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Abstract

We introduce a new thermodynamically consistent diffuse interface model of Allen—Cahn/Navier—Stokes
type for multi-component flows with phase transitions and chemical reactions. For the introduced diffuse inter-
face model, we investigate physically admissible sharp interface limits by matched asymptotic techniques. We
consider two scaling regimes, i.e. a non-dissipative and a dissipative regime, where we recover in the sharp
interface limit a generalized Allen-Cahn/Euler system for mixtures with chemical reactions in the bulk phases
equipped with admissible interfacial conditions. The interfacial conditions satify, for instance, a Young—Laplace
and a Stefan type law.

1 Introduction

In this study, we propose a model for chemically reacting viscous fluid mixtures that may develop a transition
between a liquid and a vapor phase. The mixture consists of /N constituents and is described by N partial mass
balance equations and a single equation of balance for the barycentric momentum. We exclusively consider isother-
mal evolutions. To describe the phase transition, we introduce an artificial phase field indicating the present phase
by assigning the values 1 and -1 to the liquid and the vapor phase, respectively. Within the transition layer between
two adjacent phases, the phase field smoothly changes between 1 and -1. However, usually the transition layers
are very thin leading to steep gradients of the phase field.

This model belongs to the class of diffuse interface models. An alternative model class, that likewise represents
phase transitions in fluid mixtures, contains sharp interface models. From the modelling point of view, sharp interface
models have a simpler physical basis than diffuse interface models. For this reason, there arises always the non-
trivial question if the sharp interface limits of a given diffuse model lead to admissible sharp interface models. The
main concern of this paper is a careful discussion of this problem.

While diffuse interface models solve partial differential equations in the transition region, sharp interface models
deal with jump conditions across the interface between the phases. Sometimes the jump conditions are mixed with
geometric partial differential equations.

For two phases without chemical reactions, our compressible model reduces to an Allen—Cahn/Navier—Stokes type
model, which is quite similar to the model derived by Blesgen [8]. Blesgen’s model has been investigated analytically
in [18, 14], where existence of strong local-in-time solutions and weak solutions has been shown.

We like to emphasize that the thermodynamical approaches of Blesgen’s system and our derived model are dif-
ferent. For instance, the phase field variable y in Blesgen’s model, which satisfies the Allen-Cahn equation, is a
physical quantity, namely the local mass fraction of one phase, whereas in our proposed model x simply indicates
the present phase. In addition, the function h that interpolates between the phases, which will be described later, is
linear in Blesgen’s model. This means that, in contrast to our proposed model, in general the equilibria depend on
the chosen interpolation function h, which implies that Blesgen’s system runs into different equilibria. Our approach
with x as an artificial phase field variable permits to obtain physical meaningful jump conditions at the interface
agreeing with classical laws of thermodynamics.

A modified version of Blesgen’s model can be found in [24]. In contrast to [8] and our introduced model, Witterstein
[24] describes a mixture of two compressible fluids, which physically differ, exclusively by different Lamé coefficients



which are assumed to depend on the phase field parameter and the mass density. Witterstein’s model [24] also
differs in the choice of the free energy, which contains two length scales. Moreover, the minima of the double well
potential in the free energy have to be of different heights. This implies that the energy can only be controlled for
transition regions with fixed width but not in the sharp interface limit.

Related to our work are diffuse interface models for incompressible and quasi-incompressible fluids. A diffuse inter-
face model of Navier-Stokes-Cahn-Hilliard type for two incompressible, viscous Newtonian fluids, having the same
densities, has been introduced by Hohenberg and Halperin in [17]. That model has been modified in several ther-
modynamically consistent ways such that different densities are allowed, see e.g. [16, 20, 4]. For existence results
of strong local-in-time solutions and weak solutions, we refer to [1, 2, 3]. A diffuse interface model for two incom-
pressible constituents which permits the transfer of mass between the phases due to diffusion and phase transitions
has been proposed in [6, 5]. The densities of the fluids may be different, which leads to quasi—incompressibility of
the mixture.

Our newly introduced diffuse interface model is given by the following system of PDEs for (p, Pa=1,..,N—1,, X)
in [0,77) x Q,Q C R

dp +div(pv) = 0,
N—-1 Nr . N
Otpa + div(pav) — div( Z MogV (pa — MN)) = Z'VémaM; <1 — exp <kT) )’
/=1 i=1
Oy(pv) + div(pv @ v) + Vp +div(YVx ® Vx —ons) = 0,
0
pOix +pv-Vx = —M, <6pw = vAx> :
X
where p is the pressure, 1" the temperature, m,, the atomic mass of constituent «, k the Boltzmann constant,
Bl o(py
po = WO+ VAP + o (1. pv ) a0t =
(0%

with pf(p1, .., pvs X) = h(X)pYr(p1s s pN) + (1 = h(x))pv (p1, ..., pv)- In addition, , are the stoi-
chiometric coefficients of N possible chemical reactions, A’ the affinities and M, M} and M), the mobilities.

The work is organized as follows. In the upcoming section we derive the thermodynamically consistent model
for multi-component flows with phase transitions and chemical reactions. The third section is devoted to the non-
dimensionalization, the introduction of two interesting scaling regimes of the system and the setting of asymptotic
analysis. Finally, in Sections 4 and 5, we determine the sharp interface limits for the two different scaling regimes
introduced previously. We like to emphasize that Section 4.2 contains a conjecture on the incapability of viscous
diffuse models to generate viscous sharp models.

2 The mixture model

2.1 Constituents and phases

We consider a fluid mixture consisting of N constituents A1, Ao, ..., Ay indexed by a = 1,2, ..., N. The con-
stituents may be subjected to chemical reactions. There are Ny reactions, indexed by ¢ = 1,2, ..., Ng, of the
general type

a’iAl + CL;AQ + ...+ aZ}VAN = bllAl + leAQ + ...+ b?VAN (2.1)

Thus, there are forward(f) as well as backward(b) reactions. The constants (ag)a:172,,,,,N and (bg)azl,z,,,,,N
are positive integers and v, = by, — a;, denotes the stoichiometric coefficient of constituent « in the reaction
i=1,...,Ng.



The fluid mixture may exist in the two phases liquid(L) and vapor(V). The two phases may coexist. In this paper, we
describe the phases in the diffuse interface setting, where the interface between adjacent liquid and vapor phases
is modelled by a thin layer. Within the layer, certain thermodynamic quantities smoothly change from values in one
phase to different values in the adjacent phase. However, usually steep gradients occur.

2.2 Introduction of basic quantities and basic variables

Two phase mixtures can be modelled within three different model classes, i.e. Classes I-lll. Class | considers as
basic variables the mass densities (pa)a:m,“_ N of the constituents, the barycentric velocity v, the temperature
T and the phase field x, which is used to indicate the present phase at (¢, ). It assumes values in the interval
[—1,1] with x = 1 in the liquid and x = —1 in the vapor.. The basic variables of Class Il are the mass densi-
ties (pa)a=1,2,... N, the velocities (v )a=1,2,..., N of the constituents, the temperature 1" and the phase field x.
Finally, in Class Ill we have the mass densities (pa)a=1,2,... N, the velocities (Vo )a=12,... N, the temperatures
(Ta)a=1,2,... .\ of the constituents and the phase field x. In this study, we choose a description within Class I. The
mixture occupies a region 2 C R?. At any time t > 0, the thermodynamic state of €2 is described by IV partial
mass densities (pa)a:1,27,,, .N, the barycentric velocity and by the temperature 1" of the mixture. These quantities
may be functions of time ¢ > 0 and space = = (mi)i:17,,_7d = (2!, ..., 2% € Q. However, we restrict ourselves
to isothermal processes so that 1" appears only as a constant parameter in the equations.

