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Abstract

In this study the flow field of a nonlocal, diffusive upper convected Maxwell (UCM) fluid
with a polymer in a solvent undergoing shearing motion is investigated for pressure driven
planar channel flow and the free boundary problem of a liquid layer on a solid substrate.
For large ratios of the zero shear polymer viscosity to the solvent viscosity, it is shown
that channel flows exhibit boundary layers at the channel walls. In addition, for increas-
ing stress diffusion the flow field away from the boundary layers undergoes a transition
from a parabolic to a plug flow. Using experimental data for the wormlike micelle solutions
CTAB/NaSal and CPyCl/NaSal, it is shown that the analytic solution of the governing equa-
tions predicts these signatures of the velocity profiles. Corresponding flow structures and
transitions are found for the free boundary problem of a thin layer sheared along a solid
substrate. Matched asymptotic expansions are used to first derive sharp-interface models
describing the bulk flow with expressions for an apparent slip for the boundary conditions,
obtained by matching to the flow in the boundary layers. For a thin film geometry several
asymptotic regimes are identified in terms of the order of magnitude of the stress diffusion,
and corresponding new thin film models with a slip boundary condition are derived.

1 Introduction

Slip at the liquid-solid interface is a common phenomenon when liquid polymer layers are
sheared along solid substrates. On the micro- or nanoscale of the liquid bulk system, this con-
dition can have important implications for the liquid flow structure. A well-documented example
is a polymer film that dewets from a hydrophobically coated substrate. An effective boundary
condition for such complex systems is often given in the form of a Navier-Slip condition, relating
the lateral velocity along the substrate to the shear rate u = b uz. The quantity b denotes an ap-
parent slip length and encodes an underlying mesoscopic mechanism. For entangled polymer
melts dewetting from a monolayer of polymer chains grafted on a substrate, such a mechanism
is given by a coil-stretch transition into a disentangled state having much lower Rouse friction,
and thus apparent viscosity, within a very thin layer near the substrate as has been shown by
Brochard & De Gennes [6]. The underlying mesoscopic mechanisms are different for polymer-
melt solid-substrate systems, some of which are described in the reviews by Lauga et al. [16] or
in Léger [17].

For polymer solutions or dilute polymer emulsions, analysis of the motion of the polymer chains
within the thin interfacial region between the solid and the polymer suggest higher shear rates
and lower viscosity within the interfacial region leading to an apparent velocity discontinuity and
hence to an apparent slip, as discussed in [2, 3, 7].

Further extensions of these studies regarding polymer-polymer apparent slip can be found in [1].
For a large class of colloidal suspensions apparent slip as well as shear banding are discussed
in the review by Ballesta et al. [4]. For other complex liquids such as wormlike micellar solutions,
slip also may relate to the occurrence of shear banding, which is closely related to a plateau
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region in the shear stress versus shear rate flow curve, which has been examined for example
[11, 15, 18, 24, 26–28].

In channel flow experiments these wormlike micellar solutions show a thin band of high shear
rate flow near the channel walls with a plug-like flow in the remaining portion of the channel [19]
and shown in simulations of the Vasquez, Cook, McKinley (VCM) model [8]. The VCM model
is a non-linear two species model constructed to account for the breaking and reforming of the
wormlike micelles. The solution in the high shear rate band near the wall contains primarily short
micelles, while in the center of the channel, the distribution of micellar lengths is close to equi-
librium. Thus the shear banding can be loosely thought of as evidence of phase demixing. To
understand and quantify the emergence and magnitude of apparent slip and also the transitions
in flow structure for polymer solutions, we focus here on a model system much simpler than the
VCM model, and employ an UCM model with sress diffusion [9] in a water solvent.

We address first the pressure driven planar channel flow, which has been investigated in [8].
After we formulate the boundary value problem in Section 2, we derive, in Section 3, an exact
solution to the governing equations showing that the flow stuctures and transition in velocity
profiles are controlled by two parameters, the ratio of the solvent viscosity to the zero shear rate
polymer viscosity and the non-dimensional stress diffusion parameter.

We then extend this analysis to the free boundary problems of a liquid layer shearing along a
solid substrate in Section 4. We exploit the boundary layer flow structure to derive a reduced
sharp-interface model with an apparent slip boundary conditions using matched asymptotic ex-
pansions. These sharp-interface models with an apparent slip form the basis for the derivation of
new thin-film models governing the shape of the free surface for moderate to large slip lengths.
These models are discussed in Section 5 together with a linear stability analysis yielding multiple
relaxation modes for the for the case of large stress diffusion.

We conclude with a discussion of apparent slip on related problems in the context of dewetting
liquid bi-layers in Section 6.

2 Maxwell fluid with solvent and diffusion

For convenience, we discuss two-dimensional flows throughout this study. The governing equa-
tions are those of an UCM fluid with stress diffusion [8, 9]. These equations are also visible
within the VCM model for wormlike micellar solutions [27] by assuming that only one species of
micelles is present.

The spatial coordinates and velocity are given by x′ = (x′, z′) and v′ = (u′, w′), correspond-
ing to the streamwise and cross-stream directions, respectively. Time is denoted with t′. Primes
denote dimensional variables. Conservation of mass requires

∇′ · v′ = 0. (2.1a)

For Dt′ = ∂t′ + u′∂x′ + w′∂z′ , conservation of momentum can be written as

ρDt′v
′ = ∇′ ·Π′,

(2.1b)

where

Π′ = −pI + ηsγ̇′ − τ ′p (2.1c)
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is the total stress, γ̇′ = ∇′v′ + (∇′v′)t the strain rate and the superscript t denotes the
transpose. Here τ ′p = −A′ +G0I denotes the polymer stress, which is governed by

λA′(1′) + A′ −G0I−Dsλ∇′2A′ = 0. (2.1d)

The density is denoted by ρ, the solvent viscosity by ηs, and the zero shear viscosity of the
solution by η0. The latter is the sum of the solvent viscosity and the contribution η0

p = G0λ from
the micelles, that is, η0 = ηs + η0

p , where λ is the relaxation time of the micelles and G0 is the
shear modulus at zero strain rate. We denote the upper convected derivative of a quantity f by

f(1′) = Dt′f − (∇′v′)t · f − f ·(∇′v′).
(2.1e)

The addition of the stress diffusion term is discussed in [8, 9]. The boundary conditions for the
problem are as follows. At z′ = 0:

v′ = 0 (2.1f)

and, because of the diffusion term, we also need boundary conditions on the stress. We assume
no flux of conformation across boundaries hence

∂z′A
′ = 0. (2.1g)

At the free surface z′ = h′, we have

v′ · ∇′F ′ + ∂t′F
′ = 0, (2.1h)

where F ′(x′, h′(x′, t′), t′) = z′ − h′(x′, t′) = 0 defines the location of the free surface. This
results in the kinematic condition

∂t′h
′ − u′∂x′h− w′ = 0.

The normal stress balance at the free surface is

[[n′ ·Π′ · n′]] = κσ (2.1i)

where κ = ∇′ · n is the curvature of the surface and σ is the surface tension of the film/air
interface. We define the jump in a function f ′ across the film/air interface as [[f ′]] = f ′air−f ′film.
We further assume that the air is a passive gas with zero stress components and pressure. The
tangential stress balance is given by

[[t′ ·Π′ · n′]] = 0 (2.1j)

at the surface. Due to the inclusion of stress diffusion we need a boundary condition on stress
at the free surface. Using the no flux boundary conditions of conformation gives

n′ · ∇′A′ = 0 (2.1k)
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on the free surface. In detail, the normal and tangential stress boundary conditions are, respec-
tively,

−p′ + n′ · (A′ −G0I + ηsγ̇) · n′ = σ∂2
x′h
′(N ′)−3,

(2.1l)

and î
1− (∂x′h

′)2
ó
[Axz + ηs(∂z′u

′ + ∂x′w
′)]− ∂x′h′(A′xx + 2ηs∂x′u

′)

+∂x′h
′ (A′zz + 2ηs∂z′w

′) = 0. (2.1m)

We have made use of

n′ = (−∂x′h′i + j)(N ′)−1, t′ = (i + ∂x′h
′j)(N ′)−1, and N ′[1 + (∂x′h

′)2]1/2. (2.1n)

We non-dimensionalize the governing equations by setting

x′ = `x, z′ = Hz, h′ = Hh, u′ = Uu, w′ = εUw, t′ =
`

U
t, p′ =

G0

ε
p, A′ = G0A.

