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Abstract

In this paper we analyze a PDE system modelling (non-isothermal) phase transitions and dam-
age phenomena in thermoviscoelastic materials. The model is thermodynamically consistent: in
particular, no small perturbation assumption is adopted, which results in the presence of quadratic
terms on the right-hand side of the temperature equation, only estimated in L. The whole system
has a highly nonlinear character.

We address the existence of a weak notion of solution, referred to as “entropic”, where the
temperature equation is formulated with the aid of an entropy inequality, and of a total energy
inequality. This solvability concept reflects the basic principles of thermomechanics as well as
the thermodynamical consistency of the model. It allows us to obtain global-in-time existence
theorems without imposing any restriction on the size of the initial data.

We prove our results by passing to the limit in a time discretization scheme, carefully tailored
to the nonlinear features of the PDE system (with its “entropic” formulation), and of the a priori
estimates performed on it. Our time-discrete analysis could be useful towards the numerical study
of this model.

1 Introduction

We consider the following PDE system

Vs + X9 + pd div(wy) — div(K(9)VI) = g + a(X)e(uy)Ve(uy) + [X:]* inQ x (0,T), (1.1)

uy — div(a(X)Ve(ug) + b(X)Ee(u) — pdl) =£f inQ x (0,7), (1.2)
Xe 4 01— oo 0)(Xe) — div([VX[P2VX) + W/(X) 3 —b’(X)w +9 inQx(0,7),
(1.3)
supplemented with the boundary conditions (here n denotes the outward unit normal to 0€2)
K(9)VI-n = h, u =0, OX=0 ondQx(0,7T). (1.4)

Equations (1.1)—(1.3) were derived according to M. FREMOND’s modeling approach (see [12, 13]), in
[28]. There, it was shown that this PDE system describes (non-isothermal) phase transitions, or (non-
isothermal) damage, in a material body occupying a reference domain €2 C R d € {2,3}. We refer
to [28] for a quite detailed survey on the literature on phase transition and damage problems in ther-
moviscoelasticity. In (1.1)—(1.3), the symbols ¥} and u respectively denote the absolute temperature of
the system and the small displacement vector, while X is an internal parameter: its meaning depends
on the phenomenon described by (1.1)—(1.3), which also determines the choices of the coefficients a
and b in the momentum equation (1.2), and of the constant 1 € {0, 1} in (1.3). More precisely,



- the choices a(X) = 1 — X and b(X) = X correspond to the case of phase transitions in ther-
moviscoelastic materials: in this case, X is the order parameter, standing for the local proportion
of one of the two phases. We assume that X takes values between 0 and 1, choosing 0 and 1
as reference values: in the case of phase transitions, X = 1 stands for the liquid phase while
X = 0 for the solid one and one has 0 < X < 1 in the so-called mushy regions. Unidirec-
tionality, or irreversibility, of the phase transition process may be encompassed in the model by
taking 1+ = 1 in (1.3), which “activates” the term 0I(_. 0)(X;) (i.e. the subdifferential in the
sense of convex analysis of the indicator function /(_ o), evaluated at X;), yielding the con-
straint X; < 0 a.e.in © x (0,7). The meaning of a(X) = 1 — X and b(X) = X in (1.2) is
that, in the purely solid phase X = 0 only the elastic energy, in addition to the thermal expan-
sion energy, contributes to the stress o = a(X)Ve(u;) + b(X)Ee(u) — p1 (where E and V
are the elasticity and viscosity tensors, respectively). Instead, in the purely liquid, or “viscous”,
phase X = 1 only the viscosity contribution remains, whereas in mushy regions both elastic
and viscous effects are present.

- The choices a(X) = b(X) = X correspond to damage. In this case, X is the damage parameter,
assessing the soundness of the material microscopically, around a point in the material domain
). In fact, we have X = 0 in the presence of complete damage, while X takes the value 1 when
the material is fully sound, and 0 < X < 1 describes partial damage.

Finally, K in (1.1) is the heat conductivity, ¥ in (1.3) is a mixing energy density, which we assume of
the form

W = B—i— y  with B ; dom(ﬁ) — R convex, possibly nonsmooth, and 7 € C*(R),

while f is a given bulk force, and g and h heat sources.

Observe that, in the case when both coefficients a(X) and b(X) in the momentum equation degenerate
to zero (which happens, for instance, with a(X) = b(X) = X, when complete damage occurs), the
equation for u loses its elliptic character. This leads to serious troubles as, for instance, no control of
the term b/ (X) X2 on the right-hand side of (1.3) is possible. That is why, in what follows we shall
confine our analysis of system (1.1)—(1.3) only to the case case in which the functions a, b € Cl(R)
are bounded from below away from 0 (cf. (2.16) in Sec. 2). The reader may refer to our previous
contribution [28], where we deal with complete damage and elliptic degeneracy of the momentum

equation, in a simplified case.

In fact, in [28] we analyzed the following reduced system

O+ X9 + pod div(wy) — div(K(9) V) =g inQ x (0,7),

uy — div(a(X)Ve(ug) + b(X)Ee(u) — p1) =£f inQ x (0,7), (1.5)

e(u)Ee(u)
2

where the quadratic contributions in the velocities on the right-hand side in the internal energy balance
(1.1) are neglected by means of the small perturbation assumption (cf. [14]).

X + 101 —oeg (X) — div([VX[P2VX) + W (X) 5 = (X) v inQx (0,T),

In this paper, instead, we address the full system (1.1)—(1.3). Let us stress that, since we keep the
quadratic terms a(X)e(u;)Ve(u;) and |X;|? on the right-hand side of (1.1), the model is thermody-
namically consistent, as shown in [28]. However,



- the highly nonlinear character of the whole system, with the multivalued term 91— g (X¢) and
the possibly nonsmooth contribution Bto the energy W;

- the quadratic terms on the right-hand side of (1.1), which make it difficult to get suitable esti-
mates on (¢, u, X),

bring about severe difficulties in the analysis of (1.1)—(1.3). This is the reason why we are going to
develop an existence analysis only for a suitable weak solution concept for (1.1)—(1.3), which we
illustrate in the following lines.

The “entropic” formulation. We resort to a weak solution notion for (1.1)—(1.3) partially mutuated
from [9]. There, a thermodynamically consistent model for phase transitions, consisting of the tem-
perature and of the phase parameter equations, was analyzed: the temperature equation, featuring
quadratic terms on its right-hand side, was weakly formulated in terms of an entropy inequality and of
a total energy inequality. In the present framework, the pointwise internal energy balance (1.1) is thus
replaced by this entropy inequality

//log )+ X) gotdxdr—l—p//dlv w godxdr—// )V log(?) - Vodzdr

// Vlog(ﬂ) dedr—// g+ al )5(ut)V5(ut)+\Xt\2)%dxdr

_// hZ S dr, (16)
s JOQ Y

where ¢ is a sufficiently regular, positive test function (cf. (2.37)), coupled with the following total

energy inequality
EW(t),u(t), u(t), X(t)) < &W(s),u(s),u / /gdx dr
(1.7)
//BthSdT+/ /f u; dzdr,
where
1 1
EW,u,u, X) = [ ddz+ = [ |Jw>dr+ = [ b(X(t))e(u(t))Ee(u(t)) dz
hosssafmtossa

1
+—/|VX|pdx+/W(X)dx
P Ja Q

Both (1.6) and (1.7) are required to hold for almost all ¢ € (0,7] and almost all s € (0,t), and
for s = 0. This formulation of the heat equation has been first developed in [7, 2] in the framework
of heat conduction in fluids, and then applied to a phase transition model, also derived according to
FREMOND’s approach [12], firstly in [9]. Successively, the so-called entropic notion of solution has
been used to prove global-in-time existence results in models for special materials like liquid crystals
(cf. [8], [10], [11]), and more recently in the analysis of models for the evolution of non-isothermal
binary incompressible immiscible fluids (cf. [6]).

This notion of solution for the temperature equation corresponds exactly to the physically meaningful
requirement that the system should satisfy the second and first principle of Thermodynamics. Indeed,



one of the main advantages of this formulation resides in the fact that the thermodynamically consis-
tency of the the model immediately follows from the existence proof. It can be also shown that it is
consistent with the standard one, (cf. the discussion in Sec. 2.3, in particular Remark 2.3, and in [9]).

From an analytical viewpoint, observe that the entropy inequality (1.6) has the advantage that all the
troublesome quadratic terms on the right-hand side of (1.1) feature as multiplied by a negative test
function. This, and the fact that (1.6) is an inequality, allows for upper semicontinuity arguments in the
limit passage in a suitable approximation of (1.6)—(1.8).

In addition to (1.6)—(1.8), the entropic formulation of system (1.1)—(1.3) also consists of the momentum
balance (1.2), given pointwise a.e. in {2 x (0, T"), and of the internal variable equation (1.3). The latter
is required to hold pointwise almost everywhere in the reversible case 1 = 0. In the irreversible case
1 = 1, we confine the analysis to the case in which B is the indicator function I ;) of [0, 4+-00),
hence W (X) = I, +o0)(X) +7(X). For reasons expounded in Sec. 2.3, we have to weakly formulate
(1.3) in terms of the requirement X; < 0 a.e. in Q x (0,7"), of the one-sided variational inequality

e(u)Ee(u)

A;(M-—mvuvxwﬁvx)+§+~ﬂx)+bxx) 5

for all s € W'P(Q) with 1) < 0,

—19) Ydx >0
(1.9

almost everywhere in (0, T") (where -y := 7, and of the energy inequality

/St/Q|Xt|2dasdr+/Q <1|v><<t)|p+w<x(t)>> dz

< [ oo+ wie)) a (1.10)

//xt( y oM )E5<u)+ﬁ) dz dr

forall ¢t € (0,7] and almost all s € (0, ), with £ a selection in the (convex analysis) subdifferential
0B(X) = 01, +00)(X) of I[g +o0)- In [28, Prop. 2.14] (see also [16]), we prove that, under additional
regularity properties any weak solution in fact fulfills (1.3) pointwise.

Let us also mention that other approaches to the weak solvability of coupled PDE systems with an L -
right-hand side are available in the literature: in particular, we refer here to [33] and [30]. In [33], the
notion of renormalized solution has been used in order to prove a global-in-time existence result for a
nonlinear system in thermoviscoelasticity. In [30] the focus is on rate-independent processes coupled
with viscosity and inertia in the displacement equation, and with the temperature equation. There
the internal variable equation is not of gradient-flow type as (1.3) but instead features a 1-positively
homogeneous dissipation potential. For the resulting PDE system, a weak solution concept partially
mutuated from the theory of rate-independent processes by A. MIELKE (cf., e.g., [22]) is analyzed.
An existence result is proved combining techniques for rate-independent evolution, with Boccardo-
Gallouét type estimates of the temperature gradient in the heat equation with L' -right-hand side.

Our existence results. The main results of this paper, Theorems 2.5 and 2.8, state the existence of
entropic solutions for system (1.1-1.4) in the irreversible (1« = 1) and reversible (1« = 0) cases.



More precisely, in the case of unidirectional evolution for X we can prove the existence of a global-
in-time entropic solution (i.e. satisfying the entropy (1.6) and the total energy (1.7) inequalities, the
(pointwise) momentum balance (1.2), the one-sided (1.9) and the energy (1.10) inequalities for X).
We work under fairly general assumptions on the nonlinear functions in (1.1)—(1.3). More precisely, we
require that @ and b are sufficiently smooth and bounded from below by a positive constant, b convex,
and we standardly assume that W' = I o) + ~, with 7 smooth and A-convex. A crucial role is
played by the requirement that the heat conductivity function K = K(}) grows at least like 9" with
k > 1, and that the exponent p in the gradient regularization of the equation for X fulfills p > d.
This ensures that X is estimated in W?(Q) C C°(€2). Moreover, under some restriction on & (i.e.
k € (1,5/3) for space dimension d = 3), we can also obtain an enhanced regularity for 9 and that
conclude that the total energy inequality actually holds as an equality.

In the reversible case (u = 0), instead, under the same assumptions above described (but with a
general B), we improve the estimates, hence the regularity, of the internal variable X. Therefore, we
prove the existence of a weak formulation of (1.1)—(1.3), featuring, in addition to (1.6), (1.7), and (1.2),
a pointwise formulation of equation (1.3). Again, in the case of the aforementioned restriction on &,
we enhance the time-regularity of 9}. What is more, also exploiting the improved formulation of the
equation for X, we are able to conclude existence for a stronger formulation of the heat equation (1.2),
of variational type. Instead, a uniqueness result seems to be out of reach, at the moment, not only
in the irreversible but also in the reversible cases (cf. Remarks 2.6 and 2.9). Only for the isothermal
reversible system a continuous dependence result, yielding uniqueness, can be proved exactly like in
[28, Thm.3].

Finally, in the last Section 6 we address the analysis of system (1.1)—(1.3), with ;x = 1, in the case the
p-Laplacian regularization in (1.3) is replaced by the standard Laplacian operator. We approximate it
by adding a p-Laplacian term, modulated by a small parameter ¢, on the left-hand side of (1.3), so
that Thm. 2.8 guarantees the existence of approximate solutions (¥;, us, X;). Then, we let § tend to
zero. In this context, the enhanced elliptic regularity estimates on the momentum equation exploited
in the proof of Thm. 2.5, and which would here yield some suitable compactness for the quadratic
term a(Xs)e(0yus)Ve(drus) on the right-hand side of (1.1), are no longer available. In fact, they
rely on the requirement p > d. A crucial step for proving the existence of (a slightly weaker notion
of) entropic solutions to system (1.1)—(1.3) (cf. Theorem 6.2), then consists in deriving some suitable
strong convergence for (O,u;);s with an ad hoc technique, strongly relying on the fact that ;. = 1, and
on the additional assumption that b is non-decreasing.

Our main existence results Thms. 2.5 and 2.8 are proved by passing to the limit in a time-discretization
scheme, unique for the reversible and the irreversible cases, carefully tuned to the nonlinear features
of the PDE system. In particular, it is devised in such a way as to obtain that the piecewise constant
and piecewise linear interpolants of the discrete solutions satisfy the discrete versions of the entropy
inequality (1.6), of total energy inequality (1.8), and of the energy inequality (1.10) in the case p = 1.
Moreover, with delicate calculations we are also able to translate on the time-discrete level a series
of a priori estimates on the heat equation, having a nonlinear character. This detailed time-discrete
analysis could be interesting in view of further numerical studies of this model.

Plan of the paper. In Section 2 we fix some notation, state some preliminaries that will be used in
the rest of the paper, list our assumptions on the data as well as our main global-in-time existence



results. In Section 3 we perform a series of formal a-priori estimates on our system. We render them
rigorously in Section 4, where we set up our time-discrete scheme. Theorems 2.5 and 2.8 are proved
by passing to the limit in the approximated entropy and energy inequality, as well as in the discretized
versions of (1.2) and (1.3), throughout Sec. 5. Section 6 is then devoted to the proof of Theorem 6.2.

2 Setup and results

After fixing some notation and results which shall be used throughout the paper, in Section 2.2 we col-
lect our working assumptions on the nonlinear functions K, a, b, and W in the PDE system (1.1)—(1.3),
and on the data. Then, in Secs. 2.3 and 2.4 we discuss the weak formulations of (the initial-boundary
value problem for) (1.1)—(1.3) in the irreversible and reversible cases, respectively corresponding to
pw=T1and pu=0in(1.3).

2.1 Preliminaries

Notation 2.1. Throughout the paper, given a Banach space X we shall denote by || - || x its norm,
and use the symbol (-, -)X for the duality pairing between X’ and X. Moreover, we shall denote
by BV ([0, T]; X) (by CY .. ([0, T]; X), respectively), the space of functions from [0, T'| with values

weak

in X that are defined at every t € [0,7] and have bounded variation on [0, 7] (and are weakly
continuous on [0, T, resp.).

Let Q C R be a bounded domain, d € {2,3}. We set Q := Q x (0, 7). We identify both L?(2)
and L?(£2; R?) with their dual spaces, and denote by (-, -) the scalar product in R, by (-, -) 12(q) both
the scalar product in L?(£2), and in L?(Q; RY), and by H}(Q; RY) and HZ(Q; R?) the spaces

Hy (G RY) = {v e H' (Q;RY) : v =0 on N}, endowed with the norm
Vg = [ £): e(v) da,
HZ(GRY) = {ve H*(Q;RY) : v=0 ondN}.

Note that || - [| ;1 (o;re) is @ norm equivalent to the standard one on H*(€2; R?). We will use the symbol

D(Q) for the space of the C'*°-functions with compact support on @) := €2 x (0,7") and for ¢ > 1
we will adopt the notation

Wi(Q) = {¢CeWw™(Q) : ((z) >0 foraa.xzecQ}, andanalogously for Wha(Q).
We denote by A, the p-Laplacian operator with zero Neumann boundary conditions, viz.
A, WHP(Q) — WHP(Q) given by (Ayu, Vi) = / |VulP?Vu - Vodr.
Q

In the weak formulation of the momentum equation (1.2), besides V and £ we will also make use of
the operator

C,: L*() — H (S R?)  defined by (Co(0), V) 1 ray = —p/ fdiv(v)dz. (2.1)
’ Q

6



Finally, throughout the paper we shall denote by the symbols ¢, ¢/, C, C’ various positive constants
depending only on known quantities. Furthermore, the symbols I;, 7 = 0, 1, ..., will be used as place-
holders for several integral terms popping in the various estimates: we warn the reader that we will not
be self-consistent with the numbering, so that, for instance, the symbol /; will occur several times with
different meanings.

Recaps of mathematical elasticity. The elasticity and viscosity tensors fulfill
E = (eijkh), V = (Uijkh) € CI(Q; RdXdXdXd) (2.2)

with coefficients satisfying the classical symmetry and ellipticity conditions (with the usual summation
convention)
€ijkh = €jikh = €khij » Vijkh = Vjikh = Ukhij
Joy >0 ijkniiSkn = iy V&t &ij = i (2.3)
360 >0 : Uz'jkh&jfkh > 50&]'5@7' V@ji &j = éjz‘-
Observe that with (2.3) we also encompass in our analysis the case of an anisotropic and inhomoge-
neous material.

