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Dimension reduction of thermistor models for
large-area organic light-emitting diodes
Annegret Glitzky, Matthias Liero, Grigor Nika

Abstract

An effective system of partial differential equations describing the heat and current flow through a thin
organic light-emitting diode (OLED) mounted on a glass substrate is rigorously derived from a recently
introduced fully three-dimensional p(z)-Laplace thermistor model. The OLED consists of several thin layers
that scale differently with respect to the multiscale parameter € > 0, which is the ratio between the total
thickness and the lateral extent of the OLED. Starting point of the derivation is a rescaled formulation of
the current-flow equation in the OLED for the driving potential and the heat equation in OLED and glass
substrate with Joule heat term concentrated in the OLED. Assuming physically motivated scalings in the
electrical flux functions, uniform a priori bounds are derived for the solutions of the three-dimensional system
which facilitates the extraction of converging subsequences with limits that are identified as solutions of
a dimension reduced system. In the latter, the effective current-flow equation is given by two semilinear
equations in the two-dimensional cross-sections of the electrodes and algebraic equations for the continuity
of the electrical fluxes through the organic layers. The effective heat equation is formulated only in the glass
substrate with Joule heat term on the part of the boundary where the OLED is mounted.

1 Introduction

Large-area OLEDs are a novel sustainable technology for lighting applications, e.g. in car rear lights, ceiling
lights, etc. They are based on organic semiconductor materials, where charge carriers move via temperature-
activated hopping transport through an energetically random energy landscape [KvdH*15]. However, with Joule
self-heating this leads to a complex interplay between charge and heat flow in organic materials. In fact, it was
proven experimentally that organic devices show S-shaped current-voltage relations with regions of negative
differential resistance [FP*13]. Moreover, in case of large-area OLEDs this effect leads to significant brightness
inhomogeneities [FK*14, FP*18] and even a saturation and decrease of brightness at high currents [KF*20].

In [LK*15] a PDE thermistor model was introduced that describes the coupling between current and heat flow
in organic devices and is able to reproduce the observed S-shaped characteristics [KF*20]. It consists of a
p-Laplace-type current-flow equation for the driving potential ¢ and the heat equation for the temperature 7.
The model was extended in [BGL16] by considering variable exponents p(z) for the growth of the electrical flux
function modeling e.g. different power laws for the dependence on the electrical field —V in substructures
of the organic device. The existence of solutions was proven using a regularization of the Joule heat term, to
overcome that it is a priori only in L', and a Galerkin approximation. In [BGL17] the existence of solutions
is proved via the concept of entropy solutions for the heat equation with L' right-hand sides and Schauder’s
fixed-point theorem. Note that uniqueness of solutions cannot be expected for this system due to the S-shaped
characteristics, where different states exists for the same applied voltage but different temperature distributions,
see [FP*18].

Typically, real world large-area OLEDs are thin-film devices consisting of multiple functional layers, whose thick-
nesses are in the range from 20 nm (recombination layer) up to 100 nm (electrodes). In contrast, the lateral
extent of the OLEDs can be in the range of several centimeters (see [FK*14]). This raises the question whether
it is possible to derive an effective model from the thermistor model described above, where the description of
the current and heat flow in the OLED is reduced to a two-dimensional problem.
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A. Glitzky, M. Liero, G. Nika 2

In the present text, we rigorously derive such an effective system for a large-area OLED occupying the domain
leed and the adjacent glass substrate 25" in the limit of vanishing layer thickness. In particular, we assume a
geometrically planar structure where the OLED domain leed = wx |0, he[is given by a cross-section w C R2
and total thickness h. — 0 as € — 0 where ¢ > 0 is a dimensionless parameter describing the ratio between
the thickness of the OLED and the diameter of w.

The OLED is mounted on a glass substrate (which is not electrically active) and consists of NV layers. The top
and bottom layer, 2 = 1 and ¢ = IV, respectively, correspond to the well conducting metal electrodes between
which the organic layers are sandwiched. The layers are allowed to scale differently with respect to € > 0 (see
(2.4)). The latter is a crucial assumption for the derivation of an effective limit for a diffusion problem in [FrL19]
using evolutionary I"-convergence, where it leads to a thermodynamically consistent model for jump processes
through thin membranes. Starting point for our investigation is the system considered in [BGL16] taking the form

—div S.(z, T, V) =0 inQoled,

S.(z,T,Vp) Ve inQoled,
_diV@(x)w):{OE(m Ve P

where S. : Q2ed x [T, oco[xR3 — R3 is the electrical flux function, which is assumed to be constant
with respect to x in each sublayer of the OLED. Moreover, we suppose that S, scales differently in the metal
electrodes and the organic layers with respect to the layer thickness, cf. (2.8). We refer to Section 2 for the
concrete geometric setting, the assumptions on the data, and the statement of the main result in Theorem 2.4.

The derivation of effective models for thin structures has a long and rich history (see e.g. [CiD79, NeJ07, ScT10]
for elastic plates, diffusion through thin membranes, conductive thin sheets). Especially in continuum mechanics,
a hierarchy of plate and rod models was derived via I'-convergence methods [ABP91, FJMO06]. The latter is not
applicable in our case since the above system cannot be formulated as a minimization principle.

For the actual limit passage, we rescale the OLED domain in Subsection 2.2 such that each layer has constant
thickness 1 and the dependence on the layer thickness thus becomes explicit. The limit passage is based on the
possibility to derive uniform a priori estimates for the solutions (¢, T ) of the rescaled thermistor system which
allow us to select suitably converging subsequences. While the derivation of uniform bounds for the potential
e is straightforward, the case for the heat equation is more involved. Here we use the ideas in [BGL16] and
choose suitable powers of the temperature as test functions in the heat equation to obtain uniform bounds for
the temperature multiplied by powers of the layer thickness. A careful bookkeeping of the appearing exponents
then yields the crucial estimates, see Lemma 3.1 in Section 3.

