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Abstract

Consider the minimal Sturm-Liouville operator A = A, generated by the differential
expression A := —j—; + T in the Hilbert space L*(R,,H) where T = T* > 0 in
‘H. We investigate the absolutely continuous parts of different self-adjoint realizations of
A. In particular, we show that Dirichlet and Neumann realizations, A” and A", are ab-
solutely continuous and unitary equivalent to each other and to the absolutely continuous
part of the Krein realization. Moreover, if inf oess (7') = inf o(T") > 0, then the part
A E+(o(AP)) of any selt-adjoint realization A of A is unitarily equivalent to AP In

addition, we prove that the absolutely continuous part ﬁ‘f of any realization Ais unitarily
equivalent to A provided that the resolvent difference (A — i)' — (AP —i)~!is com-
pact. The abstract results are applied to elliptic differential expression in the half-space.
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1 Introduction

Let T" be a non-negative self-adjoint operator in an infinite dimensional separable Hilbert space
‘H. We consider the minimal Sturm-Liouville operator A generated by the differential expression
d2
A = o +T (1.1)
in the Hilbert space $ := L?(R,,H) of H-valued square summable vector-valued functions.
Following [18, 19] the minimal operator A := A,.;, is defined as the closure of the operator A’
defined by

, ) W2,2 R
A=A Do, Do ::{ > i(t)hy n, gfdim(oT)( ]:)E N}, (1.2)
1<j<k ’

where W (R, == {¢ € W22(R,) : ¢(0) = ¢'(0) = 0}, thatis, Ay := A’ Itis easily
seen that A is a closed non-negative symmetric operator in H with equal deficiency indices
n+(A) = dim(H). The adjoint operator A* of A = A,;, is the maximal operator denoted by
ALax Extensions of A are usually called realizations of .4, self-adjoint extensions are called self-
adjoint realizations. Self-adjoint realizations of A were firstly investigated by M. L. Gorbachuk
[18] in the case of finite intervals I. Namely, he showed that the traces of vector-functions
[ € dom (Apn.x) belong to the space H_1,4(T), cf. (5.2). In particular, dom (Ayax) is not
contained in the Sobolev space 1W%?2(I, H). Based on this result he constructed a boundary
triplet for the operator Ayax = A%, = A* in the Hilbert space L*(I,H). These results are
similar to those for elliptic operators in domains with smooth boundaries, cf. [3, 21, 29], and go
back to classical papers of M.1. ViSik [37] and G. Grubb [20].

After the pioneering work [18] the spectral theory of self-adjoint and dissipative realizations of
Ain LZ(I, 'H) has intensively been investigated by several authors for bounded intervals. Their
results have been summarized in the book of M.L. and V.l. Gorbachuk [19, Section 4] where
one finds, in particular, discreteness criterion, asymptotic formulas for the eigenvalues, resolvent
comparability results, etc. Some results from [19] including the construction of a boundary triplet
were extended in [11, Section 9] to the case of the semi-axis.

However neither the absolutely continuous spectrum (in short ac-spectrum) nor the uni-
tary equivalence of self-adjoint realizations of A have been investigated in previous pa-
pers. We show, cf. Lemma 5.1, that the domain dom (A) of the minimal operator A co-
incides algebraically and topologically with the Sobolev space W(i’j%(R+,H) = {f €
W2 Ry, H) : f(0) = f(0) = 0}, where W2*(R, H) consists of H-valued functions
f(-) € W22(R, H) satisfying

£z = /R+(||f”(t)ll31 +HILF @O+ ITf(B)]5)dt < oo

This statement is similar to the classical regularity result for minimal elliptic operators with
smooth coefficients, see [3, 21, 29]. Besides we show that the Dirichlet and Neumann real-
izations defined by

dom (AP) = {f e W2*Ry,H): f(0) =0},
dom (AY) = {fe W;*(R,,H): f'(0) =0}



are self-adjoint, cf. Proposition 5.2. This statement is similar to that of the regularity of Dirich-
let and Neumann realizations in elliptic theory (cf. [3, 21, 29]). It looks surprising, that these
regularity statements were not obtained in previous papers even in the case of finite intervals.

Moreover, we show that the realizations A” and A" are absolutely continuous and unitarily
equivalent for any 1. We note that these results can easily be obtained using the tensor product
structure of A” and A", see Appendix A.2. However, the method fails if the special tensor
product structure is missing. We investigate the spectral properties of arbitrary self-adjoint real-
izations of A by investigating the corresponding Wey! functions.

We point out that the results substantially differ from those for Dirichlet and Neumann extensions
AID and A}V of A on a finite interval 1. In the later case the spectral properties of A? and Aﬁv
strongly correlate with those of T', cf. Appendix A.1. In particular, we show that, in contrast to
the case of a finite interval, for any 7" = T > 0 none of the realizations of .4 on the semi-axis
is pure point, purely singular or discrete. Moreover, we show that for any 7" > 0 the Dirichlet
and the Neumann realizations A” and A" are ac-minimal in the following sense.

Definition 1.1 ([33, Definition 3.5, Definition 5.1]) Let A be a closed symmetric operator and
let Ay be a self-adjoint extension of A.

(i) We say that Ay is ac-minimal if for any self-adjoint extension A of Athe absolutely continu-
ous part A¢ is unitarily equivalent to a part of A.

(i) Letog := OaC(Ao). We say that A is strictly ac-minimal if for any self-adjoint extension 2{
of A the part A“CEg(oo) of A is unitarily equivalent to the absolutely continuous part Aj¢ of
Ap.

One of our main results, which follows from Theorem 5.6, Theorem 5.7 and Corollary 5.8, can
be summarized as follows:

Theorem 1.2 LetT' be a non-negative self-adjoint operator in the infinite dimensional Hilbert
space H with tg = inf o(T') and t; = inf o.g (T'). Further, let A be a self-adjoint realization
of A. Then the following holds:

(i) The Dirichlet and the Neumann realizations A” and AN of A are unitarily equivalent, ab-
solutely continuous and 0 (AP) = 04,.(AP) = 0(AN) = 0,.(AYN) = [ty, 00).

(ii) The Dirichlet, Neumann and Krein realizations AP AN and A of A are ac-minimal.
(iil) These realizations are strictly ac-minimal if and only ifty = t.

(iv) If one of the following conditions

(A=) ' — (AP =) 1 € 6,(9) or (A—i) ' —(AF —i) ™t € B (9)

is satisfied, then the absolutely continuous part A% of A is unitarily equivalent to the Dirichlet
realization AP.



(v) Ifty = tq, then the absolutely continuous part A% of A s unitarily equivalent to the Dirichlet
realization AP provided that

(A—i) ' — (AN — i)' € B, (9).

At first glance it seems that the ac-minimality of A” contradicts the classical Weyl-v. Neumann
theorem, cf. [22, Theorem X.2.1], which guarantees the existence of a Hilbert-Schmidt pertur-
bation C' = C* such that the spectrum o (AP + C) of the perturbed operator AP + C'is
pure point. But, in fact, Theorem 1.2 presents an explicit example showing that the analog of
the Weyl-v.Neumann theorem does not hold for non-additive classes of perturbations. Indeed,
Theorem 1.2 shows that for the class of self-adjoint extensions of A the absolutely continuous
part can never be eliminated. Moreover, if (A — i)~! — (AP — 4)~! is compact, then even
unitary equivalence holds.

We apply Theorem 1.2 and other abstract results to Schrédinger operators

0?0 92
== — —_— =———-A R R"
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considered in the half-space ]R’}fl = R, x R", n € N. Here ¢ is a bounded non-negative
potential, ¢ = ¢ € L>(R™), g > 0. In this case the minimal elliptic operator L := L, gen-
erated in LQ(RTI) by the differential expression L can be identified with the minimal operator
A = A, generated in §§ = L?(R,,'H), H := L*(R"), by the differential expression (1.1)
withT' = — A, +q = T™*. Therefore and due to the regularity theorem (see [21, 29]) the Dirich-
let L? and the Neumann L” realizations of the elliptic expression £ are identified, respectively,
with the realizations A” and A" of the expression .A. Moreover, the Krein realization L of £
is identical with A% This leads to statements on realizations of £ which are similar to those of
Theorem 1.2. In fact, one has only to replace A by L in Theorem 1.2. In addition, if the condition

lim q(y)dy =0 (1.3)
[l=20 Jiz—y|<1

is satisfied, then L” and L" are absolutely continuous and strictly ac-minimal. In particular,
o(LP) = 0,(LP) = o(LN) = 04.(LY) = [0, 0).

To prove Theorem 1.2 we consider the minimal symmetric operator A associated with the
differential expression A in the framework of extension theory, more precisely, in the frame-
work of boundary triplets intensively developed during the last three decades, see for instance
[11, 12, 19] or [9] and references therein. The key role in this theory plays the so-called ab-
stract Weyl function introduced and investigated in [10, 11, 12]. Moreover, the proofs invoke
techniques elaborated in [2, 8] and our recent publication [33].

Namely, the proofs of unitary equivalence are based on some statements from [33], which allow
to compute the spectral multiplicity function N 3,.(+) of the ac-part A% of an extension A =

A* in terms of boundary values of the Weyl functions at the real axis, cf. Proposition 2.6 and
Corollary 2.7.

We construct a special boundary triplet for the operator A* (in the case of unbounded 1" =
T™* > 0) representing A as a direct sum of minimal Sturm-Liouville operators .S,, with bounded



operator potentials 7}, := T Er([n — 1,n)), n € N, where E7(-) is the spectral measure of
T The corresponding Weyl function M (-) has weak boundary values

M(\) == M(A+1i0) = W—lyiﬂ]l M(\+iy) forae. AeR. (1.4)

This boundary triplet differs from that used in [11, Section 9]. It is more suitable for the inves-
tigation of the ac-spectrum of realizations of A than that one of [11, Section 9]. Due to the
property (1.4) the statement (iv) of Theorem 1.2 follows immediately from our recent result [33,
Theorem 1.1]). We note that this is more than one can expect when applying the classical Kato-
Rosenblum theorem [22, 36]. Indeed, in accordance with its generalization by Kuroda [26, 27],
Birman [4] and Birman and Krein [6] it is required that the resolvent differences in (iv) and (v) of
Theorem 1.2 belong to the trace class ideal and not to the compact one as actually assumed.
We note also that although the limit (1.4) does not exist for the Weyl function of the Neumann
realization A” the conclusion (iv) of Theorem 1.2 still remains valid, cf. Theorem 1.2(v).

The paper is organized as follows. In Section 2 we give a short introduction into the theory of
boundary triplets and the corresponding Weyl functions. We recall here some statements on
spectral multiplicity functions and the main theorem from [33] used in the following.

In Section 3 we obtain some new results on symmetric operators S := EBZozl S, being an
infinite direct sum of closed symmetric operators S,, with equal deficiency indices. First, let
T, = {H,,Ton, 1} be a boundary triplet for S, n € N. In general, the direct sum IT =
D, | I1,, is not a boundary triplet for S* = @ 7, S;, cf. [23]. Nevertheless, we show, cf.
Theorem 3.3, that each boundary triplet I1,, can slightly be modified such that the new sequence
I, = {H., Ton, I'1,,} of boundary triplets possess the following properties:

(i) the direct sum
ﬁ = @ﬁn - {H,fo,fl}, H = @Hn, fj = @fjna j S {01},
n=1 n=1 n=1

is already a boundary triplet for S*;

(ii) the extension §0 = 5" | ker fo satisfies §0 = @Zozl §0n where

§0n =S, [kerf()n =S, [ kerI'o, =: Son, m €N

Moreover, the Weyl function M() corresponding to the triplet Il is block-diagonal, that is,
M() = 6, ]\Zl() where Mn() is the Weyl function corresponding to the triplet II,,
n € N. This result plays an important role in the sequel. In particular, we show that the self-
adjoint extension Sy = €., Sy, is ac-minimal provided that the deficiency indices n(.S,,)
are equal and finite. We also prove in this section that if S,, > 0, n € N, then the Friedrichs and
Krein extensions S and S¥ of S := @20:1 S,., respectively, are the direct sums of Friedrichs
and Krein extensions of the summands S,,, i.e., S¥ := >~ , SF and S* := @7, SK, cf.
Corollary 3.5. In a recent paper [24] Theorem 3.3 has been applied to Schrédinger operators
with local point interactions.



In Section 4 we consider Sturm-Liouville operators with bounded operator potentials. In this case
it is easy to construct a boundary triplet for A*. We prove here Theorem 1.2 in the case T' € [H]|
and establish some additional properties of Krein'’s realization as well as other realizations.

In Section 5 we extend the results to the case of Sturm-Liouville operators with unbounded non-
negative operator potentials. We construct here a boundary triplet for A* using results of both
Sections 3 and 4 and compute the (block-diagonal) Weyl function. Based on this construction
we prove Theorem 1.2 for unbounded T and establish some additional properties of Dirichlet,
Neumann and other realizations as well. In particular, we prove here the regularity results men-
tioned above. Finally, we apply the abstract results to the elliptic partial differential expression £
in the half-space.

In the Appendix we present some results on realizations of A admitting separation of variables,
i.e., having a certain tensor product structure.

The main results of the paper have been announced (without proofs) in [32], a preliminary
version has been published as a preprint [31]. Since the results of the paper are obvious if
dim(H) < oo we consider the case when dim(H) = oc.