Partial mass densities and partial velocities are used to define the total mass density p of the mixture and its

barycentric velocity v
N 1 N
P=) oy Vi== pava (2.2)
a=1 P a=1

The diffusion velocities u,, and the corresponding diffusion fluxes .J,, are defined by

N
Ug = Vo —V,  Jo=patta With > Jo=0. (2.3)

a=1

Finally, we introduce the total number density of the mixture and the atomic fractions of the constituents
N n N
n .= Z:lna, Yo i= f with zjlya =1. (2.4)
o= o=

2.3 Equations of balance

The coupled system of PDEs for the basic variables of the Class | model relies on the equations of balance for the
partial masses of the constituents, for the momentum of the mixture and for the phase field. Their generic structure
reads

Otpo + div(pav + Jo) = 7a, a=1,2,...,N,
O(pv) +div(pv®@v —0o) = pb,
A(px) +divipxv +Jy) = &

The newly introduced quantities are: r, - mass production rate of constituent «, o - stress, (JX7 fx) - flux and
production rate of the phase field. The force density pb includes gravity and inertial forces, the latter only appear
in case that the frame of reference is a non-inertial frame, i.e. a frame of reference that is undergoing acceleration
with respect to an intertial frame.



The conservation law of mass for every single reaction ¢ = 1, 2, ... , N reads

N N
S meyi, =0 implying > re=0. (2.8)
a=1 a=1

It is useful to decompose the /N partial mass balances into the mass balance of the mixture and N — 1 mass
balances that serve as the basis for the diffusion equations, i.e.

Op + div(pv) = 0, Otpo + div(pav + Jo) =14 for a=1,2,...,N —1. (2.9)

2.4 General constitutive laws
2.4.1 Part 1: Basic assumptions

The variables p, (Pa)a=1,2,... _N—1, v and x are not the only quantities in the equations of balance. There are fur-
ther quantities that must be given by thermodynamically consistent constitutive equations, such that the equations
of balance become a PDE-system for the variables. Our constitutive model describes chemical reactions, diffusion,
volume changes, viscosity and phase transitions including capillary effects.

The constitutive model for the mass production rates considers reactions with forward and backward path. The
corresponding reaction rates R? and R} give the number of forward and backward reactions per volume and per

time. Hence,
Ngr

To = Zma’yé(Réc —R)). (2.10)
i=1
The stress o models volume changes, viscosity and capillarity. Due to these three phenomena we additively de-
compose the stress into three parts,
o=—-pl+oyns+oc, (2.11)

where p denotes the pressure, oy g is the Navier-Stokes stress and o ¢ is the so-called capillary stress.

There are various possibilities to characterize the phase transition by different choices of the flux J, and the
production rate &,.. For example, the choice J, # 0 and £, = 0 describes a transformation of phases due to
diffusion and under the constraint of constant total phase fractions. The evolution equation for x becomes the
Cahn-Hilliard equation. In this study, we choose a different case, namely

Jy=0 and & #0, (2.12)

describing a situation where the phases exclusively change by a mechanism similar to a chemical reaction without
a constraint to their total mass fractions. In this case the evolution equation for y becomes the Allen-Cahn equation.

2.4.2 Part 2: Consequences of the 2"? law of thermodynamics
The considered mixture needs constitutive functions for the reaction rates Rz}, Ré the diffusion fluxes J,, the
pressure p, the Navier-Stokes stress o 5, the capillary stress o¢ and the production rate &, of the phases.

The thermodynamically consistent constitutive model relies on a free energy density of the general form

pt = pb(T, p1, P2y - s PN X5 VX)- (2.13)

In this paper we do not state and explicitly exploit the five axioms representing the 2" law of thermodynamics. We
refer the reader to the review article [9] and to [11]. In the following, we only list the constitutive relations and the
representation of the entropy production.



. Chemical potentials and pressure:

. ¥

N
o =5 a=L. N, p=—pY+) papa (2.14)
Pa

a=1

Note that /i, is a definition and the representation of the pressure is then a consequence of the 2" law and
is called Gibbs-Duhem equation.

. Representation of the stresses:

dpy

— L2
avx®vx (2.15)

2 2
oONSg = ()\1 + d)\2> div(v)1 + A2 (V'v + (V)T — ddiv(v)l) , 00 =

Bulk and shear viscosity satisfy the inequalities A\ + %)\2 > (0 and Ay > 0, where d is the dimension of the
considered space.

. Diffusion laws and reaction rates:

Jo=— ﬂz_:l MgV (pg—pn), a=1,...,N—1, Ry, = R exp <k:T> ,1=1,...,Ng, (2.16)
where A’ is given by the law of actions, i.e.
. N .
A" =" mah e, (2.17)
a=1

and is called the chemical affinity. The (/N —1) x (\V —1) matrix Mg of diffusion mobilities is symmetric and
positive definite. In this study, the mobilities are assumed to be constant. In equation(2.16), the Boltzmann
constant k is introduced such that the argument of the exp-function becomes dimensionless.

The 2™ law prescribes the ratio of the reaction rates to be as in (2.16). Thus, either the forward or the
backward rate can be modelled. We set R'; = M’ and choose the reaction mobility A/, > 0 as constant.

_ oY _ 4y (200

The quantity M, > 0 denotes the phase mobility.

. Production rate of phases:

. Representation and sign of the entropy production:
1 Y opy Ipy

a=1
-3 (Z mw&;m) (Ry - RZ)) =0. (219
i=1 \a=1

The entropy production must be non negative for every solution of the balance equations, i.e. £ > 0.
Equilibrium is a solution of the balance equations with £, = 0.



2.5 Special free energy densities for fluid mixtures capable of liquid-vapor phase transitions

In order to make the generic free energy function in (2.13) explicit we decompose py) = pvfz(pl, s PN X VX)
according to

pY = W(x)+ %|VX|2 +h(X)p¥L(p1s - pn) + (1= (X)) ptbv (p1, - s PN )s (2.20)

where W (x) = (x — 1)?(x + 1)?and h : R — [0, 1] is a smooth interpolation function satisfying

h(z) =

>
{ Loforz21 in particular, h'(z) =0forall |z] > 1. (2.21)

0 for z2< -1 "

The double well function W has its minima in the pure phases and controls the phase transition. The gradient term
in (2.20) models capillarity effects and the coefficient v > 0 is related to the surface tension between two adjacent
phases. The two functions p1ir, piby @ (0,00)N — [0, 00) are the free energy density functions of the pure
phases which we assume to be given by a combination of isotropic elastic response and entropy of mixing, i.e.

n n

pYLv = ipaw(’% (Kpjv —p™) (1 — n%) +KL/Vn%1n< nR> +]<;T§V:1na1n (@) ’

where KL/V are the bulk moduli, and the superscript R indicates a reference value of the corresponding quantity.