Eventually, the limit passage is presented in Section 3 as well. The crucial point is the identification of the limits
of the nonlinear flux functions and the Joule heat term, which follows from the assumed monotonicity of the
flux functions. The obtained limit system is still formulated over the three-dimensional (rescaled) OLED domain.
However, in the limit the derivatives of the potential with respect to the vertical direction vanish in the electrodes
such that it can be identified therein with functions ¢!, ©™~! on the two-dimensional domain T’y = w x {0}.
In addition, due to the different scaling of the electrical fluxes in the organic layers, only derivatives 0., appear
in the limiting current-flow equation. The resulting ordinary differential equation can be solved explicitly, namely
by a piecewise affine function. We call the traces of the latter on the interfaces between organic layers interface
potentials and denote them by cpi, 1 = 2,..., N—2. Finally, the temperature is constant with respect to 3 in
the OLED and is hence identified by its trace on I'y.

Thus, we prove in Section 4 that in the limit ¢ — 0 the effective PDE system for the current and heat flow in the
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OLED and the glass substrate is given by

—V/'(os]vlgol) — F2(T, 0> — o) =0 onTy (1.1)

FAYT, o — o) — FY(T, ' — " 1) =0 onTy,i=2,...,N -2, (1.2)

-V (UST]V/QONA) + FNfl(T, Nl — <,0N72) =0, onIy, (1.3)
—V - (A2)VT) =0 in Q%P (1.4)

with sheet conductivities o, o, in the upper and lower electrode, ' being the third component of the elec-
trical flux function in the ¢th organic layer, where i« = 2,..., N — 1. In particular, the equations in (1.2) give
the continuity of the electrical current between the organic layers. The heat equation in the substrate Qsub g
supplemented by the following nonlinear boundary condition taking the heating via Joule heat in addition to the
Robin boundary conditions into account

T—T, o\ Ty,
—\Nz)VT v = ~z)( ) o \lo (1.5)
k(x)(T —T,) — Hr,(x) onTy,
where the surface heating Hr, () is given via
Hro(z) = 0|V P + o IVN 1P+ D FU T, 0 =" 1) (0" =9 ). (1.6)
i=2

Concluding, let us remark that the derivation of effective lower dimensional models for large-area OLEDs is
tremendously helpful for the efficient numerical simulation of these devices. In particular, in view of sensitivity
studies with respect to parameter variation any reduction in complexity contributes to deepen the understanding
of thin-film organic devices.

2 Setting and main result

In the following, we consider current and heat flow through a geometrically thin structure and denote by the
dimensionless parameter € > 0 the ratio between thickness and lateral extent of the structure. More precisely,
we follow [BGL16] and consider the following system of equations consisting of the current-flow equation for the
potential ¢ coupled to the heat equation for the temperature T’

-V - 8S:(z,T, V) =0 in leed C Q., (2.1)
—V - (Mx)VT) = H.(x) inQ, (2.2)

where S. : Q2°d x [T, co[xR® — R? describes the net electrical current flow through the device, \ is the
thermal conductivity, and H, denotes the Joule heat term. The latter takes the form
S.(z,T(z),V(x))  Vo(z) ifze Qold

Ha(x):{s(,u p(z)) - Vip(x) :

. (2.3)
0 otherwise.

In particular, leed C Q. C R3 denotes the electrically active region, the actual OLED, while €2, also includes
the adjacent glass substrate Qsub — O\ leed. We assume the following planar geometric structure: The
domain Q24 = o x ]0, h[, with cross-section w C R?, satisfies I'g := w x {0} C Q" and consists
of IV layers, with NV > 2, each with thickness h’ such that the total thickness satisfies h. = Zf\il hi (comp.
Fig. 1). We highlight, that we take into account that the different layers shrink with different rates. More precisely,
we make the following assumption concerning the layer thickness

hi = hlePi with Al > 0and p; > Ofori =1,...,N. (2.4)
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The first and last layer represent the electrically well conducting bottom (¢ = 1) and top (¢ = NN) electrodes while
the remaining layers are comprised of organic semiconductor materials (¢ = 2, ..., N —1) with comparatively
bad conductivity properties.

In the following, we will use Eg := 0 and ?Lé = Z;zl ki, fori = 1,..., N, to denote the cumulative height
of the OLED stack and define the subsets corresponding to the layers via

Q= wx ]E";l,ﬁé[ C leed, fori=1,...,N.

g
For boundary subsets vy4,v— C Ow, we impose the following Dirichlet boundary conditions for the potential ¢
¢ =P onI'] :=~y_ x }hg,h;[ and ¢ = goE onTt = v, x }hi.vfl,hév[, (2.5)

for some given Dirichlet data ¢, ©P. More precisely, we assume that ¢, o2 € W1°(w) and extend them
to leed by defining the interpolation

o (21, 22) for AN"1 < 3 < BV,
D D
D xr1,T2) — X1, ~ ~ ~
P (1, o, 25) = § PEEL 2)horg<P_( 1, 22) (23-hY) + P eras) forhl < s < N1, (28)
€
©P (21, 72) for hY < x3 < hl,

where he® = Zf\gl hé is the total thickness of the organic layers (excluding the metallic electrodes). Thus, we
have that o2 € W1>°(Qoled) ‘and we can rewrite the Dirichlet boundary condition as ¢ = ¢ on T+ U . For
the remaining boundary 99214\ (T'- UT'T) we assume no-flux boundary conditions, i.e. Sz (x, T, V) -v = 0
with v denoting the unit outer normal vector.

Finally, for the heat equation we assume Robin boundary condition on the whole boundary of 2. given in terms
of a transmission coefficient (x) > 0 and the ambient temperature T, > 0, viz.

AVT - v+ k(z)(T—T,) =0 ondf. (2.7)
We will denote by Flft = Ow X0, h¢[ the lateral boundary of the OLED, whose contribution in the heat equation
will disappear in the effective limit.
2.1 Assumptions
Concerning the constitutive equation for the flux function S, we assume that it is piecewise constant with

respect to the spatial variable z. In particular, we assume that there exist functions S : [Ty, oo[ x R? — R3
(independent of €), ¢ = 1,..., N, such that

1 z : 1
S<T’h[}_) ifz € Q,
Se(x,T,z) = SYT,hlz) ifxeQl, i=2,...,N—1, (2.8)
N < : N
S <T, hév> if v € QE .

We assume that in the electrodes (¢ = 1, N) we do not have any temperature dependence and a linear law,
viz.