Notations In the following we consider only separable Hilbert spaces which are denoted by ),
‘H etc. A closed linear relation in 'H is a closed subspace of H & H. The set of all closed linear
relations in H is denoted by C(H). A graph gr (B) of a closed linear operator B belongs to
C(H). The symbols C(H1, H2) and [$1, $s] stand for the sets of closed and bounded linear
operators from £ to )2, respectively. We set C(H) := C(H,H) and [9] := [9, H]. We

regard C(H) as a subset of C(H) identifying an operator B with its graph gr (B).

The Schatten-v. Neumann ideals of compact operators are denoted by &,($), p € [1, o0],
where G1(9), G2($) and &, ($) are the ideals of trace, Hilbert-Schmidt and compact oper-
ators, respectively.

The symbols dom (7"), ran (7°), o(T") and o(T") stand for the domain, the range, the resolvent
set and the spectrum of an operator 7' € C(H), respectively; 7% and 0,.(T") stand for the
absolutely continuous part and the absolutely continuous spectrum of a self-adjoint operator
T =T

2 Preliminaries

2.1 Boundary triplets and proper extensions

In this section we briefly recall basic facts on boundary triplets and their Weyl functions, cf.
[10, 11,12,19].

Let A be a densely defined closed symmetric operator in the separable Hilbert space ) with

equal deficiency indices n(A) = dim(ker (A* F 1)) < 0.

Definition 2.1 ([19]) A triplet IT = {H, T, T'1}, where H is an auxiliary Hilbert space and
[y,['y : dom (A*) — 'H are linear mappings, is called an boundary triplet for A* if the



abstract Green'’s identity"

(A*fvg) - (fa A*g) = (Flfv FOQ)H - (FOfv Flg)H’ f?g € dom (A*)v (21)
holds and the mapping I := (I'g, I'1) : dom (A*) — H & H is surjective.

Definition 2.2 ([19]) A closed extension A’ of A is called a proper extension, in short A’ €
Ext 4, if A € A" C A*. Two proper extensions A’; A” are called disjoint if dom (A’) N
dom (A”) = dom (A) and transversal if in addition dom (A’) + dom (A”) = dom (A*).

Clearly, any self-adjoint extension A= Ais proper, A € Ext A- A boundary triplet II =
{H,Ty,T'1} for A* exists whenever n,(A) = n_(A). Moreover, the relations ny(A) =
dim(H) and ker (I'g) Nker (I'y) = dom (A) are valid. In addition one has I'y, I'; € [9,, H]
where ), denotes the Hilbert space obtained by equipping dom (A*) with the graph norm of
A*.

Using the concept of boundary triplets one can parameterize all proper, in particular, self-adjoint
extensions of A. For this purpose we denote by C(H) the set of closed linear relations in H,
that is, the set of all closed linear subspaces of H @ H. A linear relation © is called symmetric
if © C ©F and self-adjoint if © = ©* where O is the adjoint relation.For the definition of the
inverse and the resolvent set of a linear relation © we refer to [13].

Proposition 2.3 LetIl = {H, [y, I'1} be a boundary triplet for A*. Then the mapping
Ext 4 3 A — Idom (A) = {{Tof,T1f} : f € dom(A)} = © € C(H) (2.2)

establishes a bijective correspondence between the sets Ext 4 and C(H). We put Ag := A
where O is defined by (2.2). Moreover, the following holds:

(i) Ae = Ag ifandonly if© = ©F;

(ii) The extensions Ag and Ay are disjoint if and only if there is an operator B € C(H) such
that gr (B) = ©. In this case (2.2) takes the form

Ag = A" | ker (I'; — Bl'y);

(iii) The extensions Ae and Aq are transversal if and only if Ag and A, are disjoint and
© = gr (B) where B is bounded.

With any boundary triplet I1 one associates two special extensions A; := A* | ker (I';), j €
{0,1}, which are self-adjoint in view of Proposition 2.3. Indeed, we have A; = A* |
ker (I';) = Ae,, j € {0, 1}, where ©g := {0} x H and ©; := H x {0}. Hence A; = A}
since ©; = @;f. In the sequel the extension A is usually regarded as a reference self-adjoint
extension.

Moreover, if © is the graph of a closed operator B, i.e. © = gr (B), then the operator Ag is
denoted by Ap.

Conversely, for any extension 4y, = A} € Ext 4 there exists a boundary triplet II =
{H, FQ, Fl} for A* such that AO = A* r ker (Fo)



2.2 Weyl functions and ~-fields

It is well known that Weyl functions are an important tool in the direct and inverse spectral
theory of singular Sturm-Liouville operators. In [10, 11, 12] the concept of Weyl function was
generalized to the case of an arbitrary symmetric operator A with n (A) = n_(A). Following
[10, 11, 12] we recall basic facts on Weyl functions and ~-fields associated with a boundary
triplet I1.

Definition 2.4 ([10, 11]) Let II = {H,[¢,I";} be a boundary triplet for A*. The functions
v(+) : 0(Ag) — [H, H] and M (-) : o(Ag) — [H] defined by

1

v(z) == (To ] N.) and M (z) :=T17(2), z € p(Ap), (2.3)

are called the y-field and the Wey! function, respectively, corresponding to I1I.

It follows from the identity dom (A*) = ker (T'g)+MN., 2 € 0(A), where Ay = A* | ker (Ty),
and M, = ker (A* — z), that the ~-field v(-) is well defined and takes values in [H, 9].
Since I'y € [$,, H], it follows from (2.3) that M (-) is well defined too and takes values in [H].
Moreover, both y(-) and M (-) are holomorphic on g(Ap). It turns out than the Weyl function
M(-) is in fact a Ry-function (Nevanlinna or Herglotz function), that is, M (-) is a [H]-valued
holomorphic function on C\R satisfying

m (M(2)

M(z)=M(Z)* and m(z) 2

z € C\R,

which in addition satisfies the condition 0 € o(Im (M (z2))), z € C\R.

If A is a simple symmetric operator, then the Weyl function M () determines the pair { A, Ao}
uniquely up to unitary equivalence (see [12, 25]). Therefore M () contains (implicitly) full infor-
mation on spectral properties of Ag. We recall that a symmetric operator is said to be simple if
there is no non-trivial subspace which reduces it to a self-adjoint operator.

For a fixed Ay = A{ extension of A the boundary triplet I = {H,Ty, T} satisfying
dom (Ag) = ker (I'g) is not unique. If IT = {H, T, T’} is another boundary triplet for A*
satisfying ker (I'y) = ker (I'y), then the corresponding Weyl functions M (-) and M( ) are

related by N
M(z) = R*"M(z)R + Ry, (2.4)

where Ry = R € [H] and R € [H,H] is boundedly invertible.

2.3 Krein type formula for resolvents and resolvent comparability

With any boundary triplet IT = {H, Iy, I'; } for A* and any proper (not necessarily self-adjoint)
extension Ag € Ext 4 it is naturally associated the following (unique) Krein type formula (cf.
[10,11,12)])

(Ao —2) ' = (A — 2) ' =74(2)(© — M(2)) " '9(2)*, z€ 0(Ay)) No(de). (2.5)



Formula (2.5) is a generalization of the known Krein formula for resolvents. We note also, that all
objects in (2.5) are expressed in terms of the boundary triplet IT (cf. [10, 11, 12]). The following
result is deduced from formula (2.5) (cf. [11, Theorem 2]).

Proposition 2.5 Let Il = {H,T"y,I"1} be a boundary triplet for A*, ©; = ©F € 5(H), i€
{1,2}. Then for any Schatten-v. Neumann ideal &,, p € (0,00], and any = € C \ R the
following equivalence holds

-1

(Ao, —2)7 = (Ao, —2) 1 €6,(9) <= (01 —2) ' = (0, —2) ' € &,(H)

In particular, (Ae, — 2)™' — (Ag — 2) ' € 6,(9) > (0, — i)_l € 6,(H).
If in addition ©1, Oy € [H], then for any p € (0, o] the equivalence holds

(Ao, —2) ' — (Ao, —2) 7 €6,(H) &= 6, — O, € G,(H).

2.4 Spectral multiplicity function and unitary equivalence

Let as above A be a densely defined simple closed symmetric operator in $) and let II =
{H,Ty,T'1} be a boundary triplet for A*, M (-) the corresponding Weyl function M (-) and
AO = A* r ker (Fo) = AS

In our recent publication [33] using some results from [30] we expressed the spectral multiplicity
function V() of AG° by means of the limit values of the Wey! function M (-). In general, the
limit M (t) = s-lim, o M(t + iy), t € R, does not exist. However, for any D € G»(H)
satisfying ker (D) = ker (D*) = {0} the “sandwiched” Weyl function,

MP(2) := D*M(2)D, z¢€ Cu,

admits limit values M P (t) := s-lim, ;o MP(t + iy) for a.e. t € R, even in Gy-norm (cf. [5],
[16]). We set
dyo (1) := dim(ran (Im(MP(1)))),

which is well-defined for a.e. t € R. The function dy;p(-) is Lebesgue measurable and takes
values in the set of extended natural numbers {0} UN U {oco} = {0,1,2,...,00}. The set
supp g, ‘= {t € R : dyn(t) > 0} is called the support of dy;n(-) and is, of course, a
Lebesgue measurable set of R. If the limit M (¢) := s-lim, o M (t + iy) exists for a.e. t € R,
then we set dj(t) := dim(ran (Im(M (t)))).

To state the next result we introduce the notion of the absolutely continuous closure cl,.() of a
Borel subset & C R (see for definition [33, Appendix] as well as [8, 14]). The use of this notion
for the investigation of the ac-spectrum of Schrdédinger operators etc. see the recent publication
[15].

Proposition 2.6 ([33, Proposition 3.2]) Let A be as above and let I1 = {H,[y,T'1} be a
boundary triplet for A*, M (-) the corresponding Weyl function. If D is a Hilbert-Schmidt op-
erator such that ker (D) = ker (D*) = {0}, then Nase(t) = dyn(t) forae. t € R and
0ac(Ap) = clac(supp (dyp)).



If, in addition, the limit M (t) := s-lim, o M (t + iy) exists for a.e. t € R, then Nac(t) =
dp(t) fora.e.t € R and o,.(Ag) = clae(supp (dar)).

f A = A* € Ext 4 and is disjoint with A, then by Proposition 2.3(ii) there is a self-adjoint
operator B actingin H suchthat A = Ap := A* | ker (I'y — BT'y). In this case the multiplicity
function NV ac(-) is expressed by means of the generalized Weyl function Mp(-) of A= Ap
defined by

Mp(z) = (B - M(2))™", zeCy, (2.6)

Corollary 2.7 ([33, Corollary 3.3]) Let A, II, M (-) and D be as in Proposition 2.6 and let B =
B* € C(H). Then Nag(t) = dyp(t) fora.e.t € R and 0,c(Ap) = clac(supp (dyp)).

If, in addition, the limit Mp(t) := s-lim,|o Mp(t + iy) exists fora.e.t € R, then Nac(t) =
dyy(t) forae.t € Rando,.(Ap) = clac(supp (dary))-

Finally, we can retranslate the unitary equivalence of ac-parts of two self-adjoint extensions in
terms of the limit values of the Weyl functions.

Theorem 2.8 ([33, Theorem 3.4]) Let A, I1, M(-) and D be as in Proposition 2.6 and B =
B* € C(H). Letalso E4,(-) and E4,(-) be the spectral measures of Agp = A%, and Ay,
respectively. If § is a Borel subset of R, then

(i) AoE%;(0) is unitarily equivalent to a part of A 5 (0) if and only if dyp (t) < dpp(1)
fora.e.t € 6;

(ii) (SAOEZ%((S) and Ap E{ (0) are unitarily equivalent if and only if dyo (t) = dyp(t) for a.e.
teo.

Theorem 2.8 reduces the problem of unitary equivalence of ac-parts of certain self-adjoint ex-
tensions of A to the computation of the functions dp(+) and dy;p (+). If § = R, then the abso-
lutely continuous part AS¢ is unitarily equivalent to Aae = A% if and only if dyso (t) = dyp (t)
fora.e.t € R.

If M(-) is the Weyl function of a boundary triplet II, then we introduce the maximal normal

function

m*(t) = sup [|M(t+1dy)ll, teR.
yE(O,l}

Theorem 2.9 ([33, Theorem 4.3, Corollary 4.6]) Let A, II, M (-) and D be as in Proposition
26.Let A= A* € Ext 4 and Ay := A* | ker (I'y). Assume also that there is a Borel subset
d of R such that the maximal normal function m™ (t) is finite for a.e. t € 0 and the condition

(A—i) = (Ag— i)' € &(H), (2.7)

is satisfied. Then the ac-parts A*E 1(0) of AE 1(6) and AgE 4,(6), respectively, are unitarily
equivalent. In particular, if m™ (t) is finite for a.e. t € R, then absolutely continuous parts A%
and A§° are unitarily equivalent.
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One easily verifies that m™ (t) < oo for a.e. t € § if and only if limit (1.4) exists for a.e. t € 0.
Thus, condition m™(¢) < oo for a.e. t € ¢ in Theorem 2.9 can be replaced by the assumption
that the limit (1.4) exists for a.e. t € 9, cf. [33, Theorem 1.1].

