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Abstract

We consider discretizations for reaction-diffusion systems with nonlinear diffusion in two space
dimensions. The applied model allows to handle heterogeneous materials and uses the chem-
ical potentials of the involved species as primary variables. We propose an implicit Voronoi
finite volume discretization on regular Delaunay meshes that allows to prove uniform, mesh-
independent global upper and lower L°° bounds for the chemical potentials. These bounds
provide the main step for a convergence analysis for the full discretized nonlinear evolution
problem. The fundamental ideas are energy estimates, a discrete Moser iteration and the use
of discrete Gagliardo-Nirenberg inequalities. For the proof of the Gagliardo-Nirenberg inequal-
ities we exploit that the discrete Voronoi finite volume gradient norm in 2d coincides with the
gradient norm of continuous piecewise linear finite elements.

1 Introduction and model equations
In a bounded domain 2 C R? we consider m species X,, with initial densities U,,

which underly diffusion processes and undergo chemical reactions. The relation be-
tween the densities u,, of the species X,, and the corresponding chemical potentials
v, is assumed to be given by Boltzmann statistics, i.e.,

wov=1,...,m. (1)

Uy = Uy €
The reference densities u;,, may depend on the spatial position and express the possible
heterogeneity of the system under consideration. For the mass fluxes j,, we make the
ansatz

Jv=—Dy(-,e",...,e" )u,Vu,,= —Dyu, e Vu,, v=1,...,m, (2
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with diffusion coefficients D, : QxR — R, which are allowed to depend on the space
variable and the state variable. To describe chemical reactions we introduce a finite
subset R C Z x Z7. Each pair (o, 3) € R represents the vectors of stoichiometric
coefficients of a reversible reaction, written in the form

OélX1++Oéme\iB1X1++Bme

According to the mass action law, the net rate of this pair of reactions is of the form
kop(a® — aP), where ko is a reaction coefficient, a, := exp(v,) corresponds to the
chemical activity of X, and a® := [[/_, a%”. The net production rate of species X,
corresponding to all accruing reactions is

R, = Z kap(a® — aﬁ)(ﬁy — ). (3)
(a,B)ER

In this notation our reaction-diffusion system consists of m continuity equations with
no flux boundary conditions on I' = 92:

ou,
ot

+V-j, =R, inRy xQ, n-j,=0o0onR; xT, @
u,(0)=U, inQ, v=1,...,m.

The aim of the paper consists in a study of a discretization scheme (Euler back-
ward in time and Voronoi finite volume meshes in space) of Problem (H) It is strongly
desired to retain the analytic properties of the continuous problem also in the discret-
ization scheme.

We prove the solvability of the discretized problems and derive global with respect
to time a priori estimates for the discretized solutions. Starting from energy estim-
ates we prove as main results of the paper upper bounds and strictly positive lower
bounds for the discretized densities. Our special aim is to find uniform bounds (being
independent of the underlying mesh) for classes of Voronoi finite volume meshes. The
characterization of these classes of meshes is given in [(A2). Similar to the continuous
setting we use a Moser iteration technique to obtain the uniform upper and lower
bounds. This procedure involves the application of a discrete Gagliardo-Nirenberg
inequality in the setting of Voronoi finite volume schemes, where the constants are
uniform for classes of meshes described by .

In Section E we collect the general assumptions concerning the data of the con-
tinuous problem and give a summary on results obtained so far for the continuous
problem. The main results of the paper concerning the discretization scheme are for-
mulated and proven in Section . We start with the description of the discretization,
give a local existence result, summarize physically motivated estimates, show uniform
global upper bounds of the discretized solution, discuss their asymptotic behavior and
derive positive uniform global lower bounds of the densities. These bounds provide the
main step for a convergence analysis for the full discretized nonlinear evolution prob-
lem in the spirit of [[7]. We will present such a convergence analysis in a subsequent
paper.

In Appendix @ we prove the discrete Gagliardo-Nirenberg inequality in the setting
of Voronoi finite volume schemes. Appendix [B contains technical lemmas necessary
for the treatment of the test functions in the a priori estimates.

2 The continuous problem
2.1 General assumptions on the data
In this section we formulate basic assumptions with respect to the data of the problem,

see [13,9].
First we introduce:
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Definition 1 (Reaction order, see [9]) A source term of a reaction is of order k,
iff there exists a ¢ > 0 such that

{Wv—a»(aa—aﬂ)}fc(1+za'z>

Va € R, Y(a, B) € R.

max
v=1,....,m

(5)

We will study the problem under the following assumptions:

(A1) Q C R? is a bounded Lipschitzian domain, T' := 0f).
Let m € N be given and R a finite subset of Z7" x Z7'. For all (o, 3) € R the
reaction rates k(. g) : 2 X R™ — Ry satisfy the Carathéodory condition and there
exist positive real constants ¢, C such that 0 < ¢ < k(o gy(z,y) < C < oo, fa.a.
x € Q, Yy € R™. Source terms of reactions are at most quadratic.
The diffusion coefficients D, : Q x R™ — R satisfy the Carathéodory condition
and0<c<Dy(x,y) <C<o0,faaxzeQ VyeR" andv=1,...,m.
Finally, w,, U, € L*(Q2) and there exist positive real constants ¢, C' such that
uy,(x),U,(x) > ctaa. xcQandVv=1,...,m.