Remark 2.1. In terms of the asymptotic analysis performed later in this paper, the crucial property of the energy
densities chosen here is that they are convex, such that the map (pa)azl,,,, N — (ua)azl,m ,N is a diffeomor-
phism for any fixed x € [—1, 1].

2.6 Summary

The resulting system of equations can be written as

Op + div(pv) = 0, (2.22)

N-1 Nr A i
Otpo + div(pav) — div< f; MgV (pta — MN)> = ; Yo, Mo M, <1 — exp (kT) ),(2.23)
O(pv) +div(pv @ v) + Vp+div(hyVx ® Vx —ong) = 0, (2.24)
pox +pv-Vx = —M, (aapf — ')/Ax> . (2.25)

The pressure p and the affinities A’ are taken from (2.14)2 and (2.17). Furthermore, we have used the following
abbreviations

g
pY = W)+ VX" + pf (o1, o), (2.26)
K(x) n KT /n
_ R B (P
R e (%) + maln( ) (2.27)
with

pf(p1s 50N, X) = hO)pYL(pr, s pn) + (1 = h(x))pvv (p1, - PN), (2.28)
K(x) = h(x)KL+(1—-h(x))Ky, (2:29)

where g2, nt are reference quantities.



2.7 Energy inequality

To address the issue of stability of (2.22)-(2.25), we prove an energy inequality. Let 2 C R? be some open and
bounded domain with Cl—boundary and T’y > 0 some time up to which we assume that classical solutions of
(2.22)-(2.25) exist.

Lemma 2.2 (Energy inequality). Let ((pa)a,, X) be a classical solution of (2.22)(2.25) in (0, T) x £, then the
following inequality is fulfilled for all t € (0, T f) :

% 0 (W(X)+%\VX|2+(Pf)((Pa>a7 X) + "U‘ d.’E‘i‘Z/ “(patta® + pady) do

~ [ ne (36x = Golol + ansv) do = ~Di — Dy = Dy~ Dy <0, (230
o0

where n denotes the outer unit normal to 02, and

2
Dy :=/ My <W’(X) —yAx + w) de, (2.31)
Q P ox
N-1
Dy = / Z Maﬁv (Noz - NN) -V (:uﬂ - :uN) de, (2.32)
a,B=1
/ZMUX’(l—exp(A)) a:—kT/Zlog — R%Y) dax (2.33)
k P '
Dy := / ons : (Vv)d. (2.34)
Q

Corollary 2.3. Let ((pa)a, v, x) be a classical solution of (2.22)-(2.25) in (0, 1) x 2 satisfying the boundary
conditions Vx -m =0,J,-n=0,a=1,...,N —1,andv = 00n (0,Ty) x 052, then forallt € (0,T}):

d

i (W) + 319+ () (pa)as ) + S0P da < 0. (2.35)

Proof of Lemma 2.2. We directly compute

% 0 (W(X) + %|VX|2 + (pf)((pa)a7X) + §|’U‘2) dx

:/Q (W/(X)Xt-l-’YvX'VXt-i-Zpa,tua—i-g)f)x — %pt\U\Q—Fv-(pv)t)da:
(f (2.36)
:/Q(Xt(WI( ) —YAx + P )+Zpatua—fpt\v\2+v (pv))da:

+/ yxn - Vy do.
onN

We insert the evolution equations (2.22)-(2.25) into (2.36) to eliminate the time derivatives. Several terms cancel



out such that we obtain

a 2 2 P2

3 [, (W00 + 319 + pr((pa)as) + Gol?) da
N 1

== /Q (Z«iiv(pav +Ja) = ra)pta — gdiv<pv>lvl2 + div(pv ® v) - v> dx (2.37)
a=1
N
— / <’U . Z pPaVie — div(ons) -’U) dx — Dy —1—/ yxtn - Vx do,
0 = a0

where J, and r,, are given by (2.10) and (2.16). Using integration by parts in (2.37), we get

d

i o (W00 + GV + 0f((pa)asx) + o) d

N
—/Z(Ja~v,ua+7“a,ua)da:—D1—D4
ro*l

N ) (2.38)
+/ n- (7XtVX - Zﬂa(pav + Ja) - §'U|’U‘2 + O'NS’U) do
o o1
4 N )
=-> D; +/ n. (’YXtVX =D talpav +Ja) = Svlv* + UNsv) do.
1 o —1
J «
O

3 Asymptotic analysis

To avoid physically impossible scalings, we first nondimensionalize the system (2.22)-(2.25).

3.1 Non-dimensionalization

We introduce reference quantities, denoted by superscript ¢, and non-dimensional quantities, denoted by *, i.e.
x =T, t =17, po = ppy, v =007, ug = pup, Mag = M Mg, M! = ME(MY*,
V8 = Y Vg M = mmg, M2 = AN o, Mp = M;M;, W=WW*, (pf)=(pf)(pf)",
v =%, AT = AC(AY).



Note that x and the interpolation function h are already nondimensionalized and p = p°p* with p* = > p.
Thereby, we get

C

p8p+

d1V (p*v*) =0,

pc * pcvc sk * * MC ¢
e O Pl T div (o) — T div? Z sV (1 — )

—MSyem Z V) (1 — exp (%)) =0,

“v° * ok CUCQ-*** * C, C * *
ptc 3t*(pv)+p;c)dw(pv ®v") + — V (Zpupaua (pf)* (pf)>

1. e e A Qi App— * AV
—EV (WCW ( )2 ‘V | > ($C)3d1V (V X & V X) — Wdlv (UNS) = O,
1 e MgM; rY Apf)*
— O+ —v* . V* —P P eyt — L AF cC—~—="]=0.
fe e X+ e X+ pcp <$C)2 X+ (pf) aX
As we are interested in hyperbolic scalings we set ¢ = v°t¢, ( = p°u® and define the following Mach and

Reynolds numbers

C C rux
:UC\/%, M, —v“ppc Re—p (3.2)

Moreover, we choose A° = kT and define additionally nondimensional quantities related to the reaction and
diffusion mobilities A

_ MC C _ MC CmCtC _

Mdziﬂ M, = L7 Mp: _r (3.3)

UC:UC/)C ) pc

p
ei= /(xc)”izw (3.4)

is proportional to the width of the interfacial layer. This can be justified by I'-Limit methods, cf. [23, 21, 22, 13]. Using
these nondimensional parameters and suppressing * in the notation, we get

C

We assume that the small parameter

Op + div(pv) =0,
N-1

Orpa + diV(pa’U) — Md div< Z MQ5V(ILL5 — UN ) M Zvama 1 — exp(AZ)) 0,
=1
N
. 1 )
A (pv) +div(pv @ v) + iz Y (Z Patba — pf) - iV(W +¢’ IVX! ) (3.5)
pf a=1

2
+1\f[12/V7div(vX ®@Vyx) — ﬁdiv(aNs) =0,

M,
dx +v-Vx+ ML W —e?yAx —i-iaif
p M ox

In the sequel, we will consider two scaling regimes. For both of them we choose

_ _ 1
Mg=DM,=M,; =1, My =, ﬁzg? (3.6)



The scalings only differ in Mp. Taking

- 1 o . - 1 o .
M, = — leads to a non-dissipative regime and M, = — to a dissipative regime. (8.7)
€ €

Remark 3.1. We are aware of the fact that it would be favorable also to obtain the full Navier-Stokes equations in
the bulk in the leading order. This would correspond to the scaling Re = 1. We will show in Subsection 4.2 that
such a scaling immediately rules out mass fluxes across the interface. As we are interested in situations in which
phase change occurs, we do not pursue this scaling.