(2.2)
Here H is the the characteristic thickness of the film, ` the characteristic length along it. U the
characteristic speed along the film. The following non-dimensional parameters arise:

ε =
H

`
, Re =

ρUH

ηs
, De =

λU

H
, δ =

 
Dsλ

H2
, and α =

Ã
δ

η0
p/ηs

. (2.3)

Re is the Reynolds number, De is the Deborah number, δ is the nondimensional stress diffusion
parameter and Dt = ∂t + u∂x + w∂z. We note that in this study, we scale the pressure larger
than the polymer stress terms. However, other choices where pressure and polymer stress are
of the same order may also become relevant. In the momentum equation we balance

α2

δ
De∂2

zu ∼ ∂zAxz ∼ ∂xp .

For the derivation of the lubrication problem with a free boundary, we require that at the free
boundary the pressure p is balanced by surface tension. Hence, in the normal stress condition
we let

Sp =
σε3

G0H
= O(1) ,

which means that
σH

`2
∼ G0

ε
or ε3 ∼ G0H

σ
.

The nondimensional governing equations then become as follows. For conservation of mass,

∂xu+ ∂zw = 0.

(2.4a)

For momentum conservation,

ε
α2

δ
DeReDtu = −∂xp+

α2

δ
De
Ä
ε2∂2

xu+ ∂2
zu
ä

+ ε∂xAxx + ∂zAxz,

(2.4b)

ε3
α2

δ
DeReDtw = −∂zp+ ε2

α2

δ
De
Ä
ε2∂2

xw + ∂2
zw
ä

+ ε (ε∂xAxz + ∂zAzz) .

(2.4c)
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For the polymer part of the deviatoric stress, the equations are as follows:

εDe
Ä
DtAxx − 2ε−1Axz∂zu− 2εAxx∂xu

ä
+ Axx − 1 = δ

Ä
ε2∂2

xAxx + ∂2
zAxx

ä
,

(2.4d)

εDe
Ä
DtAxz − ε−1Azz∂zu− εAxx∂xw

ä
+ Axz = δ

Ä
ε2∂2

xAxz + ∂2
zAxz

ä
,

(2.4e)

εDe (DtAzz − 2Azz∂zw − 2εAxz∂xw) + Azz − 1 = δ
Ä
ε2∂2

xAzz + ∂2
zAzz

ä
.

(2.4f)

The boundary conditions are, at z = 0,

u = w = 0 and ∂zAij = 0,
(2.4g)

with i = x, z and j = x, z. For the free surface boundary conditions at z = h(x, t) we have:

∂th− u∂xh = w
(2.4h)

−Sp∂2
xhN

−3 = p+N−2
ß
− ε
î
Azz − 1 + ε2(∂xh)2(Axx − 1)

ó
−2

α2

δ
ε2 De ∂xh

Ä
∂zu+ ε2∂xw

ä
−2ε ∂xhAxz + 2

α2

δ
ε2 De

î
∂zw + ε2(∂xh)2∂xu

ó ™
,

(2.4i)

0 = ε ∂xh (Azz − Axx) + Axz
î
1− ε2(∂xh)2

ó
+
α2

δ
De
Ä
∂zu+ ε2∂xw

ä î
1− ε2(∂xh)2

ó
−2

α2

δ
De ε∂xh (∂xu− ∂zw) ,

(2.4j)

and Ä
∂zAij − ε2∂xh∂xAij

ä
N−1 = 0.

(2.4k)

We have used

n = (−ε∂xhi + j)N−1, t = (i + ε∂xhj)N−1, and N = [1 + (ε∂xh)2]1/2,
(2.4l)

as well as

Ca = η0U/σε
3 and Sp = σε2/G0` = De/Ca.

(2.4m)
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3 Boundary layers in planar channel flow

To study the effect of the parameters α and δ, we first consider the problem of planar channel
flow, where we can find explicit solutions [8]. In this case, we normalize with the width of the
channel h so that the cross-stream variable is −1/2 < z < 1/2. The boundary conditions at
each side wall (z = ±1/2) are those of no slip, u = 0, and no flux of conformation/stress,
∂zAij = 0 with i = x, z and j = x, z. Consistent with parallel shear flow, we assume that
w = 0 and that ∂xp and all other variables are independent of x. We then obtain from (2.4f)
and (2.4g) that Azz = 1. Using this in (2.4e), solving for ∂zu, inserting the result into (2.4b) and
integrating the latter once, we obtain

α2

1 + α2/δ
∂2
zAxz − Axz = − 1

1 + α2/δ
(z − c) ∂xp. (3.1)

The constant of integration c = 0 can be set to zero if we assume the flow field is symmetric
about z = 0, that is, u is an even function in z. Integrating (3.1) and using (2.4g) gives

Axz =
∂xp

1 + α2/δ

ẑ − α»
1 + α2/δ

sinh

Ç»
1 + α2/δ

ẑ

α

å
cosh

Ç»
1 + α2/δ

1

2α

å . (3.2)

Substituting into the first integral of the momentum equation gives the velocity component along
the channel:

u = −∂xp
De

1

1 + α2/δ
(T1 + T2) , (3.3a)

where

T1 = −
Ç
ẑ2

2
− 1

8

å
, and T2 =

δ

1 + α2/δ

1−
cosh

Ç»
1 + α2/δ

ẑ

α

å
cosh

Ç»
1 + α2/δ

1

2α

å . (3.3b)

This velocity distribution can develop boundary layers and plug flow depending on the sizes of
α and δ. To see this, we consider the two terms T1 and T2 in (3.3) for fixed channel width. First
consider α and the no-slip boundary condition; a boundary layer occurs when α in the cosh’s
in T2 is small,

α� 1. (3.4)

For α � 1 and |z| < 1/2 fixed, T2 → δ which will not satisfy a no-slip boundary condition.
On the other hand, ẑ → ±1/2 for fixed α leads to T2 → 0, which does satisfy the no-slip
requirement; the different limits imply that boundary layers occur in T2 at z = ±1/2. The
transition to plug-flow behavior is possible if the parabolic velocity profile from the first term T1

does not contribute significantly to the flow, which is the case if δ � 1.

Fig. 1 shows the flow field u for several choices of δ and α; we normalized with its maximum for
ease of comparison. Fig. 1 shows plots for δ = 0.1, 1 and 10; in each plot, u is plotted for three
different values of α (dotted, 2.2 × 10−2; dashed, 7.1 × 10−3;solid, 2.2 × 10−3). In all cases
u = 0 at the boundary, but as α decreases, a boundary layer becomes more apparent at each
value of δ. The insets shows an enlarged view of the plots near z = 1/2, and it is clearly seen
that a boundary layer develops as α decreases. In particular in the inset of the middle and the
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figure on the bottom, the width of the layer decreases by about the same factor as α and is in
fact largely independent of δ as expected from T2 in (3.3). The boundary layers in the left sub-
figure are less obvious as the parabolic contribution T1, which does not have boundary layers
of its own, dominates the appearance of the flow profile for small δ. δ > 0 is needed to have
boundary layers, and therefore these layers only develop in the presence of stress diffusion.
We note that fixed δ with decreasing α implies increasing the polymer-to-solvent viscosity ratio
η0
p/ηs.