SHT,z) =052 and SN(T,z2) =02, (2.9)

where U:r_], 04, > 0 are the so-called sheet conductivities of the upper and lower electrode, respectively.
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x1

Figure 1: Sketch of the domain ). consisting of the glass substrate Q"P and the OLED leed. The latter
consists of IV layers (with N = 5 in the figure). The bottom and top layer Qg and Qév describe the electrodes
with Dirichlet boundaries I'_ and Fj (green) for the potential where the voltage is applied. In the effective limit,
the current-flow equation reduces to coupled equations on the two-dimensional domain I'y (red) and the heat
equation is solved only in 5P with an additional boundary source term on I'.

Remark 2.1 The scalings in the electrical flux function S¢ in (2.8) are such Athat the shget resistance in the
electrodes is of order 1, while for the organic layers a potential difference (-, hL) — ¢(-, hi~1) of order 1 with

TiY_ (. pi—1 X
electrical field E = —%63 of order 1/ leads to an electrical current of order 1.

We impose the following assumptions on the data:

(V)

V)

(V)

(V1)

0" R3 and w C R? are bounded Lipschitz domains and v4,7— C Ow have positive one-
dimensional Hausdorff measure.

The sheet resistances o, o5, > 0 are positive constants.

Fori = 2,...,N—1, there exists p; € |1, 00| as well as constants 01 > 0, 02 > 0 and o3 > 0 such
that ' ‘
SUT,z)-z>0y1|z[Pi —09 and |SU(T,z)| < o3(1 + |z|)Pi L. (2.10)

Fori = 2,...,N—1, the functions S° are continuous, S*(T,0) = 0 for all T' € [T}, oc|, and for all
21,22 € R3 with 21 # 29 and all T’ € [T}, oo[ we have strict monotonicity

(Si(T, 21) — SY(T, ZQ)) - (z1—22) > 0. (2.11)
The heat conductivity satisfies A € L°°(€2.) and there exist constants 0 < A, < A(z) < Ag < oo for
almost every = € €)..
The heat transmission coefficient & € L5°(0€)) is such that k(x) > kg > 0 for almost all z € 0.

The Dirichlet data satisfies 7, D € W1 (w).

We introduce the variable exponent z — p(x) € |1, oo by setting

(2.12)

2 ifzeQluQl
p(x);:{ o€l U,

pi freQl i=2,...,N-1.
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Following [KoR91, FaZ01, DH*11], we consider the standard variable exponent Lebesgue space LP(") (lee‘i),
which consists of all measurable functions v with finite p-modular

m,y (V) = v(z)P® d.
p( )( ) /leed ‘ ( )‘
This space is equipped with the Luxemburg norm

Hv||Lp(.)(leed) := inf {T >0: my, (E) < 1} ,

-
for which Lp(-)(leed) becomes a Banach space. In addition, we have that mp(,)(v) < 1 if and only if
||/UHLP(')(lecd) <1

We introduce p— := essinf,cqoeap(x) and p4 1= esssup,cqoeap(). Then, all v € LPO) (Q0led) satisty
the following inequality (see [DH*11, Lemma 3.2.5])

] 1 a1
min {my) (0)7=, my()(0)7F | < [0 Lpc ety

1 1
< max {mp(.)(v) P— mp(.)(v) P+ } (2.13)
Furthermore, if p;. < oo then my,.y(vy,) — 0 if and only if anHLP(.>(ngd) — 0 (see [KoR91, Egn. (2.28)]).

Next, we focus on a proper definition of generalized Sobolev spaces that is appropriate for our problem. We
emphasize here, that the spaces introduced here are not necessarily equivalent to the standard Sobolev spaces
with variable exponent. The reason for such a generalization is that we do not have the proper Poincaré inequality
in case that p is not continuous and therefore we will not be able to control the LP() norm of . Thus, for p as
above, we introduce the generalized Sobolev space

Wl,p(-)(leed) — {SO c Wl,p, (leed) . /

led
Qole

V()™ dar < oo},

which we equip with the following norm

]

It is easy to see thatinthe case 1 < p_ < p; < oo the space Wl’p(')(leed) is a separable and reflexive
Banach space, since L70) has the same properties. Second, we introduce the subspace

W5'0(@2Y) i= {p € WHO(Q2%) : = 0on D},

where ' := I'f UT'Z. Since we assume that T'D has positive two-dimensional

1o() = lellip +[IVellpe)-

measure, this space can be equipped with the equivalent norm, as follows
Cillellipe) < IVellpey < Callellip)-

Indeed, we can use the facts that the classical Sobolev space Wll)’p B (leed) satisfies the Poincaré inequality
and that the variable exponent Lebesgue space Lp(')(Q) is continuously embedded into the Lebesgue space

LP- (Q2!°4) to obtain for arbitrary ¢ € Wll)’p(') (Qoled)
lellpe) = llellp- +1Vellp- + Vel
< cIVels- +1Vellpn) < ellVelpe < cellellipe-

The weak formulation of the PDE system in (2.1)—(2.7) reads: Find ¢ € (P + WBP(')(leed) and T €
Wha(9,), q € [1,3/2], such that

S.(x,T, V) - Vudz =0 Yo e Wyt (Qold), (2.14)
leed
/ ANz)VT - Vodx + / k(z)(T —T,)0da = / 0S:(xz,T,Vy) - Veodz
€ 00N leed
VO € Wha' () N L® (). (2.15)
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Theorem 2.2 ([BGL16, Theorem 2.1]) Under assumptions (I)—(VIl) there exists a weak solution (v, T.) €
(@0 + WEPD (Qoled)y x W4(Q,) forall g € [1,3/2[ to (2.14) and (2.15) which satisfies Tz > T.

Remark 2.3 1.) The uniqueness of solutions cannot be expected. In fact, due to the self-heating S-shaped
current-voltage curves with regions of negative differential resistance are observed for the OLED in experiments
and in simulations (see [FK* 14] and [FP* 18]). This means that for a certain applied voltage multiple solutions
exist with different temperature distributions.