3.2 Assumptions and definitions for formal asymptotics

To keep this paper self-contained, we state the necessary assumptions and definitions of formal asymptotic expan-
sions.

3.2.1 Outer setting

We define the two bulk phases for ¢ € [0, Tf) by
QO (e):={x e Q: x:(t,z) <0} and QT (t;e) :={x € Q: x(t,z) > 0}.

We assume that the solutions ((pa,c)a; Ve, Xe) Of the considered scalings of (2.22)-(2.25) have expansions in € in
the outer regions Qi(t; g), (in fact, we only need expansions up to the first two summands of each series):

[ee] o oo
Xe(t, @) = Zszxi(t,a:), ve(t, x) = Ze’vi(t, x) and poc(t, ) = Ze’pa,i(t,a:). (3.8)
=0 =0

i=0
Hence, we may expand W into its Taylor series.

We call a family (f(t))te[o,Tf) an oriented C'+?-family of hypersurfaces if for each point (to, o) € (0,Tf) x R4
with &g € f‘(to) the following properties are satisfied:

(1) There exist an open subset O C R? containing o, § > 0 and a function u € C12((tg — d,t9 + 8) x O)
such that

ONI(t)={xeO|u(t,x)=0} and
Vu(t,x) #0 fore € OND(t),t € (tg — b,tg + 9).

(ii) There exists a unit normal field v for I' such that v € C° (U0<t<Tf({t} X f(t)),Rd) and v(t,-) €
CH(I(t),RY).

We assume that for € > 0 small enough,
o= {(t,x) €[0,Tf) x Q : x(t,x) =0}

is a set of smoothly evolving oriented 01’2-hypersurfaces in [0, Tf) x R?. In addition, we assume the existence of a
limiting 0172-family of oriented hypersurfaces I" for € going to zero. The curve I is the zeroth order of the interface.
We denote the limiting bulk regions by Q7 (¢) and 2~ (). Further orders of I are not required here. They would
be needed if we considered higher order jump conditions, see [12].

10



3.2.2 Inner setting

In a neighborhood of I', we introduce a new coordinate system. To this end, let g be a local parameterization of I':
0:00,Tf) x U — RY,

where [0,Tf) C Rand U C R~ are the time interval and the spatial parameter domain, respectively.
Next, we parameterize a neighborhood of @(, U) in R? as follows:
(t,) = (¢, olt, ) +c2v(t, 8)) 3.9

with 0 < € < g for some €9 > 0 and z € R. The normal and tangential velocity of the interface I" are related to
the parameterization via

wy = wyv = (0o - v)v and wy = 0,0 — (010 V)V. (3.10)

For a generic function, depending on outer variables f we denote the corresponding function in inner variables by
capital F', i.e.
F(t s z) = f(t,x).

The partial derivatives of these functions transform as follows:
v T = o) [F
eV
= |T|2 . O.F | +0(e)
(9tf — W+ —& Wp 1 8tF

where T'is a d x (d — 1)-matrix whose columns are given by a basis of tangent vectors on I". Moreover, we have

div f = 10.F - v + divp F + O(e),
AF = 10.oF — LedLE — <0 4 A 4000,

where Vr, divp, Ar are the surface gradient, the surface divergence, and the surface Laplacian on I', and & is
the mean curvature, respectively.

For the inner counterpart ((Rq.c)a, Ve, Xc) of the outer functions ((pa.c)as Ve, Xe ), We assume:
Roc(t, s, z) = ZeRaltsz) (t,s,2) Zthsz (t,s,2) Zethz (8.11)

Remark 3.2. Due to our definitions of I'z and I" we cannot expect X (¢, s,0) = 0 but there will be a translational
quantity depending on ¢ and s. We could expand the interface position in €, which would ensure X (¢, s,0) = 0.
However, we prefer the definition of I" as in the orders studied here the translational constant causes no problems
as no interfacial mass density appears. This is in contrast to the situation in [12].

3.3 Matching relations

In matched asymptotic techniques, inner and outer quantities are linked via certain matching conditions, see e.g.
[10]. We impose the following asymptotic behavior for a generic quantity f as z — +o0:

Fo(t, s, 2) — fiF = o(1/2]), (3.12)
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Fi(t,s,z) — ff—L — ((Vfo)i -v(t,s))z =o(1/|z]), (3.13)

where the superscript + denotes lim.\ o f(t, 0(, s) £ v (¢, s)). Moreover, we have

0.Fo(t,s,z) =o(1/|z|), (3.14)

922 Fo(t, s, 2) = o(1/z]), (3.15)

D.Fi(t,s,2) — (Vfo)* -v(t,s) = o(1/|2]), (3.16)

VrFy(t, s, 2) — (Vo) + (Vo) -v(t,s))v(t,s) = o(1/|2]). (3.17)

The idea behind this matching method is that the large z—behavior (for small ) of the inner quantities coincides
with the traces of the outer quantities, see e.g. [19]. To this end, a formal term-by-term matching of the e-expansion
of the inner quantities to the Taylor polynomials of the outer ones is made, see [10, 15].

4 Sharp interface limit of the dissipative regime

4.1 Low viscosity case

We start by defining outer solutions in the bulk phases. They are obtained by inserting (3.8) into the scaled equations
and comparing the terms order by order.

Definition 4.1. A tuple ((pa,0)a=1,...,N >0, X0, X1) With
(4.1)

where R} := {x € R : = > 0}, is called an outer solution of the dissipative regime provided

Orpo + div(povo) =0, (4.2)

N-1 Ng
OtPa,0 + div (pa,0v0) — div( Z MgV (pp0 — MN,O)) — Z'yémaMﬁ (1 — exp (A’O)) =0, (4.3
B=1 i=1

W'(xo0) = 0, in particular, V(W (x0)) = 0, (4.4)

N
9 (powo) + div(pove ® vo) +V < > Paotta0 — (Pf0)> = V(W' (xo)x1) =0, (45)

a=1
0
W"(x0)x1 + (apr)(pl,ﬂu -, PN,0,X0) =0, (4.6)

where we use the following abbreviations

N
B0 = Ha(pLos - PN0:X0);  pfo = pF(pLos s N0 X0), Ab =D MaValino.  (4.7)

a=1

Next, we define inner solutions. They are obtained from the scaled system by changing coordinates via (3.9) and
inserting (3.11).
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Definition 4.2. A tuple ((Roz70)o¢:1,... N> (Ra,l)azl,‘.. N Vo, Xo, Xl) with X ?é 0 and

Ra € C°([0,Ty), C°(U, C*(R4))),

Rq,1 € C°([0,Ty), C°(U, C*(R))),

Vo € ([0, Ty), C°(U, C' (RY))), (4.8)
Xo € C°([0,Ty), CH(U,C(R))) N C°([0, Ty), C°(U, C*(R))),

X1 € C°(0,Ty), C°(U, C*(R))),

is called an inner solution of the dissipative regime with normal velocity w,, provided

N-1

( Z Mop(Mgpo — MN,O)z) =0, (4.9)
B=1 Z
W'(Xo) — vXo,22, inparticular, 0 = v(—W(Xo)). + 7w X0 Xo,: =0, (4.10)