We now compare velocity profiles for the same α but different δ, that is, for δ = 0.1, 1 and
10. We observe that the parabolic profile that is present for the smaller δ flattens out for δ = 1
and becomes a plug-flow profile for δ = 10, or more generally, for large δ. This plug flow only
develops with substantial stress diffusion across the channel. Indeed, δ � 1 implies H �√
Dsλ (see (2.3)). For the physical parameters obtained from [5] and given in Table 1 and its

caption,
√
Dsλ is in the range of 10 . . . 100 µm and therefore plug-flow situations are only

relevant for channel widths of tens of microns or smaller. Thus we emphasize that both the
formation of boundary layers and the transition to plug flow is linked to the presence of stress
diffusion.

As an example we show some typical parameter values for CTAB/NaSal and CPyCl/NaSal so-
lutions of different concentrations and channel widths in Table 1 and the corresponding velocity
profiles in Fig. 2. Again, the results are scaled to have unit size flow domain in |z| < 1/2 (the
actual channel width H enters through the non-dimensional parameters) and normalised by
u(0). For each solution and concentration, the profiles are shown for two choices of H . Since
both δ and α increase with H , the curvature of the profile near the center of the channel and
the width of the boundary layer change simultaneously, with the more plug-like flow and wider
boundary layers occurring for the smaller H . The profiles typically have a visible curvature, with
a distinctive plug flow behaviour with thin boundary layers occuring only for the largest δ in ta-
ble 1, see rows 3 (corresponds to rightmost solid line in left sub-figure) and 8 (corresponds to
rightmost dashed line in the right sub-figure). Notice that the relaxation time λ decreases with
concentration for CPyCl/NaSal but decreases dramatically for CPyCl/NaSal, and therefore the
trends in δ are also reversed.

Returning to consider a fixed δ > 0, we note that the asymptotic structure of the flow for α can
be used to interpret the effect of δ as a slip length on the outer solution i.e. at an O(1) distance
from the walls. The leading order outer solution is obtained by taking the limit α→ 0 in (3.3) for
fixed δ and z, with |z| < 1/2, giving

u = −∂xp
De

®
−
Ç
ẑ2

2
− 1

8

å
+ δ

´
. (3.5)

Interestingly, the resulting flow profile has the same parabolic form as for a Newtonian flow in a
channel except that it does not satisfy the no-slip condition at z = ±1/2. The finite slip velocity
at the walls can be used to define a slip length via the Navier-slip condition

|u|
|uz|

∣∣∣∣∣
z=±1/2

= 2 δ, (3.6)

suggesting a slip length of 2 δ.

If we now consider the sub-limit δ � 1, we expect to see the shear stress at the wall to drop
to zero and thus the development of plug flow. Indeed, if we rescale u = δū, we get in the limit
δ →∞ that

ū = −∂xp
De

(3.7)
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Figure 1: Velocity profiles for different δ = 0.1, 1, 10 as shown in the title from top to bottom,
and for different α = 2.2×10−2, 7.1×10−3, 2.2×10−3, shown in each sub-figure by a dotted,
dashed and solid line, respectively. For clarity, we enlarged in each ubfigure the boundary layer
region in an inset.

which is constant in z.

For this upper convected Maxwell model, we have shown that the limit of small α, corresponding
to small solvent viscosity, results in boundary layers at the walls of the channel. Furthermore,
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for large δ, corresponding to thin films relative to the polymer stress diffusion length, plug flow
develops in the interior of the channel. We now move on to consider a thin film with a deforming
free surface and use these results to approximate the velocity field and polymer stress distribu-
tion inside the flowing fluid. With those approximate flow and stress fields, we derive equations
for the film thickness and leading order polymer stress in different limits.

4 Sharp-interface limit for the free boundary flow

We now consider flow on the domain 0 ≤ z ≤ h(x, t) with overall dimensional thickness H
as before. The free surface at z = h must be found as part of the problem as is typical, and
there is still a no-slip and impenetrable substrate at z = 0. We derive a sharp-interface model
in the limit α → 0 for the scaled full governing equations (2.4) including the free boundary at
z = h, leaving ε and δ fixed. This approach leads to an outer problem for which matching to
the bottom boundary layer at the substrate at z = 0 results in a Navier-slip-like condition. The
leading order outer problem can then be passed through the thin film limit ε→ 0 in the following
section, with different cases for the different regimes of δ.

CTAB/NaSal G0 λ η0 U Sp Re De H δ α
25/25 2.5 27 68 1.5e-7 1.5e-6 1.5e-6 4.0e-2 1e-4 1.6 4.9e-3
150/150 94.8 0.4 38 2.6e-7 2.6e-6 2.6e-6 1.1e-3 1e-4 2.0e-1 2.3e-3
25/25 2.5 27 68 1.5e-7 1.5e-6 1.5e-6 4.0e-1 1e-5 16 1.6e-2
150/150 94.8 0.4 38 2.6e-7 2.6e-6 2.6e-6 1.1e-2 1e-5 2 7.3e-3

CPyCl/NaSal G0 λ η0 U Sp Re De H δ α
50/25 4.2 7.7e-1 2.8 3.5e-6 3.1e-5 3.1e-5 2.7e-2 1e-4 2.8e-1 9.9e-3
200/100 100 1.7 200 5.1e-8 5.7e-7 5.7e-7 8.6e-4 1e-4 4.1e-1 1.4e-3
50/25 4.2 7.7e-1 2.8 3.5e-6 3.1e-5 3.1e-5 2.7e-1 1e-5 2.8 3.1e-2
200/100 100 1.7 200 5.1e-8 5.7e-7 5.7e-7 8.6e-3 1e-5 4.1 4.6e-3

Table 1: Parameter values for CTAB/NaSal (top) and for CPyCl/NaSal (bottom) solutions at
different concentrations in mM and for two layer thicknesses H . The values are obtained from
A. Bhardwaj, E. Miller, and J. P. Rothstein, J of Rheology, 51:693-719 (2007) [5]. The units for
λ, U andH are s and m/s and m, respectively. Here ρ = 103kg/m3 and U is chosen by making
Ca = 1, Ds = 10−9 m2/s and ηs = 10−3 kg/m s. Note that Ca = 1 enforces Sp =Re.

4.1 Outer problem

We first treat the flow away from the boundaries. We assume the outer variables depend on x,
z and t, and that they can be expanded in a regular expansion in α:

u = u(0) + αu(1) + · · · , p = p(0) + α p(1) + · · ·
w = w(0) + αw(1) + · · · , Aij = A

(0)
ij + αA

(1)
ij + · · ·

9



Figure 2: Velocity profiles for different ratios concentrations of CTAB/NaSal and CPyCl/NaSal
solutions and channel widths as given in Table 1. H is smaller for the velocity profiles that are
closer to plug flow near z = 0.

Then, to leading order in α mass and momentum conservation become

0 = ∂xu
(0) + ∂zw

(0) (4.2a)

0 = −∂xp(0) + ε∂xA
(0)
xx + ∂zA

(0)
xz , (4.2b)

0 = −∂zp(0) + ε
Ä
ε∂xA

(0)
xz + ∂zA

(0)
zz

ä
. (4.2c)

For the polymer part of the deviatoric stress, the equations are as follows:

εDe
Ä
DtA

(0)
xx − 2ε−1A(0)

xz ∂zu
(0) − 2A(0)

xx∂xu
(0)
ä

+ A(0)
xx − 1 = δ

Ä
ε2∂2

xA
(0)
xx + ∂2

zA
(0)
xx

ä
,(4.2d)

εDe
Ä
DtA

(0)
xz − ε−1A(0)

zz ∂zu
(0) − εA(0)

xx∂xw
(0)
ä

+ A(0)
xz = δ

Ä
ε2∂2

xA
(0)
xz + ∂2

zA
(0)
xz

ä
,(4.2e)

εDe
Ä
DtA

(0)
zz − 2A(0)

zz ∂zw
(0) − 2εA(0)

xz ∂xw
(0)
ä

+ A(0)
zz − 1 = δ

Ä
ε2∂2

xA
(0)
zz + ∂2

zA
(0)
zz

ä
.(4.2f)

The boundary conditions at z = 0 and z = h need to be obtained from matching to solutions
of appropriate boundary layer problems.
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4.2 Inner problem at the substrate

At z = 0 the highest z-derivatives of u have dropped out. For the boundary layer there, we
introduce the “inner” independent variable

ζ =
z

α
.