In order to give the variational formulation of the momentum equation, we need to introduce the bilinear
forms related to the X-dependent elliptic operators appearing in (1.2). Hence, given a non-negative
function n € L>®(Q) (later, n = a(X) or n = b(X)), let us consider the bilinear symmetric forms
e(n-,+), v(n-, )+ Hi(;RY) x HL(Q;RY) — R defined for all u, v € H}(Q; R?) by

dwwwwwHw—Xﬁwmmw
i,7,k,h=1
(2.4)

)= (), Vi = Y[ nn (e ).

i,7,k,h=1

Thanks to (2.3) and Korn’s inequality (see eg [4, Thm. 6.3-3]), the forms e(n-, -) and v(n-, -) fuffill

> inf, Chllul?1 0,
EICl > Ovu’ v E HS(Q,Rd) . {e(UU-? u) - Tn eQ(W(x)) 1||uH1;I () (25)
v(nu, u) > infaeq(n(z)) Cillullf o).
It follows from (2.2) that they are also continuous, namely
3Cy >0V, ve Hy(QRY : 26

le(nu, v)| + [v(nu, v)| < Co||nl| L@ llall @)l VI 21 @)-

We shall denote by &(n-) : HY(Q;RY) — H-Y(Q;RY) and V(n-) : HL(Q;RY) — H-1(Q;RY)
the linear operators associated with the forms e(7-, ) and v(7-, -), respectively, that is

(€(Mv), W) (ora) =ev,w), (V(nV), W) qra = VNV, W)

forall v, w € Hg(;R?).

It can be checked via an approximation argument that the following regularity results hold

ifn € L=(Q) andu € H}(Q;RY), then € (nu), V(nu) € H 1 (Q;RY), (2.8a)

itn € Wh(Q)andu € HZ(Q;RY), then € (nu), V (nu) € L*(Q;RY). (2.8b)



Finally, let us recall the following elliptic regularity result (see e.g. [23, Lemma 3.2, p. 260])

303, C4 >0 Yuce Hg(Q,Rd) : C3HU‘HH2(Q) < H le(E(u))HL2(Q) < C4HuHH2(Q) (2.9)

Useful inequalities. In order to make the paper as self-contained as possible, we recall here the
Gagliardo-Nirenberg inequality (cf. [24, p. 125]) in a particular case: for all r, ¢ € [1, +0o0], and for all
v € L(Q) such that Vv € L"(€2), there holds

_ 1 1 1 1
oo < ool ol wins =6 (22} +-02 001 @10

r d 5
the positive constant Cgn depending only on d, 7, ¢, 6. Combining the compact embedding

. ifd =2,
HZ(LRY) € WH=1(Q;RY),  with d* = {ZO :f P for all p > 0, 2.11)

(where for d = 2 we mean that H2(Q; RY) € Wh4(Q; RY) forall 1 < ¢ < o0), with [20, Thm. 16.4,
p. 102], we have

Yo>0 HCQ >0 Yue Hg(Q,]Rd) : ”E(u)HLd**n(Q) < QHL]HHQ(Q) + CQHUHLQ(Q)- (2.12)

We will also use the following nonlinear Poincaré-type inequality (cf. e.g. [15, Lemma 2.2]), with m(w)
the mean value of w:

Vg>0 3C,>0 Vwe H(Q) :

(2.13)
lw|* w0y < Co([IV (Iw|"w)l| 2 + [m(w)|**).
2.2 Assumptions
In most of this paper, we shall suppose that
QCcRY de{2,3} isabounded connected domain, with C2-boundary 0. (2.14)

This will allow us to apply elliptic regularity results and to conclude HQ(Q; Rd)—regularity for u. In
Section 6 we will see that this regularity requirement can be dropped, at the price of proving the
existence of a weaker notion of solution for the irreversible system.

We list below our basic assumptions on the functions K, a, b, and W in system (1.1)—(1.3).

Hypothesis (I). We suppose that

the function K : [0, +00) — (0, +00) is continuous and

2.15
deg, 1 >0 K>1 Y9 €[0,400) @ co(l+9%) < K@) <er(1+9%). (219
We will denote by K the primitive R(az) = [ K(r)drof K.
Hypothesis (Il). We require
ac CYR), bc C*(R) andJcy >0 : a(x), b(z) > cyforallz € R (2.16)



and that the function b is convex. The latter requirement could be weakened to A-convexity, i.e. that b”
is bounded from below (cf. also (2.19)), see. Remark 4.9 later on.

Hypothesis (lll). We suppose that the potential W in (1.3) is given by W = B+ ~, where

B: dom(B) — R is proper, I.s.c., convex , 7 € C*(R), (2.17)
ey, dy >0 W) > ewlr| =y ¥r € dom(3). (2.18)
Moreover, we impose that
IAN>0VreR: 7'r)> -\ (2.19)
Hereafter, we shall use the notation

8:=03, ~v:=7.

-~

Observe that, we have not required that dom(3) C [0, +00), which would enforce the (physically
feasible) positivity of the phase/damage variable X. In fact, for the analysis of the irreversible case (i.e.
with 1 = 1), we will have to confine the discussion to the case B = I|o,+0), cf. Hypothesis (IV) later
on. Instead, in the reversible case . = 0, we will allow for a general B (complying with Hypothesis

(y).

Remark 2.2 (A generalization of the p-Laplacian). In fact, our analysis of system (1.1)—(1.3) extends to
the case the p-Laplacian operator —div(|VX|P~2VX), with p > d, is replaced by an elliptic operator
B WHP(Q) — WP(Q)* of the form

(BOO, 0oy = /Q Ved(e, VX(@)) - Volz) du, (2.20)
where ¢ : 2 x R? — [0, +00) is a Carathéodory integrand such that

the map ¢(x,-) : R — [0, +-00) is convex, with ¢(x,0) = 0, and in C*(R?) for a.a. z € 2,

> slClP —
Jes, cq, 5 >0 foraaz e Q V¢ R : { ¢(z,¢) = c3 ;
S ‘ IVed(z,¢)| < es(14 ¢ ).

This more general framework was analyzed in [28], to which we refer the reader for all details.

Problem and Cauchy data. We suppose that the data f, g, and A fulfill

f € L?(0,T; L*(; RY), (2.21)
g€ LY, T; LY(Q) N L*0,T; HY()), ¢g>0 ae. inQx(0,T), (2.22)
he LY0,T;L*(0), h>0 ae.indQ x (0,T), (2.23)

and that the initial data comply with

o € LY(Q), IV, >0 : igfﬁo >, >0, logdyec L'(Q), (2.24)
u € HZ(Q;RY), v € L*(Q;RY), (2.25)
Xo € WYP(Q), B(Xo) € LY(<). (2.26)



2.3 A global existence result for the irreversible system

Before stating precisely our notion of weak solution to (the initial-boundary value problem for) system
(1.1)—(1.3) in the case of unidirectional evolution, let us briefly motivate the weak formulations for the
heat balance equation (1.1), and for the phase/damage parameter subdifferential inclusion (1.3) (with
i = 1). They will be coupled with the pointwise (in time and space) formulation of the momentum
equation (1.2) (cf. (2.40) later on).

For (1.1), we adopt the weak formulation of proposed in [2, 7, 9]. It consists of a so-called “entropy
inequality”, and of an “energy conservationidentity. The former is obtained by formally dividing (1.1) by
1, and testing it by a smooth test function (. Integrating over space and time leads to

//@log ) + X; + pdiv(uy)) godxdt+/ / V)V log(¥) Ve da dt

/ / V log(¥) VY dz dt (2.27)

//g+a ut)Va(ut)+]Xt|)Q9dxdt+//h(’Odet
o0

forall ¢ € @(@) Then, the entropy inequality (2.37) below follows. The total energy identity (2.38)
associated with system (1.1)—(1.3) is obtained by testing (1.1) by 1, (1.2) by u;, and (1.3) by X;.

Remark 2.3. Conversely, it can be checked that, when the functions v} and X are sufficiently smooth,
inequalities (2.37)—(2.38), combined with (1.2) and (1.3), yield the heat equation (1.1).

Indeed, the weak formulation of (1.1) is equivalent, for sufficiently smooth solutions, to the (2.37)
with identity sign. Hence, let us suppose, by contradiction, that (2.37) holds with strict inequality sign
(hence, (1.1) does not hold). Then, using (1.2) and (1.3), we can conclude that the total energy balance
(2.38) is not satisfied.

However, at the moment the necessary regularity for ¢ and X to carry out this argument is out of reach.

Let us emphasize that the entropy inequality (2.37) below has the advantage that all the troublesome
quadratic quantities on the right-hand side of (1.1) are tested by the negative function —. This will
allow for upper semicontinuity arguments in the limit passage for proving the existence of weak so-
lutions, cf. Sec. 5 later on. Let us also mention in advance that, when dropping the unidirectionality
constraint (i.e., in the case ;+ = 0), under an additional condition (cf. Hypothesis (V)), we will be able
to get an existence result for an improved formulation of (1.1), cf. Theorem 2.8 below.

A significant difficulty in the analysis of system (1.1)—(1.3) is due to the triply nonlinear character of
(1.3), featuring, in addition to the p-Laplacian and to 3 = 63 which contributes to 1’| the (maximal
monotone) operator 01(_. o). Since the latter is unbounded, it is not possible to perform comparison
estimates in (1.3) and an estimate for the terms A, X and B(X) (treated as single-valued in the context
of this heuristical discussion) could be obtained only by testing (1.3) by 9;(A,X + 3(X)). However,
the related calculations, involving an integration by parts in time on the right-hand side of (1.3), cannot
be carried out in the present case. That is why, we need to resort to a weak formulation of (1.3) which
does not feature the term A, X+ 3(X). We draw it from [16, 17], and as therein we confine the analysis
to the particular case in which

10



Hypothesis (IV).
B = Io,100)- (2.28)

This still ensures the constraint
Xel[0,1] aeinQx(0,7) (2.29)

provided we start from an initial datum X, < 1 a.e. in {2, we will obtain by irreversibility that X(t) <
Xo < lae.in{, foramostallt € (0,7).

To motivate the weak formulation of (1.3) from [16, 17], we observe that (1.3) rephrases as

X, <0 inQx(0,7), (2.30a)

(xt — div(|VX|P2VX) + €+ y(X) + b’(x)d“ﬂsﬂ - 19) Y >0 (2.30b)
forallyy <0 inQx (0,7),

(xt — div(|VX|P2VX) + €+ y(X) + b’(x)g(uﬂsﬂ - 19) X; <0 (2.30c)

inQ x (0,7,

with & € 01 100)(X) in 2 x (0, 7). Our weak formulation of (1.3) in fact consists of (2.30a), of the
integrated version of (2.30b), with negative test functions from Wl’p(Q), and of the energy inequality
obtained by integrating (2.30c). In [28, Prop. 2.14] (see also [16, Thm. 4.6]), we prove that, under
additional regularity properties, any weak solution in the sense of (2.41)—(2.44) in fact fulfills (1.3)
pointwise.

We are now in the position to specify our weak solution concept, for which we borrow the terminology
from [9].

Definition 2.4 (Entropic solutions to the irreversible system). Let . = 1. Given initial data (9o, uo,
vo, Xo) fulfilling (2.24)—(2.26), we call a triple (¢, u, X) an entropic solution to the (initial-boundary
value problem) for system (1.1)—(1.3), with the boundary conditions (1.4), if

9 € L*(0,T; H' () N L>(0, T; L' ()), (2.31)
log(¥) € L*(0,T; H' (%)), (2.32)
ue HY(0,T; Hy (0 RY)) N WH(0,T; Hy (4 RY)) 0 H*(0,T5 L*(%RY),  (2.33)
X € L0, T, Wh(Q))n H'(0,T; L*(Q2)), (2.34)

(9, u, X) complies with the initial conditions
u(0,z) = up(x), w(0,z) = vo(zx) fora.a.z € Q, (2.35)
X(0,x) = Xo(x) fora.a.z € (), (2.36)

(while the initial condition for ¥ is implicitly formulated in (2.38) below), and with the entropic formulation
of (1.1)—(1.3), consisting of

11



- the entropy inequality for almost all ¢ € (0,7 and almost all s € (0, t), and for s = 0:

//log )+ X)prdrdr —p //dlvutwdxdr—// V)V log(¥) - Ve dx dr

(log(9(1)), gD(t))Wl de(Q) — (log(¥(s)), ¢(s ))Wl d+e(Q)

// Vlog J) - Vidadr (2.37)

// g+ a(X)e(u,)Ve(uy) + [X¢]?) dxdr—// h(pder
o0N

for all ¢ in CO([0, T]; W14+¢(Q)) for some € > 0, and ¢ € H'(0, T; L5/°(Q)), with ¢ > 0;
- the total energy inequality for almost all ¢ € (0, 7] and aimost all s € (0, ¢), and for s = 0:

t),w(t),X(t)) < £(W(s), u 5),X(s))

(2.38)
//gdxdr+// hder—i—//f w, dxdr,
o0

where for s = 0 we read 9y, and

& (9, u,uy, X) ::/Qﬁdx—l-%/ﬂ|ut|2dx+%e(b(X(t))u(t),u(t))

(2.39)
oo [[ods [ weds
- the momentum equation
uy +V(a(X)u) + E(BX)u) +C,(0) =f ae inQx(0,7); (2.40)
- the weak formulation of (1.3), viz.
Xe(z,t) <0  foraa.(x,t) € Qx(0,7), (2.41)
| (et 19XOP29x(0) - T+ €000 + (0
n b,(x(t))é(U(t))Iss(U(t))w B 19(2?)¢> dz >0 (2.42)

forallyy € W'P(Q), foraa.te (0,7),
where £ € 01 4o0)(X) in the sense that
§eL0,TLHQ)  and  (E(H), % — X))oy <0 V¥ € WLP(Q),
fora.a.t € (0,7, (2.43)

as well as and the energy inequality for all t € (0, T'], for s = 0, and for almost all 0 < s < ¢

/St/Q\Xthxerr/ @’VX(t)\erW(X(t))) 4

</ (}gw P+ W (X <>>) s 244

/ / xt( B (X )Eg(“) 19) da dr.
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We now state our existence result for system (1.1)—(1.3) in the case ;1 = 1. As far as the time-regularity
of ¥ goes, observe that we will just prove BV-in-time regularity for log(1)) (cf. (2.46) below). Indeed,
we will obtain BV-in-time regularity for ¢/, as well, under an additional restriction on the exponent x in
Hypothesis (I) (note that the range of the admissible values below depends on the space dimension),
viz.

Hypothesis (V). The exponent x in (2.15) satisfies

ke (1,5/3) ifd=3andk € (1,2) ifd=2. (2.45)

Theorem 2.5 (Existence of entropic solutions, 1 = 1). Let u = 1. Assume Hypotheses (I)—(lll)
and, in addition, (IV) (i.e., B = Ijo,+0)), as well as conditions (2.21)—2.26) on the data f, g, h, ¥y,
ug, Vo, Xg. Then, there exists an entropic solution (in the sense of Definition 2.4) (19, u, X) to the
initial-boundary value problem for system (1.1)—1.3), such that

log(¥) € BV([0, T); Wh4<(Q)*)  foralle > 0, (2.46)
and & in (2.43) is given by

e(u(z,t)E(z)e(u(x,t))
2

E(x,t) = =Ix_o(x,1) (7()((:10,25)) + V' (X(x,1)) - ﬁ(x,t)) , (2.47)

for almost all (x, t) € 2 x (0,T"), where Jy _, denotes the characteristic function of the set {X = 0},
and such that 319 > 0 such that

Iz, t) >0 >0 foraa (z,t) € Qx(0,7T). (2.48)

Furthermore, if in addition K satisfies Hypothesis (V), there holds
9 € BV([0, T]; W*€(Q)*)  foreverye > 0, (2.49)

and the total energy inequality (2.38) holds for allt € [0, T, for s = 0, and for almost all s € (0,1).

Observe that (2.49) yields that there exists D C [0, 7], at most infinitely countable, such that ¢ €
CO([0,T] \ D; W2a+¢(Q2)*). We will develop the proof in Section 5, by passing to the limit in the
time-discretization scheme carefully devised in Section 4.

Remark 2.6 (Uniqueness and extensions).

1 Uniqueness of solutions for the irreversible system, even in the isothermal case, is still an open
problem. This is mainly due to the doubly nonlinear character of (1.3) (cf. also [5] for non-
uniqueness examples for a general doubly nonlinear equation).

2 Theorem 2.5 could be easily extended to the case in which the indicator function I(_ o] in (1.3)
is replaced by
a:R — [0,+00] convex, 1-positively homogeneous,

(2.50)
with dom (&) C (—o00,0] and 0 € a(0).
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2.4 A global existence result for the reversible system

In the case i+ = 0, we are able to cope with a weak solvability notion for system (1.1)—(1.3) stronger
than the one from Definition 2.4. Indeed, it features a pointwise formulation for the internal parameter
equation (1.3), while keeping the entropic formulation for the heat equation (1.1). Under the additional
Hypothesis (V), we will also improve the weak formulation of the heat equation (cf. (2.54) below). As a
byproduct, we will manage to prove the total energy identity for all t € [0, T'].

Definition 2.7 (Entropic solutions to the reversible system). Let ¢« = 0. Given initial data (9, ug, vo,
Xo) fulfilling (2.24)—(2.26), we call a triple (¢, u, X) an entropic solution to the (initial-boundary value
problem) for system (1.1)—(1.3), with the boundary conditions (1.4), if it has the regularity (2.31)—(2.34),
it complies with the initial conditions (2.35)—(2.36), and with

the entropy inequality (2.37);

the total energy inequality (2.38) for almost all ¢t € (0,71, for s = 0, and for almost all s €
(0,2);

the momentum equation (2.40);

the internal parameter equation

(u)Ee(u)

Xy +AX+E+v(X) = —b’(x)6 5 +39  ae.inQx(0,7), (2.51)

with

€€ L*0,T; L*(Q)) st &(x,t) € B(X(x,t)) foraa. (z,t) € QA x (0,T). (252

Our second main result states the existence of an entropic solution (¢, u, X) (in the sense of Definition
2.7) to the PDE system (1.1)—(1.3). Furthermore, we show that, under the additional Hypothesis (V),
the formulation of the heat equation (1.1) improves to a standard variational formulation (cf. (2.54)
below), albeit with suitably smooth test functions, and the total energy inequality (2.38) holds as an
equality. We shall refer to the solutions thus obtained as weak.