N—-1
(Ra,o(Vo-v —wy)) ZMQQ(Mgl—MNl) —H;(Mgo—./\/lNo)) =0, (4.11)

(Ro(Vo - v —wy)). = (jo)- =0, (4.12)

N
JoVis v < S RaopMao — (RFy) W’(Xom) @13)

a=1 z

(X0, X122 + X022 X1, — 6X§ ) — VW (Xo) +vXo,2:Vr(Xo) =0,

]‘\770Xo,z + W"(X0) X1 — vX1,22 + 76 X0,z + (;f) (R1,0, ..., Rn,0, X0) =0, (4.14)
p

where (4.9) and (4.11) hold foraw = 1, ..., N — 1 and we use

Jo:=Ro((Vo-v)—wy), Mpgo:=pg(Rio,-.-,Rno, Xo),

RFO = (Pf)(Rl,O, ceey RN,UaXO)a
(4.15)

N
0 0
Mg = E 78‘;% (R1,0,-.-, RN, X0)Ra,1 + 75;’6 (R1,0, -, Rn,0, X0)X1.
a=1 «

Finally, we need to define matching solutions which consist of compatible outer and inner solutions.

Definition 4.3. A tuple ((pa,0)a=1,...,Ns V0, X0, X1, (Ra,0)a=1,... N (Ra1)a=1,... N> Vo, X0, X1) is called a
matching solution of the dissipative regime provided ((pa.,0)a=1,....N, V0, X0, X1) is an outer solution and the
tuple ((Ra,0)a=1,...,Ns (Ra,1)a=1,...,n> Vo, X0, X1) is an inner solution and both are linked by the matching
conditions, see Subsection 3.3.

Theorem 4.1. Let ((pa,0)a=1,.... N0, X0, X1, (Ra,0)a=1,....N, (Ra,1)a=1,... N, Vo, Xo, X1) be a matching
solution of the dissipative regime, then the following equations are satisfied in the bulk regions OF:

xo = *£1,x1 =0, (4.16)

Otpo + div(povg) = 0, (4.17)
N-1

Otpa0 + div(pa,o0vo) — div( Z MosV (10 — N0 > Z 'yama 1 — exp (AZ)) 0, (4.18)
B=1
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N
O(povo) + div(povo ® vo) + V < Z Pa,0Ma,0 — Pfo) =0. (4.19)

a=1

Moreover, the following conditions are fulfilled at the interface:

a0 — uno] =0 foralla=1,...,N —1, (4.20)
lpo(vo - v —wy)] =0, (4.21)
N-1
[pao(vo - v —wy)] = HZ MgV (pugo — pno) -v] forala=1,...,N —1, (4.22)
B=1
N [ee]
ljovo + (Z Pa,0Ma,0 — pf()) v] = ’7’{’// (XO,Z)2 dz, (4.23)
a=1 —00
2 . 00
Jo Jo 1 2
5.2 = - - (Xoz)"d 4.24
[[2[)(2) +:U’N70ﬂ Mp . RO( O7z) Z, ( )

where jo = pg (v - v —wy).

Remark 4.4. In view of (4.10), the surface tension coefficient can be rewritten as follows

o] 1
7/ (Xo,:)?dz = \/ﬂ/ VW(X)dX.
o0 -1

We will decompose the proof of Theorem 4.1 into several lemmata. Our first lemma ascertains that we have pure
phases in the bulk.

Lemma 4.5. Let xo, x1 be given as in Definition 4.3, then
xo € {—1,1} and x1 =0.
Furthermore, all solutions ¥ € C2(IR) of the ordinary differential equation
W' (¥) —40,,¥ =0 (4.25)
with 0,¥ — 0, ¥ — +1 as z — =00 are given by the one parameter family
U(z)=W(z—2), ZER, (4.26)

where U is the unique strictly monotonically increasing solution of (4.25) satisfying \TI(O) = 0. In particular, all X
as in Definition 4.3 are given by the one parameter family

Xo(t,s,-) = U(-— 2(t,s)), ZeR.

Proof. From (4.4) we know xo € {£1,0}. Thus, by continuity, ¢ is constant in Q. A phase portrait analysis
which can be found in [7] shows that (4.25) with ¥ — 41 as z — Zo0o implies (4.26) and X(jf = =+1. Hence,
Xo = £1lin QF and, therefore, %L;(f(pl,g, ..., PN,0,X0) = 0 because of (2.21). Thus, x1 = 0 because of

W"(£1) # 0 and equation (4.6). O

Our next step is to use the continuity of the mass flux across the interface to eliminate the normal velocity from the
equations.
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Remark 4.6. As Ry > 0 equation (4.12) holds if and only if V) - v = }% + w,, for some jg independent of z.

In order to determine the functions R, o, we reformulate several of the inner equations such that we obtain equa-
tions, which do not contain X7 .

Lemma 4.7. Equations (4.9), (4.13), (4.14) are equivalent to (4.9) and

Jo ( Jo jo (Xo,2)?
Jo [ Jo PRI il 7 4.27
A C RO 42
i -
<R00> + <Z Ry oMao — RFy — W/(XO)X1> + (X0, X1,2)2 — HXg,z) =0, (4.28)
z a=1 Z
joVo-t=0 (4.29)

for any tangent vectort to T.

Proof. The tangent part of (4.13) simplifies to (4.29) because of (4.10). Combining the normal part of (4.13) and
(4.14) gives

N
jO‘/O,z U+ <Z Ra,OMa,O - RFO - W,(XO)X1> + ')’XO,szl,z
a=1

z

- - VXO,Z(Xl,zz - /{XO,z) (4.30)
=- ]{70()(0,,2)2 — X0, .W"(X0) X1 — (M(X0))2(p¥L(p1, -, pN) = PV (p1, -0, PN))-
p

The first equality in (4.30) is (4.28). The combination of the first and third line of (4.30) can be simplified by using
(4.10) such that

N
jO‘/E),z v+ <Z Ra,OMa,O - RFO)

a=1 (4.31)
Jo
= —M(XO,z)2 — (h(X0))2(p¥L(p1s - s PN) — PPV (P15 PN))-
p
By definition (2.28), equation (4.31) is equivalent to
j j -
. 0 0
o 50 ) + - (X0:)?+ Y Rao (a(Ruo, -, Ry, X0)), = 0. (4.32)
Ro Z Mp a=1
Because of (4.9), the positive definiteness of M, and Ry # 0 equation (4.32) implies (4.27). O

Before we can derive necessary and sufficient conditions for the existence of Rl,g, ey RN70, we need several
technical prerequisites.

Lemma 4.8. Let the functions 71, o, : RN2 — (0, 00) defined by

N - — gB)\ \ KXo
n(ci, ..., cN,a,2) := nR<Z exp (ma (¢a cNk;a ga)) > 0 ’ (4.33)
a=1
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ga(ch”'ac]\haa Z) = (exp (ma(ca —CN+G_Q§)) <> : (4.34)
Then,
Ra,OZmayanecl(R), a=1,...,N,

with
n(Z):fL(Cl,...,CN7f(Z),Z) and ya(z):Qa(61,...7CN,f(Z),Z) (435)

is a solution of the auxiliary problem

,u,a’()(le(), ...,RN70,X0) — MN70(R170, ...,RN70,X0) = Coq — CN, o = 1, 7]\7 — 1,

(4.36)
uno(R10,--, BRno, Xo) = f(2)

forcy,...,cy € Rand f € C'(R).