The inner dependent variables are denoted by ũ, w̃, p̃ and Ãij and the inner problem is now

ε
α2

δ
DeReDtũ = −∂xp̃+

1

δ
De
Ä
α2ε2∂2

xũ+ ∂2
ζ ũ
ä

+ ε∂xÃxx +
1

α
∂ζÃxz, (4.3a)

ε3
α2

δ
DeReDtw̃ = − 1

α
∂ζ p̃+ ε2

1

δ
De
Ä
α∗2ε2∂2

xw̃ + ∂2
ζ w̃
ä

+ ε

Ç
ε∂xÃxz +

1

α
∂ζÃzz

å
,(4.3b)

εDe
Ç
DtÃxx −

2

εα
Ãxz∂ζ ũ− 2Ãxx∂xũ

å
+ Ãxx − 1 = δ

Ç
ε2∂2

xÃxx +
1

α2
∂2
ζ Ãxx

å
,(4.4a)

εDe
Ç
DtÃxz −

2

εα
Ãzz∂ζ ũ− εÃxx∂xw

å
+ Ãxz = δ

Ç
ε2∂2

xÃxz +
1

α2
∂2
ζ Ãxz

å
,(4.4b)

εDe
Ç
DtÃzz −

2

α
Ãzz∂ζw̃ − 2εÃxz∂xw̃

å
+ Ãzz − 1 = δ

Ç
ε2∂2

xÃzz +
1

α2
∂2
ζ Ãzz

å
.(4.4c)

At ζ = 0, the boundary conditions are

ũ = w̃ = 0 and ∂ζÃij = 0, (4.5)

with i = x, ζ and j = x, ζ . We again expand the solution as a regular perturbation series in α:

ũ = ũ(0) + α ũ(1) + · · · , p = p̃(0) + α p̃(1) + · · ·
w̃ = w̃(0) + α w̃(1) + · · · , Aij = Ã

(0)
ij + α Ã

(1)
ij + · · ·

To leading order, the inner problem is

0 = ∂ζw̃
(0), (4.6a)

0 = ∂ζÃ
(0)
xz , (4.6b)

0 = −∂ζ p̃(0) + ε∂ζÃ
(0)
zz , (4.6c)

0 = ∂2
ζ Ã

(0)
xx , (4.6d)

0 = ∂2
ζ Ã

(0)
xz , (4.6e)

0 = ∂2
ζ Ã

(0)
zz , (4.6f)

with the boundary conditions at ζ = 0:

ũ(0) = w̃(0) = 0 and ∂ζÃ
(0)
ij = 0. (4.6g)

From (4.6a) and (4.6g), w̃(0) = 0. From (4.6f) and (4.6g), Ã(0)
ij is a function of x and t only.

Hence from (4.6c), p̃(0) is also independent of ζ .
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The next order problem can be written as

0 = ∂xũ
(0) + ∂ζw̃

(1), (4.7a)

0 = −∂xp̃(0) +
De
δ
∂2
ζ ũ

(0) + ∂ζÃ
(1)
xz , (4.7b)

0 = −∂ζ p̃(1) + ε∂ζÃ
(1)
zz , (4.7c)

0 = 2DeÃ(0)
xz ∂ζ ũ

(0) + δ ∂2
ζ Ã

(1)
xx , (4.7d)

0 = DeÃ(0)
zz ∂ζ ũ

(0) + δ ∂2
ζ Ã

(1)
xz , (4.7e)

0 = δ ∂2
ζ Ã

(1)
zz . (4.7f)

with the boundary conditions at ζ = 0

ũ(1) = w̃(1) = 0 and ∂ζÃ
(1)
ij = 0. (4.7g)

From (4.7f) and (4.7g), we see that Ã(1)
zz is a function of x and t only, and from (4.7c), the same

follows for p̃(1); thus
Ã(1)
zz = Ã(1)

zz (x, t), p̃(1) = p̃(1)(x, t). (4.8)

Differentiation (4.7b) with respect to ζ and recalling that p̃(0) is independent of ζ we have

0 =
1

δ
De ∂3

ζ ũ
(0) + ∂2

ζ Ã
(1)
xz ; (4.9)

using this in (4.7e), we find
0 = Ã(0)

zz ∂ζ ũ
(0) − ∂3

ζ ũ
(0). (4.10)

Since the Ã(0)
ij are independent of ζ , integrating once gives

∂2
ζ ũ

(0) − Ã(0)
zz ũ

(0) = c1(x, t), (4.11)

and for Ã(0)
zz > 0, we obtain

ũ(0) = − c1

Ã
(0)
zz

+ c2 exp
Å
−
»
Ã

(0)
zz ζ
ã
. (4.12)

Here we excluded the exponentially growing part, since it does not match to the outer solution.
Using the boundary conditions (4.6g) yields c2 = c1/Ã

(0)
zz and hence

ũ(0) =
c1

Ã
(0)
zz

Å
−1 + exp

Å
−
»
Ã

(0)
zz ζ
ãã

. (4.13)

Using this in (4.7b) gives

Ã(1)
xz = d1(x, t) + ζ∂xp̃

(0) − 1

δ
De ∂ζ ũ(0)

= d1(x, t) + ζ∂xp̃
(0) +

1

δ
De

c1»
Ã

(0)
zz

exp
Å
−
»
Ã

(0)
zz ζ
ã

(4.14)

Due to the last equation in (4.7g), we have

∂xp̃
(0) − 1

δ
De c1 = 0 or c1 = δ

∂xp̃
(0)

De
, (4.15)
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so that

ũ(0) = −δ ∂xp̃
(0)

DeÃ(0)
zz

ï
1− exp

Å
−
»
Ã

(0)
zz ζ
ãò
, (4.16a)

Ã(1)
xz = d1(x, t) + ζ∂xp̃

(0) +
∂xp̃

(0)»
Ã

(0)
zz

exp
Å
−
»
Ã

(0)
zz ζ
ã
. (4.16b)

Notice that w(1) can now be obtained by introducing (4.16a) into (4.7a) and using the boundary
condtions (4.7g). However, Ã(0)

zz depends on x so the differentiation in (4.7a) creates a rather
complicated expression that we do not need in this paper; we omit the explicit result here. For
similar reasons, we also skip determining Ã(1)

xx , which can in principle be obtained from (4.7e),
(4.16), and (4.7g).

Matching outer solution (at z = 0) to the inner (as ζ → ∞) yields the following boundary
conditions for the leading order outer problem (4.2):

p
(0)
|z=0 = p̃(0), (4.17a)

Aij
(0)
|z=0 = Ã

(0)
ij , (4.17b)

u
(0)
|z=0 = − δ

∂xp
(0)
|z=0

DeA(0)
zz |z=0

, (4.17c)

w
(0)
|z=0 = 0, (4.17d)

∂zA
(0)
zz |z=0 = 0, (4.17e)

∂zA
(0)
xz |z=0 = ∂xp

(0)
|z=0. (4.17f)

4.2.1 Inner problem at the free surface

We now consider the inner layer near z = h. Introducing inner variables via z = h−αζ yields,
to leading order in the bulk

∂xh∂ζ ũ
(0) − ∂ζw̃(0) = 0, (4.18a)

−∂xh∂ζ p̃(0) + ε∂xh∂ζÃ
(0)
xx − ∂ζÃ(0)

xz = 0, (4.18b)

∂ζ p̃
(0) + ε2∂xh∂ζÃ

(0)
xz − ε∂ζÃ(0)

zz = 0, (4.18c)

∂2
ζ Ã

(0)
xx = 0, (4.18d)

∂2
ζ Ã

(0)
xz = 0, (4.18e)

∂2
ζ Ã

(0)
zz = 0. (4.18f)
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Rescaling and retaining the leading order contributions for the boundary condition at z = h
yields

∂th+ ũ(0)∂xh = w̃(0)

(4.19a)

−Sp
∂2
xh

[1 + ε2(∂xh)2]3/2
= p̃(0) +

1

1 + ε2h2
x

ß
− ε
î
Ã(0)
zz − 1 + ε2(∂xh)2(Ã(0)

xx − 1)
ó

+2ε2 ∂xhÃ
(0)
xz

™
,

(4.19b)

0 = ε ∂xh
Ä
Ã(0)
zz − Ã(0)

xx

ä
+ Ã(0)

xz

î
1− ε2(∂xh)2

ó
(4.19c)

∂ζÃ
(0)
ij = 0.

