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1 Model equations, notation, and assumptions 1

Abstract

We consider electro-reaction-diffusion systems consisting of continuity equations
for a finite number of species coupled with a Poisson equation. We take into account
heterostructures, anisotropic materials and rather general statistic relations.

We investigate thermodynamic equilibria and prove for solutions to the evolution
system the monotone and exponential decay of the free energy to its equilibrium value.
Here the essential idea is an estimate of the free energy by the dissipation rate which
is proved indirectly.

The same properties are shown for an implicit time discretized version of the
problem. Moreover, we provide a space discretized scheme for the electro-reaction-
diffusion system which is dissipative (the free energy decays monotonously). On a
fixed grid we use for each species different Voronoi boxes which are defined with
respect to the anisotropy matrix occurring in the flux term of this species.

1 Model equations, notation, and assumptions

Let © ¢ R? be a bounded domain, I' := 9. We consider m electrically charged species
X, with charge numbers ¢, and initial densities U,. These species underly drift-diffusion
processes and take part in chemical reactions. We assume that the free energy of the
system is a sum of a chemical and an (electrostatic) interaction part, where the chemical
part is a sum of 1-species free energies. This leads to state equations giving the relation
between the densities u, of the species X, and the corresponding chemical potentials v,
of type

Uy =Upgy (v, —0,), v=1,...,m. (1)

The functions u, and 7, are known reference densities and reference potentials, respec-
tively. The fact that the reference values may depend on the spatial position expresses
the possible heterogeneity of the system under consideration. The functions g, reflect
the underlying statistics. In the case of Boltzmann statistics each g, is the exponential
function. Our assumptions with respect to g, are such that all cases of practical interest
are included, in particular the Fermi-Dirac statistics. Moreover, in the case where the
chemical part of the free energy is a sum of 1-species free energies the inverse Hessian
matrix is diagonal with its v-th component w, g/, (v, — T,).

Let vy denote the electrostatic potential. To describe the fluxes j, of the species X, we
need the electrochemical potential ¢, := v, + g v9. According to [2, 8, 19], we assume
that the driving force of the flux is the antigradient of the electrochemical potential and
that the flux is proportional the inverse Hessian. In the simplest case with Boltzmann
statistics and no anisotropies of the material j, is proportional to —u, V{,. In this paper
we suppose that

Ju = —Tyg, (v, —0,)S,( )V, v=1,...,m, (2)
where S, is a pointwise given d X d matrix function which prescribes the anisotropy of the
material

Su(x) = Q, (2)diag (1, (2), .., iy (2)) Qu (). (3)
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The d-dimensional orthogonal matrices @, and Q. have to be introduced since in gen-
eral the crystallographic axes and the orientation of the modeled heterostructure do not
coincide. Then the anisotropic mobility matrix in diagonal form diag(u',. .., u?) can be
applied and QI serves for the back transformation (see e.g. [15, 16, 17]). Moreover the
structure of the flux terms reflects the fact that the inverse Hessian of the part of the
v-th species in the free energy has to be a factor in the flux term (see [2, 8, 19]). In the
sequel & denotes an appropriate strictly positive constant, and the subscript + indicates
the standard positive cone in a space. For the anisotropic mobility matrix we suppose
that pk € LE(Q), ess infout > 6, k =1,...d, v = 1,...,m. Especially let us remark
that under these assumptions the matrix S, a.e. on {2 is symmetric and positive definite,
what is needed in many estimates.

To describe chemical reactions we assume that R C Z7' x Z']' is a finite subset. A pair
(o, B) € R represents the vectors of stoichiometric coefficients of reversible reactions,
usually written in the following form:

a1 X1+ am Xy, = f1 Xy + -+ B X

We assume that the net rate of this pair of reactions is of the form kng(a® — a?), where
kag is a reaction coefficient, a, := exp((,) is the electrochemical activity of X,, and
a® = [[I-,a%. In this model we replaced the concentrations by activities. This is
necessary for the model to be in accordance with the Second Law of Thermodynamics (cf.
Othmer [18]). The net production rate of species X, corresponding to the reaction rates

for all reactions taking place is
Ryi= Y kagla®—a’)(B, — o). (4)
(a,B)ER

The continuity equation for the concentrations taking into account reaction, diffusion, and
drift processes can be written as follows:

ou,
ot

+V-jV:RVinR+XQ, n.jV:OonR+xI‘7 (5)
u,(0)=U, inQ, v=1,...,m.

The Poisson equation satisfied by the electrostatic potential has the form

-V - (S:Vuw) = f+ quu,, inRy xQ, n-(Sevg)+7v9=f onRyxT, (6)

v=1

where S; is the dielectric permittivity matrix

Se(x) = QET(fE)diag(gl (‘/E)’ s 7€d($))Q€(x) (7)

with a (diagonal) dielectric permittivity matrix diag(e'(z), ..., %(x)) and some orthogonal
matrix Q.. Supposing that ¥ € LY (), ess infoek > 6, k = 1,...,d, the matrix S, a.e.
on ) becomes symmetric and positive definite, too. In some cases where a unified notation
gives advantages (see Section 4) we write Sg, Qo, ulg instead of S., Q., *.
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Now we collect assumptions which we suppose to be fulfilled in the paper.
(A1) Qis a bounded Lipschitzian domain in R?, I' = 94;
(A2) g, € C'(R), Wy € LL(Q), W, >4, v, € L®(Q), v =1,...,m,

Jim 39, (y) = +o0, 0 < dmin{l g, (y)} < g5(y) <571 gu(y),
Smin{l,exp(y)} < g,(y) <5 texp(y), v=1,....,m, y € R;

(A3) ke LT(Q), ess infouk >0, k=1,2, v=1,...,m;

(A4) R CZT x Z7 finite subset, kag € LP(Q), [q kapdz > 0 for (o, B) € R;

(A5) U, eLL(), v €Z, v=1,...,m;

(A6) " € LY(Q), ess infoe? > 6, k=1,2, 7 € LL(T), [p7dl >0,
feL>Q), fl'eL>T).