2.) In [LK* 15] the following power-law form of the flux function S was assumed for organic layers

p—2 2

)
v;ef

z

‘/ref

S(T,2) = JrefB(T)’

where J.ot > 0 and Vet > 0 are reference current density and voltage, respectively. The temperature factor
is assumed to be of Arrhenius type, viz. B(T) = Bjexp|[— kiaT] with an activation energy E, > 0. For
z = hV (comp. (2.8)), with h > 0 being the layer thickness, we arrive at the effective conductivity og =
(Jreth)/Vyet. This highlights the different scaling behavior of the conductivities in the metallic electrodes, where

the conductivity is given by oy, / h, and the organic materials with respect to the layer thickness.

3.) We emphasize, that the setting in [BGL16] is more general since a larger class of constitutive functions S' is
allowed. In particular, the dependence on x is only required to be measurable and measurable exponents p(x)
are allowed in (lll). Moreover, the strict monotonicity in (IV) is weakened to monotonicity.

The subsequent sections contain the proof of the following main result which provides the convergence of
subsequences of transformed solutions (see Subsection 2.2) for the system in (2.1) and (2.2) to weak solutions
of an effective limit system. In particular, the transformation rescales the layers of the OLED such that each has
constant thickness 1, i.e. we introduce the rescaled layers 2} = w x Ji—1,i[, fori = 1,..., N, and Q‘l’led
and €27 correspondingly. Note that we do not rescale the substrate Qsub,

Theorem 2.4 1. Fore > 0 let (p.,T;) € (go?—l—Wll)’p(')(Q‘l’l’Ed)) x Wh4(€1) denote a weak solution of the
transformed thermistor system. Then, up to subsequences, the solutions converge for ¢ — 0 in the sense
depicted in (3.16) to limits ¢ € 1P~ (Q9'*d) and T' € L#(€2;) foran s € [1,6/5[. The latter satisfy

(i) (temperature in substrate) T | s, € WH9(Q50P);

(ii) (temperature in OLED stack) 0,,T = 0 a.e. in Q29'° such that T | agled = T ae. in Q9'*d, where
TP € L9(09'°d) denotes the extension of the trace of T'|gsun on T'g to Q9'ed;

(iii) (potential in electrodes) V' = (0,0, 0zy) | € L2(Q1 UQY)? and 0,0 = 0 ae. inQ} U QY
such that we identify 4,0\9% and cp\in with functions ¢!, N "1 € H! (T'o) which satisfy the boundary

N-1

conditions ' = P on~y_ x {0} and ¢ = ¢ on~; x {0}, respectively;

(iv) (potential in organic layers) O, € LP(')(uji 5193) and o is piecewise affine with respect to

z3 in UNSIQ! (the organic layers) such that 9., = @ — @1 € LPOWUNSI0) on Q2,0 =
2,..., N—1, where the interface potential 3 € 1P-(w x {i}) is the trace of ¢ on the heterointerface
wx {i},i=2,... N—1.

2. Let the space for the potentials be given by
N-2

Vo = {(gpl, @ € HY(T) x [T 1P (Do) x HY(T) : ¢ — o' * € LP(Ty),
j=2

ol =0onv_ x {0} and V"1 = 0on~, x {0}} (2.16)
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Identifying the interface potentials 3,1 = 2, ..., N—1, with functions ' on Ty, the tuple
(L., VLT € ((92,0,...,0,0R)+ Vo) x WL4(Q5UP) satisty the effective limit system consisting
of the effective current-flow equation

/ {O_S—hvlsol X v/,Ul +0—:];VISON_1 . VIUN_l
1)

N
+ Y FY(T, @i—wi_l)(vi—vi‘l)}da —0, (217)
=2

where F' = S, i.e. the third component of the vector-valued function S* and the test functions are such
that (vl, RN N *1) € V. The effective current-flow equation is coupled to the effective heat equation with
boundary source term

/ )\(m)VT-VHdm+/ /f(a:)(T—Ta)Hda:/ {a;l|v’¢1|2+a;|v’¢N—1|2
qub 8qub s s

o
+ Y FUT, soz—cpl’l)(sol—so”l)}ﬁda, (2.18)
=2
and 6 € Whe' () 0 Loo(Qsub).

We immediately check that (2.17) and (2.18) is formally equivalent to the systemin (1.1)—(1.6).

2.2 Transformation of the domain

Before passing to the limit, we transform the domain leed such that each layer has constant thickness 1. More
precisely, we define the Lipschitz map G, : Qoled — Q9led .= o x |0, N[for z = (w1, 79, 23) € Q2 via
Ge(z) = (w1, 22, g=(x3)), where

xr3 — hé_l
ht

£

ge(x3) :== +1i—1 forzg e]ﬁiﬁl,ﬁé] andi=1,...,N. (2.19)
We denote by Q! := G.(Q%),i = 1,..., N, the rescaled layers and identify functions w on Q2 with
functions w on Q91 via w(z) = W(Ge(z)) for z € Q. In particular, we have 0,,w(GZ1 (7)) =

L~ 0;,w(T) for 7 € Q914 and ngled w(r)dr = fQ‘fled me(Z)w(T) dZ, where we introduced the piece-

me(T)
wise constant function m.(z) = hlforz € Q},i=1,..., N.

Moreover, for notational simplicity, we introduce the piecewise constant diagonal matrices M. (), A-(Z) €
R3%3 given via

1
diag(1,1 itz e QtuQN
M. (z) lag( ’ 7m5@)) '3U€N11 s
e\r) = N .
diag(me (), me(%),1) itz e | Q. (2.20)
1=2

A®) = ding (m. (7). mo (), — =),

me(T)

We define ©; such that Q; = Qsub U Q‘l’led. Thus, with the assumptions on S in (2.8), the resulting current-

flow equation for the transformed solutions (., T:) € ((p?—l—W]l)’p(') (Q91ed)) x W4(Q1) (omitting tildes from
now on) reads

S(x,Toy Mc(2)Ve) - Mc(z)Vodz =0 Yv € WBP(‘)(QE’IEC‘), (2.21)

oled
Ql
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where we have set S(x,-,-) = S if and only if z € %. Similarly, the heat equation takes the form

/ ANz)VT, - Vodx + / MNz)VT, - A (z)VOdx + B:(1:,0) = H.(x)0dz
Qsub Q?led Q?led (222)

VO € Wha' () NL2(Qy),

where B. is the bilinear form representing the boundary integrals, namely

B.(T,0) = / k(2)(T — T)0da + / k(2)(T — T,)0da
BQsUP\Tg wx{N}

- / me(z)k(x)(T — To)fda for T € WHI(€), § € Whe (),
dwx]0,N|[

and H. € L'(Q9'*d) denotes the Joule heat

H.(z):= S(z,T.(z), Mc(x)V:(x)) - Mc(z)Vp(x). (2.23)

In the subsequent text, we use the notation T'* := (9Q%"P\ T'y) U (w x {N'}) to denote the effective boundary
for the Robin boundary condition for the heat equation that survives in the limit. In contrast, boundary integrals
over 't := G_(I'a") = w x ]0, N| are expected to vanish in the limit £ — 0.