(4.19d)

Integrating (4.18a) with respect to ζ and using (4.19a) results in

∂th+ ũ(0)∂xh = w̃(0) (4.20)

for all ζ ≥ 0. the integration constants. Matching this to the outer thus imposes condition (4.19a)
onto the leading order outer variables. Integrating (4.18d)-(4.18f) together with (4.19d) shows
that the Ã(0)

ij are independent of ζ ,

Ã
(0)
ij = Ã

(0)
ij (x, t). (4.21)

Inserting this into (4.18c) gives similarly that p̃0 is independent of ζ

p̃(0) = p̃(0)(x, t). (4.22)

These four functions of x and t need to satisfy the boundary conditions (4.19b) and (4.19c),
which matching then passes on to the leading order outer problem. Summarising, we obtain
the following conditions at z = h for the leading order outer variables u(0), w(0), A(0)

ij and p(0)

(without the tilde),

∂th+ u(0)∂xh = w(0),

(4.23a)

−Sp
∂2
xh

[1 + ε2(∂xh)2]3/2
= p(0) +

1

1 + ε2h2
x

ß
− ε
î
A(0)
zz − 1 + ε2(∂xh)2(A(0)

xx − 1)
ó

+2ε2 ∂xhA
(0)
xz

™
,

(4.23b)

0 = ε ∂xh
Ä
A(0)
zz − A(0)

xx

ä
+ A(0)

xz

î
1− ε2(∂xh)2

ó
.

(4.23c)

We are now ready to proceed to deriving a thin film flow models.
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5 Thin film models

In this section, we derive thin film models for the limit of small film thickness ε� 1. We consider
two cases: one with moderate stress diffusion where δ = O(1) fixed with respect to ε and α,
and the other for large stress diffusion δ � 1.

5.1 Moderate stress diffusion

We first derive a thin film equation from the sharp interface model; the result shows that singular
slip arises in that case. We then re-derive the result from the full model, in order to verify that
the slip occurs independent of the order of the limits taken.

5.1.1 Derivation from the sharp interface limit

Taking the limit ε� 1 for the sharp-interface model (4.2) together with (4.17c), (4.17e), (4.23a),
(4.23b) and (4.23c) yields, to leading order in ε with δ = O(1) fixed, the problem to solve on
0 < z < h is

−∂xp+ ∂zAxz = 0, (5.1a)

∂zp = 0, (5.1b)

−2DeAxz∂zu+ Axx − 1 = δ ∂2
zAxx, (5.1c)

−DeAzz∂zu+ Axz = δ ∂2
zAxz, (5.1d)

Azz − 1 = δ ∂2
zAzz, (5.1e)

∂xu+ ∂zw = 0. (5.1f)

We apply the following at z = 0 :

u = −δ ∂xp

DeAzz
, w = 0, (5.1g)

∂zAzz = 0; (5.1h)

and at z = h :

∂th+ u∂xh = w, (5.1i)

p = −Sp∂2
xh, (5.1j)

Axz = 0, (5.1k)

∂zAzz = 0. (5.1l)

Note that (5.1l) arises from matching and it is derived in the appendix. We have dropped the
superscript “(0)” from the variables for convenience.

Using (5.1b) and (5.1j) gives
p = p(x, t) = −Sp∂2

xh. (5.2)

From (5.1a) we have
∂zAxz = −Sp∂3

xh, (5.3)

and from (5.1k)
Axz = Sp(h− z)∂3

xh. (5.4)
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Integrating (5.1e) and using (5.1h) and (5.1l) results in

Azz = 1. (5.5)

Then from (5.1d),
De ∂zu = −δ ∂2

zAxz + Axz = Sp(h− z)∂3
xh. (5.6)

Using (5.1g), (5.2) and Azz = 1 gives the following boundary condition at z = 0:

u =
δ Sp
De

∂3
xh. (5.7)

From this and (5.6),

u =
Sp
De

∂3
xh

Ç
zh− z2

2
+ δ

å
. (5.8)

If we assume w|z=0 = 0 then

∂th+ ∂x

∫ h

0
u dz = 0 (5.9)

holds and using (5.8), we obtain

∂th+ ∂x

ñ
Sp
De

∂3
xh

Ç
h3

3
+ δ h

åô
= 0 (5.10)

This is a lubrication model with an h-dependent singular slip-length

b =
δ

h
(5.11)

used by Greenspan [12] and derived in Huh & Scriven [13] and in Neogi & Miller [23]. This result
illustrates how the apparent slip appears in the context of the nonlinear thin film equation, and
that it is because there is a boundary layer in the velocity profile inside the film. However, one
may ask whether this is because α � 1 was taken prior to deriving the thin film equation. We
address this point by deriving the same result from the full equations and taking the limit α� 1
after deriving a thin film equation.

5.1.2 Derivation from the full governing equations

We now directly derive a thin film model for the governing equations, where α is treated as a
fixed constant and ε� 1.

For conservation of mass, we have

∂xu+ ∂zw = 0. (5.12a)

For momentum conservation,

0 = −∂xp+
α2

δ
De ∂2

zu+ ∂zAxz, (5.12b)

0 = −∂zp. (5.12c)

For the polymer part of the deviatoric stress, the equations are as follows.

−2DeAxz∂zu+ Axx − 1 = δ ∂2
zAxx, (5.12d)

−DeAzz∂zu+ Axz = δ ∂2
zAxz, (5.12e)

Azz − 1 = δ ∂2
zAzz. (5.12f)
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Note that our choice of large pressure makes it larger than the leading order Azz term.

The boundary conditions are, at z = 0,

u = w = 0 and ∂zAij = 0, (5.12g)

with i = x, z and j = x, z.

On the free surface z = h,

∂th− u∂xh = w, (5.12h)

−Sp
∂2
xh

[1 + ε2(∂xh)2]3/2
= p, (5.12i)

Axz +
α2

δ
De ∂zu = 0, (5.12j)

∂zAij = 0. (5.12k)

To solve this system, first consider Azz since it is a linear equation. Applying the homogeneous
Neumann boundary conditions (5.12g) and (5.12k) yields

Azz = 1, (5.13)

i.e. the polymer stress state is uniform across the thin film. The polymer stress state for the other
components will not be uniform in z. We integrate the momentum equation (5.12b) and use the
tangential stress boundary condition (5.12k) as well as (5.13) to obtain

α2

δ
De ∂zu = −Axz + (z − h)∂xp. (5.14)

Now substituting for Azz and ∂zu in the polymer shear stress equation gives

α2

1 + α2/δ
∂2
zAxz − Axz = − 1

1 + α2/δ
(z − h) ∂xp. (5.15)

The solution which satisfies the boundary conditions (5.12g) and (5.12k) is

Axz =
∂xp

1 + α2/δ

z − h+ α
cosh

Ç√
1+α2/δ

α
(z − h)

å
− cosh

Ç√
1+α2/δ

α
z

å»
1 + α2/δ sinh

Ç√
1+α2/δ

α
h

å  . (5.16)

Since ∂zp = 0 in the film, then the normal stress boundary conditions determines that

∂xp = −Sp∂3
xh. (5.17)

The solution for u is then

u =
1

(1 + α2/δ)

Sp
De

∂3
xh

®
−
Ç
z2

2
− zh

å
+

δ

1 + α2/δ

1 +
sinh

Ç√
1+α2/δ

α
(z − h)

å
− sinh

Ç√
1+α2/δ

α
z

å
sinh

Ç√
1+α2/δ

α
h

å 
 . (5.18)
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The evolution of the free boundary h(x, t) is given by

∂th+ ∂xq = 0, q =
∫ h

0
u dz, (5.19)

with

q =
1

1 + α2/δ

Sp
De


h3

3
+

δ h

1 + α2/δ

1 +
2α

Ç
1− cosh

Ç√
1+α2/δ

α
h

åå»
1 + α2/δ h sinh

Ç√
1+α2/δ

α
h

å ∂3
xh.