Theorem 2.8 (Existence of entropic and weak solutions, ;1 = 0). Let n = 0. Assume Hypotheses (I)—
(1) and conditions (2.21)—(2.26) on the data f, g, h, ¥y, ug, Vo, Xo,. Then, there exists an entropic
solution (in the sense of Definition 2.7) (¥, u, X) to the initial-boundary value problem for system
(1.1)—1.3), such that the strict positivity property (2.48) holds for v}, and such that X has the enhanced
regularity

1
X e L*0,T;WHoP(Q))  forall0 <o < —. (2.53)
p

Moreover, if K also complies with Hypothesis (V), then ¥} has the enhanced regularity (2.49) and the
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heat equation (1.1) is fulfilled in the following weak form for all t € [0, T']

/ () Y(t)(dx) //ﬁg@tdmds—i—/ /X,ﬂ?gpdxds—i—p/ /le w )V dxds
// wwdxds—/ /( (u: Vg(“t) +\xt!2)sodxds
(2.54)
/ / hgodes—ir/ﬁggo 0)dx
00

forall o € C°([0, T); W>¥<(Q)) N H'(0, T; L*()) for some € > 0.

In this case, the triple (¥, u, X) complies with the total energy equality

E(O(t),u(t), u(t), X(t)) = &((s),u(s), uy(s), X(s)) +/ /dixdr

t t
+// hdeT+/ /f-utdxdr,
0 JoQ s JQ

The proof will be given in Section 5, passing to the limit in the time-discretization scheme set up in
Sec. 4. We mention in advance that the argument for (2.54) and for the total energy identity (2.55)
for all t € [0, T relies on obtaining, for the sequence (uy, Xj,) of approximate solutions, the strong

(2.55)

forall 0 <s<t<T.

convergences
w, —u in H'Y(0,T; Hi(Q;RY),  Xp — X in HY(0,T; L*(Q)). (2.56)

This allows us to pass to the limit on the right-hand side of the approximate version of (2.54). In
turn, the proof of (2.56) is based on a lim sup-argument, for which it is essential to have preliminarily
obtained the pointwise formulation (2.51) of the equation for X. This is the reason why we have not
been able to obtain the improved formulation (2.54) in the irreversible case p = 1.

Remark 2.9 (Uniqueness in the reversible case). As in the irreversible case, a uniqueness result for
the full system seems to be out of reach. Instead, for the isothermal case in [28, Thm. 3] we have
proved uniqueness and continuous dependence of the solutions on the data. This result has been
obtained in the case the p-Laplacian operator —div(|VX[P=2VX) is replaced by an elliptic operator
of the type described in Remark 2.2, fulfilling an additional non-degeneracy condition, cf. Hypothesis
(VII) in [28]: for instance, we may consider —div((1 + |VX|?)P=2)/2),

3 (Formal) A priori estimates

In this section, we perform a series of formal estimates on system (1.1)—(1.3). All of these estimates
will be rigorously justified on the time-discrete approximation scheme proposed in Section 4. Yet,
we believe that, in order to enhance the readability of the paper, it is worthwhile to develop all the
significant calculations on the (easier) time-continuous level. This is especially useful for the Second
and the Third a priori estimates, which have a non-standard character and are in fact tailored to handle
the quadratic terms on the right-hand side of (1.1).
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More in detail, we start by showing the strict positivity of the temperature 1J, via a comparison argument
in the same lines as the one for proving positivity in [9, Subsection 4.2.1]. All the ensuing estimates rely
on this property, starting from the basic energy estimate (i.e. the one corresponding to the total energy
inequality (2.38)). After this, we test (1.1) by 97!, with a € (0, 1). This enables us somehow to
confine the troublesome quadratic terms to the left-hand side. Carefully using the Gagliardo-Nirenberg
inequality, we infer a bound for ¥ in L*(0, T'; H'(£2)). Ultimately, exploiting the fact that the heat flux
K controls 9" (cf. (2.15)) we conclude an estimate for ¢ in L?(0,T; H'(2)). This done, we are in
the position to perform all the remaining estimates, i.e. subtracting the temperature equation tested by
1 from the total energy inequality (2.38); performing an elliptic regularity estimate on the momentum
equation (1.3), and comparison estimates in (1.1) and (1.3).

We mention in advance that, with the exception of the last one, all of the ensuing estimates hold both
in the reversible (1 = 0), and in the irreversible (i = 1) cases.

Positivity of ¥ [z € {0,1}]. Scooping all the quadratic terms in (1.1) to the right-hand side, we
obtain

¥y — div(K(9) V) = g + a(X)e(u;)Ve(u,) + |X > — X0 — pddiv(wy)
1
> g+ c|€(ut)\2 + 5 + ‘Xt’2 - 0192 > —0192 a.e.in Q) x (O,T),

where we have written (1.1) in a formal way, disregarding the (positive) boundary datum A. Indeed, for
the first inequality we have used that V is positive definite, that a is strictly positive, and the fact that

| div(w)| < c(d)|e(uy)| ae.inQ x (0,7) (3.1)

with ¢(d) a positive constant only depending on the space dimension d. The second estimate also
relies on the fact that ¢ > 0 a.e. in Q x (0,7"). Therefore we conclude that v solving the Cauchy
problem

1
vy = —502, v(0) =9, >0

is a subsolution of (1.1). Hence, a comparison argument yields

V(- t) > v(t) >0, >0 forallte[0,T]. (3.2)

First estimate [x € {0,1}]. Test (1.1) by 1, (1.2) by u,, (1.3) by X; and integrate over (0, t),
t € (0, 7). Adding the resulting equations and taking into account cancellations, we obtain

1 ) 1 1 )
/Qﬁ(t) dx+§/ﬂ\ut(t)| dx+ée(b(X(t))u(t),u(t))+5/Q|VX(t)| dx—l—/QW(X(t))dx

1 1 1
= / 190 d.fE—|— —/ |V0|2d$+ §e(b(Xg)u0,u0) + —/ ’va‘p dilf-'—/W(XQ) dz (33)
Q

//gdmds+// hdes—l—//f u; dxds,
o9

viz. the total energy equality (2.55). For (3.3), we have also used the integration-by-parts formula

[ et wionas+ 3 [ [ v0oxeesw aras

1 1 (3.4)
= §E(b(X( )u(t),u(t)) — §e(b(xo)u07“0)
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as well as the fact that [ [, 0J(—oc/(Xe)X; dzds = [ [ I—o00)(X;) dzds = O (where we have
formally written 01— 0)(X:) as a single-valued operator). Using (2.21)—(2.26) for the data f, g, h and
the initial data (¥, ug, Xo), the positivity of 9 (cf. (3.2)), and the coercivity (2.18) of W (cf. Hypothesis
(1)), also in view of the Poincaré inequality we conclude the following estimate

i) + lNallwro iz + Hb(X>1/25(u>‘|L°°(0,T;L2(Q;Rdxd))
+ IX]| oo o, mwrw () < C

as well as
W (X)) oo 0,751 () < O (3.6)

Second estimate [ € {0,1}]. Let F'(¥) = 9%/a, with € (0, 1). We test (1.1) by F' () :=
Y"1 and integrate on (0, ¢) with ¢ € (0, T'|. We thus have

/F(z?o)dx—i—/t/gF’(z‘}) dxds+/t/thF’(19) 48 ds
// e(uy)Ve( ut)F’(ﬁ)dxds+//|Xt| F'(¥) dxds
/ dx—l—/ /me dxds—l—p/ /ﬁdw w) F'(9) da ds
/ / 9)VIV(F'(9)) de ds

whence (cf. (2.5) and the positivity (2.22) and (2.23) of g and h)

/ / 9|V (9°/2) |2dxds+02/ /|5 w,)|2F'(¥) dz ds
+/0 /Q|Xt|2F’(79)dxds§/Q|F(z90)|dx+ll—|—12—|—]3,
where we have used (2.5) and (2.16). We estimate
I = /|F Ddz < /max{ﬁ P, 1)°de < /maxw N1} de < C

since @ < 1 and taking into account the previously obtained (3.5). Analogously we can estimate
Jo [F(09)| d; moreover,

//’Xﬂ?F/ ?)|drds < = //\X 12F'(9) dxd8+/ /F’ V)9 dz ds.
Using (2.16) and inequality (3.1), we have that
|p|/ /!ﬂdw w) F'(¥)|drds < — //|a w,)|*F'(¥) dz ds
—I—C/ /F' 192d3:ds<—/ /|5 WPF (0 dxds+C/ /F' )9 dzx ds

with ¢co from (2.16).
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All in all, we conclude

1—a // 9|V (9/%) |2dxd8+—/ /|€ w,)|*F'(9) dz ds
+—/ /\Xt\ZF’(ﬁ)ddeSC—l—C/ /19““dxds.
2Jo Ja 0 Ja

Now, we fix ¢ > 4 and introduce the auxiliary quantity n := max{J, 1}. Observe that 7 is still in
H'(Q), and that, for q sufficiently big (see below) we have

(3.7)

2 [0 (a+1)/q < 7701/2 = w. (38)

| e

Therefore, taking into account that

/ / 9|V 2 drds > ¢ // V(0 ? dz ds —c1/ /|Vw|2dxds
{9>1}

thanks to (2.15), we infer from (3.7) and (3.8) that

//|Vw\2da:ds<0+0/ |wl|1, (3.9)

We now apply the Gagliardo-Nirenberg inequality for d = 3 (for d = 2 even better estimates hold
true), yielding

lwllzo) < el Vwllz e Il o) + ellwllze (3.10)

with 1 < r < g and 0 satisfying 1/q = /6 + (1 — 6)/r. Hence 8 = 6(q — r)/q(6 — r). Observe
that @ € (0,1) if ¢ < 6 and that, by the way, this restriction on ¢ implies that, for (3.8) we need to
have a € [1/2,1). Plugging the Gagliardo-Nirenberg estimate into (3.9) and using Young's inequality
we ultimately conclude

t
//]Vw\deds<C+C/ |72, “‘”ds+0'/ wl|, g ds. @11)
0

Now, choosing r < 2/a, we have that

1/r 1/r
[wl]lzr @) = (/ Ui dflf) < (/ 77d$> < Cldlzemrre) + 192 < C,
0 0

where the latter inequality is due to estimate (3.5). Combining the above estimate with (3.11) we infer
a bound for w = n*/2in L2(0, T; H'(Q)) N L>=(0,T; L"()). Ultimately, also in view of (3.9), we
conclude that

WQ/Q||L2(0,T;H1(Q))me(o,T;LT(Q)) <C. (3.12)

Third estimate [;z € {0, 1}]. It follows from (3.7) and (2.15) that

C>/ / 9|V (99/2) |2dxds>cl/ /mv (9°/%)? dz ds

:/ /\19”+a_2|\V19\2dxd5 (3.13)
0 JQ

t
:/ /|V(19(”+°‘)/2)|2dxds
0 JQ
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with a € [1/2, 1) arbitrary.
From (3.13) and the strict positivity of ¢ (3.2) it follows that

t
//]V?S‘]dedsg(?,
0 Ja

provided that k + o« — 2 > 0. Observe that, since x > 1 we can choose o € [1/2,1) such that
this inequality holds. Hence, taking into account estimate (3.5) and applying Poincaré inequality, we
deduce

19 220,751 02)) < O (3.14)

By interpolation (cf. (2.10)), we also get
19| roxory) < C withh =8/3 ifd=3, h=3 ifd=2. (3.15)

For later use, we also point out that estimates (3.13) and (3.14) yield that HVl‘}("““‘)/QHLz(OT;LQ(Q)) <
C'. Combining this with estimate (3.5) and using a nonlinear version of the Poincaré inequality (cf. e.g.
(2.13)), we infer

192 2oz, 102 20, @) < C. (3.16)

Fourth estimate [ € {0,1}]. We test (1.1) by 1, integrate over (0, ¢), and subtract the resulting
identity from the total energy balance (3.3). We thus obtain

L / (1) dz + /0 a0V, w) ds + Le(b(x(1)ul), u(t) + / /Q X2 da ds
+ [ SIXOP -+ W) de = 5 [ uofde + Ge(b0t)u u0) B17)

/—|VX0|p /WXO dx—i—/ /19 (pdivu; + Xy) d:cds—l—/ /futdxds

Using now (2.25)—(2.26) to estimate the initial data (ug, Xp), (2.21) on f, Hyp. (Ill) (which in particular
yields that W is bounded from below), and combining estimate (3.14) on 1 with (3.1), we obtain

1Xell z2(ex 0.1y + 11a(X) e ()|l 2 o) maxey < C, (3.18)

whence |[uy|[ 20, r;11 (0:re)) < C, by (2.16).

Fifth estimate [z € {0,1}]. We use here the crucial assumption that p > d. We test (1.2) by
—div(e(uy)) and integrate on time (cf. also [28, Sec. 3]). Using the assumption p > d, we can fix

19



¢ > Osuchthatp > d + (, we get

/ / - div(e(uy)) dz ds
//Vb X)Ee (u)div(e () dxds—// X)div(E(e(w)))div(e(uy)) dz ds

<c / 17500 o+ e (@) e pmer v () | e dls
0
t
e / all sy e e s
0

t t
< ‘7/0 el 72 (ymay ds + Ccr/o (HXHIQ/VLP(Q)HuH%JQ(Q;Rd) + ||u||§12(Q;Rd)> ds.

Here, d* is from (2.11) and we have exploited inequality (2.12) with a constant ¢ that we will choose
later, and some C,, > 0. Moreover, we have used that ||b(X)|| La+<(q) < C|[X|lw1» (). Furthermore,
relying on the elliptic regularity result in (2.9) and on (2.16), we obtaln

/ / ) - div(z(w,)) dz ds = / / _Va()Ve(w)div(e(uy)) de ds
/ / X)div(V(e(u)))div(e(u)) de ds (3.19)

t
20 [ [ iR aras 1z e [ oz s+
0 JQ 0

where we get

11| =

t /Q Va(X)VE(Ut)diV(g(ut))‘ dzds
0
<C /Ot IVa(X)|| La+ecraylle (@) || par—c(quraxay |div(e(u) ) || 2 (ray ds
< 5/0t HutH?P(Q;Rd) ds + Cs /Ot ||Va(X)||%d+<(Q;Rd)”€(ut)||id**<(9;Rd”) ds
< 5/0t ”utH?ﬂ(Q;Rd) ds + Cs0° /Ot HXHI%VLP(Q)HutH%Q(Q;Rd) ds

t
+GC, / X2 1] 22 e 5,
0

again exploiting (2.12), for some positive constants d and o that we will choose later and for some
Cs, C, > 0. Moreover, we also have that

t " .
‘p/o /QV19-diV(€(ut))d!Eds Sn/o ||ut||§{2(Q;Rd)ds+Cn/o V0220 ds  (3.20)

holds true for some positive constant 7 to be fixed later and for some C’;, > 0. Collecting (3.19)—(3.20),

(3.5) and (3.14), and also using that [, uydiv(e(u;))dz = 14 ([ |e(u;)]* dz), we conclude that

1 ! 1
3 @R ot e [ ulaggn ds < 5 [ EC0R A+ CIEE g0z,
0

c t t s
# 5 [ Il a5+ € (14 Rl + [ [ Iy ards)
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where we have used the fact that [ 1ull3 ey 48 < loll3(qupay + NN w2 g.ma) A7 ds
and chosen o, 6, o and 7 sufficiently small. Taking into account condition (2.21) on f, the assumptions
on the initial data (2.25), and using a standard Gronwall lemma, we conclude

||ut||L2(0,t;H§(Q;Rd))an(o,t;Hg(Q;Rd)) <C. (3.21)
By comparison in (1.2), taking into account the regularity property (2.8b), we also get
HuttHLQ(O,t;LQ(Q;Rd)) <C. (3.22)

Sixth estimate [z € {0,1}] We multiply (1.1) by %, with w a test function in Whd(Q) N L)
(in particular, this is true for w € W14H<(Q)) with € > 0). We integrate in space, only. We thus obtain

(cf. (2.27)) that
/dex

—l—/dex—l—
Q

where we have used the place-holders H := —X; — pdiv(u;) and J := (g + a(X)e(u;)Ve(u;) +
1X;|?). Estimate (3.18) yields that ||H ||;2(0.;120)) < C, therefore |I;| < H(t)||w| r2() with
H(t) = |H(-, )|l z2¢) € L*(0,T). Analogously, also in view of (2.22) and of (3.2) we have that

K(19)
v

/ O log(V)w dx

——=Vi-Vw dx‘ + ‘/ %129)|V19\2wdx
0

hwdS'i11+]2+Ig+I4+I5

1
] < =3Ol with () = 1T, D) 1o € L1(0,T). (3.23)

*

Moreover, |I5| < ||h(t)]| r200) | w1250y, with ||2(t) || 200) € L'(0, T') thanks to (2.23). Using the
growth condition (2.15) for K, we estimate

1
|| < C/ 9" V|| Vw| dz + C/ 5|V19||Vw| de =11 + Irs. (3.24)
Q Q
Thanks to the previously proved positivity (3.2), we have

C )
Lo < 19—0( NIVl 2@ray — with O(t) == [|[VI(t) || 2ray € L*(0,T)

by (3.14). We estimate /5 ; via the Holder inequality, taking into account (3.13) and (3.16), whence, for
d € {2,3},

Ly < Cl[9" 2299 2 ey [0 s (o) | Vool s umey = CO*(1)]| V| s ma)
with 0%(t) := [[9(6) 22V ()]| L2 ey [0(5) 2 Loy € LH(0, T).