Finally, we denote by I'{” := G.(I']), T := G(I']),and 'Y := '] UT the rescaled Dirichlet boundary
for the potential. The Dirichlet function defined in (2.6) reads in rescaled coordinates

902 for N—1 < z3 < N,

D (902 - go?) (aéngﬁé) + gp? fori—1 < z3 <1,
0z (-, x3) = ' (2.24)
withe =2,... N—1,
b f
P~ or0 < a3 <1,
where i = hi /h2% and B¢ = ((i—1)hi — hi~! + h1)/h2®. Note that h2® = Z;V:_Zl hi, thus, of — of) €
[0,1] and BL — B € [0, oo[. Moreover, since (ait!—al)i = fi—pL, a2 — B2 = 0,and aNH(N-1) -
év_l = 1, the limits ), () satisfy the same identities. Thus, <p5D converges strongly in WLOO(Q‘l’led) to the
limit goOD, which is defined as in (2.24) for e = 0.

3 A priori estimates and limit passage

First, we establish uniform a priori estimates for the solutions of the rescaled thermistor systems, which will
enable us to extract convergent subsequences to pass to the limit.

Lemma 3.1 Let (p.,T:) € (P 4+ WhrO)(Qgled)) x Wh4(Q,) be a solution to the rescaled thermistor
problem in (2.21) and (2.22). Then, there exists a constant C' > 0, depending on the data but not on &, such
that the potential p. satisfies the estimates

Oy Pe

V. N — )<, (3.1)
j:zL:N (” 12 ||L2(Q]1) H hl LQ(QJI)>
N—-1 ‘
>~ (IR el + 192 #ellimuqa) ) < 82
- N-1 '

Z; HS’L(T‘E’MEVSOE)HLPQ(QD < C, (33)
H@EHLYL (Qgled) <C. (3.4)
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Moreover, there exist constants C' > 0,y > 0, and exponents 1 < s < 6/5 and 1 < s < 3/2, depending on
the data but not on €, such that the temperature T fulfils

||T5HW1,(1 qub) + HT ||L7‘ qub < C, (35)
10) T
Z H . <C, (3.6)
LS(QZ
HHSHLI(Q?Ied) <C, (3.7)
N .
HTeHLS(Qc;kd) + Z ||h§Ts||WL§(Qg) <C, (3.8)
i=1

where 1 < q¢ < 3/2and1 < r < 3 are as in Theorem 2.2.

Proof: We derive the estimates in several steps.

Step 1: Using the test function v = ¢, — gp? € WBP(')(Q?led) in the current-flow equation in (2.21), together
with the growth conditions in (2.10), leads to

/Q » (c]Me(a:)V90€|p(x) — 02) dx < S(z,Te, M. (x)Vpe) - Mc(x)Vp.da

oled
Ql

= S(z,T., M.(2)Vp.) - Mo(x)VP dx

oled
Q 1

<C (1+ |Me(2)Vipe )| M (2) VP dar.

oled
Q1

Thus, with Hélder’s inequality for the variable exponent Lebesgue space LP(')(Q‘lﬂed) and the strong conver-
gence of the Dirichlet function 2 in W10 (Q2led) 'we arrive at uniform estimates for M.V, in LPC) (Q9led)
which are precisely the estimates in (3.1) and (3.2).

Step 2. The second growth condition in (2.10) gives |S(z, Tz, M-V.)| < ¢(1 + | M-V, |)P® =1 such that
the previous estimate on M_ V. gives the uniform estimate for the electrical flux function in (3.3). Moreover,
we have also proved the uniform estimate for the Joule heat term H._ in Ll(Q‘fled) in (3.7).

Step 3. Using the test function 6§ = 1 in the heat equation (2.22) leads to the estimate

/ k(z)(T:—T,)da + / me(z)r(x)(T:—T,)da = H_.dz.
et Bwx]0,N|

oled
Q1

Due to the uniform bound for the Joule heat term in the second step and 7. > T, > 0, we obtain uniform
bounds for [|T%||p1(per), and [[merTe |1 piat).

Step 4. Proceeding as in the proof of Lemma 3.2 in [BGL16], we test the rescaled heat equation in (2.22) with
the test function & = 7%, where & € ]0, 1], which is admissible since 7. > T, > 0. We arrive at

2 .
/ AR 4, 4 / {H oY Lo A(2) VT } da = Bo(T., T
qub Q(ljled

Ti+s T5 Ti+0
1
< (/ HTEdzH—/ nmeTEda).
T5 Teff Fllat

a

Thus, with the uniform estimate for the boundary integrals from the previous step, the assumptions on the heat
conductivity A, and the nonnegativity of the Joule heat term we end up with the uniform estimate

|VT.|? / RUV'T|?  |0p, T:|? C
dz + { £ 4+ = }dxg—. 3.9
/g‘)sub T21+6 chﬂed T81+6 hz_Tgl—’—é 6 ( )
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From this, we infer that the restriction of Tg(l_(s)/2 to Q5P is uniformly bounded in H'(Q%"P) (and hence

in LG(QSUb) by Sobolev’s embedding theorem) and, using the same argumentation as in [BGL16], gives a
uniform bound for 7% |gsun in L7 (Q25P) forany 1 < r < 3 and WH9(Q5"P) with 1 < ¢ < 3/2 by choosing
0 =1-—1r/3 €]0, 1] and using Hdlder’s inequality. This ensures the estimate in (3.5).