(5.20)
This complicated equation for the flux is the integral of u across the film where u has the poten-
tial to develop boundary layers if α is small enough. When α is not vanishingly small, then the
flow near the boundaries still contributes significantly to the flux.

If we now take the sharp interface limit α → 0 in (5.20), we recover the previously obtained
thin film model (5.10). In this case, the flow away from the boundaries gives the dominant con-
tribution to the flux q inside the film due to the vanishing width of the boundary layers. Thus, for
δ = O(1) fixed, the order of the limits α � 1 and ε � 1 is immaterial regarding whether slip
arises in the resulting thin film equations.

5.2 Large stress diffusion

For the materials considered in this study, the typical parameter regimes are covered by the
above asymptotic cases, see Table 1. However, further asymptotic regimes that account for
large slip are possible. One of these cases, with large diffusion, is treated now. In this case we
see from (5.12b) that u ∼ δ. We therefore rescale

(u,w) = δ(ū, w̄), t =
t̄

δ
, (5.21)

but keep the same scaling for Axz and Azz.

For conservation of mass we then have

∂xu+ ∂zw = 0. (5.22a)

For momentum conservation,

εα2δDeReDtu = −∂xp+ α2 De
Ä
ε2∂2

xu+ ∂2
zu
ä

+ ε∂xAxx + ∂zAxz, (5.22b)

ε3α2δDeReDtw = −∂zp+ ε2α2De
Ä
ε2∂2

xw + ∂2
zw
ä

+ ε (ε∂xAxz + ∂zAzz) .(5.22c)

For the polymer part of the deviatoric stress, the equations are as follows.

εδDe
Ä
DtAxx − 2ε−1Axz∂zu− 2εAxx∂xu

ä
+ Axx − 1 = δ

Ä
ε2∂2

xAxx + ∂2
zAxx

ä
,(5.22d)

εDeδ
Ä
DtAxz − ε−1Azz∂zu− εAxx∂xw

ä
+ Axz = δ

Ä
ε2∂2

xAxz + ∂2
zAxz

ä
,(5.22e)

εDeδ (DtAzz − 2Azz∂zw − 2εAxz∂xw) + Azz − 1 = δ
Ä
ε2∂2

xAzz + ∂2
zAzz

ä
.(5.22f)

Note that our choice of large pressure i.e. of the scalingG0/ε for p′ in (2.2) makes it larger than
the leading order Azz term.
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The boundary conditions are, at z = 0,

u = w = 0 and ∂zAij = 0, (5.22g)

with i = x, z and j = x, z.

We now turn to the free surface boundary conditions at z = h(x, t). We have

n = (−ε∂xhi + j)N−1, t = (i + ε∂xhj)N−1, and N =
»

1 + (ε∂xh)2. (5.22h)

On the free surface z = h,
∂th− u∂xh = w; (5.22i)

−Sp
∂2
xh

[1 + ε2(∂xh)2]3/2
= p+

1

1 + ε2h2
x

¶
−ε
î
Azz − 1 + ε2(∂xh)2(Axx − 1)

ó
−2α2Deε2∂xh

Ä
∂zu+ ε2∂xw

ä
−2ε∂xhAxz + 2α2Deε2

î
∂zw + ε2(∂xh)2∂xu

ó©
; (5.22j)

0 = ε∂xh (Azz − Axx) + Axz
î
1− ε2(∂xh)2

ó
+α2De

Ä
∂zu+ ε2∂xw

ä î
1− ε2(∂xh)2

ó
− 2α2Deε∂xh (∂xu− ∂zw) ; (5.22k)

and Ä
∂zAij − ε2∂xh∂xAij

ä
N−1 = 0. (5.22l)

5.2.1 Leading order equations

We consider the O(1) problem for ε � 1 and δ � 1, keeping α fixed. For conservation of
mass we have

∂xu+ ∂zw = 0. (5.23)

For momentum conservation,

0 = −∂xp+ α2De ∂2
zu+ ∂zAxz, (5.24)

0 = ∂zp, (5.25)

where, for the sake of simplicity, we have also assumed that DeRe � 1. Using the definitions
of De and Re, this requires U �

»
ηs/ρ/λ ≈ 10−3m/s; from the values in Table 1 we see that

this is readily achieved.

For the polymer part of the deviatoric stress, the equations are as follows.

−2DeAxz∂zu = ∂2
zAxx, (5.26)

−DeAzz∂zu = ∂2
zAxz, (5.27)

0 = ∂2
zAzz. (5.28)

He we see the consequence of our choice that the pressure is larger than the leading orderAzz
term.

The boundary conditions are, at z = 0,

u = w = 0 and ∂zAij = 0, (5.29)
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with i = x, z and j = x, z.

On the free surface z = h,
∂th− u∂xh = w; (5.30)

−Sp∂2
xh = p (5.31)

0 = Axz + α2De ∂zu. (5.32)

and
∂zAij = 0. (5.33)

The solution for Azz is
Azz = A1(x, t) (5.34)

with an unknown (but z-independent) function A1. Furthermore,

u = D1(x, t) sinh

Ñ
z

»
A1(x, t)

α

é
+

∂xp

DeA1(x, t)

cosh

Ñ
z

»
A1(x, t)

α

é
− 1

 ,
(5.35)

Axz = −αDe
»
A1(x, t)D1(x, t) cosh

Ñ
z

»
A1(x, t)

α

é
+ ∂xp

 −α»
A1(x, t)

sinh

Ñ
z

»
A1(x, t)

α

é
+ z − h

 . (5.36)

D1 can be eliminated from these solutions by using (5.33), resulting in

D1(x, t) =
∂xp

DeA1(x, t)

1− cosh

Ç
h

√
A1(x,t)

α

å
sinh

Ç
h

√
A1(x,t)

α

å . (5.37)

Letting α→ 0 we find

D1 → −
∂xp

DeA1(x, t)
. (5.38)

Using this in (5.35) yields (in the same limit)

u(x, t) = − ∂xp

DeA1(x, t)
. (5.39)

5.2.2 Next order problem: Distinguished limit 1/δ = d ε

To determineA1(x, t), we need to consider the next order problem. For this purpose we assume
the distinguished limit 1/δ = dε with

d =
1

δε
= O(1).
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For simplicity let Re� 1 be negligible. In the bulk, we only need to consider (5.22f), which
becomes

De
Ä
εDtAzz − 2εAzz∂zw − 2ε2Axz∂xw

ä
+ dε(Azz − 1) = ε2∂2

xAzz + ∂2
zAzz.(5.40)

Its boundary conditions are, at z = 0,

∂zAzz = 0, (5.41)

and at z = h(x, t), Ä
∂zAij − ε2∂xh∂xAij

ä
N−1 = 0. (5.42)

Now expand with a regular series in powers of ε,

Azz = A(0)
zz + εA(1)

zz + . . . ,

and similarly for the other variables. Leading order is as for the moderate δ case (simply insert
(0) superscripts). To next order we obtain, for the polymer stress equation,

De(DtA
(0)
zz − 2A(0)

zz ∂zw
(0)) + d(A(0)

zz − 1), = ∂2
zA

(1)
zz ; (5.43)

and for the boundary conditions at z = 0 and z = h(x, t),

∂zA
(1)
zz = 0. (5.44)

We then substitute the solution from (5.34) into (5.43) and integrate with respect to z from 0 to
h(x, t); using the boundary condtions yields the solvabilitiy condition

∂tA1 + u∂xA1 + 2A1∂xu+
d

De
(A1 − 1) = 0, (5.45)

where we have omitted the superscripts from u. Note that u from (5.39) is independent of z so
that mass conservation yields

∂h+ ∂x(uh) = 0. (5.46)

Combining equations (5.31), (5.39), (5.45), (5.46) gives the system

∂tA1 +
Sp
De

ñ
2∂4

xh− ∂3
xh
∂xA1

A1

ô
+

d

De
(A1 − 1) = 0, (5.47a)

∂th+
Sp
De

∂x

Ç
h∂3

xh

A1

å
= 0. (5.47b)

We note that in the limit d� 1, we obtain A1 ≡ 1 and thus get from (5.47b)

∂th+
Sp
De

∂x
Ä
h∂3

xh
ä

= 0.