Finally, we have
|]3’ <C/19H 2‘V?9| |w|dx+C’/ |V19| |w|dx—]31+132 (3.25)
The positivity property (3.2) again guarantees

C
sz < O fullier Wit O € L'(0,7)
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while, using that %72 < c9"t*=2 + ¢/, we infer

Iz < [[wll oy ( / IV da 4 ¢ / |W|2dx) = e 2o O ()
Q Q

(3.26)
with O,.(t) = c/ ()T VI(H)|? d + c’/ IVI(t)|* de € LY(0,T),
Q Q
thanks to (3.13) and (3.14).
Collecting all of the above calculations, we conclude that
[10¢ log (9)[ 1 0,1, wra @)L () < C- (3.27)

Seventh estimate [ € {0,1}], k € (1,5/3)ifd = 3and k € (1,2) if d = 2 Assume in
addition Hypothesis (V). We multiply (1.1) by a test function w € W1°(Q) (which e.g. holds if
w € W24H<(Q) for € > 0). By comparison we have

/ﬁtw dz /Lwdx
Q Q

where we have set L = —X;0 — pddiv(w;) + g + a(X)e(u;) Ve(u,) + |X¢|?. Therefore,

< + +

/ K@)V - Vw dx
Q

/ hwds‘zll‘i‘fg"—[g,
o0

|| < L) [Jw]| oo (o with £(t) == [|L(t)|| 2 () € L'(0,T),
] < ||h(®)]I 200 1wl 22(60)  with h € L'(0,T)

thanks to (3.14), (3.18) and (2.23), respectively. As for I, in view of (2.15), taking into account (3.13)
and using the Hoélder inequality, we obtain

|I] < C||9tret2)2 2 () |’19(H+a72)/2V19||L2(Q;Rd) [Vwl[ Lo (e

(3.28)
+ ClIVY|| 2 (ray | VW] £2(0ra)-

Observe that, since a can be chosen arbitrarily close to 1, in view of estimate (3.15) we have that
W5=eF2)/2 is bounded in L2(0, T; L*(Q)) if and only if & < 3 if d = 3, and k < 2if d = 2. Under
this restriction on r, we have that |I,| < CL*(t)||Vw|| ) for some L* € L*(0,T'). Ultimately,
we conclude that

[9ell L. mwroo @)y < C. (3.29)

Eighth estimate [z = 0]. In view of the previously obtained estimates (3.5), (3.14), (3.18), and
(3.21), a comparison in equation (1.3) yields that (recall that £ is a selection in 5(X) a.e.in 2 x (0, 7)),

| Ap(X) + &l 20,m522(0)) < C

whence, by standard elliptic regularity,

1A, ) 20,7522 + 1€l 22 0,7522(02)) < C- (3.30)

In view of the regularity results [31, Thm. 2, Rmk. 2.5], we finally infer the enhanced regularity (2.53)
for X. [
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Remark 3.1 (The p-Laplacian regularization). A close perusal at the above calculations shows that
the fact that p > d for the p-Laplacian term in the X-equation (1.3) has been used only for carrying out
the calculations in the Sixth estimate. All the other estimates do not depend on the condition p > d,
and would therefore hold if the operator A, in (1.3) were replaced by the Laplacian.

In turn, the Sixth estimate for u will play a crucial role in the limit passage arguments at the basis of
the proofs of Theorems 2.5 and 2.8: it will ensure strong compactness in H'(0,T; H2(Q; R?)) (cf.
Lemma 5.1) for the sequences of approximate solutions constructed in Sec. 4. Relying on this, we will
be able to pass to the limit with the quadratic term |£(u;)|? on the right-hand side of (1.1).

Nonetheless, in Sec. 6 we will show that, in the case i+ = 1 of unidirectional evolution, it is ultimately
possible to drop the constraint p > d and in fact we will obtain an existence result for the entropic
formulation of system (1.1)—(1.3), in the case (1.3) simply features the Laplacian (i.e. for p = 2).

4 Time discretization

In Section 4.1 we set up a single time discretization scheme for both the irreversible (1 = 1) and for
the reversible (1 = 0) systems. We then show in Section 4.2 that the piecewise constant and piece-
wise linear interpolants of the discrete solutions satisfy a total energy inequality, and the approximate
versions of the entropy inequality and of equations (1.2)—(1.3). Finally, in Section 4.3 we rigorously
prove the a priori estimates from Section 3 in the time-discrete context.

Notation 4.1. In what follows, also in view of the extension (2.50) mentioned at the end of Sec. 2.3,
we will use @ and o as place-holders for I(_ o 0] and O1(_ oo ).

4.1 Setup of the time discretization

We consider an equidistant partition of [0, 7], with time-step 7 > 0 and nodes t* := k7, k =
0, ..., K. In this framework, we approximate the data f, g, and A by local means, i.e. setting for all
k=1,....K,
1 [t 1 [t 1 [
fF .= —/ f(s)ds, gh = —/ g(s)ds, hF = —/ h(s)ds. (4.1)
T Jk1 T Jk1 T Jkt

Consider the following initial data

199. = 190, 'Ll?. = Uy, u;l ‘= Ug — TVy, X?_ = Xp. (4.2)

We construct discrete solutions to system (1.1)—(1.3) by solving the following elliptic system, featuring
the operator A* : X — H'(Q)*, with

X={0ec H(Q) : / K(0)VE - Vo dz is well defined for all v € H'(2)},

Q
AF - X — HY(Q)* defined by (4.3)
(A(0),0) i = /Q K(O)VE - Vudz — /aQ hFvdS.
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1X0

T b

Problem 4.2 (Time discretization of the reversible system, 1 € {0, 1}). Starting from (u?,
¥9) asin (4.2), find {V, u¥ XE} 7 X x HZ(Q;R?Y) x WHP(Q) fulfilling

Pe o0 XN ey iy <—“5 - “kl) 9+ AF(F) = g (4.4)
T T T
o () () P
ub — 2u7’f721 + uf? v (a(Xﬁl)w) + & (b(Xf)uf) (4.5)
+C,(0F) =f* ae.inQ,
N e WO
+ (X% 3 —b’(Xf)g( L 1)]56( u; ™) + 9% aeinQ, 7

where I € R¥*4*@xd ganptes the identity tensor and

ek e p(xk) a.e.in €, (4.7)

Cf €« (%) a.e.in €. (4.8)

Remark 4.3 (Features of the time-discretization scheme). A few observations on Problem 4.2 are in
order.

First of all, let us point out that the scheme is fully implicit and, in particular, (4.6) is coupled to the
system (4.4)—(4.5) by the implicit term 19§ on the right-hand side, in view of proving the strict positivity
(4.10) below for the discrete temperature ﬁ’j. As we will see, our argument for (4.10) is the discrete
version of the comparison argument developed at the beginning of Section 3 and strongly relies on the
structure of the discrete temperature equation (4.4). However, in the case of unidirectional evolution,
we could have decoupled the discrete equation for X from (4.4)—(4.5), replacing (4.6) by

Xf_xk 1 ( k— I)Eg( k— 1)

A (XY €y () 5 —b (XK)= 5 +9*1 aeinQ, (4.9

Xk:_xk—l
and, accordingly, replacing the coupling term %19’“

XE_XE!
T
ity of the discrete temperature for this partlally decoupled scheme.

‘Xk Xk 1

on the left-hand side of (4.4) by

19"“' ! In Remark 4.5 below, we will show how it is still possible to prove the strict positiv-

Second, observe that T/ appears on the right-hand side of (4.4) and, accordingly,

k k—1
ﬁ% features on the left-hand side of (4.6). These terms have been added for technical rea-
sons, related to the proof of the discrete version of the total energy inequality (2.38), cf. the text above
Proposition 4.8. Clearly, they will disappear when passing to the limit with 7 | 0.

Because of the implicit character of system (4.4)—(4.6), for the existence proof (cf. Lemma 4.4 below)
we shall have to resort to a fixed-point type result from the theory for elliptic systems featuring pseudo-
monotone operators, drawn from [29, Chap. Il]. Indeed, we will not apply it directly to system (4.4)—
(4.6), but to an approximation of (4.4)—(4.6), i.e. system (4.15)—(4.17) below, obtained in the following
way. We will need to
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1 truncate K, along the lines of [15], in such a way as to have a bounded function in the elliptic
operator in the temperature equation (4.4). Therefore, the truncated operator K;;, with M a
positive parameter, shall be defined on H*(2) (in place of X), with values in H'(€)* (in place
of X™). Accordingly, we shall truncate all occurrences of 1} in a quadratic term;

2 following [30], add the higher order terms —uvdiv(|e(u¥)|"~2Ie(u*)) and v/|X*|7~2X%, with
v > 0 and n > 4, on the left-hand sides of (4.5) and (4.6), respectively. Their role is to
compensate the quadratic terms on the right-hand side of (4.4). As a result, both for d = 2
and for d = 3 the pseudo-monotone operator by means of which we will rephrase system
(4.15)—(4.17) will turn out to be coercive, in its 1-component, with respect to the H*(£2)-norm;

3 in the case 4+ = 1, in order to cope with the (possible) unboundedness of the operator o we
will have to replace it with its Yosida-regularization «,, (cf. [3]), with v the same parameter as
above.

Then, in the proof of Lemma 4.4 we will

1 prove the existence of solutions to the approximate discrete system (4.15)—(4.17);

2 pass to the limit in (4.15)—(4.17) first as the truncation parameter M — oo and conclude an
existence result for an approximation of system (4.4)—(4.6), still depending on the parameter
v > 0;

3 pass to the limit in this approximate system as » — 0 and conclude the existence of solutions
to (4.4)—(4.6).

We postpone to Remark 4.6 some comments on the reason why we need to keep the two limit pas-
sages as M — oo and v — 0 distinct.

Our existence result for Problem 4.2 reads

Lemma 4.4 (Existence for the time-discrete Problem 4.2, 11 € {0, 1}). Assume Hypotheses (1)—(1ll),
and assumptions (2.21)—(2.26) on the data f, g, h, ¥y, ug, vo, Xo. Then, there exists T > 0 such
that for all 0 < T < 7 Problem 4.2, admits at least one solution {(9¥, u* X*)}&~ .

Furthermore, any solution {(9*, u*  X*} = of Problem 4.2 fulfills
W(z) >0 >0 foraa xe (4.10)

for some ¥ = 9(T).

Proof. We split the proof in some steps.

Step 1: approximation. As already mentioned, we construct our approximation of system (4.4)—
(4.6) by truncating K in (4.4) and the quadratic terms in ¢, replacing « with its Yosida approximation
oy, and adding higher order terms to (4.5) and (4.6). Namely, let

K(—=M) ifr <—M,
Ku(r) :==< K(r) if [r| < M, (4.11)
K(M) ifr>M
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and accordingly introduce the operator

Ak HY Q) — HY(Q)*

i i (4.12)
defined by (A}/(0), ) y1(q) = / Ky (0)VO - Vodr — / hZvdS.
Q 0
Observe that, thanks to (2.15) there still holds Ky (7) > ¢, for all € R, and therefore
(A’&(@),e)m(m > CO/ |VO|?dz  foralld € H' (). (4.13)
Q
We also introduce the truncation operator T, : R — R
M ifr < —M,
Tu(r)=q r if|r] <M, (4.14)
M if r > M.

Furthermore, for a given v > 0 we denote by «,, the Yosida approximation of o with parameter v.

Then, we consider following approximation of system (4.4)—(4.6):

e B Y ko yk—1
- - T+ Tor (V%) + pdiv (&) Tor(95) + AR (9F) = gF (4.15)
T
k-1 E_ yk—1]2 1/2 [ vk _ yk—112
+ (Xk 1) ( ) <u 11 )+ X’T X’T T X’T X’T in HI(Q)*,
T 2 T
u” —2u"‘1—i-u"32 ( = k—l)
(xk + & (b(XE)uk) + €, (T (V%
- (b ) + €T () e
— vdiv(|e(uf)["?Te(u?)) = in W17(Q; RY)*,
X Xk 1 _ Xk—l Xk _ Xk—l
A N (—) A ) + € ()
T (4.17)

uF HEe(uk!

+ vXE2xE = —b/(Xﬁ)e( 5 ) + Ty (W) aeinQ,

with &8 € B(X*) a.e.in Q.

Step 2: existence of solutions for the approximate system. Observe that system (4.15)—(4.17)
can be recast as

OF 4+ (XE = XEN) Ty (95) + pdiv (ulf — ul™Y) Tag (0F) 4+ 1A%, (0F)
1 2

XE—XELP 32k
2 T
= 9" L rgf in HY(Q)", (4.18)
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uf + 7V (a(E ) (uh — ) + 72 (b(XD)uk)
+ 72C,(Ta (97)) — vr2div(je(uf)|"Te(uk)) (4.19)
=2uf ! — w2 PR i QR

Xk _ kal
X+ /X A+ pra, (7) + A (XT) + 7€+ TY(XD) + vT XX — 7T (97)

(4.20)

k—1 k-1
e(u Ee(u
= XM Xy (X (u, )2 (") a.e.in Q.
Denoting by R;,_; the operator acting on the unknown (9%, uf_, Xf_) and by Hj,_; the vector of the
terms on the r.h.s. of the above equations, we can reformulate system (4.18)—(4.20) in the abstract
form
Ri_1 (0%, uF XF) = Hy_ . (4.21)

It can be checked that R;_; is a pseudo-monotone operator (according to [29, Chap. II, Def. 2.1]) on
HY(Q) x Wy (£ RY) x Hl(Q) In order to check that R._; is coercive on that space, it is sufficient
to test (4.18) by 9%, (4.19) by u¥, (4.20) by X* and add the resulting equations. To obtain a bound for
|9%]| 1. () we use that A%, is coercive (cf. (4.13)). The additional terms —vdiv(|e(u)[7-2Ie(uk))
and v|X*|772X" in (4.19) and (4.20) enable us to control the quadratic terms on the right-hand side
of (4.18). More in detail, the test of (4.18) by U¥ gives rise, e.g., to the term [ := [, a(X}¥~!)e(uk)
Ve (uk)9* dz, which can be estimated as follows

L] < Clla(E Y@ lle ()74 paxa) 197 20

< %Llwf—H%Q(Q) + CH5( )HL4 Q;Rdxd)

< zllnﬁf'H%Q(Q) + VTT2||5( T)HLW(Q;RdXd) +C,
where the first estimate follows from the Hélder inequality, the second one from the fact that
|a(XE1) | L) < C since X5 € WP(Q) and a € CO(R), and the last one relies on 7 > 4.
Therefore, the rlght-hand side terms can be absorbed by the left-hand side ones, also resulting from
the test of (4.19) by u*. With analogous calculations we estimate I := [, (|X*|? + T2 [X*|2)9% da,
exploiting the term v7|X*|7=2X* on the left-hand side of (4.20).

Therefore, the Leray-Lions type existence result of [29, Chap. Il, Thm. 2.6] applies, yielding the exis-
tence of a solution (19’7‘3, u’j, X’j) (whose dependence on the parameters M and v is not highlighted,
for simplicity) to (4.15)—(4.17).

Step 3: proof of the strict positivity (4.10). Observe first that, for 19’7‘5 solving (4.15)—(4.17) the strict

positivity (4.10) holds for k& = 0 with ¥} := 1, due to (2.24). In order to prove that ¥* > ¥ > 0 a.e. in

(), for every k > 1, we proceed in the same spirit of the proof of the strict positivity of 1 in Sec. 3 (cf.

also [19, Sec. 5.2]). Namely, we start by deducing from (4.4) that
ﬁk _ ﬁk 1

/ T T wdx + / K (0F) V¥V da

e 7 Q (4.22)

> —C’/(ﬁﬁ)%u dz  forevery w € W1*(Q),
Q
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where C'is independent of k. We now consider the decreasing sequence {v;} C R defined recur-
sively as
Vg — Ug—1

= —OUZ, Vo = 19* > O, (423)
T

where C'is the same constant of (4.22). We write now (4.23), adding the term — div (K (9%)Vuy) =
0, in the form

1
—/(vk — vp_1)wdx +/ K (0F)Vuy, - Vw dz = —C/ viwdx  for every ww € W}FQ(Q)
T Ja Q Q

Subtracting (4.22) from (4.23) and testing the difference by w = H_ (v — 9% ), where

0 ifv <0
H.(v)=<Swv/e ifve(0,e)
1 ifv>¢
we obtain, since v, < vj_1 that
/ ((vn = vp1) = (97 =97 1)) He(wy, — 0F) dz < 0. (4.24)
Q
Assume now that 0&‘1 > vp_1 a.e. in € (which is true for £ = 1). Taking ¢ \, 0, (4.24) yields
v% > v ae. in €, and, by induction, 9¥ > v, > vk ae. in Qforevery k = 1,..., K,. We
now prove that there exists ¥ > 0 such that v > ¥ a.e. in ). To this aim, observe that vy
rewrites as vx, = G (G (v, )), where G(z) := — [ & ds is monotonically increasing on (0, vy,
G(04) = —o0, G(vg) = 0, hence, by the mean value theorem, forevery k = 1, ..., K, there exists

Sk € Uk, Ug—1] such that

G(ox) — Gve-1) _ G (s1,) =

2 2
Vi — Vk—1 Sk Vg

from which we deduce, using (4.23),

G(Uk) — G(Uk_l) 1
< — > —-C7K.-.
—CTU% < UZ — G(’UKT) > —CT r
Hence, we get
I > vk, = GHGlvg,)) > GH~CTK,) = GH~CT) =: (7). (4.25)

Thus, we conclude (4.10) with ¥ = G~1(—=CT).

Step 4: passage to the limit as M/ — oo. We now pass to the limit in (4.15)—(4.17) as M —
oo, for v > 0 fixed. In this framework, we will denote by (9, uys, Xas) the solutions of (4.15)—
(4.17), with (9%~1 uF=1 X*=1) given and v > 0 fixed. First of all, we derive a bunch of estimates for
(9ar, wpr, Xar) s, holding for constants independent of M > 0 (but possibly depending on 7 > 0,
as well as on norms of (951 uf=1 xF-1)).
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We test (4.15) by 1, (4.16) by up; — u 1 (417) by X3y — X’ﬁ_l, and add the resulting relations.
Taking into account all cancellations, conditions (2.21)—(2.26), as well as the fact that the Yosida ap-
proximation &, of & = (s q] is a positive function, we obtain that

4C >0VM >0 : HﬁMHLl(Q) + HuMHH1(Q;Rd)

Y (4.26)
+ v e(unn)|| pnraxay + [[Xarlwre) < C.
We now test (4.15) by T, (1), ). Observing that
Kar (D) VIMY (Tar (9ar)) = K(Tar (9a0) [V (Tar (90))) 12 } ,
5 a.e.in €,
I T (Oar) = [T (Far)]
we get
1
~ [T do [ K@)V 0o da
Q Q
< [ Vb Tl et [ HETu0u)ldS wen)
20
w [ 1T s e + [ 1l Tu(oan] da
Q
with the place-holders
k-1 kel
0%y = — Al S pdiv (—uM Ur > :
’ T T
_ _ 12 L2
ot (B, (W)
’ T T T 2 T

Arguing in the same way as in the proof of [28, Thm. 2] (see also [28, Rmk. 2.10] and [15]), combining
the growth condition (2.15) on K with the Poincaré inequality (2.13), and taking into account estimate
(4.26), we deduce that

¢, C>0VYM >0 : / K(Tar (00 )|V (Tas (920))? da
Q
> | V(Tae () )72y + 1 Tar (a0 552460 — C-
On the other hand,

/QW 2l Tar (Oan)? dae < 165l 2o I Tr () 2 o | Toar (V) | 25 )

IN

c
IV T @)z @ma) + ClTar (@) 75
C
< SIVETu @)z ame) + CllTu a1 @),
where we have used that sup,, [|% /[l 22(q) < C thanks to (4.26). The last inequality follows from
the fact that H'(Q) € L*(Q) C LY(Q), yleldmg that for all p > 0 there exists C’), > 0 such

that || Tar (Var)| 23y < ol Tar(Dar) |51 ) + Coll Tar(Par) || 1)~ In the same way, estimate (4.26)
ensures that

/Q 7 st lTar (02| dz < CTar (020) 220y
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All'in all, from (4.27), taking into account (4.26) and conditions (2.22) and (2.23) on g and h, we deduce
that
3C>0YM>0: T2 (Dar) [ 120 + (1Tna (O | pano () < C. (4.28)

We now introduce the notation

In view of estimate (4.28) we have that

M3N+6/ Ldz S/ [Tar(Ian)[** 0 dz < C whence  [On] < — 0as M — co.
Onr Om

D\[3r+6
(4.29)
Let us finally test (4.15) by 1J,,. Relying on the coercivity (4.13) of A?M and again arguing as in the
proof of [28, Thm. 2] we find
J?/[up (H??M“Hl(g) + HﬁM“LB'*JrG(SM)) < C. (4.30)
>0

Here, we have essentially used the same arguments as for treating (4.27) and estimated the terms
involving £% ,, and j% ,; by means of (4.26).