However, the function m™ () depends on the chosen boundary triplet. In [31]-[33] we introduced
the invariant maximal normal function m™ (-) defined by

1
———— (M(t + iy) — Re(M(i))) ——
Im(M(Z.))( (£ +1y) — Re(M(7))) (L)

t € R. It follows from (2.4) that the invariant maximal normal functions for two boundary triplets
II ={H,T,I'1} and II = {H, Ty, "1} for A* coincide whenever A* | ker (I'g) = A* |
ker (I'y). Clearly, m* (£) < oo if and only if m™ () < oo for any ¢ € R. However, the invariant
maximal normal function is more convenient in applications. We demonstrate this fact in the
next section applying this concept to infinite direct sums of symmetric operators.

m*(t) := sup
y€(0,1]

; (2.8)

3 Direct sums of symmetric operators

3.1 Boundary triplets for direct sums

Let S, be a closed densely defined symmetric operators in 9,,, 17, (S,) = n_(S,), and let

I1,, = {H,, Ton, I'1n } be a boundary triplet for S, n € N. Let
A= @ Sp, dom (A) := @dom (Sh)- (3.1)
n=1 n=1

Clearly, A is a closed densely defined symmetric operator in the Hilbert space §) := @Zo:l Hn
with n4(A) = oo. Obviously, we have

A =P S;, dom(A") =P dom (S}). (3.2)
n=1 n=1

Let us consider the direct sum I1 := @)~ | II,, =: {H, Ty, 'y} of boundary triplets defined by

H = éHH, FO = érgn and Fl = éf‘ln (33)
n=1 n=1 n=1

We note that the Green’s identity

(S;;fmgn) - (fna S:Lgn) = (Flnfm FOngn)Hn - (FOnfm Flngn)Hm

fnsgn € dom (S*), holds for every S*, n € N. This yields that the Green’s identity (2.1)
holds for A, := A* | dom (I'), dom (I") := dom (I'g) N dom (I';) C dom (A*), that is, for
=B, [n.g=6,~, gn € dom (I') we have

(A*f7 g) - (.f7 A*g) = (F1f7 FOQ)H - (FOfarlg)Ha f?g € dom (F)? (34)
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where A* and I'; are defined by (3.2) and (3.3), respectively. However, the Green'’s identity (3.4)
cannot extend to dom (A*) in general, since dom (I") is smaller than dom (A*) generically.
It might even happen that I'; are not bounded as mappings from dom (A*) equipped with the
graph norm into . Counterexamples such that IT = €5~ | II,, is not a boundary triplet firstly
appeared in [23]).

In this section we show that it is always possible to modify the boundary triplets II, in such a
way that the new sequence I1,, = {H,,,To,I'1} of boundary triplets for S’ such that IT =

., I1,, defines a boundary triplet for A* and the relations

n=1
Son := 5% | ker (Ton) = S | ker (Ton) =: Son, n € N, (3.5)

are valid. Hence A, := D, Son = B, Son =: Ap. We note that the existence of a
boundary triplet IT" = {H, |, I"}} for A* satisfying ker (I'j) = dom (Ay) is known (see
[11, 19]). However, in applications we need a special boundary triplet for A* which respects the
direct sum structure and which leads therefore to a block-diagonal form of the corresponding
Weyl function. We start with a simple technical lemma.

Lemma 3.1 Let S be a densely defined closed symmetric operator with equal deficiency in-
dices, let 11 = {H,Ty,I"1} be a boundary triplet for S*, and let M(-) be the correspond-
ing Weyl function. Then there exists a boundary triplet I = {H, fo, fl} for S* such that
ker (I') = ker (I'y) and the corresponding Weyl function M (-) satisfies M (i) = i.

Proof. Let M (i) = Q + iR? where Q := Re(M(i)), R := /Im(M (1)). We set
fo = RFO and fl = R_I(Fl — Qro) (36)
A straightforward computation shows that I .= {H, fo, fl} is a boundary triplet for A*.

Clearly, ker (I'y) = ker (I'y). The Weyl function M (-) of IL is given by M (-) = R~ (M(-) —
Q)R which yields M (i) = 1. O

If S'is a densely defined closed symmetric operator in 56 then by the first v. Neumann formula
the direct decomposition dom (S*) = dom (S) + ; + D_; holds, where N_; := ker (S*F
i). Equipping dom (.S*) with the inner product

(f:9)+ = (571, 59) +(f,9), [, g €dom(57), (3.7)

one obtains a Hilbert space denoted by $);. The first v. Neumann formula leads to the following
orthogonal decomposition

Lemma 3.2 Let S, Il and M (-) be as in Lemma 3.1. If M (i) = i, thenT : . — H ® H,
I' := (T, I'1) is a contraction. Moreover, I' isometrically maps 0 := MN; & N_; onto H.

Proof. We show that
IDCf + fi + f-llrar = Ifi + fill2 (3.8)
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where f + f; + f_; € dom (S) + N; + N_; = dom (S*). Since dom (S) = ker (I'y) N
ker (T';) we find
IT(f + fi + f-)llrar = ITo(fi + F-)llFe + (T2 (fi + f-i) [

Clearly,
IT5(fi + F-)lle = TS fill” + 2Re((Tsfi, Ti f)) + 05 /=07, 5 €{0, 1} @39)
Using Flfz = M(Z)Fofz = ZF[)fZ and Flf—i = M(—z)I’Of_, = —Z'F()f_i we obtain

ITL(fi + f=) |3, = (Tofi. Tofi) — 2Re((Tofi Dof=i)) + (Dof—i, Tof—:) (3.10)

Taking a sum of (3.9) and (3.10) we get

ITo(fi + f=)ll3 + T2 (fi + f=o) I = 20 To fill, + 2/ To.f=ill3,. (3.11)

Combining equalities I'y f4; = il f1; with Green’s identity (2.1) we obtain ||['o fi||l« = || fi|
and ||Tof—;|l2 = || f=:l||- Therefore (3.11) takes the form

ITo(fi + f-lIF + I (fs 4+ f=i) |3 = 211 fll” + 2 =il > (3.12)

A straightforward computation shows || f; + f_;||2 = 2| fil|* + 2|| f—:||* which together with
(3.12) proves (3.8). Since || f; + fill} < I3 + /i + f=ill2 = I + fi + f=ill%, we get
from (3.8) that I is a contraction.

Obviously, I is an isometry from Dt into H @ H. Since I1 is a boundary triplet for S*, ran (I") =
‘H @ H. Hence I is an isometry acting from 9t onto H & H. O

Passing to the direct sum (3.1), we equip dom (.S}) and dom ( A*) with their graph’s norms and
obtain the Hilbert spaces $),, and ), respectively. Clearly, the corresponding inner products
(f,9)+n and (f, g)+ are defined by (3.7) where S* is replaced by S* and A*, respectively.
Obviously, 1+ = D, | Hin.

Theorem 3.3 Let {S,,}°° | be a sequence of densely defined closed symmetric operators in
9, and let Sy, = S§, € Ext g, . Further, let A and A, be given by (3.1) and

Ay == B Son. (3.13)
n=1

respectively. Then there exist boundary triplets I1,, :== {H,,, Loy, ['1,,} for S¥ such that Sy, =
Sx 1 ker (T'o,), n € N, and the direct sumI1 = @, | I1,, defined by (3.3) forms a boundary
triplet for A* satisfying Ao = A* | ker (I'y). Moreover, the corresponding Weyl function M (-)
and the y-field y(-) are given by

M(z) =P M(2) and y(z) = P 7a(2) (3.14)

where M,,(+) and v, (+) are the Weyl functions and the y-field corresponding to I1,,, n € N. In
addition, the condition M (i) = il holds.
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Proof. For every Sy, = S§,, € Ext g, there exists a boundary triplet I1,, = {H,,, on, [0}
for S such that Sy, := S | ker (I'y,) (see [11]). By Lemma 3.1 we can assume without loss
of generality that the corresponding Weyl function M,,(-) satisfies M,,(i) = . By Lemma 3.2
the mapping I'™" := (Uop, ['1n) @ H4n — Hp & H,, is contractive for each n € N. Hence
IT;|| = sup,, |Tn]] < 1,5 € {0,1}, where I'y and I'; are defined by (3.3). It follows that the
mappings I'y and I'; are well-defined on dom (I') = dom (A*) = @~ , dom (S}). Thus,
the Green’s identity (3.4) holds for all f, g € dom (A*).

Further, we set My, = ker (S* F4), M, = My + N, Ny = ker (A* F 1) and
M =N, + N_,. By Lemma 3.2 the restriction I | M, is an isometry from IN,,, regarded
as a subspace of 9., onto H,, & H,,. Since I regarded as a subspace of §) admits the
representation 1 = @ 7 | N, the restriction I' [ N, I := P 7, I'", isometrically maps N
onto H & H. Hence ran (I') = ‘H @ H. Equalities (3.14) are follow from Definition 2.4. [

Remark 3.4 Theorem 3.3 generalizes a result of Kochubei [23, Theorem 3] which
states that for any sequence of pairwise unitarily equivalent closed symmetric operators
{Sn}nen there are boundary triplets I, for S¥, n € N such that IT = @ _ I1,, defines a
boundary triplet for A* = @ _y S*

neN ~n*

neN

Recall, that for any non-negative symmetric operator A the set of its non-negative self-adjoint ex-
tensions Ext 4 (0, co) is non-empty (see [1, 22]). The set Ext 4(0, c0) contains the Friedrichs
(the biggest) extension A’ and the Krein (the smallest) extension AX. These extensions are
uniquely determined by the following extremal property in the class Ext 4(0, 00) :

(AP +2) "< (A4+2) "< (A¥ +2), 2>0, AeBxta0,00).

Corollary 3.5 Let the assumptions of Theorem 3.3 be satisfied. Further, let S,, > 0,n € N,
and let S¥ and SX be the Friedrichs and Krein extensions of S,,, respectively. Then

A =Sy and AN =(PSE. (3.15)
n=1 n=1

Proof. Let us prove the second relation. The first one is proved similarly. By Theorem 3.3
there exists a boundary triplet I, = {H,, To,, 1.} for S¥ such that SX = S, and
II =&, 11, is a boundary triplet for A*.

Fix any o € Ry and put Cy := ||M(—x2)||. Then any h = €D, h,, € H can be de-

composed by h = AV @ h® with BY € @F_H, and h® € &2 . H, such that

1h®|| < C5 % Hence |(M(—22)h®, h®)| < 1. Due to the monotonicity of M (-) we get
<M(—x)h(2),h(2)) > <M(—x2)h(2),h(2)) >—1, x€(0,29).
Since Sy, = SX, the Weyl function M, (-) satisfies
z|0

lim (Mn(—x)gn,gn> =400,  gn € H,\ {0}, (3.16)
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cf. [11, Proposition 4]. Because M () = €D, | M,,(-) is block-diagonal, cf. (3.14), we get from
(3.16) that for any N > 0 there exists 1 > 0 such that

P

(M(—x)h(l),h(1)> = Z (Mn(—x)hn,hn> >N for z € (0,zq). (3.17)

n=1
Combining (3.16) with (3.17) and using the diagonal form of M (-), we get
(M(—=z)h,h) = (M(—2)hD, AY) + (M (—2)h® h®) > N — 1

for 0 < x < min(xy,xs). Thus, lim,|o(M(—z)h,h) = +ocfor h € H \ {0}. Applying [11,
Proposition 4] we prove the second relation of (3.15). [l

Remark 3.6 Another proof can be obtained by using characterization of A and A% by means
of the respective quadratic forms.

3.2 Direct sums of symmetric operators with arbitrary deficiency indices

We start with some simple spectral observations for direct sums of symmetric operators where
the symmetric operators may have arbitrary deficiency indices.

Proposition 3.7 Let {5,,}°°, be a sequence of densely defined closed symmetric operators
in 9, and let Sy, = S;, € Extg,. Further, let A and A, be given by (3.1) and (3.13),
respectively. If A is a self-adjoint extension of A such that condition

(A—i)" = (Ag—i) ' € & () (3.18)

is satisfied, then

0ac(A0) = | J 0ac(Son) € 0(A) and o4e(A) C | Jo(Son) = o(Ao). (3.19)

Proof. By the Weyl theorem, condition (3.18) yields 0ess(A) = 0ess(Ap). Hence

Uaac(SOn) - Uac(AO) g Jess(AO) - Uess<A) g U(A)
and _

Uac<A) g Uess(A> - Uess(AO) g U(AO) - UU(SOn)
which completes the proof. |
Applying Theorem 2.9 the results of Proposition 3.7 can be improved as follows.
Theorem 3.8 Let {S,,}>2, be a sequence of densely defined closed symmetric operators in
9, and let Sy, = S, € Extg,. Further, let11,, = {H,,,o,, 1} be a boundary triplet for
Sk such that Sy, = S | ker (I'o,), n € N, and let M,,(-) be the corresponding Weyl function.
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Moreover, let mf(t), n € N, be the invariant maximal normal function for I1,,. Further, let A
and Ay be given by (3.1) and (3.13), respectively.

If 0 is a Lebesgue measurable subset of R such that sup,,.y m;' (t) < 400 fora.e.t € 9, then
for any self-adjoint extension Aof A satisfying the condition (3.18), the absolutely continuous
parts A“E 1(0) and A§°E 4, () are unitarily equivalent. In particular, if 6 = R, then the parts
A and A% are unitarily equivalent and (3.19) is replaced by 0 4c(Ag) = Tae(A).