Existence results for special realizations of the electro-reaction-diffusion system (5), (6)
(without anisotropies, ansatzes for the fluxes not related to the inverse Hessian of the free
energy, special statistics, restrictions concerning the reaction terms) in the sense of weak
solutions can be found in [6, 7, 12]. In this paper we are interested in energy estimates for
the continuous and discrete time and space version of (5), (6). Again, for the continuous
problem in special situations we have already obtained results (see [10] and [11] (Boltzmann
statistics only)).

To give a weak formulation of the equations (5), (6) we introduce the following spaces:
Vi=H'(QR™), W:={veV:exp,)cL®Q),v=1,..,m}, (8)

and the stoichiometric subspaces

S :=span{a — 3: (o, ) € R}, S+ := orthogonal complement of S in R™.  (9)
In addition to (A1) — (A6) we assume that we are given U € V* such that
(A7) U= (iquy, Ui,.... Um), Em:MUV, 1) > 0if A= (Ap,..., Am) € SE\{0}.

v=1 v=1

V* denotes the space dual to V', and 1 means the constant function on €2 taking the value

1. Note that (A7) with respect to U is satisfied if U, > 0, U, # 0, v = 1,...,m. The
element U plays the role of an initial value for the vector function u := (ug, ..., Uy, ), where

m
Uup = Z qvUy (10)
v=1

is the charge density.
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Next we define operators A: W — V* and E : V — V* as follows:

(Av, D) = /Ze 0,) S,V - VG, da

/ Z kag(a® —a’)(a - B) - Cdz, veW,beV, (11)

(.B)ER

where a := (exp(Cl), o ,exp((m)), CV = Uy + Qo EI/ = 1/)\1/ + qVQ/)\Ou V= 17 <o, M,
<E0U0,’L/)\0> = / (ngvo . Vi)\(] — fi)\(])dl‘ + / (TU() — fp)i)\(] dF, Vo, i)\(] S Hl(Q), (12)
Q T

Ev := (Egvg,e1(,v1), -y em(s0m)), v EV, (13)

where
ev(r,y) ==, (2)gy(y —Vy(z)) forxr € Q,yeR, v=1,...,m, (14)

and e}, (-,y) means the derivative with respect to the second argument. Using (A6) we
obtain that Ey : H'(Q) — H!(2)* is strongly monotone, i.e., there exists v > 0 such that

(Egvg — Egwg,vo — wp) > y||vg — U’OH%{l for vy, wo € H(Q). (15)

Now we write the transient problem (5), (6) with (1), (2) and (4) more precisely as follows:

u'(t) + Av(t) = 0, u(t) = Eo(t) fa.a. t € Ry, u(0) =U,

u € Hipo(Ry;V*), v € Lig (R V) N L (R W),

For v € V the value
/Ze - v,) S,V - vg,,da;+/ > kap(et® =P (a—p)- (e (17)
(a,B)ER

is called the dissipation rate associated to v. The reason for this terminology is the
following. If (u,v) is a solution to the initial value problem (16) then

D(v(t)) = (Av(t), v(t)) = —(u'(), v(t)),

and in thermodynamics this expression is the dissipation rate of the process governed by
(16) at time ¢.

To define the free energy of a state of the system under consideration we first introduce a
functional G : V' — R as follows:

G(v) := / ( S:Vug - Vg — f’UQ) dx —l—/ (2 — fFU()) dr

/Z/ y) dy da.

(18)
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The functional G is continuous, strictly convex and Géateaux differentiable, hence subdif-
ferentiable and 0G = F. The conjugate of the functional G will be denoted by F,

F(u) := 22‘1;) {{u,v) — G(v)}. (19)

F is proper, lower semicontinuous and convex. Moreover, it holds u = Ev = 9G(v) if and
only if v € F(u). For v € V* the value F(u) is to be interpreted as the free energy of the
state u. We are interested in a relation between the free energy and the dissipation rate.
To describe this relation we need some information about stationary solutions to (16).

2 Thermodynamic equilibria

We define .
U= {u eV*: ug= Zq,,u,,, ((u, 1), ... {(um, 1)) € S}. (20)

v=1
If (u,v) is a solution to (16) then u(t) —U € U for every t > 0. Therefore, if u* := tlim u(t)

exists, then we have necessarily u* € U +U. The set U+ := {v € V : (u,v) = 0 for every
u € U} can be characterized as follows:

Z/{J‘:{UEVZ V(¢ =0, CV:UVJrquvo,C:(Cl,'-ow)GSL}'

We cite some earlier result (cf. [10, Lemma 3.3]). There it is proved without the matrix
function S.. But due to (A6) an estimate

Yllvoll2 < / S:Vug - Vg dz + / o3 dD < F|vol%n, vo € HY(Q) (21)
Q T
holds, and the techniques can be applied in this case, too.