Analogously, by considering the restriction of T to %, we obtain a uniform bound for sSPiTQQi in L1(Q%) for
1 < r < 3 by the continuous embedding H!(2}) C LO(Q2}) (recall that hl = hcPi, see (2.4))

/ e3P |T.|"dz < C. (3.10)
Q

i
Here, we estimated for sufficiently small £ > 0

4R}
(1-0)

Thus, exploiting again Hélder’s inequality, we have for an arbitrary 7 € Rand 1 < s < 3/2

/ Eﬂangg]de:/
Q Q
s 2-s
1 |0z, T:|? : 2i4pis  2040) :
- (/m g ds) ([ @11

1

[VIL* _ VI, A VT,
<
51+5 - EH—(S

5 VI | = hier

1 (02, Te|?\ 5 254pss  =2049)
M)?S T da

2
<€pi Ti+o

7
1

2—s

2tps 2040 °
<C e 2=s T, *° dx ,
Q

i
1

where we used (3.9) to estimate the first integral on the second line.

s(1446)

We can find a § € |0, 1] such that s(1+0)/(2—s) < 3if s < 3/2 (guaranteeing that T >~* € L(Q%)).
However, in order to obtain a uniform bound for the integral on the right-hand side, 7 has to satisfy % > 3p;
(cf. (3.10)). This is the case if 7 > p;(3—2s) > O 'since 1 < s < 3/2. In particular, we obtain that £7/59,, T,
is uniformly bounded in L*(€}) for 1 < s < 3/2and ¥ > p;(3—2s). This bound will be used to improve the
above estimates.

Indeed, we can use the uniform bound for £7/59,,, T~ to get also a uniform bound for €7/°T. in L5(€2}) for 1 <
s < 3/2andany ¥ > p;(3—2s) as follows: Let 7|, € LI(T) denote the trace of T|qsu € WHI(Q5UP),
1 < g < 3/2, which is uniformly bounded in L4(T"g). Then, for any 1 < s < ¢ we have the estimate

N
57HT€His Qi) S Ce? HT5|F0| is roy T |05 T |7 . o |- (3.12)
( 1) ( 0) ( 1)

Jj=1

Choosing 7 = 7« (s) := (3—2s) max;j—1__n p; gives a uniform bound for €7*()/$T in L5(9%) (and hence
also in L#(Q9'd)) for 1 < s < 3/2. Note that v, (s) — 0if s — 3/2.

Step 5. Considering again the estimate in (3.11), we find a 6 € ]0, 1] such that s(1+6)/(2—s) < 3/2if s
satisfies 1 < s < 6/5. Thus, we get a uniform bound for £7/50,, T in L*(Q}) if 7 satisfies 27%_’:3 > 0.
In particular, choosing 1 < s < 6/5 sufficiently large, we can find a 7 < 0 satisfying this inequality and for
v = —73/s > 0 we obtain that 6%8x3T€ is uniformly bounded in L*(£2}), which gives the estimate in (3.6).
Furthermore, with the same arguments as above we also have that 7. is uniformly bounded in L*(029'°4) for
1 < s<6/5 (see (3.12) for 7 = 0), thus, the first part of (3.8) holds.

Step 6. It remains to show the uniform bound for héV'Tg. Proceeding as for the vertical derivative and using
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again (3.9), we find for the lateral gradient of 7. and an arbitrary ¥ € Rand 1 < § < 3/2

5 - PiIN'TL2\ S 29-ps 5043
/ 67|V,T€|sdx:/ (u) (o p D
i i T1+5
1 1 3

PN/ T|2 2
< / VIR
P

2-5

29—p;5 §(1+§) 2
/, e s I.°7° dw (3.13)

Thus, using the above uniform estimates in (3.12) for £7+(8)/$T. in L*(2}) and choosingy = p;sand 1 <
§ < 3/2 sufficiently large gives a uniform estimate for e”: VT in LS(QZ) (with Sin general different from 6). m

In order to pass to the limit, we define the following function spaces
V= {p eI’ (29 : ¢lgiuoy € HH(Q UQY), ey € LPO (O}, (3.14)
W ={T € L5(Q1) : T|gewr € WH(Q™), 0, T € L5(Q9" )}, (3.15)
where HE (21 U Q) denotes the space of H!(Q} U Q) functions that vanish on the boundary T'{” U T}
and g and s are as in Theorem 2.2 and Lemma 3.1, respectively.

Due to the estimates in Lemma 3.1, we find subsequences (not relabeled) and limits ¢ € (p(l)) +V, T e W,
7' e LPOUNST))? ¢ e TG >(uN 101)2, 8 € LPO(Q9e)3 Y7 € L3(Q911)2, 5 € L3(Qg'°4), and
Hgoea € M(Q5'e4) (the space of finite Radon measures on 09'°) such that we have for the potential

0. = inLP-(Qed), (3.16a)
Opype — Opyp in LPO (OG0, (3.16b)
mV'p. = 7' inLPOUNSI0)?, (3.16c¢)
Orspe ¢ in LPO (0 u ), (3.16d)
me
V. = Ve inLPO@QIuQM)?, (3.16¢)
and for the temperature
T. =T  in Whe(Qsub), (3.16f)
mV'T. =Y inL5(Q9"Y), (3.169)
f;;ji —n inL3(Qgld). (3.16h)
For the electrical flux functions and the Joule heat term we have
S(-,T., M.Vp.) = S in LP () (Qgled)3, (3.16i)
H. =" Hegea in M(Qgled), (3.16))

First, we identify the limits £, Y/, and Z'.

Lemma 3.2 (i) The limits in (3.16c), (3.16d), and (3.169) satisfy £ = 0 a.e. in 2} U QN andZ' =0 ae.
in UN 1(2@, andY' =0a.e. in Qj’led.

(ii) LetT denote the limit in (3.16f) and T"° € L4(09'*4), 1 < ¢ < 3/2, the extension of its trace on Ty to
Q'ed. Then, Tg’Q(l)led converges strongly in 1% (€Q9'ed) to T0.
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(iii) The traces of T, satisfy m€T€|Fllat — 0in L8(T'P) and Tt |« Ny — Tr, strongly in L (wx{N}).