Proof. Let TNIn = {H,, f()n, fm} be a boundary triplet for S, n € N, defined according
to (3.6), that is ['p, := R,lo, and I',, := R, *(I'y,, — Re(M,(i))lon), where R, :=

/Im M,,()). The corresponding Wey! function Mn() is

M,(z) = R, (M,(z) — Re M, (i))R,", ne€N.
Since Mn(z) =14, n € N, by Theorem 3.3, I = b, , I, =: {H,fg,fl} is a boundary
triplet for A* = @ 7, S;: satisfying A* | ker Ty = 4 = €D,~ | Son- By the definition
of m?(-) one has m; (t) = m, (t) := sup,c(y | M,,(t + iy)| for t € R, n € N. Since
Ag = D, Son we getthatm* (t) = sup,, m} (t), where m™ (1) := sup,c (o | M (t+iy)]],
t € R. By assumption, the maximal normal function m™ () is finite for a.e. ¢ € 0. Hence we
obtain from Theorem 2.9 that g“CEK(d) and A3°E4,(0) are unitarily equivalent. O

Let 7" and 7" be densely defined closed symmetric operators in $) and let T, and 7} be self-
adjoint extensions of 7" and 7", respectively. The pairs {1’, T} and {1", T} are called unitarily
equivalent if there exists a unitary operator U in § such that 7" = UTU "t and T}, = UT,U .

Corollary 3.9 Let the assumptions of Theorem 3.8 be satisfied. Moreover, let the pairs
{Sn, Son}, n € N, be unitarily equivalent to the pair { Sy, So1 }. If the maximal normal function
m (t) = supg_ <1 || Mi(t +iy)| is finite for a.e. t € ¢ and if the condition (3.18) is satisfied,

then the absolutely continuous parts A*E 1(0) and A§°E 4, (0) are unitarily equivalent.

Proof. Since the symmetric operators .S,, are unitarily equivalent, we assume without loss
of generality that H,, = H for each n € N. Let U, be a unitary operator such that
Ay = U,S, U and Agy = U,So,U,!. A straightforward computation shows that I/, :=
{H, T, T} 1%, == LU, and I'),, := I'1,U,, defines a boundary triplet for S*. The
Weyl function M/ (-) corresponding to IT/, is M/ (z) = M;(z). Hence m;(-) = m/(-) and
m(t) = m.H(t) fort € R, where m?(¢) and m/"(¢) are the invariant maximal normal func-
tions corresponding to the triplets IT,, and IT,, respectively. Since m{ (t) = m}(¢) fort € R

and n € N we complete the proof applying Theorem 3.8. O

3.3 Direct sums of symmetric operators with finite deficiency
Here we improve the previous results assuming that n4.(S,) < oo. First, we show that ex-

tensions Ay = €~ , Son(€ Ext 4) of the form (3.13) possess a certain spectral minimality
property. To this end we start with the following lemma.
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Lemma 3.10 Let H be a bounded non-negative self-adjoint operator in a separable Hilbert
space $) and let L be a bounded operator in §). Then

(i) dim(ran (H)) = dim(ran (v H));
(i) IfL*L < H, thendim(ran (L)) < dim(ran (H)),
(iii) If P is an orthogonal projection, then dim(ran (PH P)) < dim(ran (H)).

Proof. The assertion (i) is obvious.
(i) If L*L < H, then there is a contraction C' such that L = C+/H. Hence dim(ran (L)) =
dim(ran (CvH)) < dim(ran (v'H)) = dim(ran (H)).

(iii) Clearly, dim(ran (PHP)) < dim(ran (vHP)) < dim(ran (v'H)). Applying (i) w
complete the proof. ]

We are going to show that if the summands have only finite deficiency indices, then the abso-
lutely spectrum of extensions of the direct sum can only increase comparing with the absolutely
continuous spectrum of those extensions which are direct sums of extensions.

Theorem 3.11 Let {5, }°°, be a sequence of densely defined closed symmetric operators
in 9, and let Sy, = S;, € Extg,. Further, let A and A, be given by (3.1) and (3.13),
respectively.

If the deficiency indices of S, are finite for eachn € N, then Ay is ac-minimal, in particular,
0ae(Ag) C Uac(A) for any self-adjoint extension A of A.

Proof. By Theorem 3.3 there is a sequence of boundary triplets I1,, := {H,,, Ton, 10}, € N,

for S’ such that Sy, = S | ker (I'o,), n € N, and the direct sum II = {H,FD,Fl} =

D, | I1,, of the form 1 (3.1) is a boundary triplet for A* satisfying Ao = A* | ker (I'y). B

Proposition 2.3, any A = A* € Ext 4 admits a representation A= Ao with® = ©* €

C(H) By [33, Corollary 4.2(i)], we can assume that A and A, are disjoint, thatis O =

B = B* € C(H). Consider the generalized Weyl function Mp(-) := (B — M(-))™!, where
M() =B, M,(-), cf. (3.14). Clearly,

Im (Mp(2)) = Mp(z)'Im (M(2))Mp(2), =€ C;.

Denote by Py, N € N, the orthogonal projection from H onto the subspace Hy :=
@5:1 'H,,. Setting MgN(z) := PyMpg(z) | Hy, and taking into account the block-diagonal
form of M (-) and the inequality Im (A (z)) > 0 we obtain

Im (MY (2)) = Im (PyMp(2)Py) (3.20)

— PyMp(2)"Tm (M(2))Mp(2) Py = ME (2)"Tm (M (2)) M (2),

where MPN(2) := PyM(z) | Hy = @, M,(2). Since PV is a finite dimensional
projection the limits MY (t) := s-limy o MAY (t4iy) and MY (t) = s-lim,, o MPN (t+iy)
exists for a.e. t € R. From (3.20) we get

Im (MEY(t)) > MEN(t)*Tm (MY (£))MEN(t)  forae. t€R. (3.21)
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Since Mp(-) is a generalized Weyl function, it is a strict Rjy-function, that is,
ker (Im (Mp(2))) = {0}, z € C,. Therefore, M 1" (-) is also strict. Hence 0 € o( M£5¥ (),
2 € Cy,and Gy(-) == —(MEY(-))~" is strict. Since both G'y(-) and M45¥(-) are matrix-
valued R-functions, the limits MY (t + i0) := limy o MEN (t + iy) and G (t + i0) =
limﬁ/w Gn(t + iy) exist for a.e. t € R. Therefore, passing to the limit in the identity
MV (t 4 iy)Gn(t +iy) = —Tasy — 0, we get MEY (t + i0)Gn(t 4 i0) = —T for
ae.t € R. Hence MAN (t) := MEN (t 4 40) is invertible for a.e. t € R.

Further, combining (3.21) with Lemma 3.10(ii) we get
dim (ran (x/Im MPx (t)M};N(t))) <d, ry(t) forae teR.
B

Since ML (t) is invertible for a.e. t € R, we find

dypy (t) ;== dim (ran (/Im MPN(t)) ) <d, ry(t) forae. teR. (3.22)
MB

Let Dy = Py @ Dy where Dy € Sy(Hy) and satisfy ker (D) = ker (Df) = {0}.
Then ker (Dy) = ker (DY) = {0} and Py = PyDx = DyPy. By Lemma 3.10(jii),
dyry (t) < dMg’N (t) fora.e. t € R. Further, for any D € &5(’H) and satisfying ker (D)
ker (D*) = {0}, dyp (t) = dMgN (t) for a.e. t € R. Combining this equality with (3.22) we
get dyry (t) < dyp(t) forae.t € Rand N € N. Since

N fee)
dyey () =Y dary) and dyn(t) =Y da,(t) (3.23)
n=1

n=1

fora.e.t € R, we finally prove that do (t) < djp(¢) for a.e. t € R. One completes the proof
by applying Theorem 2.8(i). 0]

Taking into account Proposition 2.6 and Corollary 2.7 the proof of Theorem 3.11 shows us that
in fact the spectral multiplicity function Nz..(t) can only be increase with respect to N gac(t),

that is, one always has Nz,.(t) > Nagc(t) for a.e. t € R and any self-adjoint extension A of
A.

Corollary 3.12 Let the assumptions of Theorem 3.11 be satisfied. If S,, > 0, n € N and if the
deficiency indices of S,, are finite for eachn. € N, then the Friedrichs and the Krein extensions
AT and AK of A are ac-minimal. In particular, (A")* and (AX)% are unitarily equivalent.

Proof. Combining Theorem 3.11 and Corollary 3.5 one immediately proves the assertions. []

Corollary 3.13 Let the assumptions of Theorem 3.8 be satisfied. Further, let the deficiency
indices of S,, be finite for eachn € N.

() If
Ooo = {t ER: D duy, (t) = 00}, (3.24)

neN
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then for any self-adjoint extension A of A the parts A*E 1(000) and A E 4, (0) are unitarily
equivalent.

(i) If ¢ is a Lebesgue measurable subset of R such that sup,, m! (t) < oo fora.e. t € 0,
then for any self-adjoint extension A of A the parts A*E ; (000 U d) and AJ°E (60 U 0) are
unitarily equivalent.

Proof. (i) By (3.23) and (3.24) we find d ;o (t) = 400 for a.e. t € d. Since by Theorem 3.11
the spectral multiplicity function can only be increase for self-adjoint extensions A one gets that
N Fac (t) = NAgc (t) for a.e. t € 0 which immediately yields the unitary equivalence of the parts

A E+(5.) and A% E, (5s0).

(i) By Theorem 3.8 the parts E‘ICEK((S) and AJ°FE 4, () are unitarily equivalent. Using (i) we
immediately obtain the unitary equivalence of the parts A% E ;(6sc Ud) and Af°E 4, (0o U ).
O

Corollary 3.14 Let the assumptions of Theorem 3.11 be satisfied. If the deficiency indices of
Sy, are finite for eachn € N, then ), . 0ac(Son) C ac(A) for any self-adjoint extension A of
A. If in addition condition (3.18) is valid and the extensions Sy,, are purely absolutely continuous
foreachn € N, then

Tac(A) = | Tac(Son)- (3.25)

neN

Proof. The first statement immediately follows from Theorem 3.11. Relation (3.25) is implied
by Proposition 3.7. O

Corollary 3.15 Let the assumptions of Theorem 3.11 be satisfied. Further, let the pairs
{Sn, Son}, n € N, be unitarily equivalent to {S1, So1}. If the deficiency indices of S,, are
finite for each n & ~N , holds, then for any self-adjoint extension Aof A satisfying condition
(3.18) the ac-parts A*“ and A§¢ are unitarily equivalent.

Proof. The proof follows immediately from Corollary 3.9. 0

Remark 3.16 (i) For the special case n4(S,) = 1,n € N, Theorem 3.11 complements [2,
Corollary 5.4] where the inclusion ¢,.(Ag) C aac(g) was proved. Moreover, Corollary
3.15 might be regarded as a substantial generalization of [2, Theorem 5.6(i)] to the case
n+(S,) > 1. However, in the case n..(S,) = 1, Corollary 3.15 is implied by [2, Theorem
5.6(1)] where the unitary equivalence of A = Zlch and A3° was proved under the weaker
assumption that B is purely singular. Indeed, by Proposition 2.5 condition (3.18) with
A = Ap is equivalent to the discreteness of 5.

(ii) The inequality Njsc(t) < Nz, (t) in Theorem 3.11 might be strict even for ¢ €
0ac(Ap). Indeed, assume that (a, 3) is a gap for all except for the operators Sy, ..., Sy.
Set S, = @nNzl Spand Sy := @, \. | Sn. Thenn.(S;) = oo and («, 3) is a gap for Ss.
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By [7] there exists Sy = §; € Ext g, having ac-spectrum within (v, 3) of arbitrary mul-
tiplicity. Moreover, even for operators A = @~ | S, satisfying assumptions of Corollary
3.15 with n4(S,) = 1 the inclusion o,.(Ag) C aac(ﬁ) might be strict whenever con-
dition (3.18) is violated, cf. [7] or [2, Theorem 4.4] which guarantees the appearance of

prescribed spectrum either within one gap or within several gaps of A.

4 Sturm-Liouville operators with bounded operator poten-
tials

Let H be an infinite dimensional separable Hilbert space. As usual, L?(R, ,H) stands for
the Hilbert space of (weakly) measurable vector-functions f(-) : R, — H satisfying
Jo, 1f @7 dt < oc. Denote also by W>*(R., H) the Sobolev space of vector-functions
taking values in H.

Let 7' = T > 0 be a bounded operator in H. Denote by A := A,,;» the minimal operator
generated by A, cf. (1.1), in $ := L*(R,,H). It is known (see [19, 35]) that the minimal
operator A is given by

2

(AP(@) =~ f@) + TH@), [ €dom(A) = W(R, 1), (@)
where Wi (R, H) == {f € W*2(R,,H) : f(0) = f(0) =0}

The operator A is closed, symmetric and non-negative. It can be proved similarly to [8, Example
5.3] that A is simple. The adjoint operator A* is given by [19, Theorem 3.4.1]
d2
(A" f)(2) = = f(@) + Tf(x), f€dom(A) = W2 (R, H). (42

The Dirichlet realization A” is defined by APf = Af, f € dom(4P) = {g
W22(R,,H) : g(0) = 0}. Similarly, the Neumann realization A" is defined by AN f :=
Af, f € dom(4AY) = {g € W2*R.,H : ¢'(0) = 0}. Since dom(A4) C
dom (AP), dom (AY) C dom (A*) one gets that AP and A" are proper extensions of A.
One easily verifies that AP and A" are symmetric extensions.