Lemma 2.1 The functional Go := G+ I,;. — U is proper, convez, and lower semicontin-

wous. It satisfies lim Gp(v) = +o0.
l[v]lv —o0

Here I;1 denotes the indicator functional of ¢+, vanishing on 4+ and taking the value
+00 on V\U*.

Theorem 2.1 There exists a unique v* € W such that Av* =0 and v* := Ev* € U + U.
It holds VC* =0 and ¢* € S*.

Proof. 1. By Lemma 2.1 there exists a v* such that Gp(v*) is the minimal value of Gj.
Then 0 € 0Gp(v*). We have

0Gy = E +0IL,. — U, 9,1 (v) =U for v el (22)
Since v* € U+ we find 0 = Ev* +u — U for some u € U. Therefore,

m m m
By =Up—uo =Y @l —uw)=> qel,v))=> qel, G — arp),
v=1 v=1

v=1
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where () = v} + g, v(. Using Grogers boundedness result [13], (A2) and (A6) we find that
vy € L*°(Q). This implies that v, = () — qvf € L>®(Q), v=1,...,m.
2. Because of V(* = 0 and ¢* € St we obtain, for every v € V,

(Av*,v) /Ze 28,V - VG, da
> /kﬁ (=) (a— @) - Cdz =0,

76 ER

which means Av* = 0.
3. Let Av =0 and Ev € U + U for some v € V. Then

0= (Av,v) /Ze (,v,)S, V(- V(, da + Z / ag —e'ﬁ>(a—ﬂ)(dx.
(a,0)€ER

In view of (A2), (A3) and (A4) we obtain V{ = 0 and kag (e — e¢F) (a— 8) - ( = 0, for
(o, B) € R. Therefore it follows ¢ € S*. Since Ev — Ev* € U and v — v* € U+ we have

(Bv— Ev*,v —v*) =0. (23)

According to the definition of F this gives

/SEV(UO—US)-V(vo—vg)d$+/7(v0—v3)2dl“
Q T

[ 3wt~ ) = 0 - w0y — i) d
Q v=1

(A2), (A6) then lead to v, = v},

As in the proof of [10, Lemma 3.4]) we can show the following assertion: If v* is the
minimal point of G then u* := Ev* is the unique minimal point of F|f; +U-

v =0,...,m, which completes the proof. [J

v

3 Exponential decay of the free energy

First we prove an estimate of the free energy by the dissipation rate. Let

M:={uelU+U: It exists a € IR such that a® = a” for (a,8) € R

(24)
and u, = e,(-,loga, — q,,Eo_luo) if a, >0,u, =0else, v=1,...,m}
and
R = 13/{4 F(u) (Rpm = +o0 if M =10). (25)

Remark 3.1 Obviously, M = ) if there is no a € ORY such that a® = a® for all (o, B) €
R. But even if there exists such a € R’ it may happen that there is no u in U +U such
that uy, =0 <= a, = 0. In this case the set M is empty as well.
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Following the proofs of ([10, Lemma 3.5, Lemma 3.7]) and taking into account (21) we
obtain the following estimates for the free energy functional.

Lemma 3.1 Let w = Ev € U + U and let (u*,v*) be the thermodynamic equilibrium
according to Theorem 2.1. Then there are constants ¢ > 0 such that

1 * - *
~(llvo = vl + - IV, = Va3le) < Flu) = F@)
v=1
m
< e (Moo = vl + Y s = ull72).

v=1

k
/ Zu,,logu,, de < c¢(F(u) +1).
Q1/:1

Theorem 3.1 Let (Al) — (A7) be fulfilled. Moreover, let R < Ry be fixed, and let (u*,v*)
be the thermodynamic equilibrium according to Theorem 2.1. Then there exists a constant
cr > 0 such that

F(u) — F(u*) < cgD(v) (26)

provided that v € V, u = Ev € U +U, and F(Ev) < R.

Proof. 1. Let v € V and a = (exp((1),...,exp((m)). Then

D(v) = /Ze L 0,)S, V- vg,,da;+/ > kapla® = a”) (- B) - (da

(.B)ER

/526 , Uy |V§,,2d:17—|—/ Z k:g a®/? aﬁ/2) dz =: D1(v).

(a,B)ER

v

Here we used the estimate (z —y)log § > |2 — VY|? for z,y > 0. Therefore it suffices to
prove the inequality
F(u) — F(u") < CDy(v). (27)

2. If (27) would be false, then we find u, € U +U,v, € V,n € N, such that
tun = Evy, F(uy) <R, F(u,) — F(u*) = C,D1(v,) > 0, (28)

and lim C,, = +oo. Let (,, denote the vector of the corresponding electrochemical poten-
n—oo
tials. Lemma 3.1 and the boundedness results of [13] show that

m
[vnollzn + llvnoll zee + Z [unwllr < e (29)

v=1

3. Let ky, = |qv|c1 + ||Ty]|zo + kv, v = 1,...,m, where k, > 0 is such that g, (k,) > 1.
Then, for ¢,, > k, we have vy, — T, > ky, — @0 — Ty > ky, — |qu|c1 — ||y ||z = k,, which
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means g, (Vpy —yy) > 1if ({u — k)™ > 0 and we can estimate

V(G = k)2 < [ min{Ligu(on, TNV (G — h)Pdo
< 3 / 6, (0ns — T)|V (o — by P (30)
< 5 / 6, (0n — 7) [V [ < cDi ()
< F(u®)) — 0 as n — oc.