Proof: ad (i): Letv € WBP(')(Qi’Ied) be a test function for the current-flow equation such that suppv C

Q% U Q{V Then v, = hiv (resp. v = hévv) is an admissible test function, too. Using v, in the current-flow
equation and letting ¢ — 0 leads to fﬂl £0z vdx = 0 (resp. fm £0z,vdx = 0). Thus, we have that the limit
1 1

¢ does not depend on 3, i.e. &(x1, T2, 23) = &(x1, 22) with € € LPO) (w). However, since the traces of v on

w x {0,1, N—1, N'} are not fixed, we infer that £ = 0 a.e. in Q1 U Q.
To show that also Z’ and Y vanish, we consider a test function ¢» € C3°(Q5°). Foreachi = 2,..., N—1
(andi = 1,..., N for Y’), we assume that supp ) C 2. Integrating m.V'o.1 (resp. m:V'T.) over Q)

and integrating by parts gives the result since m.p. — 0in LP=(29'*d) and m T — 0 in L*(95'°?) due to
(3.16a) and the second part of the lemma.

ad (ii): The claim follows from the weak convergence 7. — T in W14(Q5"P) and the strong convergence
Ou, T — 0in L*(Q9'°4). Indeed, we have for T-(2/, x3) — T:|r,(¢') = [5° 0n,Te(2/, 2) dz. Thus, the
result follows after taking the s-th power and integration over 29'¢d,

ad (iii): The assertion follows from the previous results: For each layer Qll i = 1,..., N we consider the
sequence u. = hiT. € W19(Q%) which satisfies u. — 0in W$(2}) such that also the traces u5|8Q1i —0
in L5(0€).

Finally, we have that || 7% |, {n} — T5|1"0His(w) < ||8I3T5||is( Thus, with (3.16h) the result follows. m

Q?led) -

We are now in position to pass to the limit in the current-flow and heat equation in (2.21) and (2.22). We choose
test functions v € WBP(')(Q?Ied) and § € W'*' (Q) (where § = 5/(5—1)) such that

Dpsv=0ae.in U UOY and 9,,0 =0ae. in Q9

Note that W5 (Q;) € C(€;) since & > 3for 1 < § < 3/2. Using the convergences in (3.16), we arrive at

/ S - V'vdz+ / S30,,vdx =0, (3.17)

ajuayf Uil

/ ANz)VT - Vodx + / k(z)(T-T,)0da = <FQ(1)led,9>, (3.18)
Qsub Teff

where S’ denotes the first two components and S the last component of the vector-valued function S. Thus,
it remains to identify the limits .S, and H gotea.

From the second part of Lemma 3.2, we infer that there exists a further non-relabeled subsequence such that
T. - T ae.in Q‘{led. (3.19)

Moreover, due to the linear relation in S* and S (cf. (2.9)), the weak convergences in (3.16e) and (3.16d),
and ¢ = 0 (see Lemma 3.2(j)), we immediately obtain

— o
S(z) = (UShOv SO) onQi and S(z)= (UShOv S0) on QY. (3.20)

It remains to identify the limits S and H otea.

Lemma 3.3 The limits in (3.16i) and (3.16j) satisfy

N-1
§3 = S3(-, T, (0, &BSQO)T) a.e.in U Qil, FQ?led = E£3|Q?1ed, (3.21)
=2
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where £3|ch)led denotes the Lebesgue measure in R? restricted to 2$'° and the density h € L'(Q5'°) is
given via

o V'o(@)[? in Qf,
h(z) = < Si(T(2), (0,05,0(2)) ") Ougip(x) inQ fori=2,...,N—1, (3.22)
o [V'o(z)? in Q.

Proof: Step 1. First, we establish, that the limit S satisfies Ef;, = Si(T, (0,0,5%) ). Using the test function
v = ¢ — ¢p in (3.17) and (3.20) leads to the identity

N-1
/Q1 as_h\V'ap\zdx—i-/QN oV |2 dx + Z /QZ Sy - Opypda
i=2 7

1 1

N-1
- /Q1 oo V' VoD d + /QN oV Vihde+ 3 /Q Saob dz. (3.23)
=2 1

1 1

For notational simplicity, we introduce the vector-valued functions Z., Zy € L) (Q5'°d)3 defined by

(V'p,0)T inQf,
Z.:=MNp. and Zj:= (0,8x3g0)T in Q’l fori=2,...,N—1,
(V'p,00T  inQ}.

With this and using the test function v. = @, — cpED, as in the proof of Lemma 3.1, we arrive after passing to
the limit ¢ — 0 and using (3.23) at the identity

N-1
li ~|Z.12d VALK WT., Z.) - Z.d

1

. B VIQOD v/(pD
:;l_rf(l]{/g%o-shzl?'( 05>dx+/ﬂiva;Z€~< OE dz

N—-1
+ Z / | Si(Tg,Zg).Mgvgode} (3.24)
i=2 Y

N-1
=i 0
= U_V’<p-V’g0Ddx+/ o V' - Ve dr + > / S < )dx
/Q% sh 0 Q{V sh 0 g i angOOD

N-1
:/ O-sh|vl<)0|2dx+/ U;V,w|2dl’—'—2/’.§gax3@dx.
Q! QN o

1 1

For arbitrary Z' € L2(Q1 U Q)% and 2z € LPO(UNS'0Y) we define the vector-valued function Z €
LPO) (Qgled)3 via

2() (Z'(2),0)T forz e QLUQY,
x) = ;
(0,z(z))" forzreQiandi=2,...,N—1.