By [29, Theorem 1.3.1] the trace operators Iy, I'; : dom (A*) — H,
Lof = f(0) and Tyf = f'(0), f € dom(A%), (4.3)
are well defined. Moreover, the deficiency subspace 9, (A) is
N.(A) = {e™V>Th: heH}, zeCx, (4.4)

with the cut along R .

Lemma 4.1 AtripletIl = {H,T'o,I'1}, where 'y and 'y are defined by (4.3), forms a bound-
ary triplet for A*. The corresponding Weyl function M (-) is

M(z) :i\/z—T:i/\/z—AdET()\), z € Cy. (4.5)
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Proof. One obtains the Green formula integrating by parts. The surjectivity of the mapping
I':= (To,I'y) : dom (A*) — H & H follows from (4.3) and [29, Theorem 1.3.2]. Formula
(4.5) is implied by (4.4). [

Lemma 4.2 Let T be a bounded non-negative self-adjoint operator in H and let A and I1 =
{H,Ty,I'1} be defined by (4.1) and (4.3), respectively. Then

(i) the invariant maximal normal functionm™ (t) of the Weyl function M (-) is finite for allt € R
and satisfies

mt () < (1+vV2) 1+ )4, teR. (4.6)

(ii) The limit M (t 4 10) := s-lim, o M (t + iy) exists, is bounded and equals

M(t +1i0) = z/ Vit —XdEr(\) forany t € R. (4.7)
R

(iil) dp(t) = dim(ran (Er([0,t)))) foranyt € R.

Proof. (i) It follows from (4.5) and definition (2.8) that

\/m—Re(\/H)‘
Im (vi — \) ‘

m*(t) < sup sup
y€(0,1] A=0

Clearly, v/i — A = (1 + A\?)1/4eim=%)/2 where ¢ := arccos ( 1:\FA2> . Hence

Re(vi— ) 1
‘m' —tan () = b A20

Furthermore, we have
)\ + \/1 + A2

forA>0,t€Randy € (0 1] which yields (4.6).

(i) From (4.5) we find M (t) := M(t +40) := s-lim, i/t +iy — T = i/t =T, for any

t € R, which proves (4.7). Clearly, M (t) € [H] since T' € [H].

@iy It follows that Im(M(t)) = t—TE7p([0,t)), which vyields dy(t) =
dim(ran (Im(M (t)))) = dim(ran (E7(]0,1)))). O
With A = A, one associates a closable quadratic form t5.[f] := (Af, f), dom () =
dom (A). Its closure tz is given by

wlr) = [ {1 @ IVTI@ (9

f € dom (tp) = Wy (R, H), where Wy *(Ry, H) = {f € W"3(Ry, H) : £(0) = 0}.
By definition, the Friedrichs extension A" of A is a self-adjoint operator associated with ¢.
Clearly, A" = A* | (dom (A*) N dom (tg)).
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Theorem 4.3 LetT > 0,7 =T* € [H], andty := inf o(T'). Let A be defined by (4.1) and
IT = {H, T, T'1} the boundary triplet for A* defined by (4.3). Then the following holds:

(i) The Dirichlet realization AP coincides with Ay := A* | ker (I'g) which is identical with the

Friedrichs extension AY'. Moreover, AP is absolutely continuous and its spectrum is given by
0(AP) = 04.(AP) = [tg, o).

(i) The Neumann realization AN coincides with A, := A* | ker (I';). AV is absolutely
continuous (AN)® = AN and o (AN) = 7,.(AY) = [to, 00).

(iii) The Krein realization (or extension) A is given by
dom (AK) = {f e W*2(R,,H) : f(0) + VTf(0)=0}. (4.9)

Moreover, ker (AX) = § := 90, 9, := {e=™Th : h € ran (T"/*)} and the restriction
AR 1 dom (AK) N 9y is absolutely continuous, that is, Hy = H°(AX) and A = 0g, @
(AKYae In particular, o (AK) = {0} U 0,.(A%) and 04.(AX) = [tg, 00).

(iv) The realizations AP, AN and (A%)% are unitarily equivalent.

Proof. (i) It follows from (4.2) and (4.3) that dom (A”) = dom (A,) which yields AP = Aj.
Since dom (4g) € Wy *(Ry,H) = dom (tr) we have A" = A, (see [1, Section 8] and
[22, Theorem 6.2.11]). It follows from (4.7) and [8, Theorem 4.3] that 0,,(Ay) = 0s.(Ag) = 0.
Hence A is absolutely continuous. Taking into account Lemma 4.2(iii) and Proposition 2.6 we
get 0(Ag) = 0ac(Ap) = clac(supp (dar)) = [to, o0) which proves (i).

(ii) Obviously we have dom (AY) = dom (A;) := ker (I';) which proves A" = A;. It follows
from Lemma 4.1 and (2.6) that the Weyl function corresponding to A; is given by

My(z) = (0— M) =i(z—T ~1/2 _ /

\/szET( ), z€C,. (4.10)

Since MO( ) is regular within (—o0, tg), we have (—oo,ty) C o(A;). Further, let 7 > to. We
set H, := Er([to, 7))H and note that forany h € H, and ¢t > T

(Mo(t +i0)h, h) = i((t — T)"**h, h) = z’/T \/tl__)\d(ET(A)h,h). (4.11)

Hence forany h € ‘H, \ {0} and ¢ > 7

0 < (t—to) 2||]]* < Im (My(t + i0)h, h) = / (t — N)"V2d(Er(N)h, h) < oo
to
By [8, Proposition 4.2], 0,.(A1) D [1,00) for any T > to, which yields 0,.(A;) = [to, 00). It
remains to show that A; is purely absolutely continuous. Since My (t + i0) ¢ [H] we cannot
apply [8, Theorem 4.3]. Fortunately, to we can use [8, Corollary 4.7]. Forany t € R, y > 0,
and h € 'H we set

Vi(t + 1y) := Im(My(t + iy)h, h) = /Im </\;> d(Er(N)h, h).

— 1=y
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Obviously, one has

. 1
Vh(t—Hy)§/(()\_t>2+y2)1/4d(ET()\)h,h), teR, y>0, heH.

Hence

1
(O =07 + 27

Vit +ig)? < ||B20D / d(Ex(Nh,h), p e (1,00).

We show that for p € (1,2) and —o0o < a < b < 00

b
Cp(h;a,b) := sup / Vi(t + 1y)P dt < 0.
1Ja

y€(0,1

Clearly,
1

/aVh(t+iy)pdt§||h”2(p_l)/o d(E(A)h’h)/a (O 02+ g2

I A
= e [ aEonn) [
0 a

—dt.
(B2 yPp/d

17l

Note, that for p € (1,2) and —00 < a < b < o0

b—\ 1 b 1
L—A CERETIAE /Q—T dt = 75(ba =[Tl) < ce,

Hence C,(h;a,b) < s,(b,a — || T|)||R||* < ocoforp € (1,2), —00 < a < b < oo and
h € H.By [8, Corollary 4.7], A; is purely absolutely continuous on any bounded interval (a, b).
Hence A; is purely absolutely continuous.

(iii) By [11, Proposition 5] A is defined by AX = A* | ker (I'y — M (0)T'y). It follows from
(4.5) that M (0) = —/T. Therefore, A¥ is defined by (4.9).

It follows from the extremal property of the Krein extension that ker (AX) = ker (A*). Clearly,
fu(z) == exp(—aV/T)h € L*(R,, H), h € ran (T"*), since

/ |l exp(—aVT)hE,da

0
/Td 0 < Vig 171 q dpn(®)
= pht/e_w x:/ ——dpp(t) < oo,
0 0 0 2\/%

where py(t) := (Er(t)h, h). Thus, $, C ker (A*). Itis easily seen that $j, is dense in ).
To investigate the rest of the spectrum of A% consider the Weyl function M (+) corresponding
to AX. It follows from (4.5) and (2.6) that

Mg (2) = M_yp(2) = —(VT + M(2))~
:_(\/TH«/Z_T)*:%(z\/Z—T—\/T):— +®(2).




where ®(z) := 1[iv/z — T + v/T). Fort > 0 we get
Im Mg (t +i0) = Im ®(t +i0) = t 'Vt — TEr([0,1)). (4.12)

Hence, by [8, Theorem4.3], 0,,( A%) N (0, 00) = 04.(A%) N (0, 00) = 0. It follows from (4.12)
that Im (M (¢ 4 i0)) > 0 for t > t. By Corollary 2.7 we find 0,.(A%) = [to, o0).

(iv) It follows from (4.7) and (4.12) that dps(t) = day, (t) = dim(ran (E7([0,1)))) for t > .
Combining this equality with 04.(A%) = 04,.(AT) = [ty,00), we conclude from Theorem
2.8(ii) that AT and (AX)? are unitarily equivalent.

Passing to A, we assume that 1 < dim(ran (E7([0,s)))) = p1 < oo for some s >
0. Let Ay, & € {1,...,p}, p < pi, be the set of distinct eigenvalues within [0, s). Since
My(t + iy)E7([0,t)) is the p x p matrix-function, the limit My (t + i0) Ex([0,t)) exists for
t €[0,5) \ Uy_;{ A&} It follows from (4.11) that

Im(My(t) = |T — | 2Er([0.)), ¢ €[0.5)\ | JDu}

This yields
dai )y := dim(ran (Im(My(t)))) = dim(ran (E7([0,1)))) = da(t)
foraet € [0,s)\ Ur_;{\c}, thatis, fora.e. t € [0, s).

If dim(E7([t, s))) = 0o, then there exists a point sg € (0, s), such that dim(E7([0, so])) =
oo and dim(Er ([0, s))) < cofor s € [0, sg). Forany t € (s, s) choose T € (so, t) and note
that dim(ran (Er([0,7)))) = co. We set H, := Er([0,7))H and Hoo := Er([7,00))H as
well as T := TEp(]0,7)) and T, := T Ep(|7,00)). Further, we choose Hilbert-Schmidt
operators D, and D, in H, and H, respectively, such that ker (D,) = ker (D}) =
ker (Do) = ker (DZ) = {0}. According to the decomposition H = H, @ H., we have
My = M; ® M, D = D: & Do and dy;p(t) = dyo- (1) + dypw (t) forae. t € [0, 00).
Hence dyp (t) > d o, (t) forace. t € [0, 00). Clearly, M, (t + iy) = i(t + iy — T;) /% If
t > 7,thent € o(T,) and M(t) := s-lim, o M(t + i0) exists and

M () = slim My (¢ + iy) = i(t = 7)™ Er ([0, 7).

Hence d,,p- () = dim(ran (E7([0,7)))) = oo fort > so. Hence dy;p(t) = du(t) = o0
for a.e. t > so which yields dy;p(t) = da(t) for a.e. t € [0, 00). Using Theorem 2.8(ii) we
obtain that A} and A{“ are unitarily equivalent which shows A, and A; are unitarily equivalent.

U

Remark 4.4 The statements on AP, A" and AX are proved self-consistently in the framework
of boundary triplets. However, the unitary equivalence of A” and A" can be proved much
simpler. In fact, the Dirichlet and Neumann realizations [p and [ of the differential expression
[ := —% in L?(R ) are unitary equivalent. If U : L*(R,) — L*(R,) is such a unitary
operator, i.e. Ulp = [5U, then we have

AV = Iy @I+ 15 @ T =
(U @ In)[lp ® Ing + I @ T)(U* @ L)) = (U ® L) AP(U* @ Iy).
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The proof can be extended to any non-negative realization [, of [ fixed by the domain
dom () = {f € W'(R,) : f/(0) = hf(0), h > 0}. Moreover, a proof of the absolutely
continuity of A” and A", which does not used boundary triplets, can be found in Appendix A.2.
For the Krein realization A* we do not know such proofs.

Next we describe the spectral properties of any self-adjoint extension of A. In particular, we
show that the Friedrichs extension A*" of A is ac-minimal, though A does not satisfy conditions
of Theorem 3.11.

Theorem 4.5 LetT > 0, T = T* € [H], andt; := inf 0 (T'). Let also A be the symmetric
operator defined by (4.1) and A = A* € Ext 4. Then

(i) the absolutely continuous part XGCEE([tl,m)) is unitarily equivalent to the part
APE uo(([t1,00));

(ii) the Dirichlet, Neumann and Krein realizations are ac-minimal and o(AP) = o(AY) =

Oac(A%) C 040(A);

(iii) the absolutely continuous part Aac s unitarily equivalent to AP whenever either (ﬁ —
i)E— (AP — i)t € G (9) or (A — i)t — (AK — i)t € 6,(9).

Proof. By [33, Corollary 4.2] it suffices to assume that the extension A= A*is disjoint with
Ay, that is, by Proposition 2.3(ii) it admits a representation A = Ap with B € C(H).