For (., > k, we have “J“’ > k‘ with some k‘,,, 0< k: < 1. Since g,u is strongly monotone
on [—a,0) its inverse is Lipschitzian on [a,00), a > 0 and we find for {,, > k,

_1/u —
g, () = 0, ()| + e < el + upy).
v

’(Cm/ - kl/)ﬂ < ‘Cm/’ < gu_l

<

(uﬂmj) + Uy + quUno

v

|G — )|l < e (cf. (29) and (30)). Setting ay, := exp((ny) we obtain by Trudinger’s
imbedding theorem

Also for ¢, < k, we obtain |((ny — k) "] < (1 + upy). Hence [|(Guy — k)T ||z < ¢ and

— +
lanyllze = [l Lo < fleM el =8| < ¢, v =1,...om, p € [1,00).

Using (A2) and (29) we find

1 1 /
L_ S _eCnu <1 _|_ —_> S C(ec’ﬂu _|_ eCnu) é c(am, + 1)
G —0,) ~ Vo g (Vny =0
1 1 1
Thus, for — = = 4+ —,
r 2 p

IVany |l = llan Vi lr < ”—”LPH V9, (U = T0) V|| 12

9y (Vny — V) (31)
< ¢||any + 1|z D1(vn)"2.

The right hand side of (31) converges to 0 as n — oo (cf. (30)). Passing to a subsequence
if necessary we may assume that

an — a in WH(Q;R™), 7 € [1,2), vn0 — vo in H(Q)

where Va = 0. In addition we may assume that the sequence (a,) converges pointwise
almost everywhere to a. We check that

(a®? — aP1?)?2 = (a®/? — %22 in W (Q), if r < 2.

Therefore,

/ k‘ag(a%/z —adB?2dg — (a®/? — a6/2)2/ kogde.
Q Q
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Since, for (o, 3) € R,

1

C_n(R — F(u")) — 0,

0< / k:aﬁ(ag/Q —adB/)2dx < Dy(vp) <
Q
we have necessarily
a®=d’ Y(a,B) €R. (32)

4. Due to 0 < ¢.,(0) < 67 1g,(0) < 6 2e? we can estimate by the generalized mean value
theorem

/
v - Yv 9
90 (%) — g0 ()] < sup gy(e ) <e. (33)
’e:c - ey’ oeclzy] ©
We introduce
uy = ey, log(a,) — quuo) if ay, #0, w, :=0if a, =0. (34)

If u, # 0 then by (33

~—

clgy (108 (any) = quvno — T0) — gu(log(a,) — quvo — Ty
c|exp(log(any) — quvno — ¥y) — exp(log(ay) — quvo —v,)|  (35)
C(|amx - au| + (amx + 1)|'Un0 - U0|)-

|umx - uu|

IN A CIA

Such an estimate for |u,, — u,| is true also if u, = 0. Since the right hand side of (35)
converges to 0 in LP(Q2) for every finite p as n tends to oo, we have

Upy — Uy in LP(Q), p € [1,00).

5. We set up := > quu, and u = (ug, u1,...,Uy). Because of u, — U € U and
FEovno = unp we obtain by passing to the limit v — U € U and Eyvg = ug. The oper-
ator L L HY(Q)* — H'(Q) is Lipschitzian because of being the inverse of a strongly
monotone operator. Therefore, v,0 = Ej Yo — vo in H 1(Q2). Moreover, due to the lower
semicontinuity of F' on V*,

F(u) <liminf F(u,) < R < Rpm-

n—oo
Thus, u ¢ M (see (24), (25)). This is possible only if a, > 0, v = 1,...,m. Defin-
ing ¢, = log(a,), v, := (, — quo, v = 1,...,m, we get v := (vg,v1,...,Um) € V,

uw=FEveU-+U, and Av = 0. By Theorem 2.1 we conclude that v = v* and u = u*.

6. Due to the convergence properties of the sequences (vn9) and (u,) we have (see
Lemma 3.1)
An =V F(u,) — F(u*) — 0 as n — oo. (36)

Additionally (according to (28)) we find

11 B .
o =P = [ (bt

We introduce the quantities

Ve |?