In the end, it remains to estimate the terms av, (Xar — X*71) /7), A, (Xas) and €y in (4.6). First of all,
we may suppose that the terms A, (X*1), ¢5=1 € B(X%~1) from the previous step are bounded in
L2(€2) by a constant independent of M. Then, we test (4.6) by (A, (X)) — A, (XE~1)+ (Eyr—EF7L)),
thus obtaining

/QAM(Ap(XM) — A0 + &y — &) da + | A (Xar) + EwllT2 (0
= [ (400 + 6000 (A,(87) + €571) da
+ / par(Ap(Xar) = A0 + &y — 7 da = 1 + I,
Q

Here, we have used the place-holders A\y; := (Xpr — XF™ 1) /7 + /7 (Xar — X571 /7 4+ o, (Xar —
k—1 k—1

XE1) /1) and puar = Iar — U (Xag) 2220y (Xyp) — v(Xar)"2n. With monotonicity

arguments, we see that the first integral on the left-hand side is positive. We estimate

1 1 _ _
L < §||Ap(XM) +§MH%2(Q) + §||Ap(X,: )+ & 1”%2(9)'

It follows from the estimates on u’j_l, X’j_l, and from (4.26) for X, and from (4.30) for ¥, that
|12z || £2(0) < C for a constant independent of A/ > 0. Therefore we have

1 1 _ _
L < 21 A, (Xan) + 8wl + 140G + &7 o) + C-
4 4

With this, we conclude that [|A,(Xas) + &arllz2@0) < C for a constant independent of M. By
the monotonicity of the operator 3 (cf., e.g., [1, Lemma 3.3]), we find || A,(Xar)||z2(0) < C and
1] L2y < C. Then, a comparison argument in (4.6) yields

()
oy | ———
T

+ 1 Ap(Xar) | 22y + [[Earll 22y < C. (4.31)
12(9)

1
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Standard compactness arguments together with (4.30) imply that there exists v} € Hl(Q) such that,
up to a (not relabeled) subsequence,

B _ oo ifd=2,
Uy =9 inH(Q), Iy —9 inLQ)forallqg< 6 ifd3 (4.32)
if d = 3.

In particular, 1); — ¢ in measure. Combining this with (4.29) we infer that ‘.TM(19M) — 1} in measure.
Therefore, in view of estimate (4.28) and of the Egorov theorem we ultimately have that

V€ L*TO(Q), T (9a) — 9in H(Q) N L*5(Q),

(4.33)
Ta(Opr) — 9 in LYQ) foralll < g < 3k+6.

Therefore, taking into account the growth condition (2.15) for K, we have
6
K

Combining this with the fact that Vi, — V4 in L?(2; R?), we infer on the one hand that A%, (1)
weakly converges in the space W1*(Q)* to the operator levk(ﬁ) defined by (ﬁk(ﬂ), Vhis) =
Jo K@)VIVede — [, hivdx forall v € WH#(€2), for some sufficiently big s > 0. On the other
hand, a comparison in (4.15) shows that (A%, (93))as is bounded in H'()*. Therefore, it is not
difficult to infer that the operator A% (1) extends to H'(€2) and coincides with the operator A from
(4.3), and that

AR (9p) = AF@) in HY(Q)* as M — oo. (4.34)

From estimates (4.26) and (4.31) we also deduce that there exist u, X, £ and, if © = 1, { such that,
up to a subsequence, uy; — u in Wy (Q;RY), X5y — X in WP(Q) (this follows from the fact
that (X,/) s is bounded in WHoP(Q) for all 0 < o < % by [31, Thm. 2, Rmk. 2.5]), &3y — &
in L2(2), and, if p = 1, a,((Xar — XF71) /1) — (in L?(€2). By the strong-weak closedness in
the sense of graphs of «,, (viewed as a maximal monotone graph in L?(Q) x L?(2)), we infer, in
the case p = 1, that ¢ = a, ((X* — X*~1)/7) a.e. in §2. Analogously, the strong-weak closedness
property of (3 yields that £ € (3(X). Combining this convergences with (4.33)—(4.34) we conclude that
the functions 9, u, X, &, C fulfill a.e. in €2

X — xk-t X — xk-1 b1 2
VT (X = XT)/7) 4 Ap(X) + €+ () + vIX]TTX

£(ub)Ee(ul )

= b (X 9
R
as well as
9 — 19/6—1 X — Xk—l _ gqk—1
L ™9 + pdiv <&) 9 + AF(W) (4.35)
T T T
_ k=12 1/2 _ yk—1|2
= g" + a(X* A, + ‘X Xr 72 XX in H'(Q)*, (4.36)
T
u — 2ufl 4 uh2 L u—uft )
= +V <a(Xf 1>7) + € (b(X)u) + C,(vV) — vdiv(Iy)
=fF in Wh(Q;RY)*, (4.37)
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k
where A denotes the weak limit of € (M) Ve (“M—“T1> in L?(Q2), and T, stands for the

weak limit of |e(u,) 721 (uy,) in L=V (Q; RY). In order to identify them, it is sufficient to test
(4.16) by u;; and show that

li]\r? sup (—div(|e(ua)|" e (uyy)), W)y (o.ra)

:limsup/ le(aar)["dz < (=div(Te), W)y qpay:
0

M—oo
which we can do, exploiting that u solves (4.37). This enables us to conclude that I’

= —div(|e(u)|"%Ie(u)) and that uy; — u strongly in W17(€); R?). The latter convergence clearly
allows us to conclude that A, = ¢ [ %= “T Ve <&> Allin all, (¢, u, X) solves the system

_9k—1 k=1 k=1
V=9 XN L div (&)ﬁjtfl’“(ﬁ):g’; (4.38)
T T T
k=1 k=1 1/2 X_Xk—12
+a(xE e (u) Ve (u) +(1 LT )‘ i R
T 2 T
u_2uk 1+uk2 kl . kl)
a(x T )+ &(b(X)u) + C, 0
= (b(X)u) + €,(¥) (4.36)
—leV(’&‘( )" 2e(u)) = £F in WO RY)Y,
X Xk 1
1+ )= +uay(—)+A< )+ &8+ (X)
T (4.40)

e(urEe(uz)

+ v[X]"72X > =V (X) 5

+14 ae.in (),

with £&¥ € B(X*) a.e. in Q. It follows from Step 3 and convergences (4.32) that ¥ also fulfills the strict
positivity property (4.10).

Step 5: passage to the limit as v — 0. We now pass to the limit in (4.38)—(4.40) as v — 0. We
denote by by (J,,u,, X,)) the solutions of (4.38)—(4.40) and, as before, obtain a series of estimates
independent of the parameter v.

First, we test (4.38) by 1, (4.39) by u,, — u*~1, (4.40) by X, — X*~1, and add the resulting relations.
We thus conclude that
dC>0Vr >0 : ||791/||L1(Q) + Hu,,HHl(Q;Rd) + Vl/n“é"(ll,,)HLn(Q;Rd) + ||XV||W1,p(Q) <.
(4.41)

Second, we test (4.38) by 9971, with o € (0, 1). With the very same calculations as for the Second a
priori estimates, cf. also the proof of Prop. 4.10 ahead, we conclude that (cf. (3.7)) that

k=1 |2
c/ K(ﬁ,,)\wg/2|2dx+c/ g(i)
Q Q T

 vk—112
—i—c/ u ﬁl‘fldeC—l—C/ﬁ‘jﬂdx
Q T Q

¥t da
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whence, with the same arguments as throughout (3.8)—(3.13), we arrive at |, |V19,(f+a)/2\2 de < C
for a constant independent of v. Then, choosing « € [1/2, 1) such that x + « > 2, we conclude that

|9y < C (4.42)
and, again arguing via the nonlinear Poincaré inequality, we also have that

[0S || gy < O (4.43)

We then test (4.40) by (A4,(X,) — A,(X*71) + &, — €¥=1) and, arguing in the very same way as in
Step 4, conclude that

X _kal
()
T

We can now pass to the limit in system (4.38) —(4.40) as v | 0. It follows from the previously proved
a priori estimates that, along a (not relabeled) subsequence, u, — uin HOI(Q; Rd), X, — Xin
WhP(Q), and 9, — o in H*(£2). Using these convergences, it is not difficult to pass to the limit in
(4.39) and conclude that u fulfills (4.5). With the same argument as in Step 4, testing (4.39) by u, we
conclude that

+ [[Ap (X))l 22 @) + 1€l 2y < C. (4.44)
12(9)

I

lim sup /Q e(u,)Ee(u,) d < / e(u)Ee(u) dz,

v—0 Q
yielding that u,, — u strongly in H'(2; R?). Therefore,

k-1 k-1
u, — u” u, — u”
a(X* e (—) Ve (—)
T T

R | k=1
a1 (u) Ve (u) n L),
T

T

(4.45)

We use this information to pass to the limit in (4.38). Moreover, estimate (4.43) allows us to conclude
that, up to a subsequence, ¥\ T*/% — Y(+)/2 in {H1(Q), hence WS/ — Y(E+e)/2in [6-¢(())
for all ¢ > 0, whence, taking into account the growth condition on K, that

K(0,) — K@) inL**"<(Q)  forall ¢ > 0.

This allows us to pass to the limit in the term K(1J,)V1,, tested against v € W*(Q) for some
sufficiently big s > 0. All in all, we infer that (¢, u, X) satisfies (4.4) in some dual space W*(2)*,
such that, also, W#(Q) C L in accord with the L'-convergence (4.45). Finally, we pass to the limit
in (4.40). Due to estimate (4.44), we have that there exist ¢ € L?(2) and, if u = 1, ( € L*(f2) such
that

T

a,,(x”‘—x’i_l)éc, &—¢ i LAQ).

The strong-weak closedness of 3 yields that £ € G(X) a.e. in €. In order to show that, in the case
p=1,¢€al(X—xX1)/7)ae. inQ, we show that

X, = XETH\ X, — XE X —XE!
limsup/ozl,< T ) ( T ) dxﬁ/((—T) dz
10 Q T T Q T

and invoke well-knows results from the theory of maximal monotone operators.

All in all, we conclude that (1, u, X) solves system (4.4)—(4.6), where (4.4) is to be understood in
Whs(Q)*.
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Step 6: HQ(Q; Rd)-regularity for uﬁ and conclusion. A comparison argument in (4.5) yields that

uF — uh1
A% (a(X’j);> and & (b(X)uf) arein L*(Q;RY).
T

From the latter information we now deduce that u® € H?(2; R?). Indeed, multiplying € (b(X*)uk) =
h* € L2(Q;RY) by — div(e(u¥), we get

/Q bV div(e(ub)? dr <

< Cs+ (5/ ’div(&t(ulj)‘2 dz
Q

/Q Vb (X Ee (uF) div(e(u?) dz| +

/ h” div(e(u¥) dz
0

where in the latter estimate 0 > 0 is sufficiently small, and we have relied on the fact that
[ul ] g oray + [XEwis@) < C, combined with assumption (2.16) on b. Also using (2.16) and
choosing 0 < d < C'1¢s (cf. (2.5) and (2.16)), we then infer that

/]dlv MPdr < C.

Then, a standard regularity result for elliptic systems with constant coefficients (cf. (2.9)), yields that
u* € H2(Q;RY).
In the end, exploiting that that uﬁ e HQ(Q; ]Rd), a comparison argument in the heat equation allows

us to conclude that [, K(9) V¥ - Vv dx is well defined for all test functions v € H'(£2), hence (4.4)
is solved in H'(Q)*. O

Remark 4.5. In the case ;1 = 1, as mentioned in Remark 4.3, the discrete X-equation could be
decoupled from the discrete equations for ¥} and u, cf. (4.9). This would lead to having the term

k k—1
%0’;’_1. The argument for the strict positivity of ﬁﬁ in Step 3 in this case would not go through.

Nonetheless, it would be possible to prove that 19’j > 0 a.e. in €2, by testing the discrete heat equation
—(¥*)~, and using that fQ - 19’“ L(—(9%)7) dz > 0 since X* < Xk~ ae.in .

Remark 4.6. We briefly comment on the reason why we need to perform two distinct passages to the
limit in the proof of Lemma 4.4. As the above proof shows, in the passage to limit as v — 0 we lose
the information that the right-hand side of the equation for 1J is estimated in L?(£2). Hence, we need
to carry out refined estimates on the ¥J-equation (i.e., testing it by 9%~1), where we fully exploit the
growth of K to carry out the related calculations. Clearly, to do so we first have to pass to the limit with
the truncation parameter.

4.2 Approximate entropy and total energy inequalities

Preliminarily, we establish the

Notation 4.7 (Interpolants and discrete integration-by-parts formula). Hereafter, for a given Banach
space X and a K -tuple (h¥)1=, C X, we shall use the short-hand notation
bk o bkfl hk o 2[)1671 + hka
D,x(h) = —T—,  D2,(h) := Drs(Dri(b)) = = T

T ’ T
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We recall the well-known discrete by-part integration formula

K, K,
D Dbk = b ol — b0l = " rhE D, (v) forall {hE},, {f}E, C X (4.46)
k=1 k=2

We introduce the left-continuous and right-continuous piecewise constant, and the piecewise linear
interpolants of the values {h*} =, by

b, :(0,T) — X definedby b (t):= b,
h :(0,T) — X definedby b (t):= h§,17 fort € (t571 4],
b, : (0,T) — X definedby b, () = = "pk 4 =tk

We also introduce the piecewise linear interpolant of the values {(h* — b¥~1)/7}17, (namely, the
values taken by the -piecewise constant- function ), viz.

t — tk’—l k _ pk—1 tk —t k=1 _ wk—2
o T
T T T T

b (0,7) = X  b.(t) = fort € (571 ¢4,

Note that b’.(t) = D2 () for t € (t51,¢4].

Furthermore, we denote by t, and by t_ the left-continuous and right-continuous piecewise constant
interpolants associated with the partition, i.e. t.(t) = tFif tF"1 < ¢t < thand t (t) := th~1 if
th=1 <t < t*. Clearly, forevery t € [0,T) we have t,(t) | tandt (t) T tasT — O.

In view of (2.21), (2.22), and (2.23), it is easy to check that the piecewise constant interpolants (f - )k 1
()2, (hy)iz, of the values £, g, h¥ (4.1) fulfillas 7 | 0

f. — fin L*(0,T; L*(Q; RY)), (4.47)
g, — gin L*(0,T; L*(2)) N L*(0, T; H'(Q)). (4.48)
hy — hin L*(0,T; L*(0%)). (4.49)

We now rewrite the discrete equations (4.4)—(4.6) in terms of the interpolants @T, Y, Up, U, Uy,
U, X;, X, X5, &, and (. of the elements (9%, u¥, x* ¢k (F)¥~ . Indeed, we have for almost all
€(0,7)

00+ (1) + DX (£, (2) + pdiv(Dru, (6))0(8) + A (T,(t) = 7, (1)+ (4.50)
+ a(X, (1))e (Dur (1)) Ve (Du (1)) + (1 + 1/2> 9GP in X,
Ot (1) +V (a(X, (1)0pur (1)) + € (b(Xr(£)Tr(2)) + () = E- (1) (4.51)

a.e.in €,
(1 + VT)OX(t) + uC (1) + AN (8) + E-(1) + (X (1))
— _b/(XT(t))6(27—<t))E5(HT(t)) _I_ET(t) (4.52)

a.e.in
with &, € B(X;) and (. € OL(—000)(0:X;) ae.in 2 x (0, 7).
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Our next result states that the interpolants of suitable discrete solutions to system (4.4)—(4.6) also
satisfy the approximate versions of the entropy inequality (2.37) and of the total enegy inequality
(2.38).

For stating the discrete entropy inequality (4.55) below, we need to introduce discrete test functions.
Namely, with every test function ¢ € C°([0, T]; W'4+<(Q)) N H'(0, T; L%°(£2)) we associate
fork=1,...,K, ¢F:=¢(th) (4.53)

and consider the piecewise constant and linear interpolants ¢ and ¢, of the values (apT) .ltcan
be shown that the following convergences hold as 7 — 0

B, =@ inL®0,T;Wh(Q))and Oy, — dyp  in L2(0,T; L¥?(2)). (4.54)
Then, (4.55) is obtained by testing (4.4) by ©* /0 fork =1,... K.

As for the total energy inequality (4.56) below, let us mention that it results from our carefully designed
time-discretization scheme, observing in addition that (4.6) is indeed the Euler-Lagrange equation for
a suitable minimum problem, cf. (4.58) below, where the additional term

7_3/2 /

2 Ja

has the role to “compensate” for the possible non-convexity of fQV X) dz. Accordlngly, to get the

k k—1

discrete total energy inequality (4.56) we need to add the term T5— 2 %
of (4.4). This will lead to the necessary cancellations, cf. (4.66) below.

