dz

/ " / ftb 577 4yds. (46)

Step 5: Continuous limit

We are going to establish the equalities and inequalities of the weak formulation (12)-(15).
e By using the canonical embedding L?(£2; R") — (HI%D (€;R™))*, it follows for all ¢ € HIQ‘D (;R™)

/Q 80, (t) - Cdz = (9y0:(1), C) .

Keeping this identity in mind, integrating (16) from ¢ = 0 to ¢ = T" and passing to the limit
7\, 0 by using (30), (35), (39) and (40), we obtain (12).
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e The main difficulty is to obtain the variational inequalities (13) and (14). The proof is per-
formed in two steps.

- Let ¢ € L*®(0, T; W'P(Q)) with {¢ = 0} D {z = 0}. By Lemma 2.3, we obtain a sequence
{Gr} € L*>(0,T; WP(Q)) (we omit k) and constants vrt > 0 with the properties:

¢r— ¢ strongly in LP(0,T; WhP(Q)), (47)
0> vr4(r(t) > —2-(t) in for a.e. t and all 7. (48)

Due to (48) and z; < z, we also have for a.e. t:
0 < vrCr(t) + 27 (t) < 27 () in

In consequence, for a.e. t, we can test (17) with v, (- (¢). Dividing the resulting inequality
by v;, integrating in time and passing to the limit 7 ™\, 0 by using Lemma 3.6 and the
convergence properties (38), (39) and (47) yield

0< /Q (IV2P2Vz - VC + (Wa(e(u), 2) + f/(2) + 92)¢) d.

In particular, we get an a.e. in time ¢ formulation.

- We may apply Lemma 2.1 to the above variational inequality. Then, we obtain for all
¢ € WHP(Q) the inequality

0< /Q (!Vz!p—2Vz VCH (Wa(e(u), 2) + f(2) + €+ 8tz)g> da (49)

with Ee L' (Q7) given by
g: _X{Fo}max{o, W.(e(u),z) + f'(2) + 8tz}.

Due to 0:z < 0 a.e. in Qp, we may replace gby €€ L>(0,T; LY(Q)) in (49), where £ is
given by

§ = —X(emoymax{0, W (e(u), 2) + f'() }. (50)

In particular, (13) is valid for a subgradient ¢ satisfying (14).

e To treat the energy inequality in (46), we set
Aty i= [ (31T O + Wleturle) 20(0) + £ (0) + o) o
Q \P 2

—/ <1|vZO\P+W(e(u0),ZO)+f(zo)+1|v0|2) dz
Q \P 2

J

+ g(AuT(t),uT(t»Hz - §<Au0,u0)H2 - /Qv.r(t) : 87557(25) dz

+ / 00 - 8yb-(0) da
Q
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tr tr R
B.(t) ;:/ /\&%}\deds—/ /zT- (94> — 95, ) dads
0 Q 0 Q

tr R tr R
_ / / Wo(e(ur), 2) : (Oiby) duds — / (At (5), O4br (5)) gz ds
0 Q 0
tr 0 a7 _
+/ /UT(S) Oibr(s) — Opbr(s — 7) di ds,
0 Q
tr

T

BN = [ ehs)ds,
0
tr
E2(t) = / e2(s)ds.
0
Then, (46) is equivalent to
An(t) + By () + BXN(t) + EX(t) < 0. (51)
Furthermore, by the a priori estimates, we observe that
[Ar ()] + B (t)] + | B2 ()| + |[EZ(t)] < C© (52)

for all ¢ € [0,T] and for all 7 > 0 (along a subsequence 7). Next, we consider the limin f\ o
of each term in (51) separately.

- By the already proven convergence properties and by lower semi-continuity arguments,
we obtain

to to
lim inf A (t)dt > A(t)dt for all 0 <t; <ty <T, (53)
7'\0 tl tl

where A is defined as A, but u,, z,, v, and 37 are substituted by their continuous limits.
Note that this lim inf-estimate does not necessarily hold pointwise a.e. in ¢ because we
do not know v, (t) — v(t) weakly in L?(2;R") for a.e. t (see (33)).

- Let 0 < t; <ty < T be arbitrary. By Fatou’s lemma, by (38) and by a lower semi-
continuity argument, we obtain

to tr to t
liminf/ / /lﬁtET(s)dedsdtZ/ <liminf/ /|8{z}(s)|2dxds> dt
T\O t1 0 Q t1 ™\0 0 Q
to t
>/ //|8tz(s)\2dxdsdt. (54)
t1 0 JO

Taking also (52) and the already known convergence properties into account, we obtain
to t2

lim inf B (t)dt > B(t) dt, (55)

T\O tl tl

where B is defined as B; but u,, u,, v, z;, zr and ET are substituted by their continuous
counterparts and M by Oyb(t).
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- It holds

h(z7) = h(z:) + 1 (27) (27 — 20) +7(27 — z7), T(:) —0asn—0

by the differentiability of h. We then get
1 h(27) — h(z,
/ / fMCe(u;) ce(uy)dzds
0o Ja2

T

tr - - -
— / / 1 (h,(ZT)ZT Zr 4 T(ZI 27') Zr ZT) % (56)
0 J{zr (5)#2r(s)} 2 T Pr— T
x Ce(u; ) : €(u, )dzds.