This is the same evolution equation that results from the δ → ∞ limit of (5.10) after rescaling
time according to (5.21). We now turn to solving a simple example problem from this system.
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5.2.3 Linear stability of the uniform solution

To gain some insight into the large stress diffusion model, we consider sinusoidal disturbances
to the temporally- and spatially-uniform solutions h = A1 = 1 on an infinite domain. We find
that these uniform states are stable, so this is analogous to the leveling problem [25]. We may
write

h(x, t) = 1 + ε̃H(t)eikx and A1(x, t) = 1 + ε̃A(t)eikx, (5.48)

where ε̃ � 1 and the amplitudes H and A may be complex valued (we omitted the complex
conjugate term for simplicity). The initial values of the amplitudes areA(0) = A0, andH(0) =
H0. Substitution into equations (5.47a) and (5.47b), keeping terms of O(ε̃) only, results in the
following linear system of ODEs for the amplitude:

Ȧ+
2Spk

4

De
H +

d

De
A = 0, (5.49a)

Ḣ +
Spk

4

De
H = 0. (5.49b)

The dots denote time derivatives. Solving this system gives

A(t) =

Ç
A0 −H0

2Spk
4

Spk4 − d

å
exp

Ç
− d

De
t

å
+H0

2Spk
4

Spk4 − d
exp

Ç
−Sp k

4

De
t

å
, (5.50a)

H(t) = H0 exp

Ç
−Sp k

4

De
t

å
. (5.50b)

Note that the terms proportional toH0 that appear in 5.50a are in phase provided that Spk4 −
d > 0, that is, for sufficiently short waves; otherwise they are out of phase with the wavenumber-
independent polymer stress decay rate.

There are two time scales for decay for this linearized problem. One is d/De from internal
polymer stress relaxation, and the other is Spk4/De which is from surface tension. The polymer
stress relaxation scale is faster if k < kc = (d/Sp)

1/4. Using the values from Table 1, for CTAB
25/25 and for CPyCl/NaSal 50/25, we have kc ∼ 100, so that for any long wave situation the
polymer stress relaxation will be faster than the capillarity-driven decay. If we use H = 10−5m
and ` = 10−3m, then kc ∼ 10, and a similar conclusion may be drawn. For k = 1, d/De �
Sp/De and the time scales differ by about seven orders of magnitude for CPyCl/NaSal 50/25;
the scales differ by orders of magnitude for all materials in Table 1.

6 Discussion and Outlook

In this paper we have considered planar channel flow and thin film free surface flows governed
by a diffusive upper convected Maxwell model of a micelle solution with a Newtonian solvent.
For a pressure driven channel flow the flow structure and dynamics, namely the formation of
boundary layers and the transitions in the flow field, are controlled by two parameters: The ratio
of the solvent viscosity to the zero shear rate polymer viscosity ηs/η0 = 1/(1+ηp0/ηs), and the
non-dimensional stress diffusion parameter δ. Since usually ηs/η

p
0 � 1, this ratio can also be

considered instead of the former. We have shown that this viscosity ratio together with δ control
the thickness of the boundary layer α, while the magnitude of δ determines the magnitude of
the apparent slip.
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This connection can be rationalized by treating the channel flow (or the thin film flow) as a two-
layer flow, with a bulk flow near the center (or near the free surface, respectively) and thin layer
of width α at the boundaries (or the substrate).

As shown in a study of bi-layer thin film models by Jachalski et al. [14], the flow in a layer of
viscosity η2 on top of another layer of height h1 and much smaller viscosity η1 adjacent to a
substrate experiences an apparent slip of h1/(η1/η2).

In fact, effective viscosities ηcenter
eff and ηlayer

eff can be obtained for each of these regions from the
ratio A′xz/∂z′u

′ as z′ → 0 and z′ → −H/2,

ηcenter
eff = lim

z′→0

A′xz
∂z′u′

= η0
p, ηlayer

eff = lim
z′→−H/2

A′xz
∂z′u′

= η0
p

α

2δ
,

where the limits have been evaluated by using (3.2) and (3.3) together with the scalings and
definitions (2.2) and (2.3), assuming that δ is fixed and α � 1 (which follows from η0

p � ηs
and δ fixed). Thus, using ηlayer

eff for η1 and ηcenter
eff for η2, and h1 = α, we obtain the apparent

slip-length for the outer channel flow

α

ηlayer
eff /ηcenter

eff

= 2δ,

i.e. the same value we obtained previously from (3.6) and the α→ 0 limit of (3.3).

The limit α → 0 was also considered for thin films with a free capillary surface and thin-film
models were derived both for the case of moderate (δ fixed) and large (δ = O(ε−1)) stress
diffusion. Interestingly, these models show several parallels with those derived earlier in the
context of a liquid layer of polymer melt dewetting from hydrophobized substrate using a Navier-
slip condition for slip-lengths of various orders of magnitude; see Münch et al. [20, 22] and
Fetzer et al. [10].

Here, the distinction between the two cases is similar to what was found for thin-film models with
weak and strong slip in [22], confirming the association of slip with the parameter δ also in the
case of thin film flows. Due to the choice of the regime for the Deborah number De, the models
correspond to those expected for a Newtonian rheology in the bulk. In contrast to [22], however,
the models here correspond to slip laws with a slip length that has a singular dependence on
the film profile h.

Our analysis of the sharp-interface limit α→ 0 and the derivation of several thin-film models for
the simplest type of model of micelle solutions suggest further investigations into other regimes
of Deborah number, in particular in the case of large stress diffusion, where corresponding
strong-slip type thin film models even for full nonlinear viscoelastic rheologies [21] can be ex-
pected. Further work will consider extensions of our stability analysis for these models together
with numerical solutions of the thin-film models.