2

Xk o Xk—l
T T dx

T

to the right-hand side

Proposition 4.8 (Discrete entropy and total energy inequalities p € {0,1}). Under Hypotheses
()—-), for > 0 sufficiently small, the discrete solutions (19’“ u Xk)k 1 to Problem 4.2 fulfill

- the discrete entropy inequality

/t(s) / log(¥,(r)) + X, (r))Owpr (r+7) da: dr
I / " / div(yu, ()@, (r) de dr
(1)
/t / NV log(d,(r)) - Ve, (r) dz dr
< / (log(@, (& (1)) + X, (E.(6))o &, (1)) da
Q
/ (1og (T, (t.(5))) + X, (£, ()0 E, (5))

tr(t) S (r B -
/ / K- (r T;V1Og(79r(7“))'VQ9T(T)dxdr

tT(t)
- [ [ @0+t etom e ) + o 0)F
3/2

(r dxdr—/ / 7 45 ar
7' o0 TT
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forall0 < s <t < T and forall p € CO([0, T]; Wha+<(Q)) N H*(0,T; L°()) with
©=>0;

- the discrete total energy inequality for all0 < s <t < T, viz.

t), drur (1), X- (1)) < E(97(s), W (5), Opur(s), X (s))
t) £ (¢ (4.56)
/ /gT—l—f - opu,) dxdr—l—/ / h,dSdr,
tr(s) o0
with & from (2.39).

For the proof of the discrete entropy inequality, we will rely on a crucial inequality satisfied by any
concave function ¢ : dom(7)) — R, i.e.

V(@) —Y(y) <P'(y)(x—y) forallz, y € dom(y)). (4.57)

Proof. We split the proof in two steps.

Step 1: proof of the total energy inequality. Let us consider the minimum problem

7_3/2 X — kal 2 Xk k-1 X — kal
min {/( = +<—)X+ua<—7>
Xewir@) LJo \ 2 T T T (4.58)
XP o~ F~N\Ee(uF—1 '
I 300 1500 + b0 S0 );(“T ) _ ﬁ’jx) da:}

=

where Xﬁ is the discrete solution from Lemma 4.4, and let A\ > 0 such that 7" > —\ as in (2.19).
Then, the function
r—(r) + Mr|?> s strictly convex. (4.59)

Let 7 > Osuchthat 1/(27) > Aforall0 < 7 < 7. We may rewrite the minimum problem (4.58) as

1
min — 2 X = XEL?
Xew'»(Q) {/Q ( (2\/_ ) | -

Xk xk-1 (X — Xkt VX[P s ~
+ (;> X + pa ( - ) + VX + 6(X) +7(X) (4.60)
T T P
k—1 E k—1
AP+ b0 S )QE(UT ) ApEp 2Axx’j—1> dx}.

Observe that the Euler-Lagrange equation for (4.60) is exactly (4.6). Using the convexity of a, B\ b,
and the A-convexity of 7 (whence (4.59)), it is not difficult to check that (4.6) has a unique solution.
We may thus conclude that the minimum problem (4.60) has a unique solution, which coincides with
the discrete solution X* from Lemma 4.4.
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Now, choosing X*~! as a competitor for X* in the minimum problem (4.58) yields
2

3/2 k k—1

T/ da:+/T d:c—l—u/ (—X X7 >dx

Q Q 2 T Q T

k ~

+/de+/5(xﬁ)dx+/a(xi)dx

Q Q

k—1
+ / b(xXk)< ey )Eg( ) d / 9XE do (4.61)
k 1

/‘V ’pd +/ﬁx’f D) da:+/ A(XEN da

k 1
+ / b(x’:*l)g( )12[35 / X1 4.
Q

Hence, we test (4.5) by u — uk and observe that , forallk =1, ..., K,

Xk - kal 2 Xk _ kal

T

1 1
[ D) Drs(u)de = SID sy = 5IDeis() oy (462

k—
k_ k_ gkl (4.63)
I (&) Ve (&) de.
9 T T

Furthermore, we have

(€ () By

1
= §/b(X]j)e(u'j)E5(u]j)dx (4.64)
Q
1
—5/Qb(Xf__l)s(uf_l)Ee(u’ﬁ_l)dx
1
— 5 008 b0 e(ut E=(u ) o
Q
Finally,
naty uk — uh-! uk — uh!
T (ep(ﬁﬁ),%>mmd) =—p /Q VEdiv (7> d . (4.65)

Next, we multiply (4.4) by 7 and integrate over ). We add the resulting relation to the equation obtained
testing (4.16) by u* — u*~! and to (4.61). The terms

T/DTyk(X)ﬂﬁ dz, pr/ﬁfdiV(DT,k(u)) dz,
Q Q

k_ k-1 ko k-1
7'/ a(X* e <—uT r )Vg (—uT T ) dz, 7'/
Q T T Q

+3/2 Yk _ xk-1 2
2 /Q T

2

Xk - kal
ST | dr (466)

T

dz, % /Q (BO) — bOE1))e(uh ) Ee(ub ) da

T



cancel out.

We sum over the index k = m, ..., J, for any couple of indexes 1 < m < j < K,. Taking into
account (4.61)—(4.65), we ultimately obtain

1 j’p

[ (924 31D + GpDeuetud) + T 4 G +300) ) do
Q

m 1 2 1 m m m |VXZrn|p 2(yvm >S(ym
< 797' + §‘D77m<u)| + §b(XT )5(117' )Eg(uﬂ' ) + T + ﬁ(XT ) + fy(XT ) dz
Q

+§r (/Q (97 +£7 - Dry(w)) d$+/

h¥ dS) , (4.67)
o0

which yields (4.56).

Step 2: proof of the entropy inequality. Let us fix an arbitrary posititive test function
p € CO([0, T}, Wh<(Q)) N H' (0, T3 L*(92))

with ()7, defined by (4.53). We multiply (4.4) by :;—z € H'(2) (hence, an admissible test function
for (4.4)) and integrate over (2. We obtain

k_ qqk—1 k_ qqk—1 Yk _ xk-1
/ (gf + a(x¥)e (—uT o )V5 (uT o ) + ‘ —
0 T T T
1/2 2 o ok
T dx + / R I ds
2 % oo Uk
gk _ gk=1  xk _ yk-1 k _ qqk—1
:/ ( = T+ =L 9k 1+ pdiv (i) 19&) ©oF da
Q T T T
oF
+/ K(WF)Vor . v <—k> dz
Q 197'

1 191: —1 ﬁk—l Xk - Xk—l k _ k-1
S / ( Og( T) Og( T ) + T T +ple (uT uT )) 9071? d.T
Q T

2

k k—1
Xk — Xk
T

+

(4.68)

T T
K(0) g g K@Y k|2, k
where we have used that (cf. (4.57))
—195 _ ];_1 k k—1 .
g < log(V7) —log(977)  ae.in(.

T

Note that this inequality is preserved by the positivity of the discrete test function goﬁ. We now sum
(4.68), multiplied by 7, over kK = m, ..., j, for any couple of indexes 1 < m < j < K. We use the
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discrete integration by parts formula (4.46), yielding

J
57 [ Dostlog)eta = [ log(t)elde — [ logomyerda
k=m @ “

—_

jf

=Y [ 1oB0HDrkeale)
Q

k=m
J o Jj—1
7 [ Doutdietar = [ gdde— [t > RO
e Y9 Q
Inserting the two above inequalities in (4.68) (summed up over K = m, ..., j), rearranging terms, we
conclude (4.55). O

Remark 4.9. A close perusal of the proof of Proposition 4.8 reveals that, b is only A-convex, in place
of convex, it is still possible to prove that the discrete equation for X (4.6) admits a unique solution, and
therefore conclude that X'ﬁ is the unique minimizer for (4.58). This, provided we replace the p-Laplacian
operator in (4.6) with its non-degenerate version, cf. Remark 2.9.

4.3 A priori estimates revisited

The following result collects all the a priori estimates for the approximate solutions constructed via time
discretization. In particular, the proof renders on the discrete level the Second and Sixth estimates,
which have a nonlinear character and thus translate with some difficulty within the frame of the dis-
crete system (4.4)—(4.6). In particular, the Sixth estimate (cf. (4.69h) below) is deduced with careful
calculations from the discrete entropy inequality (4.55).

Proposition 4.10. Assume Hypotheses (I)-(1ll) and (2.21)—2.26). Let ;u € {0, 1}. Then, there exists
a constant S > 0 such that for all T > 0 the following estimates

10| Lo (0,7 52 (2mey) < S, (4.69a)
HuTHH1(O,T;Hg(Q;Rd))mWLOO(O,T;Hé(Q;Rd)) <, (4.69b)
HGTHHl(o,T;L?(Q;Rd)) <S, (4.69c)
HXTHLOO(O,T;WLP(Q)) <S5, (4.69d)
||XT\|L°°(O,T;Wlm(Q))mHl(o,T;L2(Q)) <5, (4.69¢)
| 10g<797’)HL2(0,T;H1(Q)) <S, (4.69f)
||197||L2 0,T;H(Q)NL>=(0,T;L1 () < S, (4.699)
|| log( )“BV( [0,T7; W Ldte(Q)* < S foralle > 0 (469h)
hold. Furthermore, under Hypothesis (V) (i.e. if | < k < 5/3), we have in addition
sup ||79T||BV([O,T];W2*d+5(Q)*) <S8 foralle > 0. (4.69i)
>0
Finally, if 1 = O we also have
— — 1 .
sup (X220 mwr+ow) + 1€ l20mr2@))) < S foralll <o < o (4.69))
T>
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We now sketch the proof, showing how the formal a priori estimates in Section 3 can be translated
in the framework of the time discretization scheme; we shall only detail the argument for the discrete
version of the Sixth estimate.

Proof. From the discrete total energy inequality (4.56), arguing in the very same way as for the First
a priori estimate, we deduce

||ETHL°°(0,T;L1( Q) + 1urllwreeorr2@ray) + X7l Lo 0,mw1r0)) < C, (4.70)

whence (4.69d). We also infer that [|b(X;)"/2e (0, )|| oo (0.7 12 (raxay < C which gives, via (2.16)
and Korn’s inequality, that

HﬁTHLOO(O,T;Hé(Q;Rd)) <C.

Next, along the lines of the Second a priori estimate, we test (4.4) by F'(9%) = (9%)>~1, with
€ (0,1). Since F'(¥) = 9/« is concave, by (4.57) we have

(OF — 9D F'(9F) < F(O%) — F(9FY)  ae.inQ,

therefore we obtain
k_ ok—1 k_ ik—1
/ (gf +a(x¥)e (—uT o ) Ve (—uT o )
Q T T
12\ |yk _ yk-1 2
+(Hf'>‘7 T Fw®m+/fﬁwﬁms
2 T 90

A k—1 kK yk—1
Q

- T T

(4.71)

T

_(ub—ubtN k k 1/ ok
+pdiv | ——— | 97F'(97) + K(I7)VITV(F'(97)) | do

Then, we multiply (4.71) by 7. Summing over the index &k and recalling that ¢ > 0 and h > 0, we
obtain for all t € (0,7

41— o) /ﬁ &/ V((@,)°7)P da ds
. /( / (c2|e<atu7>|2F’@>+(1+17/2) O PFE) ) deds

— £ (1) o _ -
< /QF(ﬁT(t)) dz — /QF(Q%)dx—I—/O /Q(@XTﬁTF (9-) + pdiv(Opu, )9, F'(9,)) dzds.

Starting from this inequality, we develop calculations completely analogous to the ones in Section 3
for the Second a priori estimate. In particular, we conclude that

£ (1) B B
/’ /mevmmwm%M®gc. 4.72)
0 Q

The same calculations as for the Third estimate allow us then to deduce from (4.72) and (4.70)
estimate (4.69g). As a byproduct of these calculations, we again have for all « € [1/2,1)

102 | 2o oy (1092) 2 2o rerr ) < O (4.73)
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Moreover, since

9,(t) >0 aeinQ forallt e [0,7], (4.74)
(with ?J from (4.25)), we also have (4.69f).

As for the Fourth estimate, we subtract from the discrete total energy inequality (4.56) the discrete
heat equation (4.4) multiplied by 7 and summed over the index k. Therefore, we obtain forall £ € [0, T']

/ |0yu, (t,())]* dz + /Otf(t) v(a(X,)o0mu,, du,)ds + %e(b(YT(fT(t)))ﬁT(fT(t)),ﬁT(fT(t)))
- (1 + %)/ t)/ |0 X+ \deds+/ —| VX, (8- (1)) P + W(X,(t,(2))) dz
= Iy + /OtT /Q@T (pdiv(du,) + 04X;) dzds +/O /Qﬂ -, drds,

where we have used the place-holder Iy = 3e(b(Xo)uo, o) + [o,(3[Vol* + 5[V Xo[? + W (X)) da.
Exploiting (2.21) and estimate (4.69g), we control the second term on the right-hand side with
fo fQ |0,X;|> dzds and the second term on the left-hand side, which bounds
f H@tuTHHl(Q ray ds thanks to (2.5). Therefore, we conclude that 10var|| 20711 Ry < C,
as well as estimate (4.69e).

The Fifth estimate is performed on the time-discretization scheme by testing (4.5) by — div(a(u’j —

uffl)). For all the calculations, we refer to [28, (3.61)—(3.67)]: therein, the equation for u was the same
as our own (1.2), but the elasticity and viscosity tensors [E and V were assumed to be independent
of the space variable x. Nonetheless, the computations from [28] carry over to the present setting,
cf. also the formal calculations for the Fourth a priori estimate in Sec. 3. Therefore, we conclude
estimates (4.69a) and (4.69b). A comparison argument in (4.5), joint with (2.8b), yields (4.69c).

In order to render the Sixth estimate in the time discrete setting, let us fix a partition 0 = 0y < 01 <

. < oy = T of the interval [0, T']. Preliminarily, from the discrete entropy inequality (4.55), written
on the interval [0;_1, 0;] and for a constant-in-time test function o € W14T¢(Q)) for some € > 0, we
deduce that

/(& —li1)pdx + Ai(p) >0 forall o € W (Q), (4.75)

Q

/(Ei—l — &)()0 dr — Az(QO) >0 for all (NS Wl d+€(Q), (4.76)
Q

where we have used the place-holders

(),

Og
tr crl)
/ / ) Vlog(¥,) - Vodzdr — / /le o, )pdxdr
O'Z 1 0'1 1
t- (o) tr(04)
/ / K(J,)L-V (log(3,)) VT, dxdr—/ / R, 2 dS dr
t(0i1) 19 (0i1) Joo U

t- (o) 1/2 ©
/ (gT + a(X,)e(0pu,)Ve(du,) + (1 + —) |0 X~ \2) = dz dr.
tr(oi-1)

T

l; =1
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For later use, we also introduce the place-holder

R, = pdiv(dpu,) + K(0,)|V (log(J,))|* + (7, + a(X,)e(dru,) Ve(Dru,)
172
+ (1 + —) |0:X - |2) %,

_ 7 (o) _
/ / (0,)V log(J,) - Vo — Rrp) da dr— / h2dSdr. (4.77)
t7— T;— 1 oN

t‘r (Uz 1) T

such that

We also deduce from (4.75) with ¢ = 1 that

t-(04) _
/ /( b gl ! ) dxdr>/ / T_—der>0 (4.78)
tr (O’z 1 - O-l 1) 0’1 1 o0

T

We now estimate the total variation of (log("J,) + X, ) with values in W14+¢(Q)*, i.e.

Varyare (o) (log(d,) + X-; [0, T])

— swp ZH Log (U (02) + X, (07)) — (log(Tr (051) + Xo (i-1)) <y

O0=0p<01<...<0y=T

by proceeding as follows. We observe that for every fixed ¢ € Wh4t<(Q) with [|¢|[prrare) < 1,
there holds

(b — iy, 90>W1,d+5(9)‘ < + |Ai(eh)]

(i = lima)pt da + Ai(p™)
Q

+

[t =ty - Ai<—¢->\ LA @79

- / (6 — 6ol dz + Au(le) + (™) + [As(e )],

where 1 (7, resp.) denotes the positive (negative) part of ¢. The last equality ensues from (4.75)—
(4.76), allowing us to remove the absolute values, and from the linearity of the map ¢ — A;(¢p),
yielding A;(¢1) — Ai(—¢7) = Ai(Jp|)- Therefore,

J
D 1l = bt lwrasegy-
=1

J
= Z sSup ‘ <£’L - gi—la @)Wl,:ﬁre(g)’

i=1 H80||W1,d+5(ﬂ)§1

(1) J
S sup / — L)l dz + Ai([e]) + [As(@™)] + [As(07)]

=1 Hsallwl d+e(g)<1

(2) J -(01) G-,
S sup / / ( T —RT) |o| da dr
=1 HSOH‘/Vl d+e(Q) tq— O;— 1 ) - tT(UZ—l)

tT O’l
/ / Vlog +) - V(|e])dzdr
tr 0I 1

tTal
[ R asar e e+ ne)

(0i-1) ‘r

(4.80)
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where (1) follows from (4.79) and (2) follows from rewriting A;(|¢|) by means of (4.77). Then, we
continue the above chain of inequalities by observing that

/ /( b —IRT> || dz dr
0’1 1 - O-’L 1)
tr UI) z_ i—1
t, crz)
<C /(Ei—zldx—/ /fRdedT
t(oz 1) Q

for all o € WHT(Q) with [ellwrareo) <1

where the first inequality follows from (4.78), and the second one from the continuous embedding
White(Q) C L*°(). We then estimate (cf. in particular (3.26))

t-(04)

fR dzdr

< C/ [0car || 1 QRd)+/ 19,52V, | da

Uzl

+ /Q VO, [* da + 1|7, [l 20 + £(@rur) |72 (0 maxay + HatXT)||2L2(Q)) ds,

(4.82)

where we have used the fact that |1/9,| < C a.e.in Q x (0,T) by (4.74). We also estimate

/ / AV log(d,) - V(|e|) de dr
i=1 ”‘PHWI d+F(Q) (oi-1)

tT(Ui) _ _ _
ST ety [ 1@ |5 s s
t

i=1 ||<PHW1 dte)= r(0i-1)

J

<1

T
< C/ ||(197)(”+“_2)/2V19T||L2(Q;Rd)||(z97)("_0‘)/2||Le(Q) ds (4.83)
0
and proceed analogously for the term ftTSf’ ) fag h, M dS dr, relying on (4.49) and again on the

fact that |1/9,] < C ae.in Q x (0,T) by (4.74). Wlth the same calculations as throughout (4.82)—
(4.83) we also estimate the terms |A;(¢™)| and |A;(¢ )|, exploiting (4.77). Inserting (4.81)—(4.83)
into (4.80), we then get

J

(1) — — 2)
E ”gz — Ei_1HW1,d+e(Q)* S C/ (log(ﬁT(T)) + X7—<T> - lOg(ﬁo) — XO) dz + C S C,
i=1 Q

where (1) follows from the previously proved estimates (4.69b), (4.69d), (4.69¢), (4.69g), (4.72), and
(4.49). Finally, (2) is due to (4.69d) and to the fact that | log(J,(t))] < C <@T(t)

@f@)‘) =
C <|57(t)| + ﬁ) a.e. in Q for all t € [0, 7] thanks to (4.74). Also view of (4.69f), we ultimately
conclude that

[ log(V7) + Xl v (o, rpwr ey < C

for all € > 0. Therefore, (4.69h) follows, on account of (4.69e).
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Under the additional Hypothesis (V), the same comparison argument in (4.4) as for the Eighth esti-
mate yields (4.69i).