Proof. The assertion can be verified by standard calculations. However, for convenience, we give a short sketch.
We consider the problem

lu’Oé,O(Rl,Oa"')RN,OvXU) =Cq—CNta o= 1,...,N.

Then, by (2.27) and (2.4),

Ky
nfim,,

n kT R
ln<—R>+—lnya:ca—cN+a—ga
n m

(07

where Ky = K (X(). Hence, we obtain

Ky
nBET

n (Ca —cN—i-a—gR)ma
In (n—R) +Iny, = T = . (4.37)

Because of fovzl Ya = 1, we obtain

N N

Ko n Ko n (ca—c +a,7gR)m
g exanlen(nR) exp™ Ve :exanlen<nR) = E exp B 7
a=1

In consequence,

R N (Ca*CN‘Hl*gg)moc Ko
n=mn Z exp kT . (4.38)
a=1

Now, solving (4.37) for y,, yields

R\ B\ &
R n n kT
Yo = exp(ma(ca—cN—i—a—ga)) . .
Since, by definition, R, (z) = maya(2)n(z), we obtain the claim. O
Forci,...,cn,7 € Rand b > 0 let
Ral(¢a)asb,j], a=1,..,N, (4.39)
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denote the solution of (4.36) with

f(z) = f(z) =t I (XO,Z)Q dz. (4.40)

Then, for f given by (4.40) there exist constants f, f with f(b, j) < f(b, j) such that

f(b,5) < f(z) < f(b,j) forallz € R, (4.41)

and, therefore, by the continuity properties of 7, 9, there are constants R, R with 0 < R((cq)a,b,j) <

R((ca)as b, 7) such that

N
0 < R((ca)a:b:5) < D Ral(Ca)asb, ](2) < R((ca)a,b,j) forallz € R. (4.42)
a=1

In view of our existence result for R, 9, « = 1, ..., [N, we define the following constants

L((ca)ar b, j) = — Ll ~ + 24\3‘\ ./Oo(Xo,dez, (4.43)
E ((Cf’é)a?b?]) MPE ((Coz)ayb,]) —00
N I(NJa)
L((Ca)a7 b?]) T mjxgrggga g?ﬁ( 6@ ((Ca)avaa Z)a (4-44)
where
_ . 2|4 /OO 2
a((ca)asb,7) = - X,z dz,
(o) b ) = 3 R lemyarbid) oo )
252

Q((Ca)omb)j) == - @((Ca)a,b,j).

32((604)&7 ba])

Finally, we need the following technical lemma.

Lemma 4.9. Letn > 0and ' : (—n,n) x (0,00)N — R be a differentiable mapping such that F(-) :=
F(0,-) is a diffeomorphism of (0,00)" onto R™V. Then, for every connected and compact set K C R there
exists some 0 > 0 such that for |j| < ¢ there exists a neighborhood V' of K and an inverse G(j,-) of F'(j,-)
defined on V' which is differentiable.

Proof. Firstly, we choose some compact and connected U C (0, oo)N such that QU is a closed and connected
hypersurface of (0, 00)™ and

K C Fo(U) with  dist(K, Fy(dU)) > 1.

Due to continuity arguments there exists ad > 0 such that for all l7] < dandx € U:

det(DFj(x)) >0 (4.45)

Let us define
Cy = DF) )|, 4.46
1 yg}p%)ll( 0)” (Y]l (4.46)
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Cy:= max |[0;(VF)(j,z)], (4.47)
|7]1<0,2€U

C3:= max [|0;F(j,x)]. (4.48)
l71<0,x€U

Now, for || < & := min{é, ﬁ}, x # xand x, & € U we get

1FG,2) = F(G,®)|| = [[Fo(x) - Fo(®)|| - [[F(j, ) — F(0,2) = F(j,z) + F(0,)|
(4.49)

1 N i~

2 7l — 2] - Cljl |12 — = >0,
1

since

lz — || = [|Fy ' (Fo()) — Fy ' (Fo(@))l| < CullFo(w) — Fo()]]. (4.50)

Thus, for || small enough the map F'(j, -)|u is injective and a diffeomorphism on its image.

It remains to show K C (F;(U))° for || sufficiently small. For |j| < < we have
J 2

dist(Fj(z), Fo(z)) < forany & € oU.

N

Hence, we obtain

dist(K, Fj(x)) > dist(K, Fo(x)) — dist(Fyp(z), Fj(x)) > forany & € oU.

N |

This implies dist (K, F;(OU)) > 1/2 and, therefore, By /o(K) C F;(U), By /2(K) = {x € R" : dist(z, K) <
1/2} , which is a consequence of the following consideration: The hypersurface F; (OU') decomposes R into two

connected components. One of those is F;(U). As Fj(F, '(K)) C Byjo(K) for || < % we can conclude

Bys(K) € F(U). .

Now we can prove the following existence result for R o, « = 1, ..., V.

Lemma 4.10. Letp, ,...,py > 0 be given. Further, let jo € R with |jo| small enough, satisfying,

( max_mg)L((1g)as P+ 0) L((1g)as 272 G0) (R((13)as ™5 0) +p7) < R((pa)as 5 jo)

4.51
B=1,....N 4N » (451)

(max_mg) L((13)ar P+ Jo) L3 e p™ s o) < (452)

B=1,...N 2N’

where p~ 1= pg and gy = pia(py .-, Py, —1), e =1, ..., N. Then there exist functions Ry o, ... , R0 €
CO(R,Ry) and py, ..., pi > 0 such that

ta(R10(2), .., BN o(2), Xo(2)) — un(R10(2), -, BNo(2), Xo(2)) — po + 1y =0, (4.53)
(Ruo(z), s Ruol) Xo(2) + 5y 0 [7 F0aC@F ooy

PO O O (e Rao @) My J o T Rao(3) |
lim Rao(2) — pE =0, (4.55)

z—+o0

and (4.20) and (4.24) are satisfied. In particular, the functions R, ... , Rn o solve (4.9) and (4.27).
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Proof. The proof is based on a fixed point argument. Let us define

1 -2 . z X, . ~\\2 .
F[R10, ..., Rno, Xo](2) := —2(21500(2))2 - ]‘\2/ éo(i)) dz (4.56)

and

= {fe C(R,RN)HQ(Z) >0fora=1,..,N,alz € Rand

E((Ma CY? 7]0 < Zfa < 2R :uoa)Oéup_ujO) fOF a” AS R} (457)

For given (R&O)a € A, we define (RZF)Q to be the solution of (4.36) with ¢, = u,,, « = 1,..., N, and
f(Z) = F[R?,m SRR Rq]l\/,()ﬂ XO](Z)'

Next we show that Banach'’s fixed point theorem applies to the map ( 370)06 — (jogl)a. We first verify that A is
mapped to A. For (Rf; ()a € A we have

lpa — R olloe < p~ + 2R((k )ar P~ Jo)
and, therefore,

< NL((pt3)ar ™5 J0) llpa — Rl olloo

|F[py s P> Xo] — F[RT, ..., R 05 Xolloo
< 2NL((p3)arp~5J0) (P~ + R((4a )ar p™ 5 J0)) - (4.58)