A Matching to the inner solution at z = h

We now determine Azz, which is in fact the leading order approximation of the outer solution,
i.e. A(0)

zz . Matching also requires the next order correction to the inner problem near z = h. In
terms of the inner variables near z = h,

ζ =
h(x, t)− z

α
,
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we obtain to next order in α the problem

0 = ∂xũ
(0) + ∂xh ∂xũ

(1) − ∂ζw̃(1), (A.1a)

0 = −∂xp̃(0) − ∂xh ∂ζ p̃(1) +
De
δ

Ä
1 + ε2(∂xh)2

ä
∂2
ζ ũ

(0) − ∂ζÃ(1)
xz

+ε ∂xÃ
(0)
xx + ε∂xh ∂ζÃ

(1)
xx , (A.1b)

0 = ∂ζ p̃
(1) +

De
δ
ε2
Ä
1 + ε2(∂xh)2

ä
∂2
ζ w̃

(0) − ε∂ζÃ(1)
zz

+ε2∂xÃ
(0)
xz + ε2∂xh ∂ζÃ

(1)
xz , (A.1c)

∂2
ζ Ã

(1)
xx =

De
δ

2

1 + ε2(∂xh)2

Ä
Ã(0)
xz − ε∂xh Ã(0)

xx

ä
∂ζ ũ

(0), (A.1d)

∂2
ζ Ã

(1)
xz =

De
δ

1

1 + ε2(∂xh)2

Ä
Ã(0)
zz ∂ζ ũ

(0) − ε2∂xh Ã
(0)
xx∂ζw̃

(0)
ä
, (A.1e)

∂2
ζ Ã

(1)
zz =

De
δ

2ε

1 + ε2(∂xh)2

Ä
Ã(0)
zz − ε∂xh Ã(0)

xz

ä
∂ζw̃

(0). (A.1f)

At the free surface, ζ = 0,

∂xh ũ
(1) = w̃(1), (A.1g)

0 = p̃(1) +
De
δ

2ε2
Ä
∂xh ∂ζ ũ

(0) − ∂ζw̃(0)
ä

+
ε

1 + ε2(∂xh)2

Ä
ε(∂xh)2Ã(1)

xx + 2ε∂xhÃ
(1)
xz − Ã(1)

zz

ä
, (A.1h)

0 = ε∂xh
Ä
Ã(1)
zz − Ã(1)

xx

ä
+
ï
Ã(1)
xz +

De
δ

Ä
−∂ζ ũ(0) + ε2∂xh ∂ζw̃

(0)
äò

(1− ε2(∂xh)2)

−De
δ

2ε∂xh
Ä
∂xh∂ζ ũ

(0) + ∂ζw̃
(0)
ä
, (A.1i)

∂ζÃ
(1)
ij = − ε3∂xh

1 + ε2(∂xh)2
∂xÃ

(0)
ij . (A.1j)

This problem can be simplified by introducing the new variables

q̃(0) = ∂xh ũ
(0) − w̃(0) and r̃(0) = ũ(0) + ε2∂xh w̃

(0). (A.2)
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instead of ũ(0) and w̃(0). Using these variables, we obtain

0 = ∂ζ q̃
(0), (A.3a)

0 = −∂xp̃(0) − ∂xh ∂ζ p̃(1) +
De
δ
∂2
ζ r̃

(0) − ∂ζÃ(1)
xz

+ε ∂xÃ
(0)
xx + ε∂xh ∂ζÃ

(1)
xx , (A.3b)

0 = ∂ζ p̃
(1) +

De
δ

1 + ε2(∂xh)2

∂x h
∂2
ζ r̃

(0) − ε∂ζÃ(1)
zz

+ε2∂xÃ
(0)
xz + ε2∂xh ∂ζÃ

(1)
xz , (A.3c)

∂2
ζ Ã

(1)
xx =

De
δ

2

(1 + ε2(∂xh)2)2

Ä
Ã(0)
xz − ε∂xh Ã(0)

xx

ä
∂ζ r̃

(0), (A.3d)

∂2
ζ Ã

(1)
xz =

De
δ

1

(1 + ε2(∂xh)2)2

Ä
Ã(0)
zz − ε2(∂xh)2 Ã(0)

xx

ä
∂ζ r̃

(0), (A.3e)

∂2
ζ Ã

(1)
zz =

De
δ

2 ε∂xh

(1 + ε2(∂xh)2)2

Ä
Ã(0)
zz − ε∂xh Ã(0)

xz

ä
∂ζ r̃

(0). (A.3f)

The boundary conditions at ζ = 0 become:

∂xh ũ
(1) = w̃(1), (A.3g)

0 = p̃(1) +
ε

1 + ε2(∂xh)2

Ä
ε(∂xh)2Ã(1)

xx + 2ε∂xhÃ
(1)
xz − Ã(1)

zz

ä
, (A.3h)

0 = ε∂xh
Ä
Ã(1)
zz − Ã(1)

xx

ä
+ Ã(1)

xz (1− ε2(∂xh)2)

−De
δ

[(1− ε2(∂xh)2)2 + 4ε(∂xh)2]

1 + ε2(∂xh)2
∂ζ r̃

(0), (A.3i)

∂ζÃ
(1)
ij = − ε3∂xh

1 + ε2(∂xh)2
∂xÃ

(0)
ij . (A.3j)

Adding (A.3b) to (A.3c) multiplied by ∂xh, we obtain

De
δ

î
2 + ε2(∂xh)2

ó
∂2
ζ r̃

(0) = ε∂xh
Ä
∂ζÃ

(1)
zz − ∂ζÃ(1)

xx

ä
+
î
1− ε2(∂xh)2

ó
∂ζÃ

(1)
xz

+∂xp̃
(0) − ε∂xÃ(0)

xx − ε2∂xh∂xÃ
(0)
xz (A.4)

We note that from(A.3d)-(A.3f)

ε∂xh
Ä
∂2
ζ Ã

(1)
zz − ∂2

ζ Ã
(1)
xx

ä
+
Ä
1− ε2(∂xh)2

ä
∂2
ζ Ã

(1)
xz (A.5)

=
De
δ

1

1 + ε2(∂xh)2

î
Ã(0)
zz − 2ε∂xhÃ

(0)
xz + ε2(∂xh)2Ã(0)

xx

ó
∂ζ r̃

(0)

Integration with respect to ζ and using (A.3j) and (A.4) we obtain the following ordinary differen-
tial equation for r̃0:Ä

1 + ε2(∂xh)2
ä Ä

2 + ε2(∂xh)2
ä
∂2
ζ r̃

(0) =
Ä
Ã(0)
zz − 2ε∂xhÃ

(0)
xz + ε2(∂xh)2Ã(0)

xx

ä
r̃(0)+f(x, t),

(A.6)
where

f(x, t) =
δ

De

Ä
1 + ε2(∂xh)2

ä Ä
∂xp̃

(0) − ε∂xÃ(0)
xx − ε2∂xh∂xÃ

(0)
xz

ä
(A.7)

−
î
Ã(0)
zz − 2ε∂xhÃ

(0)
xz + ε2(∂xh)2Ã(0)

xx

ó
r̃

(0)
|ζ=0

− δ

De

¶
ε4(∂xh)2

Ä
∂xÃ

(0)
zz − ∂xÃ(0)

xx

ä
+ ε3∂xh

î
1− ε2(∂xh)2

ó
∂xÃ

(0)
xz

©
.
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The general solution to the second order linear differential equation (A.6) is composed of a
particular solution,

r̃(0)
p = − f(x, t)

Ã
(0)
zz − 2ε∂xhÃ

(0)
xz + ε2(∂xh)2Ã

(0)
xx

and an exponentially growing and an exponentially decaying complementary solution, provided
that

Ã(0)
zz − 2ε∂xhÃ

(0)
xz + ε2(∂xh)2Ã(0)

xx > 0. (A.8)

(This is satisfied if we restrict our attention to flows that do not deviate much from channel flow,
so that Ã(0)

zz ∼ 1 and ε is small.) The exponentially growing solution is not matchable, and
hence that contribution has been eliminated. Then, for ζ → ∞, r̃0 tends to r(0)

p , so we match

this to the combination u(0) + ε2∂xh w
(0) of the leading order outer solutions. The matching

condition can then be solved for f(x, t) and from this and (A.7) we obtain r̃(0)|ζ=0 in terms
of the outer solutions. Now we can integrate (A.1f) once with respect to ζ and then use (A.1j)
as well as the information about r̃(0)|ζ=0 we just obtained to fix the integration constants. The
resulting expression

∂ζÃ
(1)
zz = ε2 ×O(1) terms

can be matched to the outer solution, which gives a Neumann condition for the outer Azz,

∂zA
(0)
zz

∣∣∣∣
z=h

= ε2 ×O(1) terms, (A.9)

with a right hand side that (after matching) only depends on leading order variables of the outer
solution. Here, we do not need the precise form of the right hand side as our goal is to justify
(5.1l). Indeed, (A.9) reduces to (5.1l) in the limit ε→ 0.
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