For the Ninth estimate, in the case ;4 = 0 we perform a comparison in (4.6). Based on (4.69a),
(4.69d), (4.69¢), and (4.69¢g) we conclude

sup (|| A, (X)) r20,r522(0)) + 1€l z20.7:020)) < C

7>0

whence (4.69j) by the aforementioned regularity results from [31]. O

5 Passage to the limit

Let (ET, (V2SN VU | R ) BN ﬁT,YT,XT, X, ), be a family of approximate solutions, fulfilling the discrete
entropy inequality (4.55) and the discrete total energy inequality (4.56): its existence is ensured by
Proposition 4.8. We derive a preliminary compactness result, relying on the a priori estimates from
Prop. 4.10.

Lemma 5.1 (Compactness, 1 € {0, 1}). Under Hypotheses (I)—(lll) and conditions (2.21)—(2.26) on
the data £, g, h, ¥y, ug, vo, Xo, for any sequence (), C (0,4+00) with 1, | 0 as k — oo, there
exist a (not relabeled) subsequence, and a triple (¥, u, X) such that the following convergences hold

u, —*u in H*(0,T; HZ(Q; RY)) n Wh>(0, T; H3 (Q; RY)), (5.1)
u,,u, —u in L>®(0,T; H*¢(Q; R%)) foralle € (0,1], (5.2)
u, —u in C([0, T); H*<(Q;RY)) forall e € (0, 1], (5.3)
O, — uy in L*(0, T; L*(Q; RY)), (5.4)
o, — wy in L*(0, T; H*(Q; RY)), (5.5)
Xrp, X,y Xy = X in L0, T; WHP(Q)) N HY(0,T; L*(Q)), (5.6)
X, — X in C°([0,T); X) for all X such that W'?(Q) € X C L*(0), (5.7)
N in L*(0,T; H*(Q)), (5.8)
log(¥,,) — log(¥) in L*(0,T; H'(Q)), (5.9)
log(,,) — log(¥) in L*(0,T; L*(Y)) forall s € [1,6) ifd = 3, (5.10)
andalls € [1,00) ifd = 2,
log(¥,, (1)) — log(9(t)) in W 4H<(Q)* foralle > 0 and for allt € [0, T, (5.11)
0, — 0 in L"(Q x (0,T)) forallh € [1,8/3) ford = 3 (5.12)
andall h €[1,3) ifd=2,
and ¥ also fulfills
Y€ L>(0,T; LY(Q)), logd € BV([0,T]; W“<(Q)*) forall e > 0, 5.13)

v >1daeinQx(0,T)

(with ¥ from (4.10)).
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Under the additional Hypothesis (V), we also have ) € BV ([0, T]; W4t¢(Q)*) for all ¢ > 0, and

o — U in L*(0,T;Y) forallY suchthat H'(Q) € Y C W*¥(Q)*,  (5.14)
() — I(t) in W24<(Q)* forallt € [0, 7). (5.15)

Sl <l

Proof. Due to due to estimates (4.69b) and (4.69c), there holds

Jur — U || Lo 0,112 () < 71/2HaturHLZ(O,T;Hg(Q;Rd)) < ST/,

. N (5.16)
[0; — Oy || Lo (0,522 (7)) < Tl/zHatuTHL2(O,T;L2(Q;R‘1)) < Stl/2.

Taking into account (4.69a), (4.69b), (4.69c), and applying well-known weak and strong compactness
results (for the latter, cf. e.g. [32]), we conclude convergences (5.1)—(5.5). The same kind of arguments
yields (5.6)—(5.7) on account of estimates (4.69d) and (4.69¢). The bound (4.699) gives the weak con-
vergence (5.8). Since the family (log(4J, )), is bounded in L2(0, T'; H*(Q))NBV([0, T]; Wt4+<(Q)*)
for all € > 0, an Aubin-Lions type compactness result for BV-functions (see, for instance, [32, Cor4]
or [29, Chap. 7, Cor. 4.9]) ensures that, up to a subsequence, log(ﬁm) converges to some A in
L2(0,T; Z) for every Banach space Z such that H(Q) € Z C Wl4+<(Q)*. Therefore, log(¥,, )
converges to \ pointwise almost everywhere in 2 x (0,7") and accordingly @Tk converges to e”.
Then, in view of (5.8), A = log(#}), and convergences (5.9) and (5.10) ensue. The BV-compactness
result [22, Thm. 6.1] also ensures that log(¥) € BV([0,T]; W4+¢(€2)*), and the additional weak
convergence (5.11). With a lower semicontinuity argument one also has that ¥ € L>(0,T; L'(Q2)),
and convergence (5.12) follows from an interpolation argument (cf. (3.15)). Relying on this and on the
approximate positivity property (4.74), we also conclude the last of (5.13).

Under the additional Hypothesis (V), we also dispose of the BV -estimate (4.69i) for@. Combining this
with (4.69g) and applying the aforementioned compactness results from [32] and [22], we conclude
(5.14)—(5.15). O

We are now in the position to develop the Proof of Theorem 2.5, by passing to the limit in the time-
discrete scheme set up in Sec. 4. Let (74); be a vanishing sequence of time-steps, and let

7uTk>au7'k7X X X'rk)k

Tk —Tk7

(197_k 7 ’l9Tk; ) ﬁTk 9 E

Tk

be a sequence of approximate solutions. We can exploit the compactness results from Lemma 5.1.
We split the limit passage in the following steps.

Ad the weak momentum equation (2.40) Relying on convergences (5.1), (5.4)—(5.5), (5.7) and

(5.8), as well as (4.47) for (f,, )i, we pass to the limit in (4.51) and conclude that the triple (¢, u, X)
fulfills (2.40).

Ad the weak formulation (2.41)—(2.44) of the equation for X, 1 = 1 The argument for obtaining
(2.41)—(2.44) in the limit follows exactly the same lines as the proof of [16, Thms. 4.4, 4.6] (see also
[28, Thm. 3]). Therefore we only recapitulate it, referring to the latter papers for all details.

First of all, as we have pointed out in the proof of Proposition 4.8, (4.6) can be interpreted as the Euler-
Lagrange equation for the minimum problem (4.58), i.e. (recall that here x = 1 and that @ = I —oo )
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and 6 = [[0,+oo))

3/2
min {/(
Xewir@) L Jo \ 2

[VX]P
_|_

X — Xk—l
T

2 Xk — Xkt X — xk-1
+ S — X+ I(—oo] —
(5.17)

e(uf HEe(uy ) o ) dx}

+ Lo,400) (X) +7(X) 4+ b(X)

Writing necessary optimality conditions for the minimum problem (5.17), with the very same calcula-
tions as for [28, Thm. 3], we arrive at

[ (00010 + VR0 00 + [VXOF TR0 - Vi +1 ()0 + . (0)0) da 2 0

forallt € [0,T] and all 1) € WP(Q) s.t. there exists v/ > 0 (5.18)
with 0 < v + X, (¢) < X, (t) a.e.in Q,
where where we have used the place-holder
_ _ Ee(u —
= cu)Beu,) 5 (5.19)

Choosing ¢ = —0;X-(t) in (5.18) and and summing over the index k we deduce the discrete version
of the energy inequality (2.44) forall 0 < s <t < T, viz.

/T(S / (1+7Y2)|0,X, |2dxdr+/£2(%Wyr(fr(t)))\p—l—W(XT(tT(t)))> da
Q( VX-(E >>|p+W(XT(tT(S)))) dz (5.20)

() . E N
+/ / O X, (—b’(XT)% + ﬁT) dz dr + CTH&XTH%%O,T;LQ(Q)) ;
t(s) JQ

where we have used that

ONN t-(t)
/ Y(X;)0 X, da dr = Y(X;)0 X, da dr
£ (s)

+ [ (v(YT) — V(XT)) OX,dxdr =1, + I,

and that, by the chain rule,

]1:/Q§(XT(ET(t)))dx—/ A(x, dx—/W dx—/WX £ (

(due to § = Ijg_4o0)), while

Iy < N8 X- | 2.2 1V OG) =YX 2oz < CTIOX 7200202 (52))
thanks to the Lipschitz continuity of ~.

Second, repeating the “recovery sequence” argument from [16, proof of Thm. 4.4], we improve the
weak convergence (5.6) to
X, — X in LP(0,T; W'P(Q)). (5.21)
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We refer to [16] and [28] for all the related calculations.

We are now in the position to taking the limit as 7, | O in the approximate energy inequality (5.20).
We pass to the limit on the left-hand side by lower semicontinuity, relying on convergences (5.6) and
(5.21). For the right-hand side, we exploit the latter strong convergence as well as (5.7), yielding that
X, () — X(s) in WEP(Q), whence X, (s) — X(s) in C°(€2), for almost all s € (0, 7). It follows
from 5 € C%(R) that ¥ has at most quadratic growth on bounded subsets of R. We combine this
with the uniform convergence of (X7, (s))x to conclude that [, 7(X-,(s)) dz — [, 7(X(s)) dx for
almost all s € (0, 7). Since 3 = Ijo,+00), we have [, W (X, (s))dz — [, W (X(s)) dx for almost
all s € (0,7T). Since (X, ), is bounded in H'(0,T; L*(€2)), we also have

VTOX,, — 0in L*(0,T; L*(Q)). (5.22)

Combining the weak convergence (5.6) with the strong ones (5.2), (5.7), and (5.12), we also pass
to the limit in the second integral term on the right-hand side of (5.20). The last summand obviously
tends to zero. Therefore, we conclude the energy inequality (2.44).

Clearly, convergence (5.6) and the fact that 9, X, < 0 a.e. in © x (0,7) ensure that X; < 0 .e.
in Q2 x (0,7), i.e. (2.41). To obtain the variational inequality (2.42), together with (2.43), we proceed
exaclty as in [16, 28]. The main steps are as follows: passing to the limitin (5.18) as 73, | 0 with suitable
test functions from [16, Lemma 5.2], also relying on (5.22), we prove that for almost all ¢ € (0, 7T')

| (et + 19X P90 - 9 +2(x(0)7

forall g € WP(Q) with {¢) = 0} D {X(t) = 0}.

From this, arguing as in the proof of [16, Thm. 4.4] we deduce that for aimost all t € (0,T")

| (et + [9X0)P29x(0) - V0 +2(x(0)

2 (u(t))Be(u(t)) * o2
, e(u e(u _ .
> [ (00 0 D )

forallp € W2P(Q).

Relying on (5.23), it is possible to check that the function & from (2.47) complies with (2.42) and (2.43).

Ad the entropy inequality (2.37) Let us fix a test function ¢ € C°([0, T]; Wl4t¢(Q)) N H(0, T}
L8/5(2)) (for some € > 0), for the entropy inequality (2.37). We pass to the limit as 7, | 0 in the
discrete entropy inequality (4.55), with the discrete test functions constructed from ¢ in (4.53). In
order to pass to the limit in the first two integral terms on the left-hand side of (4.55), we combine
convergences (5.1), (5.7), and (5.10), with the convergence (4.54) for the test functions. In order to
deal with the last integral on the left-hand side, we observe that the family

(K(9,)V log(1,))- is bounded in L'*°(Q; R?) for some & > 0. (5.24)
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Indeed, the growth condition (2.15) implies that

K@)V 106 < € (0.1 + 5} 199, < <€ (101 + 5= ) 92
7)

(also due to (4.74)). Thus, it remains to bound the term ||| V1, |. To do so, we observe

a.e.in Q x (0,

//Q (19:-1*1V0-])" dadt < [[(19-1"2) || gosa-n (@ 110 5022V 00 ) | 2/ ity
< CI(0-1 ") s (5.25)

for some 7 > 0 (to be chosen below), where we exploited that (|J,|*“+*=2/2V).), is bounded
in L?(Q; R?) thanks to (3.16) (cf. also (3.13)). Indeed the latter estimate yields that ((J,)®)/2),
is bounded in L?(Q), hence that ((7,)"~%)/2)_is bounded in L2++)/(x=2)(Q)). Therefore, it is
sufficient to choose in (5.25) 7 such that 21 /(2 —r) = 2(k + ) /(k — @), i.e. 7 = (k + ) /K, which
is strictly bigger than 1. Therefore, up to some subsequence K(¥,, )V log(¥,, ) weakly converges to
some 7 in L'*9(Q; RY). In order to identify  as K(1J)V log(19), we use these facts. We first show
that

|0, |5te=2/27y, — |9|"te=D/279 in L2(Q; RY). (5.26)

Indeed, on the one hand, (5.8) gives VJJ,, — V¥ in L2(0,T; L?(2;RY)). On the other hand, the
pointwise convergence ¥, — ¥ a.e. in {2 x (0,7 combined with the fact that (1J,, ), is bounded in
LFHe(Q) yields that ¥, — @ in L*T=¢(Q) for all e > 0. Therefore |, |*F=2/2 — |g|(+e=2)/2jq
LAEFe)/(sta=2)=¢(Q)) for all e > 0 . Since (|0, |*T*=2/2V4,, ), is bounded in L?(Q; R?), (5.26)
follows. Second, we have that

|0, |(F=)/2 5 glr=e)/2 iy [Arte)/(r=2)=€(Q)) forall e > 0, (5.27)

again due to the pointwise convergence of 9J,, and to the fact (1J,, ) is bounded in L"*(2). It follows
from (5.26), (5.27) , and the growth condition on K, that

KWy, )V log(¥,,) — K(W)Viog(d) in L' (Q;R%). (5.28)

This and convergence (4.54) enables us to take the limit in third term on the left-hand side of (4.55).
The passage to the limit in the first two integrals on the right-hand side results from convergences
(5.7), (5.11), and again (4.54). For the third term, we use that

e (£)
lim inf / U (1)) By, (r) |V Tog (0, (r))|* dadr

k—oo t‘rk (s)

/ / )|V log(9(r))|> da dr

which results from the weak convergence (5.9), combined with the pointwise convergence @k —
a.e.in2x (0,7, (4.54) for the discrete test functions, applying the loffe theorem [18]. With analogous
arguments we pass to the limit in the last two integrals on the right-hand side of (4.55), and therefore
conclude (2.37).
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Ad the total energy inequality (2.38) It follows from passing to the limit as 7, | O in the discrete
total energy inequality (4.56), based on convergences (4.47)—(4.49) for f.,, 7, , h-,, and on (5.2),
(5.5), (5.7), and (5.12). Observe that convergences (5.2), (5.5), and (5.7) are sufficient to pass to the
limit on the left-hand side of (4.56), by lower semicontinuity, for all t € [0,T]. However, (5.12) only
guarantees that ), (t) — 9(t) in L*(2) for almost all t € (0,T).

Enhanced regularity and improved total energy inequality under Hypothesis (V) If in addition
Hyp. (V) holds, in view of Lemma 5.1 9 is in BV([0, T]; W24+¢(Q)*) for every ¢ > 0, and the
enhanced convergences (5.14) and (5.15) hold. The latter pointwise convergence allows us to pass to
the limit on the left-hand side of (4.56) for all t € [0, T']. This concludes the proof. n

We conclude this section with the Proof of Theorem 2.8: Let (7% ), be a vanishing sequence of time-
steps, and (@k, 19Tk,ﬁ7k,gw U, , ﬁTk,YTk,XTk, X, )i be a sequence of approximate solutions; let
(€., )k be a sequence of selections in B(X, ), such that (X, , &, ) satisfy for all k € N the approxi-
mate equation (4.52).

In the case v = 0, in addition to convergences (5.1)—(5.15), estimates (4.69j) yield, up to a subse-
quence, the further convergences

1
X, — X in L2(0, T; WP (Q)) forall 1 < o < —,
p (5.29)

X, — X inL90,T; WhP(Q)) forall 1 < g < oo.
Furthermore, there exists £ € L?(0,T; L*(2)) such that
&, =€ In L*(0,T;5 L*(9)). (5.30)

The strong convergence (5.29) and the strong-weak closedness of 3 (as a maximal monotone opera-
tor from L?(Q2) to L*(2)) immediately yield that £ € 3(X) a.e.in 2 x (0,7).

Therefore, also exploiting convergences (5.1)—(5.8) we pass to the limit in the discrete equation for
X (4.52) and immediately conclude that the quadruple (9, u, X, £) fulfills the pointwise formulation
(2.51)—(2.52) of the internal parameter equation (1.3). The proof of the entropy inequality, of the total
energy inequality, and of the momentum equation is clearly the same as for Theorem 2.5.

Under the additional Hypothesis (V), as previously seen 1 is in BV ([0, T]; W24+£(Q)*). We prove
the weak form (2.54) of the heat equation by passing to the limit as 75, | 0 in the approximate heat
equation (4.50), tested by an arbtitrary ¢ € C°([0, T]; W24<(Q)) N H'(0,T; L%°(2)). The pas-
sage to the limit in the first three terms on the left-hand side, and on the first two terms on the right-hand
side, results from convergences (4.48), (4.49) for (g, ) and (ETk)k, and from (5.1)—(5.2), (5.5)—(5.8):
in particular, we exploit that £(;u,, )Ee(du,,) — e(u;)Ee(u;) strongly in L'(Q) thanks to the
strong convergence (5.5).