(i) Let IT = {H, T, "1} be a boundary triplet for A* defined by (4.3). In accordance with
Theorem 2.8 we calculate d ;s (¢) where Mp() = (B — M(-))~! is the generalized Weyl
function of the extension Ap, cf. (2.6). Clearly,

Im(Mp(2)) = Mp(2)"ITm(M(z))Mg(z), z¢€C,. (4.13)

Since Re(vz — A) > 0for z =t + iy, y > 0, it follows from (4.5) that

Im(M(z)) = /[0 )Re(\/z —A) dEp(N) > / Re(Vz — A) dEp()N), (4.14)

[0,7)

where z =t + 1y. It is easily seen that

Re(Vz—A)>Vt—A>Vt—1, \el0,7), t>T (4.15)
Combining (4.13) with (4.14) and (4.15) we get
Im(Mp(t +1iy)) > Vt — TMp(t +iy)* Er([0, 7)) Mp(t +1dy), t>7>0.
Let () be a finite-dimensional orthogonal projection, @ < Er([0,7)). Hence

Im(Mp(t+iy)) > vVt —TMp(t +iy)"QMp(t +iy), t>7>0, y>0.
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Setting H; = ran (Q), Hy := ran (Q%), and choosing Ky € G,(H,) and satisfying
ker (K3) = ker (K3) = {0}, we define a Hilobert-Schmidt operator K := Q © K, € Go(H).
Clearly, ker (K') = ker (K*) = {0} and,
Im(K*Mp(t+iy)K) > (4.16)
VE—TK*Mp(t +iy)* QMp(t + iy)K, t>7 > 0.

Since Mp(-) € (Ry) and Q, K € Gy(H), the limits
K*Mp(t)'Q = slim K*Mp(t +iy)°Q and
v
(QMpK)(t) := s-li{gQMB(t+iy)K
Yy

exist for a.e. t € R (see [5]). Therefore passing to the limit as y — 0 in (4.16), we arrive at the
inequality

Im(ME (1)) > Vi — 7(K*Mp(t)*Q)(QMK(t)), t>7>0, y>0.
It follows that

dim(ran ((QMpK)(t))) < dim(ran (Im MF (1)) = dyx(t), t>T. (4.17)

We set M9(z) = QMp(2)Q | Hi. Since dim(H;) < oo the limit ME(¢) :=
s-limy o ]T/[/g(t + iy) exists for a.e. t € R. Since (QMpK)(t) | H; = ran <(]T4/§)(t)>
(4.17) yields the inequality

dim(ran (Mg(t))) < dim(ran (QMpK)(t))) < dyx (t) (4.18)

fora.e. t € [r,00).

Since dim(H;) < oo and ker (]T/[/g(z)) = {0},z € C, we easily get by repeating the
corresponding reasonings of the proof of Theorem 3.11 that ran (]\A/[/g(t)) = 'H, for a.e.
t € R. Therefore (4.18) yields dim(H:) < dyx () fora.e. t € [r,00).

If 7 > t1, then dim(Er ([0, 7))H) = oo and the dimension of a projection Q@ < Er([0, 7))
can be arbitrary. Thus, dx (t) = oo fora.e. ¢ > 7. Since T > 1, is arbitrary we get dyx (¢) =
oo for a.e. t > t;. By Theorem 2.8(ii) the operator ﬁ“CEg([tl, 00)) is unitarily equivalent to
AOEAO([tla OO))

(i) If 7 € (to,t1), then dim(Er([0,7))H) =: p(7) < oo. Hence, dim(QH) < p(7) which
shows that d,x (t) > p(7) fora.e. t € (7,11). Since 7 is arbitrary, we obtain d,x (t) > p(7)
fora.e.t € [0,%1). Using Theorem 2.8(i) we prove A is ac-minimal. Using Theorem 4.3(iv) we
complete the proof of (ii).

(iiiy By Lemma 4.2 the invariant maximal normal function m™(¢) is finite for ¢ € R. By Theo-
rem 2.9 A% and (A)% are unitarily equivalent. Similarly we prove that A% and (AX)% are
unitarily equivalent. To complete the proof it remains to apply Theorem 4.3(i). 0]

Using Definition 1.1 one gets the following corollary.
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Corollary 4.6 Let the assumptions of Theorem 4.5 be satisfied. If dim(H) = oo and ty :=
inf o(T') = inf oo (T') =: t1, then

(1) the Dirichlet, Neumann and Krein realizations are strictly ac-minimal;

(i1) the absolutely continuous part A% of A is unitarily equivalent to AP, whenever

(A—i) ' — (AN — i)' € B, (9). (4.19)

Proof. (i) This statement follows from Theorem 4.5(i) and Theorem 4.3.

(i) To prove this statement we note that by the Weyl theorem the inclusion (4.19) yields
Oess (A) = Oess (AN). SiNCE Tess (AN) = 04(AN) = [tg, 00) We have oes (A) = [to, 00).
On the other hand, by Theorem 4.5() we get [tg,00) = 0ess(A) C 0u(A). Thus,
aac(/T) = [to,00) and Ave = Z“CEE([tO, oo)) Using Theorem 4.3(i) and again Theorem

4.5(i) we find that A% is unitarily equivalent to A”. 0

Remark 4.7 According to (4.10) the condition m™ (¢) < 0o, t € R (cf. (2.8)) is not satisfied for
the Weyl function M;(-) of the Neumann extension AN Thus, the statement (i) of Corollary
4.6 shows that the assumption m™(¢) < oo of Theorem 2.9, which is a generalization of the
classical Kato-Rosenblum theorem, is sufficient but not necessary for validity of the conclusions.

Corollary 4.8 Let the assumptions of Theorem 4.5 be satisfied and let dim(H) = oc. Then
AP s strictly ac-minimal if and only ifty = t;.

Proof. Let ty < t;. Then there is a decomposition 7" = T§, & T, such that T§, acts in a
finite dimensional Hilbert space Hj, and tg = inf o(Tg,) and T, = T2 € C(Hoo) and tg <
too := inf (T ) < t;. This leads to the decomposition A = Ag, & A where Ag, and A,
are defined analogously to (4.1). Clearly A? = A2 @& AL . By Theorem 4.3 both extensions
AL and AL are absolutely continuous and their spectra are given by o (AL ) = [ty, o0) and
o(AD) = [ts, 00). Since dim(H.,) = oo the deficiency indices of A, are infinite. We note
that (—o0, t ) is a spectral gap for A.. Using a result of Brasche [7] there exists an extension
Ay = A7 € BExt Ay such that 0(As) C [to, 00), the part Emng([to,tw)) is absolutely
continuous and NV 7, (t) = oo for t € [to, t1).

Let A :== AP @ A.. The operator A is a self-adjoint extension of A such that o(A) =
o(AP) = [ty,00). The parts AP E 4o ([to, 1)) and gEg([to, o)) are absolutely continuous.
However, the absolutely continuous parts of both extensions are not unitarily equivalent. Indeed,
for a.e. t € [to,ts0) one has Nyp(t) < oo but Nz,.(t) = oo, by construction. Hence A” is
not strictly ac-minimal which yields ty = t;. The converse follows from Corollary 4.6(i). 0
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5 Sturm-Liouville operators with unbounded operator poten-
tials

5.1 Regularity properties

In this subsection we consider the differential expression (4.1) with unbounded_non-negative
T =T*(€C(H))in$ := L*(R,,H). The minimal operator A := A,;,, := A, cf.(1.1) and
(1.2), is densely defined and non-negative. If T is bounded, then A coincides with (4.1).

Let H;(T") be the Hilbert space which is obtained equipping the set dom (7") with the graph
norm of T'. Moreover, for any s > 0 we equip dom (7"*) with the graph norm

lulls = (lully, + ITull3)"?, 520, weHh, (5.1)

and denote by H(7") the corresponding the Hilbert space. Following [29, Definition 1.2.1] the
intermediate spaces [X, Y]y, 0 € [0,1],of X = Hy(T) and Y = Ho(T') := 'H are defined
by [X, Y]g = Hlfg(T% RS [O, 1].

Furthermore, by H4(T'), s < 0, we denote the completion of H with respect to the "nega-
tive"norm
Julls = (I +T7>)ully,  s<0, ueH. (5.2)

At first, we describe the domain dom (A) of the minimal operator A. For this purpose, following
[29] we introduce the Hilbert spaces W2 (R, H) := WF2(Ry, H) N L*(Ry, H1(T)), k €
N, equipped with the Hilbert norms

[Fj[e I/R (LF S @R+ 1LF N5+ 1T 15, dt.

Obviously we have Dy C W%’z(R+,H) where is given by (1.2). The closure of Dy in
W#*(Ry, H) coincides with Wyn(Ry, H) == {f € WZ*(Ry, H) : f(0) = f'(0) = 0}
which yields W&’%(RJF, H) C dom (A).

Lemma 5.1 LetT = T™ be a non-negative operator in’H. Then the domain dom (A) equipped
with the graph norm coincides with the Hilbert space W(i ’%(]RJF, H) algebraically and topologi-
cally.

Proof. Obviously, for any f € Dy we have

14515 = | @l

+/R+ ITf ()7, dx — 2Re {/R+ (f"(x), Tf(x))y dx},

Integrating by parts we find
| @@ty == [ VI, .
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Hence

ﬁf’(m)”idw

1S = [ W@l [ irsira [
Ry Ry R
for any f € Dy which yields

1122 < IAFIS + I£17 f € Do.

Furthermore, by the Schwartz inequality,

+

2 ‘Re {/ (f’(x)jf(x))Hd:cH < ||fH§V%,2, f € Dy.
R
which gives
SIS + I < 201 f 1522, f € Do

Thus, we arrive at the two-sided estimate
2
1122 < IAfIl + 1/l < 205220 f € Do.
Since D, is dense in W&ﬁ(R+,H) we obtain that dom (A) coincides with W&’%(R% H)
algebraically and topologically. ]

In opposite to the case of the minimal operator A = A,,;, the maximal operator A, = A*

min
obviously satisfies W2 (R, H) C dom (Apay), though dom (Apax) # Wi (Ry, H) it T
is not bounded. Moreover, it was firstly shown in [18] (see also [19, Section 4.1]) that the trace

mapping
(0.1} : WAL, H) — Hau(T) ® Hiya(T), {10, m}f = {f(a), f(a)},

can be extended to a continuous (non-surjective) mapping

{707 71} : dom (Amax) - H71/4(T) ® H73/4(T)-
It is also shown in [19, Theorem 4.1.1] that y(-) € dom (Apayx) if and only if the following

conditions are satisfied:

(i) ¥/'() exists and is an absolutely continuous function on I into H_1(T');
iy Ay € L*(I,'H).

This result is similar to that for elliptic operators with smooth coefficients in domains with smooth
boundary, cf. [21, 28]. A similar statement holds also for the operator A,,.x = AJ;, considered
in L2(R ., H), cf. [11, Section 9].

Next, we investigate the Friedrichs extension A" and the Krein extension A of the operator
A > 0. We define also the Neumann realization A" as the self-adjoint operator associated
with the closed quadratic form t,

W)= [ (@I IVTR@I do = 1B = W00 69

1,2
VT
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f € dom (ty) := Wj’%(]l&, H). Clearly, AN € Ext 4. In the case of bounded 7" one has
AN = A, where A, is defined in Theorem 4.3(ii).

We note that the closed quadratic t; associated with Friedrich extensions A is given by tz :=
ty [ dom (tp), dom (tr) := {f € W2 (R, H) : f(0) =0}

Proposition 5.2 LetT = T* € C(H), T > 0, andlet A := A LetalsoH,, := ran (ET([n —
1,n))), T, :=TEr([n—1,n)),n € N, and let S,, be the closed minimal symmetric operator
defined by (4.1) in 9, := L*(R,,H,,) with T replaced by T;,. Then

(1) the following decompositions hold
A= s, A"=s;, A“=psk, AN=ps); (5.4)
n=1 n=1 n=1 n=1

(i) the domain dom (A) equipped with the graph norm is a closed subspace of
W22(R,, H) is given by dom (AF) = {f € W2*(Ry, H) : f(0) = 0};

(iii) the domain dom (AN ) equipped with the graph norm is a closed subspace of
W2 (R, H), is give by dom (AN) = {f € W2*(Ry, H) : f/(0) = 0}.

Proof. (i) Since Lemma 5.1 is valid for bounded 7" we find that the graph gr (Sn) of S,, equipped
with usual graph norm is algebraically and topologically equivalent to W (R+, H,), n e N.
Obviously, we have

W22R+, ®W22R+’ )

neN

:@gr(s

neN

which yields

However, the last relation proves the first relation of (5.4).

The second and the third relations are implied by Corollary 3.5. To prove the last relation of
(5.4) we set SV = @77, SV. Since SY = (SN)* € Extg, and A = @, Sn, SV

a self-adjoint extension of A SN € Ext 4. Let f = @n 1o € $Hwhere § = @n 1,6”
Denoting by ty the quadratic form associated W|th SN we find f = @, fn € dom (tN) if
and only if f, € dom (t,), n € N, and > t,[f,] < oo where t, is the quadratic form
associated with SV, n € N. If f € dom (ty), then

A= ulil =Y [ {5k, + VT, } o
= [ {1 @i+ VTS @I e = i

0

which yields f € dom (ty). Conversely, if f € dom (ty) and f = P2, fn, then f,, €
dom (t,), n € Nyand Y7 | t,[f.] < oo which proves f € dom (ty). Hence S = AN,
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(i) Following the reasoning of Lemma 5.1 we find
Fallfyze < IS0 fulls, + 1£all5, < 20 fallfyz22,  n €N, (5.5)

where f,, € dom (S) = {g, € W**(R,,H,) : g.(0) = 0}. Using representation (5.4) for
AF and setting f™ := @, fu, fn € dom (F},), we obtain from (5.5)

1F™ 122 < NATF7IS + 1F715 < 20722, m €N (5.6)

Since the set { /™ = @, fn : fo € dom (S), m € N}, is a core for A", inequality
(5.6) remains valid for f € dom (AF). This shows that dom (AF) = {f € W2*(Ry, H) :
f(0) = 0}. Moreover, due to (5.6) the graph norm of A" and the norm || - ‘|W;,2 restricted to

dom (A" are equivalent.
(iii) Similarly to (5.5) one gets

1flliyze < 1S5 falls, + 1 £all* < 2[1 /[l
for f,, € dom (S2) = {g, € W?*(R,,H,) : ¢,(0) = 0}, n € N. It remains to repeat the
reasonings of (ii). L]
In the following we denote by C,(R,, Hs), s € [0, 1], the space of bounded continuous func-

tions f : Ry — H,.