We have, see (4.39) for the definition of R,

Ral(ha)ar o™ Jol(2) = ma (ke )as Flpy s vy Xol, 2) o ((ta)as Floy s -, Py Xol, 2),

(o
RZ,—EI<2) = maﬁ((ﬂ;>6¥7F[ ?,07" RN07X0 ) 3} ( Ma ) Rl 07"'7RN,07X0]az)7
(4.59)

>

which automatically ensures Rt L(z) > 0. Using (4.44), (4.58) and (4.59), we obtain fora = 1, ..., IV,
a,0

1Ral(12)es 75 o) = Rl lloo < 2NL((115 )as 75 50) ma L((115)as p™5d0) (07 + B((113)as o7+ o))

(4.60)
and, thus, by (4.51), we get
T . 1 _ _
1 Ral(1a)ar o7 G0 = Bo bt lloo < 5 B((Ha o o™ o) (4.61)
Equations (4.42) and (4.61) imply (RZ’J{]I)Q c A
Our next aim is to show that (Rp, 5)a — (Rgfol)a defines a contraction on A with respect to the || - ||oo-norm. To

prove this, we consider apart from (12, ()« a further arbitrary ( ~370)a € A and, correspondingly to

RZBI(Z) = Mq ﬁ((/‘;)mF[RylL,O? L) R?V,OvXO]a Z) ya((/ﬁ;)avF[erl,m R R?V,OvXO]v Z)a

we define
RYNz) = ma t((1g)as FIRT o, - B 0, Xol, 2) G ((10)as FIRY o, .., R o, Xo], 2).
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Note that (R, o)a; (RZVO)Q € Aimplies
Q((:LL;)OM p_vjo) < F[R?J,O’ 7R%707 XOL F[R?,Oa 7R?\/70, XO] < C_L((,UJ;)Om p_ajO) (4.62)

such thatfor z € R

[REEN) = BEG ()] < ma Lt )as 07 J0) [FIRE g, s R Xol(2) = FIRLg, o, R, Xol(2)]
(4.63)
It holds

| ~?,07 -Haﬁi?\f,()ﬂXO](Z) — F| 711,07 ,R”N70,X0](z)\

]g 1 1 70 z 1 1 2 -
_J0 — — _ — — — = X5, dz
2 (Za Ra,O) (Za RZ70>2 Mp —00 Za Ra,o Ea RZ,O 7

< 2NL((ng ) o™ o) max [ R o — B olloo- (464

We combine (4.63) and (4.64) to get

ma [R5 = R4 < 2V (g mo) LD 07 d0) LA D ™) max | 5 = R o (469

Because of (4.52), this shows the contraction property. Hence, the assumptions of the Banach fixed point theorem
are satisfied and we obtain a unique fixed-point R o, which is given by R, 0(2) = lim, RZ,O(z), a =
., N, forz € R.

Note that, because of (4.62), (4.53) and (4.54), we have

(R 5 (2))ar Xo(z ﬂ p (T — iy +a((1g)p, 075 50) s 1ty — 1y +@((15)3: 0™ 0))]) (4.66)

for 2 € R and any n € N. As the set in (4.66) is independent of n and a compact subset of (0, 00)" we can
deduce R, (z) > Oforall z € R.

It remains to check the interface conditions. Let K C R” be a connected and compact set such that B5(Kj0) -
K owhere K o= [z = iy =m0z o 703), 1~ oy iy ()™, )]
and Bs(K) = {x € R" : dist(x, K) < ¢} for sufficiently small 7o and 6 > 0.

From Lemma 4.9 we know that the function

.9 T
Gjo(pl,...,PN) = <H1((pa)ou 1)+ (Zjﬁop ) s s N ((Pa)as 1) + (Zjﬁopﬁ) )

has a local inverse Jj;, in a neighborhood of

> _ T 1 2 .
b‘aalz a 7Xz d GK'Aa
for 50 < jAo small enough. By construction, we have
-2
Jo
fa(R1,0(2), .., Rno(2), Xo(2)) +
2(Zg Rpo(2))?
~_ _ g0 [7 1 N2 - (4.67)
=g —tiy — 2 | e (Xox(2) d2
N My - Zg RB,O(Z)( )

=t bjo,a(2)
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forao=1,...,N.Aslim, . bj; o(2) = Ajoja we find

lim Rao(z) = lm (Jjo)a(bje,1(2), s bjo.n(2)) = (Jjo)a(bjo,1, s bjo,n)-

z—-+00 z—-+00
By a similar argument, we obtain the existence of lim,_, o Ra,o(z)- This proves the existence of the limits pg
and the validity of the boundary conditions. O
Our next step is to study (4.28). For this, it is important to keep in mind that we already have determined Xo, (Rq,0)a

in a way which is independent of X;.

Lemma 4.11. Let
L:W»HR) — LYR), ¥ (W'(X0)¥ — vX(.V.).. (4.68)

Then equation (4.28) can be expressed as
i3 -
LX] = <NO> + < RyoMao — (RF0)> — fyﬁX&Z. (4.69)
Z(X:]. Ra70 z a=1 z

In particular, equation (4.69) has a solution if and only if (4.23) holds.

Proof. We will determine the solutions in L>°(R) of the homogeneous adjoint problem to (4.69), which is given by
W' (X0)Z: +7(X0,.E2). = 0. (4.70)

Once we have determined these solutions the solvability conditions for (4.69) follow from Fredholm’s theorem.
As the operator L is linear and of second order it has two linearly independent solutions in C2(R). We need to
determine linearly independent solutions in C?(R) N L>(R). Equation (4.70) has the trivial solution Z; = const
which is obviously contained in L>°(R). To determine a linearly independent solution =, we define Z = (Z3)..
Inserting this into (4.70) and using (4.10) gives

2X0,zzZ + XO,zZz =0. (4.71)
As X . # 0 for z € R we infer
k
Z(Z) = I D) z &€ R,
(Xo,2(2))

for some k € R. For k # 0 this implies Z(z) — oo for z — 00. Hence, the solutions of (4.70) in L>°(R)NC?(R)
are given by the one parameter family = = ¢ for any ¢ € R. Thus, the only solvability condition for (4.69) is

0o 72 N
0= [ (wx ) + (X RuoMan = (RFW) =23, e
—00 \Xg=1 a0/ - a=1 :
which is (4.23). -

We have determined all inner quantities up to a translational constant, except (Ra,l)a:1,... _N . The only remaining
inner equation is (4.11) foraa =1, ..., V.

Lemma 4.12. For given ((Ra,0)a=1,....N, Vo, Xo, X1), there exist (Rq,1)a=1,... N satisfying (4.11) if and only if
(4.22) is fulfilled.
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Proof. Let us note that due to Lemma 4.8 the map

(0,00)" = RY,  (pa)a=t,..v = (11((Pa)azt, N2 X)s ooy N (Pa)at . v X))
is a diffeomorphism for any fixed x € [—1, 1]. Thus, for fixed x € [—1, 1], the matrix

(22 (p)amr,...v0)

8p’y ﬁ?’}/:l?"wN

is invertible for any p1, ..., px > 0.