Because of
r(zr — 27)
Zr = 2 lree((ar £20))
< Hh(z;) — hiz) - ’ h’(zT)ZT_ s <C,
AT AT Loo({z7 #2:}) Zr 7 ZrllLee({zr #201)

and % — 0as 7\, 0 a.e. in Qp as 7\, 0, we conclude by Lebesgue’s generalized

convergence theorem

r(z7 — z7)

— 0 for every ¢ > 1.
La({z7 #2:})

Using this and the already known convergence properties, we end up with

Zr — Zr

left hand side of (56) — W .(e(u), z)0pz dz ds
Q¢

and, consequently, EL(t) — 0 as 7 \, 0. Together with the uniform boundedness (52),
this implies

to
Elt)dt = 0as 7\, 0forall 0 <t; <ty <T. (57)
t1

- The convergence

to
F%(t)ds — 0as 7\, 0forall 0 <t <ty <T, (58)
t1

can also be shown as above.

If we combine (53), (55), (57) and (58) we finally obtain

to
0 > lim \igf / (Ar(t) + B (t) + Ef(t) + E2(t)) dt
T tl

> / " (A@) + BQ)) dr.

t1

for all 0 < t; <ty <T. Thus, A(t) + B(t) <0 for a.e. t € (0,7) which is the desired energy
inequality (15).

Hence, we have established existence of weak solutions in the sense of Definition 3.4.
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3.3 Passing to the limit system

We now study the limit § N\, 0. For each § > 0, we obtain a solution (ug, zs,&s5) in the sense of
Definition 3.4.

Step 1: A priori estimates

From the energy inequality (15), we infer

sl Loo (0,7; 11 (:sR7 Y)W o0 (0,112 (7)) < Cs (59)
25| oo (0,510 () (0,1:02(02)) < O (60)
\/SHWHLOO(O,T;H%Q;W)) <C. (61)

By considering (12), we get

(Ouus(t), Qe < C(lle(us(t))l 2 + D[e(Ollzz + 6V (Vus(t)) |2V (V) || 2
+ [l z2I€]| 22

and, therefore,

sl 20,32 (ummyy) < C- (62)

Step 2: Compactness

As in the previous section, the a priori estimates (59)-(62) reveal existence of functions

u € L0, T5 HY (5 R™) N WH(0, T; LA R™)) N H(0, T3 (HE, (O R™))"),
z € L0, T; WhP(Q)) n HY(0,T; L*(Q))

and subsequences indexed by dj such that

Us, — U weakly-star in L°°(0,T; H'(Q; R™)) n W (0, T; L*(Q; R™))
NH(0, T (7 (4 R™))), (63)
25, — % weakly-star in L°°(0,T; WP(Q)) and weakly in H'(0,T; L*(2)).  (64)

By applying the same technique as in the previous section, strong convergence of Vzs, in LP(Qp; R™)
can be obtained. We conclude that

25, — 2 strongly in LP(0,T; W'P(Q)). (65)

Furthermore, by (60), we find

zs, — 2 strongly in C(Q7) (66)

for a subsequence by an Aubin-Lions type compactness result (cf. [Sim86]). As usual, we omit the
subscript k.

Step 3: Passing to the limit § \ 0
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Integrating (12) from 0 to 7" and using (63), (66) and fOT d(Augs, )2 dt — 0 due to (61), we
conclude

T
/ (Opu, C) g2 dt + We(e(u),z) : e(¢)dedt = [-Cdxdt
0 Qp Qr
for all ( € L*(0,T; H%D(Q;]R”)). Therefore, (4) is true for all ¢ € H%D(Q;]R”) and a.e.
t € (0,T). Using the density of the set H%D (;R™) in H%D (©2; R™) (here we need the assump-
tion that the boundary parts I'p and I'y have finitely many path-connected components, see
[Berll1]), we can identify dnu(t) € (HllD (€;R™))* and (4) is true for all ¢ € HllD (€;R™) and
a.e. t € (0,7). Furthermore, Oyu € L*(0,T; (HllD (Q;R™))*).