An

5 /%g(agﬂ_ag/?f)dzn. (37)

1 - 1 1 a
Uno ‘= )\_n(UnO_UO)a Un = )\_(un_u)v bnw ::)\_n< ﬂ_1>y7/:17---7m-
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Lemma 3.1 ensures that ||Unolz1 < ¢. Because of (34), un, = e, (,log(any) — quvno),
ev(y) < ce¥, ||any |l < cand |||z < ¢ we estimate

sl = I3 (Vi = V) + V)
< 3V = Vil (Vi + V) s < e

We have
—1  Uny = —1 [ Uy _
|(1m/ - ay| = |exp <g,, ( — > + v, + q,/UnO> — exp (gV <__> + v, + qu0> ‘
Uy T,
Upy — U
< C(anu + 1)@ + C‘Uno — ?}0‘.
14
Therefore,
16wl 1 < cllan, + 1HL3H7~LHVHL3/2 + cl[ono || g1 -
Using
“ Cm/ 2)\ \/aygy(vny — V gy nv Cm/
and . . X
a/nlj Cnu( > Cnu
——— < e+ — ) < et (1+ < clapy, + 1
9 (Vny = Tp) 0 Gy (Vny — Uy ( eSnv ) (any )
we find
VI O —T)V c
Hme/HLT' < CHamj + 1HLP gu( nv I/) Cnu <=
Ao et

1 1 1
provided that — = 3 + —. By means of (35) we obtain
r p

Qny —

|t | < c “1 4 c(any + 1)|ono] < e(vany + Vau) [buy| + clany + 1)[ono]- (38)

n

In summary, the preceding estimates show that, passing to a subsequence if necessary, we
may assume that
by — b, In Wl’T(Q), r <2,

Tpo — T in HY(Q), @, — @ in LP(Q,R™), p € [1, 00),

and that the sequences (b, ), (Un0) converge pointwise almost everywhere in (2.

1 ~
7. In view of u, —U € U we have )\—(un —u) € U. Passing to the limit we find that u € U.

n

</Q€Zld:n,...,/gﬂmdx> s, (39)

By the definition of by, we have, for (o, 3) € R,

0 (ag/? - aﬁ”)z = (ﬁ(Aan + 1) — ﬁ(Anbny + 1)ﬁv)2

u:lm =1 (40)
= (M buslon B+ Q.

v=1

In particular,
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where

@l < Aol + 107, 0o <2 max{ZawZﬂv}
Taking into account that A, — 0 as n — oo, we obtain
1
)\—2\|Qn\|L1 < chy / (|bn| + )P0 dz — 0 as n — oc.
n Q

This result together with (37) and (40) gives

Jim aﬁ(zbnu oy =5,)) dr =0 ¥(a,5) e R,

Hence
b:=(by,...,by) €St (41)

8. Letting n — oo in

(gu(log(anu) — qyUno — 61/) - gu(log(au) — gy — 61/))

Uny =

|8

we find
ty, = 9, (log(a,) — quvo — 0,)(2b, — q,00) = Upg., (v, — ) (2b, — q,00). (42)

The equations satisfied by v,o and vg, respectively, imply that, for some v > 0,
2
Y[vno — voll 51 < (Eovno — Eovo, vno — Z/ Qo (Uny — Uy)(Vno — vo) dz.  (43)

Dividing by A2 and passing to the limit as n — oo, we obtain,

m
Wl <3 [ atifde
v=1 Q

Using (39), (41), and (42) we derive from this inequality that

’YHUOHHl < Z/ ul/ QVUO - 2b Z/ uugu - UV)(QVUO —2b ) dz <0.

Thus it follows vg = 0, b = 0, and u = 0.
9. Dividing (43) by A2 we find that T, — 99 = 0 in H'(2). By (38)

|amx| < C(\/ Apy + 1)|bmx| + C(amx + 1)|5n0|

Hence u, — 0 in LP(Q,R™*1), p € [1,00). By the definition of A, (see (36)) and
Lemma 3.1 .
1 . ~ ~
1= 55 (Flun) = F) < o [Pl > it 132 ).
Because of the preceding results the right hand side converges to 0 as n — oco. This
contradiction shows that the assumption made in the beginning of the second step of the

proof was wrong, i.e., (27) holds, and the proof is complete. [

Now we are able to prove the exponential decay of the free energy to its equilibrium value.
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Theorem 3.2 Let (A1) — (A7) be fulfilled, let (u,v) be a solution to the initial value
problem (16), and let (u*,v*) be the thermodynamic equilibrium. We suppose that F(U) <
Raq. Then there exists A > 0 such that

F(u(t)) — Fu*) < e M(F(U) — F(u*)) ¥t>0.

Proof. If (u,v) is a solution to (16), then v(t) € OF (u(t)) for a.e. t € R, and according
to [1, Lemma 3.3] we obtain for A € R

{
A AF(u(s)) = F(u") = (A(v(s)),0(s)) | ds (44)
{

= / A SIN(F(u(s)) — F(u*)) — D(v(s))} ds.
0

Setting in (44) A = 0, we get F(u(t)) < F(U) < Ry for all t € Ry. Since v(s) € V,
u(s) = Fv(s) € U +U fa.a. s € Ry we conclude by Theorem 3.1 that

F(u(s)) — F(u*) <crD(v(s)) fa.a. seR;.

Thus (44) with A = 1/cg proves the theorem. [

Remark 3.2 We obtained for general electro-reaction-diffusion systems the exponential
decay of the free energy to its equilibrium value by an indirect proof. Therefore we did not
get an explicit rate of convergence. But we took into account heterostructures, anisotropies,
a wide class of statistics and any final set of reversible reactions.

There are papers where for special situations an explicit rate of convergence is proved.
Gajewski and Gdrtner [4] did this for the van Roosbroeck system with magnetic field.
Desvillettes and Fellner [3] provide an explicit rate of convergence for a reaction-diffusion
system of two species and the reaction 2X1 = Xo and one invariant and for a system of
three species, the reaction X1 + Xo = X3 and two invariants, respectively.