Therefore, in order to determine solvability conditions for (4.11), we may search for conditions determining whether
there exist functions M, 1 : R — R, a = 1,..., N satisfying (4.11). As soon as we have ensured the ex-
istence of the (Mg, 1)a=1,...,N We can use (4.15) to compute corresponding (Rq.1)a=1,...,n-. Conversely, if no
(Ma,1(2))a=1,...,N solving (4.11) exist there are also no solutions in terms of (R, 1)a=1,.., N Note that the
matching condition (3.14) and (4.9) imply

(Mgo—Mnyp),=0 forall =1,...,N.

Thus, (4.11) reads
N-1

0= (Rao(Vo-v—wy)) Z Mag( (Mp1— Mn1)- ) . (4.72)

Obviously only the differences {3 := Mg — My 1 for ﬁ =1,..., N — 1 are of interest in (4.72). Our strategy
is to use the Fredholm alternative theorem to determine the solvability conditions for the (1/15)5:17.“ ,N—1- To this
end, we introduce (arbitrary) auxiliary functions =g € C*°(R) for # =1, ..., N — 1 such that

(2) = (V(upo — pno))* vzt (uhy —pky) for z2>1
’ (V(pso — puno))” vz +(pgy — pyy) for z2<-—1

Defining U3 = 13 — g, we are interested in the following auxiliary problem: Find (V3)5-1.. n-1 € L'(R)
such that

N— N-1
Z af \Ijﬁ z = (Roc,O(‘/b V= wu))z - Z (MQB(EB)Z>Z (4.73)
B=1

To determine the solvablllty conditions for (4.73) we need to find all linearly independent solutions of the homoge-
nous adjoint system of equations in L>°(IR). The homogenous adjoint system of equations is given by

N-1
> (Mop(Z)). =0 fora=1,..,N—1, (Zg)s=1,.. .n-1- (4.74)
B=1
As the matrix M3 is constant in z and positive definite the solutions of (4.74) are given by the 2N — 2 parameter
family
Zg(z):agz+bg with ag,bg € R, 6=1,...,N —1.

The solutions are elements of L*>°(R) if ag = 0. Thus, we obtain N — 1 linearly independent solutions of (4.74),
i.e.a =1,..., N — 1, which can be chosen as

Zg(z) =003, z€R.

Thus, by the Fredholm alternative theorem (4.73) is solvable if and only if
N-1

/R(Ra,()(‘/() v—wy). = Y (Mag(Eﬂ)z)Z dz=0 (4.75)

B=1
foraa =1,..., N — 1. Integrating (4.75) gives (4.22). O
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Proof of Theorem 4.1. The bulk equations follow from the outer equations using the information on Yo and X1
given in Lemma 4.5. The interface conditions follow by combining the previous lemmata. O

4.2 \Viscosity of order 1

Here, we consider the same scaling as above with the only modification that we set Re = 1. Further, we will
exclude the case A1 = A2 = 0 since otherwise we have no Navier-Stokes stress. The conditions on the bulk and
shear viscosity imply A1 + 2Xo > 0. Then, the leading orders of the mass, the momentum and the Allen-Cahn
equation read

(Ro(Vo - v —wy)). =0, (4.76)
V(=W (X0)): + 7w Xo:Xo. = (M + 20) (Vo - v)w + X (Vo — (Vo - 0)), (4.77)
W'(Xo) —vXo,2: = 0. (4.78)

Inserting (4.78) into (4.77) implies

M +20) (Vo -v)v + (Vo — (Vo -v)v) = 0.

Due to the matching conditions and the assumption on A1, Ao, this gives [vg - v] = 0, i.e., vg - v = vy - V.

Integrating (4.76), we find
[po](vE - v —w,) = 0. (4.79)
As [po] # 0 at a proper phase boundary we get

+ oy _
vy V=0, V=W

which excludes mass fluxes across the interface.

Hence, the given diffuse interface model prevents a phase transition in the sharp limit if the viscous part of the
stress survives in the leading order jump condition for the barycentric momentum. The same observation has been
made for other diffuse models in the literature which fulfill the total mass balance. In fact, we were lead to the
conjecture: A viscous diffuse model with Re = (O(1) satisfying the total mass balance is not capable to generate
a thermodynamically consistent viscous sharp interface model.

5 Sharp interface limit of the non-dissipative regime

As the non-dissipative regime is rather similar to the dissipative regime treated in the last section we only outline
the differences. The equations satisfied by outer solutions are obtained by inserting (3.8) into the scaled equations
and comparing the terms order by order.

Definition 5.1. A tuple ((0a.,0)a=1,...,N, V0, X0, X1) is called an outer solution of the non-dissipative regime pro-
vided it is an outer solution of the dissipative regime.

Inner solutions are determined from the scaled system by changing coordinates via (3.9) and inserting (3.11).

Definition 5.2. Atuple ((Ra,0)a=1,....N, (Ra,1)a=1,...N, Vo, X0, X1) with Xy # 0 and
Rog € CO(0,T)), CO(U, C(E. ),
Ra, € C°([0,Ty), C°(U, C*(R))),
Vo € C°([0,Ty), C°(U, C'(RY))), (5.1)
Xo € C°([0,Ty), CH(U, C°(R))) N C°([0, Ty), C°(U, C*(R)))
X1 € C°([0,Ty), C°(U, C*(R))),



is called an inner solution of the non-dissipative regime with normal velocity w,, provided (4.9)—(4.13) and

0
0=W"(Xo)X1—vX1,: +76Xo0,. + (.;;(RLO; ., RN, X0) (5.2)

are satisfied.

Matching solutions are combinations of compatible outer and inner solutions.
Definition 5.3. A tuple ((pa,g)azl’_._ N5 V05 X05 X1 (Ra’o)azljm N, (Ra71)a:17_._ N, Vo, Xo, Xl) is called a
matching solution of the non-dissipative regime provided ((pa.,0)a=1,....N, V0, X0, X1) is an outer solution and

((Ra,0)a=1,... Ns (Ra1)a=1,... N> Vo, Xo, X1) is an inner solution and both are linked by the matching condi-
tions.

Theorem 5.1. Let ((pa,0)a=1,....N> V0, X0, X1; (Ra,0)a=1,.. Ns (Ra,1)a=1,.. N, Vo, X0, X1) be a matching
solution of the non-dissipative regime, then the following equations are satisfied in the bulk:

X0 = ilaXl = Oa

3tp(] + diV(pQ'Uo) =0, (5.4)
N-1 Np ‘ '
Otpao + div(pa,ovo) — diV( > MapV(pp0 — MN,O)) =) AimaMi(1 - exp(Af)) =0, (55)
p=1 i=1
N
9 (povo) + div(povo ® vo) + V( > Paotan — Pfo) =0. (5.6)
a=1

Moreover, the following conditions are fulfilled at the interface:

lttao — uno] =0 foralla=1,...,N —1,
[po(vo - v —wy,)] =0,

N-1
[pao(vo-v—wy)] = [Z M3V (pugo — pno) -v] forala=1,..,N —1, (5.9)
B=1
N 00
[[jOUO + (Z Po,0Ma,0 — pf0> Vﬂ = 7“”/ (XO,Z)2 dz, (5.10)
a=1 -
i
[[72 + unpo] = 0. (5.11)
2p5
Proof. The proof is an analogue simplified version of the proof of Theorem 4.1 as no fixed point argument is needed
to construct Ry 0, = 1,..., N. O
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