Corollary 5.3 Let the assumptions of Proposition 5.2 be satisfied. Further, let O f := [’ be the
derivative of f € W?%(R,, H) in the distribution sense. If f € dom (AP) U dom (AY), then

(i) 9f = f € L*(Ry,H1/2(T)) and the maps

0: dom(AP)> f — f € L*(Ry, Hypa(T)),
9:  dom(AY) > f — f € L*(Ry, Hypo(T))

are continuous;

(i) f(-) € Co(Ry, Hspu(T)), f'(-) € Co(Ry, Hiy2(T')) and the maps
o - dom (A”) > f — U e Co(Ry, Hzja—jsa(T)),
& dom(AN) > f — fU € Co(Ry, Hzjaja(T)),

j = 0,1, are continuous. In particular, one has f(0) € Hs,4(T) and f'(0) € Hi4(T).

Proof. (i) From Proposition 5.2(ii) and (iii) we get that u € L*(R, X ), X = H1(T'). Applying
the intermediate Theorem 1.2.3 of [29]to X C Y = H, := H we immediately obtain ' €
L*(Ry, [X,Y]1/2) which yields f' € L*(Ry, Hi/2(T')). Moreover, it follows that the map 9 is
continuous.

(if) Combining Proposition 5.2(ii) and (iii) with the trace theorem [29, Theorem 1.3.1] one proves
(ii). O
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Remark 5.4 Lemma 5.1, Proposition 5.2 and Corollary 5.3 also hold for realizations of the
differential expression A considered on a finite interval I, i,e, in the space L*(I,H). For this
case Corollary 5.3 has firstly been proved by M.L. Gorbachuk [18] (see also [19, Corollary
4.1.3], [19, Theorem 4.2.4]) by applying another method. Realizations A € Ext 4 satisfying the
condition dom (A) C C(1, H3,4(T")) are called maximally smooth (see [19, Section 4.2]).

We emphasize however, that Lemma 5.1 and Proposition 5.2 are new for the case of finite
interval realizations too.

5.2 Operators on semi-axis: Spectral properties.

To extend Theorem 4.3 to the case of unbounded operators 1" = T > 0 we firstly construct a
boundary triplet for A*, using Theorem 3.3 and representation (5.4) for A.

Lemma 5.5 Let the assumpt/ons of Proposition 5.2 be satisfied. Then there is a sequence
of boundary triplets m, = {H,, FOn, 1n} for Sk such that 11 = @7, m, =

{H, Lo, T 1} forms a boundary triplet for A*. Moreover, A" = A* | ker(fo) and the
corresponding Weyl function is given by

]/\Z( ) i\/z—T+Im(\/i—T)

z) = :
Re(vi—T)

Proof. For any n € N we choose a boundary triplet IT,, = {H,,, Lo, ['1, } for S with T, 'y,

defined by (4.3). By Theorem 4.3() S = S, = S* | ker (I'g,) and by Lemma 4.1 the
corresponding Weyl function is M,,(z) = iv/z — T,.

-~

Following Lemma 3.1, cf. (3.6), we define a sequence of regularized boundary triplets I, =

{Hn, Ton, D1} for S7 by setting Ry, := (Re(v/i — Tp))/2, Qn := —Im(v/i — T,,) and
fﬂn = RnFOna fln = REI(FITL - QnFOn)y n € N. (58)
Hence S = Sy, and the corresponding Weyl function ]/\4\”() is given by
— ivz—T,+1Im(vi—1T,)
Mn(z) = - )
Re(vi—T,)

By Theorem 3.3 the direct sum II := P I, = {H, Ty, T 1 } forms a boundary triplet

n=1
for A* and the corresponding Weyl function is

=P M.(x), =zeC.. (5.10)

neN
Combining (5.10) with (5.9) we arrive at (5.7). From Theorem 3.3 (cf. (3.13)) and Corollary 3.5
we get

Ay = A* | ker ( @S* | ker (T o) = @SO,L és}j:AF (5.11)
n=1

which proves the second assertion. 0]

z € (C+, n e N. (59)

Next we generalize Theorem 4.3 to the case of unbounded operator potentials.
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Theorem 5.6 LetT = T* > 0,ty := info(T). Let A := A,in be the minimal operator

associated with A, cf. (1.1) and let T1 = {H, T, T 1} be the boundary triplet for A* defined
by Lemma 5.5. Then the following holds:

(i) The Dirichlet realization AP f := Af, f € dom (A”) := {g € W}*(R,,H) : g(0) =
0} coincides with Ay := A* | ker (I") which is identical with the Friedrichs extension AL
Moreover, AP is absolutely continuous and o (AP) = 0,.(AP) = [tg, c0).

(ii) The Neumann realization AN := Af, f € dom (AN) := {g € W2*(Ry,H : ¢'(0)

0} coincides with Agn := A* | dom (Apn~) wheredom (Ag~) = dom (ker (I';—BV T

and BN := \/T ++/I + T2. Moreover, A" is absolutely continuous o(A") = o,.(AN)

[to, OO)

= |l
=

(iii) The Krein realization (or extension) AX is given by Agx = A* | ker (I'y — BET)),

where
K 1 1

VIVT + VT +VI+T2T+V1+12
Moreover, ker (AX) = §¢ == 9}, 9 = {e™Th : h € ran (T4}, the restriction

AR 1 dom (AX) N 9y is absolutely continuous, and AKX = 0g, @(AX). In particular,
(AKY = {0} U 0o AK) and g (AK) = [to, 00).

(5.12)

(iv) The realizations AP, AN and (AX)% are unitarily equivalent.

Proof. (i) From Proposition 5.2(ii) we get A” = AF. Applying Lemma 5.5 we get A" = A,.
Finally, using Proposition 5.2(i) and Theorem 4.3(i) we verify the remaining part.

(ii) It is easily seen that with respect to the boundary triplet ﬁ n= {Hn, f Ons f M} defined by

(5.8) the extension AY admits a representation AY = A where B, := \/Tn +/1+T12,
n € N. By Proposition 5.2(i), AN = @;7, AY = Ap~ where BY = @, B,. The
remaining part of (ii) follows from the representation A" = @20:1 Aflv and Theorem 4.3(ii).
(iii) Using the polar decomposition i — A = /1 + A2 with §(\) = m — arctan(1/)),
A > 0 we get

Re(vVi—T) = /OO V1 4+ A2cos(6(N)/2)dEr(N). (5.13)

Setting ¢(\) = arctan(1/)), A > 0 and noting that cos((A)) = A(1 + A2)~'/2, we find
cos(0(N)/2) = 27Y2(1 + A2)~Y4(\ + /1 + A\2)~/2. Substituting this expression in (5.13)
yields

Re(Wi—T) =2"V2(T + V14 T2)712 (5.14)

Similarly, taking into account sin(6()\)/2) = cos(¢(\)/2) and cos(p(N)/2) = 27V2(1 +
M) TVAN + VT + 222, we get

Im(Vi=T) = /O T VTR cos(p(N)/2)dEr () = % T+VITT. (515
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It follows from (5.7) with account of (5.14) and (5.15) that M (0) := s-lim, o M (—z) =: BX
where B is defined by (5.12). Therefore, by [11, Proposition 5(iv)] the Krein extension AX is
given by Agx := A* | ker (I'y — BXT). The remaining statement follows from Proposition
5.2(i) and Theorem 4.3(iii).

(iv) The assertion follows from Theorem 4.3(iv) and (5.4). 0]

Next we generalize Theorem 4.5 to the case of unbounded 7" > 0.

Theorem 5.7 LetT = T* > 0 andt; := inf 0.s(T"). Further, let A be the minimal operator
of A, cf. (1.1)-(1.2), and A = A* € Ext4. Then

(i) the absolutely continuous part AV“CEA([tl,oo)) is unitarily equivalent to the part
APE p([t1,00));

(ii) the Dirichlet, Neumann and Krein realizations are ac-minimal and o(AP) = o(AY) =
Tac(AR) C G4c(A);

(i) the ac-part A% is unitarily equivalent to AP if either (Z — i)t — (AT — i)™l € G (9)
or(A—i)7' — (AK — )71 € 6. (9).

Proof. By [33, Corollary 4.2] it suffices to assume that the extension A= A*is disjoint with
Ay, that is, it admits a representation A = Ag with B € C(H).

(i) We consider the boundary triplet = {H, fo, r 1 } defined in Lemma 5.5. In accordance
with (2.6) the Weyl function corresponding to Ap is given by M 5(2) = (B — M (2))7},
z € C,, where M (z) is given by (5.7). Clearly,

—~

Im(M 5(2)) = M p(2)"Im( M (2)) M 5(2), z€C,. (5.16)
It follows from (5.7) that (Re(\/i — T))_1 > /2. Therefore (5.14) yields
Im( M (2)) > V2Im(M(z)), z€C,, where M(z)=ivz—T, (5.17)

cf. (4.5). Following the line of reasoning of the proof of Theorem 4.5(i) we obtain from (5.17) that
d=p(t) = coforae.t € [t;,00), where D = D* € &5(H) and ker D = {0}. Moreover,
it follows from (5.16) that dﬂg(t) = dﬂp(t) = oo fora.e. t € [t1,00). One completes the
proof by applying Theorem 2.8.

(ii) To prove (ii) for AP we use again estimates (5.17) and follow the proof of Theorem 4.5(ii).
We complete the proof for AP by applying Theorem 2.8. Taking into account Theorem 5.6(iv)
we complete the proof of (ii).

(i) The Weyl function ]\7() is given by (5.7). Taking into account (5.10) one obtains
SUp,ey M7 < 00, where m. is the invariant maximal normal function defined by (2.8). In-
deed, this follows from (4.6) because this estimate shows that mj{ does not depend onn € N.
Applying Theorem 2.9 we complete the proof.
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To prove the second statement we note that the operator B defined by (5.12) is bounded.
Therefore, by (2.6) to Azx the Weyl function

Mpx(z) = (B — M (2))™", z€eC,.
corresponds. Inserting expression (5.12) into this formula we get
1 1 1 1 VT —ive=T
VAT A+ T\ T VILTE 2T+ V1412

It follows that the limit A g (¢ + i0) exists for any ¢ € R \ {0} and

1 VT —it=T
V2T + 1+ 1%

Clearly, Mg« (t) € [H] forany t € R\ {0}. By Theorem 2.9 the ac-parts of A and AX are
unitarily equivalent whenever (A — i)™ — (AKX — )71 € &,,(9). This completes the proof.
U

Mpx(2) =

Mpx(t) = s- lim Myx(t + iy) =
Y—rk

Finally, we generalize Corollary 4.6 to unbounded operator potentials.

Corollary 5.8 Let the assumptions of Theorem 5.7 be satisfied. If the conditions dim(H) = oo
andty :=inf o(T') = inf 0. (T') =: t; are valid, then

(i) the Dirichlet, Neumann and Krein realizations are strictly ac-minimal;
(i1) the ac-part A% of A is unitarily equivalent to AP whenever (4.19) is satisfied.

Proof. Corollary 5.8 follows immediately from Theorem 5.7(i) and Theorem 5.6(iv). 0

5.3 Application

In this subsection we apply previous results to Schrédinger operators in the half-space. To this
end we denote by L. = L,,;, the minimal elliptic operator associated with the differential ex-
pression

0> "L 0P —
Lim—ga = L g+l o) = i) € L2R)
in L2(R7™), RY™ .= R, x R"™ Recall that Ly, is the closure of £ defined on
C (R, It holds dom (Lyn) = HE(RTM) == {f € HYRY) : f | ORI =
0, % | OR™ = 0} where n stands for the interior normal to OR':"'. Clearly, L is

symmetric. The maximal operator Ly, is defined by Ly.x = (Lmin)*. We emphasize that
H?(RTY) € dom (Lyax) C HE (R but dom (Liay) # H2(R’T). The trace map-
pings 7;: C®(RH) — C®(OR"™), j € {0,1} are defined by o f := f | R and
nf = % | OR"". Let £, be the domain dom (Ly,.,) equipped with the graph norm. It
is known (see [21, 29]) that ; can be extended by continuity to the operators mapping £

continuously onto H 7~ Y2(aR"), j € {0, 1}.

Let us define the following realizations of L:
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(i) LPf:=Lf, f € dom (LP) := {p € H*(R"):
(iy LNf:=Lf, f € dom(LY):={p € H* (R : v =0};

(i) LEf = Lf, f € dom (L) := {p & dom (Lmax) : 710 + Ayop = 0} where
A= /A, +q(): H*”(@R'ffl) N H—S/Z(aRZL_—H)'

)t Yo = 0};
)

To treat the operator L,,;, as the Sturm-Liouville operator with (unbounded) operator potential
we denote by 7" the minimal operator associated with the Schrédinger expression

Ti=—0+q@) == o +a@), a(z) =ql), (5.18)
j=1

in H := L*(R™). It turns out that 7" is Moreover, If g(x) > 0,then T > 0. Let A := Ay, be
the minimal operator associated with (1.1) where 1" = T},;y,.