Remark 3.3 In [9] it is demonstrated how results concerning steady states and energy
estimates for electro-reaction-diffusion systems can be carried over to reduced system ar-
rising for the limit case that some of the kinetic subprocesses are very fast. There for
all species Boltzmann statistics is assumed and no anisotropies are considered. But the
essential ideas slightly modified can also be applied in our more complicated situation.
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4 Discretized problems

4.1 Time discretization

Theorem 4.1 Let (A1) — (A7) be fulfilled, let (u*,v*) be the thermodynamic equilibrium
and let h > 0. Then the implicit time discretization scheme

u(nh) —u((n — 1)h) + hAv(nh) =0, wu(nh) = Ev(nh), n>1,

45
u(0)=U, wv(nh)eV, n>0 (45)
is dissipative. Moreover, if F(U) < R < Raq. Then there exists A > 0 such that

F(u(nh)) — F(u*) < e_)‘"h(F(U) — F(u")) VYn>1.

Proof. 1. A Solution to the time discrete problem (45) fulfills the invariance property
u(nh) —U el, n>1.

The discrete problem has the same steady state (u*,v*) as the continuous problem (16).
2. F is subdifferentiable in arguments u, where u, > 0, v = 1,...,m. If u = Fv, then
u € 0G(v) and v € OF(u) and we obtain the inequality

F(w) — F(u) > (v,w —u) YweV™. (46)

3. We shortly write u™, v™ for u(nh), v(nh), n > 0. Let ng > ny > 0 and A > 0. Using
u! = Evl, (46) and the relation D(v!) = (Av!,v') we estimate

o () ) - - )

n2

AMU=DR ] (AR u') — F(u* u') — F(u'~
l:%;l Al 1h{( Y 1)(F( z) Fo ))+(F( z) P l 1))} )
< i he’\(l_l)h{e’\hA(F(ul) — F(u")) —D(vl)}.
l=n1+1

4. Since D(v) > 0 for v € V, we obtain by setting A = 0 in (47) that
Fu™) < F(u™) < F(U)<R< Ry Vng >np >0.

Because of F(u!) < R < Ry, u! = Evl € U+ U for | > 1, Theorem 3.1 supplies a cg > 0
such that (26) is fulfilled. Choosing now A > 0 such that Ae*cp < 1 and n; = 0, the
estimate (47) proves the theorem. [

4.2 Space discretization

For our further considerations we set v, = 0, v = 1,...,m. Moreover, in a first step we
assume a 2D structure with constant material parameters u,, k.3, S,, S..
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Let a Delaunay grid with M grid points {z* : z¥ € Q, k = 1,..., M} be given. We use
the following sets of indeces

V= {k;: eQy, T:={k: xkeﬁ\Q}

Due to (3), (7), (A3) and (A6) the anisotropy matrices S, are invertible 2 x 2 matrices.
For x, y € Q we introduce new distances defined via the anisotropy matrices S,,

dy(z,y) == \/(x ISz —y), v=0,...,m.

By means of these we define anisotropic Voronoi cells for each species (see Labelle and
Shewchuk [14])

vkz{er; dy(z,2F) < d (z,2") VlGV} Cv=0,....m, keV.

v

Remark 4.1 1. Note that since S, are constant the sets OV, N OV} are parts of straight
lines or they are empty. Only if the points are directly neighbored the sets have positive

measure.
2. Forye KF .= {y: d,(aF,y) = d, (2!, 9)} we have

2 (ya S;l(gjk - xl)) = (xkv S;1$k) - ($l7 S;1$l)7

thus
(y—28 (" —a)) =0 vy= (") 2=(2)ekl (48)
Y2 22
The vector (y2 — 22, 21 —yl) is parallel to the normal vector nk' to KX, And (xk — 2}, 2t —
8T is orthogonal to % — 2!. Since S, is an invertible 2 x 2 matriz, (48) implies

<S<y2—2’2> 33’5—3712)_0
14 Y l k - M
Z1— N Ty — 27

Thus, the construction guarantees that the vector S,n* is parallel to 2% — . For directly
neighbored points x* and x' we denote the (outer) normal vector on VF at OVF N oV! by

nffl, and v =20,...,m too.

3. Moreover, the neighborhood relations can differ from species to species due to the
different anisotropies.

For k € V we denote by u¥ and uf we the mass of the v-th species in V¥ and the charge
in V¥ respectively. Taking into account that the Voronoi cells can differ for the different
species, the relation (10) has to be substituted for the discrete situation by

l
Z Z‘V NV, l. (49)

v=1 ley
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Associated to the grid points we have electrostatic potentials vlg, chemical potentials v'j
and electrochemical potentials (¥, v = 1,...,m. The discrete version of the state equations
(1) then is

uf =7,g,(0NVE, keV,v=1,...,m. (50)

Electrochemical potentials are determined by
vin Vk
—1) +q Z| vlo, keV,v=1,...,m. (51)
ley

The discrete version of the Poisson equation (6) is obtained by testing with the character-
istic function of V¥ and using Gauss theorem. We obtain