We choose the following cluster points w.r.t. a subsequence

X6 = X{z5>0} — X weakly-star in L>(Qr), (67)
115 7= X{z=0} (W= (e(us).25)+f(25)<0} ] weakly-star in L*((2r), (@)
Fy := X{z>016(us) — F weakly in L2(Qqp; R™™), (69)
G5 1= X{zs=0}n{W. (c(us),zs)+f" (z5) <0} €(Us) — G weakly in L?(Qz; R™ ™). (70)
By (66) and (63), we obtain for a.e. z € {z > 0}
x(x) =1, n(x) =0, F(z) = e(u)(z), G(z) =0, (71)

because of the following reason:

Let ¢ € L?(Q; R™ ™) with supp(¢) € {z > 0}. Then, by (66), we obtain supp(¢) C {z5 > 0}
for all sufficiently small § > 0. On the one hand, we find by (69)

/ Fs:(dxdt — F: (dxdt.
QT QT

On the other hand, by (63), (note that ¢ can be chosen arbitrarily small)

/ Fg:(dxdt:/ e(ug) : (dxdt — e(u) : (dxdt.

Qr Qp Qp

Thus, [, e(u):(dzdt = [, F:{dzdt. The other identities in (71) follow analogously.
Let ¢ € L>(0,T; WP(£)). Taking (50) into account, inequality (13) becomes by integration

over time

0< / (|V25]p72v,25 -V(+ (%Z(sC) dx dt + / (Wz(e(u(;), 25) + f/(25)) (dxdt
Qr {25>0}

+ / (W2 (e(us), 26) + f'(26)) ¢ dz dt.
{z5=0}N{W,. (e(us),25)+f'(25)<0}

Applying limsups\ o on both sides and multiplying by —1 yield

0> lim [ (V| ?Vzs - V(=() + Opz5(—()) du dt
o\.0 Qr

20



Flimint [ K (F (-0 drd + liint /Q o f (a0 dt

+limint /Q H(e8)(Ga)?(=) -+ it /Q s ) () .

Weakly L.s.c. arguments, the uniformly convergence property (66) and the properties listed in
(71) give

0> / (|Vz|p_2Vz V(=) + 02(—()) dzdt
Qr
o Pelelw, ) 4 7)) ()
+ / ((F2 + G/ (2) + (x + mf'(z)) (=¢) dz dt.
{z=0}
This inequality may also be rewritten in the following form:
0< / (IV2[P72V2 - V¢ + (Wa(e(u), 2) + f'(2) + 92) ¢) da dt
Qr
+ /{ ) ((F2 + G2)h/(z) +(x+n)f(z) = W(e(u),2) — f/(z)) ¢ dx dt.
Therefore,
0< / (IV2P2V2 -V + (Wale(u), 2) + f/(2) + Oz + €) () dadt
Qr

with
& = Xamoymin{ 0, (F2 4+ GHW (2) + (x +1 = 1)f () = Wale(w), 2) }.
This proves (5) and (6).

To prove the energy inequality (7), we can proceed as in Subsection 3.2: Integrating (15) with
respect to time on [t1,to] yields (0 <t <to <T)

/t " (As(t) + Bs(t) + Cs(t)) dt < 0 (72)
with 1
As(0)i= [ (SI9as(0P + W elus) 25(0) + F0) + 3l00us(0)?) da
_ /Q Dy (t) - Oyb(t) d — /Q <]1)|Vzo|p+W(e(u0),zo)+ f(zo)+;|v0|2) dz
+/Qv0-8tbodx,
Bs(t):= [ |0zs)?dads — [ We(e(us), 25) : €(Ob)dxds + [ Oyus - Oybda ds

Q4 Qy Q
- / - (Oyus — Ob) dz ds,
Q4
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o 0

Cs(t) = 5 (Aus(0), us(0)) > — 5

(AU, ) o — 6 / ' Aus(t), O4b(1)) e dt.
0

Let A and B be the corresponding functions to As and By, where us and z5 are replaced by
u and z, respectively. The limit passage in (72) can be performed as follows.
- Weakly lower semi-continuity arguments show
to to

lim inf As(t)dt > A(t) dt.
inf | (t) . (t)

- Fatou’s lemma and weakly l.s.c. arguments as well as the convergence property for zs
(see (65)) show (cf. (54))

to [2)
lim inf/ Bs(t)dt > / B(t) dt.
t

ON\.0 1 t

- We have

0
Cs(t) = —§<AU07UO>H2 = Olus ()| 2 (0rm) 0D (E) || 2 (2smy -
By (61), we obtain
to

lim inf Cs(t)dt > 0.
NG

We end up with fttf A(t) 4+ B(t)dt <0 for all 0 < t; <ty <T. This proves (7).

Proof of Theorem 3.3
Putting all steps of Section 3.3 together, Theorem 3.3 is proven. O
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