Proposition 5.9 Letq(-) € L®(R), ¢(-) > 0, and let'T" be the minimal (self-adjoint) operator
associated with T in L*(R). Let also t := inf o(T') and t, := inf ooy (T). Then:

(i) the minimal operator A coincides with the minimal operator L and dom (A) = HZ(R*);

(ii) the Dirichlet realization AP coincides with L”, hence, L is absolutely continuous and
J(LD) = UaC(LD) = [tg, 00);

(iii) the Neumann realization AN coincides with LY , in particular, L™ is absolutely continuous
and o(AN) = 0,.(AN) = [tg, 00);

(iv) the Krein realization A® coincides with L, in particular, L™ admits the decomposition
LE = 0y, @(LE), Hy := ker (LX), and 0,.(L*) = [ty, 00);

(v) the self-adjoint realizations L”, L™ , and L* are ac-minimal, in particular, L*, LV, and
(L¥)4¢ are unitarily equivalent to each other. Ity = t,, then the operators L”, L and L*
are strictly ac-minimal;

(vi) if L is a self-adjoint realization of L such that either (L — i)' — (L? — i)~} €
G (L2RYM)) or (L — )™t — (LK —d)™t € S (L*(RHY)) is satisfied, then L and
LP are unitarily equivalent;

(vii) Ifty = t1 and if L is a self-adjoint realization of £ such that (L — i)™ — (LN —i)~! €
Goo (L2(R7)) is satisfied, then L2 and LP are unitarily equivalent.

Proof. (i) We introduce the set
Dy = { Y di@hi(©) - ¢ € CF(Ry), hy € CFP(R™), k € N}
1<j<k

We note that D, C Dy, which is given by (1.2), and D, C C{)’O(RTI). Moreover, A | Dy, =
L | D. Since D, is a core for both minimal operators A and L we have A = L which yields
dom (A) = HY*(R™H).
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(ii) Since A = L we have A" = L. Using L¥ = L” the proof of (i) follows immediately from
Theorem 5.6(i).

(iii) One verifies that W% (R, H) = H?*(R"™), i.e, both spaces are isomorphic. A straight-
forward computation shows that

L= (L s = (Af ) oy = EUf], f € WP Ry, H) = H(RYH).

Since W2*(R,., H) is dense in W%(IR@, H) the completion of t* gives ty defined by (5.3)
which is the closed quadratic form associated with A”. Moreover, using that H2’2(RT1) is
dense in HLQ(RTl) the completion of t* gives the closed quadratic form associated with
LY. Since both completion coincide we get that A = L". The remaining part follows from
Theorem 5.6(ii).

(iv) Since A = L we have that A¥ is identical with the Krein realization of £. However, it was
proved in [11, Section 9.7] that even L is the Krein extension of £ The rest of the statements
is implied by Theorem 5.6(iii).

(v) By Theorem 5.7(ii) the extension AP, AN and AKX are ac-minimal. Taking into account (i)
- (iv) we find that L?, LY and L¥ are ac-minimal. The second statement of (v) follows from
Corollary 5.8(i).

(vi) This statement follows immediately from Theorem 5.7(iii) and (ii).

(vii) It follows from Corollary 5.8(ii). 0

Remark 5.10 Let 7’ be the (closed) minimal non-negative operator associated in H := LQ(]R")
with general uniformly elliptic operator

- "9 9 . . §
T = — E —ama]k<a?>—ax —|— q(x), Cij & 01<R++1)’ q (= O(R_:_l) M LOO(R++1)’
J

where the coefficients ajk(-) are bounded with their C''-derivatives, q > 0. If the coefficients
have some additional "good"properties, then dom (1) = H?(IR") algebraically and topolog-
ically. By Lemma 5.1, dom (Apm) = W027’2 (Ry,H) = Hy*(R™™) and Proposition 5.9
remains valid with T’ in place of the Schrodinger operator (5.18).

Note also that the Dirichlet and the Neumann realizations L” and L are always self-adjoint
((cf. [29, Theorem 2.8.1], [21])).

Corollary 5.11 Let the assumptions of Proposition 5.9 be satisfied. If

lim q(y)dy = 0, (5.19)

[2[=00 J|z—y|<1
then the realizations L”, L™ and L’ are strictly ac-minimal and

0(LP) = 0,e(L%) = o(LN) = 0,.(LY) = [0, 0).
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Proof. By [17, Section 60] condition (5.19) yields the equality 0.(7') = R, in particular 0 €
o.(T)and t; = 0. Since ¢ > 0, we have 0 < t, < t; = 0, thatis ty = t; = 0. It remains to
apply Proposition 5.9(i)-(iv). [

Remark 5.12 Condition (5.19) is satisfied whenever lim|; . () = 0. Thus, in this case
the conclusions of Corollary 5.11 are valid. However, it might happen that o(L?) = o(LY) =
Oac(L®) = [tg, 00), to > 0, though inf ¢(z) = 0.

A Appendix: Operators admitting separation of variables

A.1 Finite interval

Here we consider the differential expression A with unbounded 7" = T > 0 (cf. (1.1)) on
a finite interval I = [0, 1] and denote it by .A;. The minimal operator A := Ay i = A’
generated by A in the Hilbert space $); := L?(I,H) is defined similarly to that of A = A,
in L?(R ., H). Obviously, A i, is densely defined and non-negative.

We briefly discuss the spectral properties of realizations of .4; which admit separating of vari-
ables. We set

APf = Arf, fedom(AP) = {f e Wp*(I,H): f(0) = f(m) =0}
ANf = Arf, fedom(AP):={f e WZ*(I,H): f'(0) = f(x) =0}

where W2 (I, H) = W?2(I, H) N L*(I, Hy(T)) with H; (T") defined by (5.1).

To state the main result denote by [ and [y the Dirichlet and Neumann realization of the

differential expression | := —d?/dx* in the Hilbert space L*(I), i.e.
Ip = —- ['dom(lp), dom(Ip) = {f € W?2[0,7] : f(0) = f(r) = 0},
Iy == —4 | dom (ly), dom (Ix) = {f € W??[0,7] : f/(0) = /() = 0}.

Obviously, both spectra are discrete and given by o(lp) = {1,4,...,k? ...}, k € N and
o(ly) ={0,1,4,...,k* ...}, k € Ng:= {0} UN,

Proposition A.1 Let AP and AY be the Dirichlet and the Neumann realizations of Aj in
L*(I,'H) and let Ty, :== T + k*Ir(€ C(H)). Then

() AP is unitarily equivalent to the operator ®3° | T},
(i1) Aﬁv is unitarily equivalent to the operator ©3° o1},

(iii) The spectrum of the operators AP and AY is discrete, pure point, purely singular and
absolutely continuous if and only if the spectrum of T’ is so.
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(iv) The spectral multiplicity functions N 4o (-) and N op () of the realizations AP and AV, re-

spectively, are finite for each A € R whenever the multiplicity function N (-) is finite. Moreover,
ifo,(T) = [tg, 00), then 0,.(AP) = [ty + 1,0) and

Niapyac(t) = pNrac(t) forae. t € [to+k to+ (k+1)%), keN,
as well as 0,.(AP) = [ty, c0) and
Neanyoe(t) = (p+ 1) Nrac(t) forae. t € [to+ k> to + (k+1)%),
k e Ny :={0} UN.
(v) The operators (AP) and (AY ) are not unitarily equivalent.

Proof. (i) By the spectral theorem, the operator I, = [}, is unitarily equivalent to the diagonal
operator Ap = diag (1%,2%,... k? ...) acting in Hp = [*(N). Namely, Uplp = ApUp
where U is the unitary map from L2[0, 7| onto I?(N),

2 oo
Up: f= \/;Z ar sin kx — {a;}3° € 1*(N)
k=1

and ar = (f, \/2/msinkx). Hence
(Up ® In) AP (Up @ Iy) = (Up @ In)(lp @ I + I, @ T)(Up @ In) =

Ap®@DLy+15,®T = PR L+T) = P T
k=1

k=1

(ii) In this case, by the spectral theorem, the operator A" is unitarily equivalent to the diagonal
operator AN = dlag (0, 12, 22, e k’2, .. ) in 57)]\7 = l2<NQ), UNZN = ANUN where

1 2 <
Uy: f= ﬁbo + \/;Z b cos kx — {b}¢° € I*(Np)
k=1

and b, = (f,+/2/mcoskz). Repeating the previous reasonings we arrive at the required
relation

(Un @ In) AN Uy @ Ipy) = @32 T
(iii) This statement follows immediately from (i) and (ii) in view of the obvious relations
a(@le Tk) = Up, o(Ty) and o, (@Zozl Tk) = Upey 0+ (Tk), 7 = pp, s, sc, ac.

(iv) From (i) and (i) and the obvious relations o, (T},) = k? + o,(Tx), T = d,pp, s, sc, ac,
k € N we verify (iv).

(v) From (i) and (i) it follows that o,c(AY) = Ureg 0ac(Tk) and 04c(AP) = Upe; 0ac(Th)
which yields 0,.(AY) # o..(AP) which proves (v). O
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A.2 Semi-axis

Our next purpose is to show that the spectral properties of realizations of .4 admitting separa-
tion of variables can be investigated directly by applying elementary methods. In particular, we
present a simple proof of Theorem 5.6(ii). let us at first prove a general statement.

Lemma A.2 Let KX and'T’ be self-adjoint operators in the separable Hilbert spaces KC and H,
respectively, and let Ly := K ® I3, + Ixc ® T which is self-adjoint in IC ® H.

(1) If the self-adjoint operators K and Ko are unitarily equivalent, then Ly, and Ly, are
unitarily equivalent

(i1) If K is absolutely continuous, then L g is absolutely continuous.

Proof. (i) Let V' be a unitary operator such that Ko = V*K;V.Then U := V ® [ is unitary
and

ULk, U=V"@In(Ki1QIn+ Ix TV @Iy =Ky @ Iy + Ix ® T = Lg,.

(ii) Let b be an auxiliary infinite dimensional separable Hilbert space. In L?(R, ) we consider
the multiplication operator () defined by

@Qf)(t) =tf(t), teR, feL*R,b). (A1)

If K is absolutely continuous, then there is an isometry @, : K — L?(RR,b) such that
QP = Py K, PiPy = Ix. Hence the isometry @ := &y @ I, : K@ H — L*(R,h) @ H
intertwines Lx and L := Q ® Iy + I12rypy) @ T, ie.

Lo =Ly,

Notice that L*(R, h)@H = L*(R, h@H). The operator L hasin L2(R, §), b’ := hoH, the
representation L := () + T where () is a multiplication operator which is defined similarly
as (), cf. (A.1), and T is given by

(T f)(t):==T'f(t), fedom(T):={feL*R,Y):Tf(t) € L*R,H)}

where 7" := Iy ® T'. Using the Fourier transform F one easily verifies that @ is unitarily

equivalent to the momentum operator —i% in L2(R,b),i.e F! @ F = —i%. This yields that

~ d ~
LF'=—i—+ H.
FLF @dt—l—

Finally, using the gauge transform (Gf)(t) = e*“ﬁf(t), f € L*R,y), we find
GFLF'G™' = —id. Hence

—@% GF® = GFDLy (A.2)
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Since the momentum operator —i% is absolutely continuous the relation (A.2) immediately

implies that L is absolutely continuous. [

We consider the self-adjoint operator

d2
L= ==z [dom(l;),  dom(l;) = {f € W**(Ry): f'(0) =7f(0)},
in K := L*(R,) where 7 € Ry U {0} U {oo}. The extensions 7 = 0 and 7 = oo are

2
identified with the Neumann and the Dirichlet realizations of —% , respectively. Further, let

T =T*>0,T € C(H). Consider the family of self-adjoint operators
A, =1L Iy+ Ix®T, 7R U{0}U{o0}, (A.3)

in the Hilbert space  ® H = L?*(R,,H). Note for each 7 € R, U {0} U {cc} the operator
A, can be regarded as a self-adjoint extension of the minimal operator A defined by (1.1) and
(1.2). In particular, we have Ag = A" and A,, = AP.

Corollary A3 LetT =T* > 0.

(i) Ifry > 0and 1y > 0, then A,, and A, are unitarily equivalent. In particular, the extensions
AP and AN are unitarily equivalent.

(ii) IfT > 0, then A, is absolutely continuous. In particular, AP and AN are absolutely con-
tinuous.

Proof. (i) From [34, Section 21.5] we get that the operators [, are unitarily equivalent to each
other if 7 > 0. Applying Lemma A.2(i) we prove (i).

(i) Using the Fourier transformation one easily proves that the operator [ is absolutely contin-
uous. Taking into account Lemma A.2(ii) we verify (ii). O

Remark A.4

(i) We note that the above reasonings cannot be applied to realizations of .4 which do not
admit the tensor product structure (A.3).

(i) Comparing Corollary A.3 with Proposition A.1 we obtain that there are substantial differ-
ences between spectral properties of realizations on the semi-axis R, and on a finite interval
1. Indeed, for self-adjoint realizations of A on R the ac-part can never be eliminated for any
T = T* > 0, cf. Theorem 5.7(ii). In contrast to that the spectral properties of self-adjoint
realizations of A strongly depend on 7.
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