Z !wl ‘ys M OVEN OV + roklovEnT| - fF = ke, (52)
ley

where

= fdz+ / frdr.
Vk ovknr

In order to find a space discrete version of the drift-diffusion term in the continuity equa-
tions (5), we again use Gauss theorem and write for k € V\ 7

V ]VdZE—Z/

lj,, -kl ~ E JEovE navy.
aVEnav,
ley v

ley

The approximation of the flux j, - n%! of the v-th species across 9V,¥ N 9V, is done by

/ jl/ : nzljl dI' = _/ Suﬂugzlj(vu)vCV : nzlil dl’
OVENOVE oVENovi

= / Tyg., (v,)VC, - Synktdr
oVEnovi

~ —m, ZM ‘C'; C,,’ S,k 0V N oV
= JHovk noavly,

where
g ) =00(V5)  for ol £ ok
ZM=¢ v 2 (53)
gy, (vf) for v, = v}

Since homogeneous Neumann boundary conditions for the continuity equations are in-
cluded, we end up with the following discrete version of the continuity equations (5),
considering the anisotropic Voronoi cells V¥

uﬁ’{—Zqu@VVkOOVA—Rﬁ:O’ keV,v=1,...,
ley

m, (54)
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where the source terms RE have to be calculated by
k k ky— k ky km
Ry: Z(ﬂu_ay)z Z Z "'ZR05[117”-7V—117 y?CV—i-Jil’""m]
a,BER k1€V ky—1€V kyp1€V km€V
kl kufl k ku+1 k‘m
x Vi NNVt avEa vt n v
with L
k m o 77L v V'l/ 77L ” uu
Raﬁ [Cllw'-vgl% ] - kaﬁ<ezy_1a ¢ _ezy_lﬁ ¢ > (55)

and the expression for ¢¥ given in (51).

We use the notation

— — —

ey Um), u,,:(u,'f)kev, vyz(v'j)kev, v=20,...,m.

=
=
<
=
2
<
<
<

The equations (52) form a system of linear equations

Pty — f =iy, where f = (fk)k:1 M-

gooey

Lemma 4.1 We assume (A1) and (A6). Moreover, let S. and T be constant. Then for
arbitrarily given @y, f € RM there exists a unique solution Ty € RM to Pty — f = .

Proof. The M x M matrix P is symmetric. Moreover, since 7 > 0 (see (A6)) the relation
(P, wp) = 0 implies Wy = 0. Here we argue as follows: Let

0 = (P, W)

—-Z(ZW nEOVE N OV wh + T (wh) |av'fmr|)
key ley
l
= > (woliHs nfoVE N OV +> 7 (w)*oVE T
k,leVv, i<k |$ | key

Then wo 0for all k € 7. For all k € V we find a finite path of neighboring Voronoi cells
starting at Vek and ending at a Vek , k* € T, which can be used in opposite direction to

show cell by cell that the corresponding wlg = 0 and finally wlg = 0, too. In summary, zero
is not an eigenvalue of P and the matrix P is regular. [

4.3 Discrete energy functionals

First, we define as a discrete version of E (cf. (13)) the operator E: RM(m+1) _, RM(m+1),

~

Ev = (Pﬁo — f, ((ﬂugu(vlerVVkaEV) y=1,...,m)

and obtain the corresponding discrete potential G: RM(m+1) _, R,

G( ) 1(PU07U0 f7U0 +ZZUV|V |/ gl/

v=1key
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As in (18), (19) we introduce the discrete free energy F as the conjugate functional,

F@)= sup {(@7) —G@®)}.

JGRM(mel)

Then again, F: RM(m+1) _, R is convex and lower semicontinuous. F is differentiable in
arguments u, where u,, >0, v = 1,...,m. If ¥ = Ev, then ¥ = G'(¢) and v = F'(d). In
particular we obtain for @ = Ev, ¥ € RM(m+1) the inequality

F(@) — F(@) > F'(@) - (@ — @) Vg € RMm+1), (56)

which will be used to show that our discretization scheme (Euler backward in time and
space discretization of the Poisson equation and the continuity equations as described in
Theorem 4.2 below) is dissipative. Moreover, for @ = Ev we calculate

(i) = <E* %) - G()

k

PUO;’UO +ZZUV‘V]€ (gv )U _/Ov" gv(y)dy)-

v=1key

4.4 Dissipativity of the discretization scheme

We define discrete initial values

v

Uk ::/ Uyde, keV,v=1....m
1%
U} is calculated via (49), where the u% have to be substituted by U%.

Theorem 4.2 We assume (Al) — (A6). Moreover, let U, =0 and let @,, S,, kag, Sc and
T be constant. Let h > 0 be given. The following discrete version of (5), (6) is dissipative

Piy(nh) — f = dig(nh), n >0,
h) _

2k (nh) — @k ((n - 1)
h

=" T (nh)|oVE 0 OV + RE(nh),
ey
keV, n>1, v=1,...,m,

WFO)=UF kev,v=0,....m
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Proof. Let n € N be arbitrarily fixed. For @((n — 1)h) we write @ old " for quantities used
at time ¢ = nh we leave the time argument. Using (56) and (49) we can estimate