In order to pass to the limit with the fourth term on the left-hand side of (4.50), we need to derive a
finer estimate for (K(U,, ) V1, )x. Arguing as for (3.28) we use that

K(0n)Vr | < Cr |72 210, |20, | + OV, |

Now, (¥, )" te=2/2V4_ is bounded in L?(0, T; L(2; R?)) (thanks to (4.72)). On the other hand,

(97, )k is bounded in LP(Q) for all 1 < p < 8/3, in the case d = 3 (to which we confine this
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discussion). Therefore, choosing a € [1/2,1) such that @ > x — 2 (this can be done since x <
5/3 by assumption), we conclude that ((1J,)"~*+2/?), is bounded in L***(Q) for some § > 0.
Ultimately, we conclude that (K(¥J,, )V1,, ) is bounded in L'*(0, T'; L**°(12)) for some 6 > 0,
hence

n e L0, T: L'(Q) :  K(@,,)V,, — nin L'*5(0,T: L'*(Q)) . (5.31)

In order to identify the weak limit 7, it is sufficient to observe that (cf. [21]) K(¥,, ) VY, = VK(z? o)
a.e. in Q x (0, 7). Combining the growth property (2.15) of K (where 1 < x < 5/3), with the strong
convergence (5.12) of 19Tk in LP(Q) forall 1 < p < 8/3, we ultimately conclude that (K(Q?Tk))k
strongly converges to K(19) in L”é(Q) for some & > 0. A standard argument then yields

n = VK@) =K@W)VIJ ae.inQx(0,7T). (5.32)

Combining (5.31) and (5.32) leads to

// 2)VU,) Vgpdxdt%// V)V - Vpdrdt

for every test function p € C°([0, T]; W2+¢(Q2)).

To complete the passage to the limit on the right-hand side of (4.50), it remains to show that
O Xy, — Xy in L*(0,T; L*(Q)). (5.33)

This follows from testing the discrete equation for X (4.52) by 0;X ., , integrating in time, and passing
to the limit as £ — oc. Indeed, exploiting convergences (5.2) and (5.6)—(5.8) we deduce that

T T
limsup/ /latXTk|2dxdt S/ /]Xt|2dxdt,
k—o0 0 Q 0 Q

whence (5.33). This concludes the proof of (2.54).

The total energy equality (2.55) then ensues from testing (2.54) by ¢ = 1, the momentum balance
(2.40) by uy, and the (pointwise) X-equation (2.51) by X, adding the resulting relations, and integrating
in time. ]

6 From the p-Laplacian to the Laplacian

In this Section we prove a global-in-time existence result for a suitable entropic formulation of the initial-
boundary value problem for system (1.1)—(1.3), in the case the p-Laplacian operator
— div(|]VX[P~IVX) is replaced by the Laplacian —AX, i.e. for p = 2, keeping the evolution uni-
directional (i.e., . = 1). Hence, (1.3) rewrites as

Xi 4 01 (—oo,0)(Xe) — AX + W'(X) 2 —b’(x)w +49 inQx(0,7). (6.1)
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We restrict, apparently for technical reasons (which however we cannot bypass), to the irreversible
case ;+ = 1. The main idea of the technique consists in passing to the limit as § \, 0 in the following
approximation of (6.1)

X¢ + 3](_0070](9(75) —AX -4 diV(|VX|p_1VX)

6.2
5ﬂgﬁﬁ+ﬁm9xmjy ©2

Indeed, we can apply Thm. 2.5 to the initial-boundary value problem for system (1.1)—(1.2), (6.2), with
p > d (supplemented with the boundary conditions (1.4)), and conclude the existence of global-in-

W) 3~ (X)

time entropic solutions. In this entropic formulation we will pass to the limit as 6 ~\, 0, recovering an
existence result for the case p = 2. Let us now state the notion of entropic solution for the limit system
as 0 — 0. We mention in advance that the solution concept introduced below is weaker than the one
we have obtained in the case p > d (cf. Definition (2.4)). In fact, the total energy inequality holds true
only on (0, t) (cf. (6.7) below), and not on a generic interval (s, t), and so does the energy inequality in
the weak formulation of the equation for X. Moreover, the momentum equation is no longer formulated
pointwise a.e. in 2 x (0, 7)), butin H~1(2; R?), a.e. in time, only. Let us also anticipate that we will
confine to initial data Xo € H'(€2) such that Xo > 0 a.e. in € (which gives 3(Xo) € L'(Q) as in
(2.26)) and, at the same time, Xy < 1 a.e. in §2. This and the irreversible character of the evolution
will ensure that X € [0, 1] a.e.in £ x (0,7), in accord with its physical meaning.

Definition 6.1 (Entropic solutions to the irreversible system with p = 2). Given initial data (190, Uy, Vg
fulfilling (2.24)—(2.25), and X such that

Xo € H'(Q), 0<Xy<1lae.ing, (6.3)

we call a triple (¢, u, X) an entropic solution to the (initial-boundary value problem) for system (1.1)—
(1.2), (6.1) with the boundary conditions (1.4), if

9 € L*(0,T; H' () N L>(0,T; L' (Q)), (6.4)
ue H'(0,T; Hy(%RY) N W0, T; LA RY) N H*(0,T; H (4 RY),  (65)
X e L0, T; H'(Q)) N H'(0,T; L*(Q)), (6.6)

(9,1, X) complies with the initial conditions (2.35)—(2.36), and with the entropic formulation of (1.1)—
(1.2), (6.1) consisting of

- the entropy inequality (2.37);

- the total energy inequality for almost all t € (0, T'):

ED(0),u(t), wi(t), X(1)) < & (Jo, o, Vo, Xo) + / [ g

t t
+// hder—i—/ /f—utdxdr,
0o Joo 0 Ja

5mmmxy:Aﬁm+;émwn+%wmmmmmm

1
+—/|VX|2dx+/W(X)d:p;
2 Q Q

(6.7)

where
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- the momentum equation

wy +V(a(X)u) + € BX)u) + C,(9) =f in H (4 RY); (6.9)

- the weak formulation of (6.1), viz.

Xi(x,t) <0  foraa. (z,t) € Qx(0,7), (6.10)
| (aters+ 9x(0)- 90+ 6000 +2(x(ep
e(u(t))Ee(u(?)) (6.11)

L H () 5 b — ﬂ(t)@b) dz > 0
forallyy € W(Q) N L>¥(Q), foraa.t € (0,7),
where £ € 01| 4o0)(X) in the sense that
e L0, T;LN(Q)  and  (£(), % — X(E)yrag) <0 Vi € Wi*(Q) N L¥(Q),
fora.a.t € (0,7), (6.12)
as well as the energy inequality for all t € (0, T:

/Ot/ﬂrxtﬁdxdm/g(EWX<t),2+W<X(t))) N,

g/ <—|VX0|2+W(X0)> dx (6.13)

//xt( b (X )Eg( )+z9) dz dr.

We are in the position now to state the main existence result of this section.

Theorem 6.2 (Existence of entropic solutions, ;x = 1 and p = 2). Assume Hypotheses (I)—(lll) with

b(x) >0 foralx € R, (6.14)

and, in addition, Hypothesis (1V) (i.e., B = I[o,+o0)), as well as conditions (2.21)—2.25) on the data
f, g, h, Vg, ug, vo, and (6.3) on X,y. Then, there exists an entropic solution (in the sense of Definition
6.1) (19, u, X) to the initial-boundary value problem for system (1.1)—(1.2), (6.1), such that & in (6.12)
is given by (2.47) and v satisfies (2.48).

Proof. Let (s, us, Xs) be a suitable family of entropic solutions to the initial-boundary value problem
for (1.1)—(1.2), supplemented with initial data (190, U, vo) fulfilling (2.24)—(2.25), and with a sequence
of data (XJ)s such that

(X3)s C WHP(Q), 0<X)(x) < lforallz € Qforalld >0, X — Xoin H(Q). (6.15)

Observe that we cannot rigorously perform on the entropic formulation of (1.1)—(1.2) the a priori esti-
mates in Section 3. Therefore we need to confine the discussion only to the entropic solutions which
arise from the time-discretization scheme set up in Sec. 4. In the present framework (i.e. with p = 2
and 1 = 1, and no upper bound on &, cf. Hypothesis (V)), the a priori estimates for the time-discrete
solutions in Prop. 4.10 are inherited in the time-continuous limit by the entropic solutions, with the
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exception of those corresponding to the Fifth, the Seventh, and the Eighth a priori estimates in Sec. 3,
cf. also Remark 3.1.

The convergences from Lemma 5.1 combined with lower semicontinuity arguments indeed ensure
that the strict positivity of ¥/s (cf. (3.2)), as well as estimates (3.5), (3.14), (3.16), (3.18), (3.27), hold

with constants uniform w.r.t. 4. Moreover, combining the fact that 5 = I1p, 1) with the unidirectional
character of the evolution and with the fact that X5(0) = X§ € [0, 1] on 2, we infer that

3C>0Vo>0: X5 Lo (@) < C. (6.16)

Therefore, repeating the compactness arguments in the proof of Lemma 5.1, based on the compact-
ness results in [32], for every vanishing sequence ¢, | 0 as k — oo there exist a not relabeled
subsequence and a triple (9, u, X) along which there holds as k — oo:

Js,—*9 in L*(0,T; H'(2)) N L>(0,T; L' (Q)), (6.17)
us,—*u in H(0,T; H(Q; RY)) n W2 (0, T; L*(Q; RY)) N HY(0, T; H*(; RY)), (6.18)
Ous, — Oy in L*(0,T; L* (S RY), (6.19)
Xs,—*X in HY(0,T; L*(Q)) N L>=(0,T; H(Q)), (6.20)
Xs, — X in L"(Q2 x (0,T)) forallh € [1,+0c0), (6.21)
log(¥s,) — log(¥) in L*(0,T; L*(2)) foralls € (1,6)ford =3 (6.22)

and forall s € (1, 400) ford = 2,

Vs, — 0 in L"(Q x (0,T)), forevery h € [1,8/3) ford =3 and h € [1,3) if d = 2. (6.23)

k
Now, in order to pass to the limit as 0 \, 0 we need to prove the following further convergence.
Observe that, in the case of the p-Laplacian regularization for X, we were able to prove an additional
the strong convergence for ;u in L2(0, T; H*(2; RY)). Our argument resulted from compactness
arguments, relying on the Fifth a priori estimate (i.e. the elliptic regularity estimate on u). The latter is
no longer at our disposal, now.

Strong convergence of J;u; in L?(0,T; H'(€;R?)). This argument is strongly based on the
irreversible character of our system. Let us test the weak formulation (2.40) of momentum equation
fulfilled by the approximate solutions (95, , us, , Xs, ), by Or(us, — u), where u is the limit of (us, )
as in (6.18)—(6.19). We get

t t
0= / / O2us, 0y (us, —u)dwds + / v(a(Xs, )0, , O¢(us, —u))ds
0 Ja 0

t t
+ / e(b(Xs, )5, Or (g, — ) ds — p / / 95, div(@,(ug, — 1)) dz ds
0 Q

0
t 5

— /fat(U5k —u)dzds =: Z]i‘
0 JQ i=1

54



Let us now deal separately with the single integrals:

t t
= / /aftU5k8t(u5k —u)dzrds = / /8é(u5k —u)0d;(us, —u)dxds
0 Jo 0 Jo
t
+/ /3ftu8t(u5k —u)dzds
0 Ja

1 1
= 5 10:(as, = WO 720me) = 510 (a5, = W) (O)720yza)

t
_'_/ <at2tu7 at(ulsk - u>>H1(Q;Rd) dS’
0

and the third integral tends to 0 when &, \, 0 due to (6.18). Moreover,

t
L — / v(a(Xs,)Opus, , O, (ug, — 1)) ds
0

= /0 v(a(Xs,)0(us, — ), 0¢(us, —u))ds +/0 v(a(Xs, )0, Ox(ug, —u))ds.

Now, observe that
a(Xs, ) — a(X)ou  in L*(0,T; H'(Q; RY)). (6.24)

This follows from the fact that a (X, )u; — a(X)u; and a(Xs, )e(us) — a(X)e(uy) a.e.inQ2x (0,7,
in view of convergence (6.21) and of the continuity of a. Moreover, also due to (6.16), we have that
la(Xs, )|l g oray < C|lug]| g o;rey for a constant independent of & € N. Therefore, using the
Lebesgue theorem (6.24) ensues. This implies that f(f (02,0, (us, — u)) 1 (o.rey ds tends to 0
when 9, \, 0, due to (6.18). Integrating by parts in time, we get

t
]3 L= / e(b(X(;k)u(gk,@t(u(;k — 11)) ds
0
t

_ /0 e(b(Xs, ) (15, — 1), By (g, — 1)) ds + / e(b(Xs, ), Oy(15, — 1)) dis

0

t
—u)F _
- / / b (X, )0, 00— W) 25(“‘5k 9 g ds
0 Q

+ %e(b(X(;k (75) (uék - u) (t)7 (u5k - u) (t>>

- %E(b(xak (0))(us, — w)(0), (5, —w)(0)) + /0 e(b(Xs,)u, 9;(us, —u))ds,

where the last integral tends to 0 (this can be shown arguing in the same way as for I5), while the first
integral is non-negative due to the fact that 9;X5, < 0 a.e. on {2 x (0,7") and that b’ > 0.This is the
point where we exploit the unidirectional character of the system (i.e. i = 1). Finally,

—/ /195k5(8t(u(5k—u))dxds—>0, I5 : //f@t us, —u)drds — 0,
0 Ja

as 0, "\, 0, due to the convergences (6.18), (6.23), as well as assumption (2.21) on f. Ultimately, we
get

t
10 (w5, — W) (t)[|Z2ze) + / v(a(Xs, )0 (us, — ), dy(us, —u))ds
0

+e(b(Xs, () (ug, — 0)(t), (5, —w)(t)) — 0
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as d; "\, 0, which entails

us, — u strongly in W°°(0, T; L*(Q; RY)) N H (0, T; H*(Q;RY)) . (6.25)

Conclusion of the proof. Using this strong convergence, we can now pass to the limit as k& — oo
in the energy inequality (2.42) in the weak formulation of the equation for X5, as follows. We have to
identify the weak limit of

6 (2.8) = <3, o) (13, (2,1)

€(u5k (ﬂ?, t))E(SU)&?(ng (Iv t))

. (6.26)
+b' (X5, (x, 1)) 5 — s, (, t)) )

First of all note that (Jxékzo)k is bounded in L*°(()) independently of k£ € N. Hence, we can select
a subsequence (jX(;k:o)k weakly star converging in L>°(()) to some J. Observe that we cannot
establish that J = Jy_,. On the other hand, it follows from the previously proved convergences that
(v(Xs,) +b’(X5k)w — 15, )" strongly converges in L*(Q) to (v(X)+0'(X) w —)T.
Hence we identify

e(u(z,t))Ee(u(z,t))

§ ==z, )(v(X(x, 1)) + ' (X(x, 1)) 5

—9(z,t)" (6.27)

and observe that 5, — £ in LY(Q). Then, integrating (2.42)5, from 0 to " and passing to the limit as
k — oo, using the fact that or all ¢ € LP(0, T; W ?(Q)) N L>®(Q)

T
/ / 5k|VX5k|p—2VX5k . v¢ dx dt‘ < 5k||vx5k||i;}1(Q;]Rd)||v¢||LP(Q;R’1) — 0,
0 Q
we get

/OT /Q (Xelyw + VX() - T +A(X(1)0

e(u(t))Ee(u(t))
2

(6.28)
+ V' (X(1))

b — ﬁ(t)w) dedt > — /OT/Qg(t)zp dedt

forall i € LP(0,T; WP(Q)) N L>(Q), where £ is defined in (6.27). From (6.28), we get (6.11).

It remains to show that X complies with the variational inequality (6.12). To do so, we have to pass to
the limit in (2.43)s, , whence

/OT (/Q &o (Y — Xék(t))dx) C(t)dt > 0

forallyy € WiP(Q)L>®() andall¢ € L®(0,T) with 1, ¢ > 0.

Observe that the two weak convergences X5, —*X in L=(Q) and &, — £ in L' (Q) do not allow for
a direct limit passage in the term fo &5, Xs,,C dar dt, which equals zero for all k € N due to (6.26).
Indeed, we need to argue in a more refined way. It follows from (6.21) that X5, converges almost
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uniformly to X in @, i.e. for every € > 0 there exists (). C @ such that |Q \ Q.| < € and X5, — X
uniformly on (.. The latter property implies that

J=0on QN{Iy_,=0}. (6.29)

Indeed, Jy_,(z,t) = 0 implies X(z,t) # 0. Since X, converges to X uniformly on ()., there exists
an index k, independent of (z, t), such that for all k > k, X;, (2,t) # 0, hence Jy ,O(a: t) = 0.
With this argument we conclude that that J 5,20 = =0onQ.N {JX_O = 0}, whence (6 29). It follows
from (6.29) and (6.27) that

E(x, t)X(x,t) =0 foraa.(x,t) € Q., whence / E(x, t)X(z,t)((t)dxdt =0.
On the other hand, using the properties of the Lebesgue integral we have that
Vn>0de=¢,>0 : [Q\Q]<e = // E(z, )X (2, t)C(t)| dx dt < n.
Q\Qe
Therefore we conclude that

Vn>0 '/Qg(x,t)X(x,t)g“(t) dxdt‘ <,

/Qﬁ(x,t)X(x,t)C(t) dedt =0= hm // 5, X, C da dt

Hence

os/Q@k(w—x(sk)cdxdw//Qaw—xxdxdt:/: (/wa—w))dx) (b,

which implies
/f(t)(@b —X(t))dz >0 forae.tec (0,T7) forallyh € WP(Q) N LX(Q).
Q

With a density argument we get (6.12) for all ©) € WiQ(Q)

Convergences (6.17)—(6.23) also guarantee the passage to the limit in the momentum equation,
whence (6.9).

Finally, we pass to the limit in the entropy inequality (2.37) and in the total energy inequality (2.38)
by the very same compactness/lower semicontinuity arguments as in the proof of Theorem 2.5, thus
deducing (2.37) and the total energy inequality (6.7) on the generic interval (0, t). n

Remark 6.3. Notice that, we have been able to obtain the energy inequalities (6.13) and (6.8) only
on intervals of the type (0, ¢), and not on the generic interval (s,t) C (0,7, due to the weak con-
vergence of (VXs,) in L?*(Q; R?), which does not yield the pointwise-in-time convergence required
to take the limit of the right-hand sides of (2.44) and (2.38). It is an open poblem to improve the
convergence of (V X5, ) to a strong one.

This limit passage also reveals that the notion of entropic solution enjoys stability properties. It is clearly
the right one in the present framework, and, seemingly, the entropy inequality cannot be improved to
an equality, at least with these techniques. Indeed, due to a lack of elliptic regularity estimates on the
displacement which were previously made possible by the p-Laplacian regularization, in the limit as
d | 0 the right-hand side of the heat equation is only estimated in L(Q).
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