Note that the almost everywhere convergence of 1% in Q‘l’led (see (3.19)) also implies that Si(Tg, 7)) converges
almost everywhere in 0} due to the continuity of (7', z) — S*(T, Z). Hence, the growth condition for S*
in (2.10) leads with Lebesgue’s dominated convergence theorem to the strong convergence of S*(T;, Z) to
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SY(T, Z) in LPi (). Thus, with (3.24), the strong convergence of S*(7%, Z), and the weak convergence of
Z.t0 Zoand S*(T%, Z.) to S" we obtain

. - 2 2
;l_I)I(l){/(;% Ol Ze—Z| dx—i—/NJ;mZa—Z] dz

1

+ Z/ SZ (T, Z:) Si(ngZ)) -(ZE—Z)dx}

N-1 A '
— /Ql o5 |V'o—Z'2dx + /QN ok |\V'o—2Z'>da + Z /Q (S5 — Si(T, 2))(0zyp — 2)dz.  (3.25)
=2 1

1 1

The strict monotonicity of S* gives (Si(T87 7Z.) — SYT, Z)) - (Ze—Z) > 0. Integrating this inequality over
% and summing over ¢ = 2, ..., N —1 gives after passing to the limit

0< /Ql oq|V'e—2'>da +/ o |V'o—Z'?dx + Z/ (T, 2)) Dy — 2) da.
1 l
Setting Z' = V' and z = 0, £ dw with an arbitrary w € Lpi(Q‘fl’Ed) satisfying suppw C Q% and § > 0
we get after dividing by ¢ and letting 6 — 0 the identity §§ = Si(T, (0, Oz50) "), where we also used the
continuity of z — S*(7, 2).
Step 2. It remains to show that the limit Hg?led has a density h € LI(Q?IOd) with respect to the Lebesgue
measure on 09'°d which is given by (3.22).

Indeed, using that §§ = Si(T, (0,0:5%) "), the monotonicity of S and choosing Z = Zg in (3.25) we
obtain the strong convergence |Z. — Zp|?> — 0 in LI(Q% U Q]lv) which gives the Joule heat contribu-
tion in the electrodes. Moreover, we have (S*(T:, Z.) — SU(T., Zo)) - (Ze—Zy) — 0in LY(Q}), for i =
2,...,N—1.Since, S*(T%, Zy) converges strongly in L (921) and Z. converges weakly in LPi (%) we infer
that S*(T%, Zo) - (Ze — Zy) converges weakly to 0 in L (Q%). This, however, implies that also S*(T, Z.) - Z
converges weakly to S*(T', Zy) - Zg in L1(€2}). This finishes the proof. n

4 The effective model

In this section we identify the effective limit system. In the last section, we showed that the limits in (3.16) satisfy
the following system of equations for test functions v € WP()(Q9led) and § € Wh9(0;) N L2(2y) with
Ozzv = 0 ae.in Q} UQY and 0,60 = 0in Qgled

/Ql ashV’go-V’vd:U—l—/QNa;ﬁ

1 1

/ A(x)VT-Vde—k/ m(x)(T—Ta)Gda:/ USh]V’g02d$+/ o |V'Pdx
Qsub Q% QN

eff
r 1

Ve -Vvdr + / S3(T, (0, 0py) " )Opsvda = 0,

N—-1ni
Uiy &

+/N ) ng(T, (O,@mggo)T)(?m«p(a:)dx.
UN-1gi

=2 1

Due to (3.16d) we infer that the limit ¢ satisfies 9,0 = 0 a.e. in Q3 U Q. Thus we can identify ¢lg1 and
¢lqn with functions @' € HY(Ty) and ™V ~1 € HY(T'g) on the boundary I'y = w x {0} such that

ot (z1, 22,0) for (z1,z2,23) € Q%,

o(x1,x2,T3) = N
{@N I

r1,12,0) for (z1, 72, 13) € QY.
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Moreover, for i = 2,..., N—2 let us denote the trace of ¢ on Qi N Qi“ by !, which is well defined due
to Dpyp € LPO)(Q91d) and is identified with a function in LP- (T'g). In particular, we identify o with a tuple
(..., oN ) e (pP,0,...,0, @2) + V4, where the space of interface potentials V} is defined in (2.186).
We proceed analogously with the test function v, i.e. we identify it with a tuple (v!,..., vV 1) € V4.

Next, we highlight, that ¢ is a weak solution in Q’l i = 2,...,N—1, of the (ordinary differential) equa-
tion O, S4(T, (0,02,0) T) = 0 subject to the boundary conditions ¢(-,i—1) = ¢'~! and p(z1,z2,7) =
wi(xl, x2) with <pi denoting the interface potentials. However, due to the strict monotonicity of S* the unique
solution of the ODE (for a fixed temperature T') is given by the affine function

1

(- 23) = (0 — " V(3 —i+1) + o'~ suchthat D0 = ' — L. (4.2)

Finally, we remark that due to (3.16h) 1" is given in Q‘l’led by the trace of T'|qsub on T'p.

Using the above identifications in the limit PDE system leads to the system

N-1
/ {O,S—hvlgol . V’vl 4 U:r_]v/SONil . v/val + Z F’L (f]’v7 (‘Di_soifl)(vi_vifl)}da -0
To i=2
/ AMz)VT - Vodz —I—/ k(z)(T—T,)0da = / {JSII‘V,QOIF +USJHV,SDN_1|2
Qsub O)sub

o

N-—1
+ Z FZ(T7 S01_()D'Lfl)(spl_gozfl)}Hda’
=2

where we have set F*(T,z) = Si(T,(0,2)"). The test functions satisfy (v!,...,vN"1) € Vjand 0 €
WL (51P) However, the weak formulation above is still well-defined for § € W4 (Q5"P). Hence, we have
proved Theorem 2.4.

5 Conclusion

We rigorously derived an effective system of equations from the thermistor model introduced in [LK*15] (see
also [LF*17]) governing the heat and current flow through a large-area, thin film OLED device mounted on a
glass substrate. The effective equations were derived by obtaining certain a priori bounds for the lateral and
vertical components of the electrostatic potential and the gradient of the temperature, respectively.

Furthermore, in the vanishing thickness limit of the different layers, the Joule heat term that was present in the
domain, has manifested itself as a boundary source term for the heat equation in the substrate on the part of
the boundary where the OLED is mounted.

As a concluding remark we point out that the novelty of the new effective constitutive law for the current-flow,
which is of reduced dimension, is that lends itself to easier implementation of numerical simulations that could
provide greater insight concerning the behavior of the aforementioned devices. In particular, the case of geomet-
rically curved device structures, e.g. used in car rear lights, is not feasible in the full three-dimensional setting
due to the large anisotropy of the meshes used in the numerical approximation.
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