ﬁ(ﬁ) _ ﬁ(ﬁold) <@ (d ﬁold) _ Z(u lold Yo +ZZ kold 5
ley v= lkEV
m
Vinvk
= Z Z’ g ’(V koldvo+zz ukold)yk
v=1 key V v=1key
l k
ultold) V:nvyl
[U T4 Z |Vk| 0]

ley

|
||MS ||M3 Q

2.2l
Z k old Clljf
key

Next, we insert the discrete continuity equations and obtain

m

(@) - F(a") <h33 (— ZJflravf nNOviIc + RECE)

v=1k ey

< ¢)?
— —hz Yooa, Z“ o S, ovE N oV
v=1k,leV, i<k

+h Z > RicE.
v=1key

The last but one line containing the parts from drift-diffusion is non-positive, because of
ZM > 0, since the functions g, are strictly monotonously increasing (see (53) and (A2)).
The summand

i > Rk

V—lkEV
ZZ Z ﬁu_auz Z Z ZRaﬁ R Sy 17C Cy:jyla{y]?{n]
v=1keV (a,8)ER k1€V ky_1€Vky1€V knmeV
x[Vin-nvE T avEavin. . nvke ek
Z Z Z Raﬁ 1 5 "><km Z _au (kl’| : 'ﬁVnﬁm|
(a,B)ER k1EV km€V v=1

is non-positive due to (55) and the monotonicity of the exponential function. Thus we
arrive at F (u) < F( °ld) and our scheme is dissipative. [

Remark 4.2 Gajewski, Gartner [5] use a Crank-Nicholson like time discretization to
show the dissipativeness for a discrete scheme for a nonlocal phase segregation model. This
18 mecessary due to the fact that the free emergy functional in that model is not convex.
In our convex situation we can apply an Fuler backward scheme because we can exploit
inequality (56) to proceed in the proof of Theorem 4.2.
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4.5 Remarks concerning heterostructures

We assume a 2D heterostructure, where in subregions the material parameters are con-
stants and consider the following model problem. Let Q € R? be composed by two con-
nected, bounded, nonempty polyhedral open subsets 04 and QF with one common edge
g =04nQ8 O =04008. On Q! we have constant material parameters ., kgﬁ, S’
pkl QI I = A, B. Moreover, (see (3), (7)) we denote

: 11 21

I ._ mln(lu‘u s My )
@Yo = max arccos 1 a2
v=0,....,m max (ujt, p2lh)

According to (A3) and (A6) we have ¢} € [0,7/2). We consider a grid {z*: 2* € Q, k =
1,..., M} which respects the interface I'fy.
Lemma 4.2 Let for all directly neighboring grid points x* and ™ on the heterostructure

interface Ty and all inner grid points z* € QF the inequality

|33k _ ﬂjl|2 + |$m _ $l|2 _ |33k _ xm|2
2|zk — xt||xam — x|

> sin 906

be fulfilled. Then all directly neighboring grid points on the interface Iy are directly
neighboring in the metric induced by the anisotropy matrices SL, v =10,... ,m, I = A, B,
too.

Proof. We show the assertion for arbitrarily fixed I and v and skip these indeces in the
proof. Let z* and 2™ be directly neighboring grid points on I'yy and let 2! be any inner
grid point in Q (cf. Fig. 1). We have to ensure that

g T+ am
x S

k m k m k m
d(z", )<d(xlx+x T+ xlaz—i-a:

2 - ’ 2 ) 2 - ’ 2 )
We prove the first estimate (the second uses analogous arguments). The line {y : d(y,z!) =

d(y,z*)} (lightgray solid line in Fig. 1 with normal vector n*!) arises by rotation of the
midperpendicular to 2% — 2! (lightgrey dashed line) by a vector ¢ with

(SnM, ) min(u', p4?)

SnF[f| = max(ul, 17’

CoS =

Thus |p| < ¢ (see Remark 4.1, 2), too). If ¢ is negative, nothing more is to show.
Otherwise we must guarantee that the angle ~ in Fig. 1 is less or equal to 7/2 — ¢g. Since
|33k _ ﬂjl|2 + |$m _ ﬂjl|2 _ |$k _ $m|2

2|k — zl||a™ — 2l

7Y = arccos

and the cos function is monotonously decreasing on (0,7) this requirement is equivalent
to
|$k _ $l|2 + |xm _ ﬂjl|2 _ |$k _ $m|2
2|zk — xlf|am — x|

which we formulated in the lemma. O

> cos (g - gpo) = sin ¢y
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=== heterostructure interface

midperpendicular to xK — X!

KK = {y:d(x,y) =d(x,y)}
@® orid points

Figure 1: Discretization near heterostructure interfaces

Remark 4.3 Let k denote the quotient of the mazimal distance of two directly neighboring
grid points on the heterostructure interface I'y and of the minimal distance of inner grid
points to the heterostructure interface Ty and let o := max(p, ¢F). Then the condition

Kk < /2 —2sin g} (57)

1s sufficient for the assertion of Lemma 4.2.

Remark 4.4 The severe restriction (57) on the placement of vertices on and close to
interfaces and boundaries allows to handle gemeral heterostructures and boundary condi-
tions. The described integration procedure can be applied independently on each Q' and
the fluxes and potentials fulfill the continuity conditions.

If QI = Q' holds, the restriction can be seriously relazed, especially in cases of straight
line interfaces. But still the largest eigenvalue ratio for each Q! defines a forbidden region
for interior vertices around the interfaces or boundaries.
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