2.2 Summary of known results for the continuous problem

Let w := (u1,...,Um), v := (v1,...,0,,) denote the vector functions of densities
and chemical potentials. In the setting of bounded Lipschitzian domains  C R?, of
nonnegative L coefficients and strictly positive diffusivities, reference densities, and
initial densities, a weak formulation

u'(t) + Av(t) = 0, u(t) = Ev(t) fa.a. t € Ry, u(0) =U,
u € Hyg (Rys H'(Q,R™)*), (P)
v € L (R HH(Q,R™)) N Lis (Ry; L=(Q,R™))

of (H) is discussed in several papers. The operator A in (E) contains the reaction and
diffusion terms of ({f) and the operator F incorporates the statistical relation @) Such
problems have been investigated in various papers, see e.g. [20,13]; the papers [9,[10,
16,[17,[18] treat also electrically charged species, such that the flux terms additionally
contain drift contributions and a Poisson equation for the self consistent calculation
of the electrostatic potential is added to (CE . The papers [9,]10,14,16] additionally
deal with more general state equations than (E) We shortly summarize results for the
continuous reaction-diffusion system ({) obtained in the cited papers.

By means of the stoichiometric subspace S := span{a— 3 : (a, 8) € R} we define
some compatibility class

.....

If (u,v) is a solution to (P) then u(t) — U € U for every t > 0. Therefore, if u* :=
tlim u(t) exists, then we have necessarily u* € U 4+ U. According to [9,[L6,17] there
—00

exists a unique stationary solution (u*,v*) to (E) additionally fulfilling u* € U + U.
This (u*,v*) is a thermodynamic equilibrium of the system. Along solutions to the
instationary problem (|F) the free energy

= U
F(u) = {un(m2 1) +a,}d
= [ 3 {w(ni-1) s}
decays monotonously and exponentially to its equilibrium value F(u*),
F(u(t)) — F(u*) < e M(F(U) — F(u*)) Yt>0

with A > 0 depending only on the data, see [16,18,[14,[17].
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If all reactions exhibit source terms of maximal order 2 then all solutions (u,v)
to (E) are globally bounded, especially the particle densities are positively bounded
away from zero (see e.g. [L§]).

Nevertheless, in special cases, using the concrete structure of the underlying reac-
tion system also some systems not fulfilling the general formulated condition of source
terms of maximal order 2 can be handled e.g. under the ’intermediate sum condition’,
where a priori estimates for positive linear combinations of densities are obtained or
in the case of cluster reactions of higher order (see [19]) where in the a priori estimates
simultaneously different powers of the chemical activities of the different species are
used as test functions.

Introducing suitable regularized problems, finding a priori estimates which do not
depend on the regularization level, and solving the regularized problems the existence
of solutions to (ﬁ) is shown in [18,9]. Uniqueness results for (E) can be obtained by
standard arguments, if the diffusion coefficients do not depend on the state variables.
For cases with diffusion coefficients depending on the state variable we refer to [9].

Let us remark that in three space dimensions there are similar results available,
but stronger restrictions on the reactions are needed: reactions of maximal order three
can be handled to obtain the exponential decay of the free energy (see [20]). In order
to find global upper and lower bounds of the solution and to show solvability of the
problem, the order of the source terms in each equation has to be less or equal to %

(see [9)).

3 Discretized reaction-diffusion systems
3.1 Voronoi finite volume discretization

In the previous part we saw that the solution of reaction diffusion-systems preserve
some quantities like mass and positivity. Therefore, the aim is to respect the conser-
vation of this quantities by the approximated solution. The finite volume method has
been developed by engineers to study systems of conservation laws.

In the following, we work with Voronoi meshes, which represent one class of admiss-
ible finite volume meshes [G]. Our notation is basically taken from [13] and visualized
in Figure [I|.

K K/ L/
XK My L K/lL/ =g’ X/
ds XL XK'e

Figure 1: Notation of Voronoi meshes M = (P,V,£).

Let © be an open bounded, polyhedral subset of RY. A Voronoi mesh is defined
as triple M = (P, V, ). Here, P denotes a family of grid points in 2, V denotes a
family of Voronoi control volumes and £ denotes a family of parts of hyperplanes in
RN*L The number of grid points is denoted by M = #P .

The corresponding control volume K of each grid point zx € P is defined by

K={zeQ: |z —zk|<|z—zL] Ve € P,z # 2K}
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The set of all neighbored control volumes of K are denoted by Ny, (K). The Lebesgue
measure of each control volume K is denoted by |K| and the mesh size of M by

size(M) = sup diam(K).
Key

For two different K, L € V the (N — 1) dimensional Lebesgue measure of K N L is
either zero or K N L =G for one o € £. Here the symbol o = K|L denotes the N — 1
dimensional hyperplane between the control volumes K and L and m,, is its Lebesgue
measure.

We introduce the subset &;,; C £ containing all interior hyperplanes and for all
K €V the subset £k C &, such that 0K = K\ K = Upeay ()L N K.

The Euclidian distance between two neighbored grid points g, x5, € P over the
hyperplane 0 = K|L € &+ is denoted by d,-.

Definition 2 (see [13]) Let Q be an open bounded, polyhedral subset of RY and
M = (P,V,E) a Voronoi mesh.

— The symbol Xy,(M) denotes the set of all piecewise constant functions from € to
R which are constant on every Voronoi control volume K € V. The constant value
of wp, € Xy (M) on the control volume K € V is denoted by wgk.

— Let p > 1. The discrete LP— norm of wy, € Xy,(M) is defined by

1/p
lwnll Lo pmv = (Z IKIwK|p> : (3.6)

Kevy
— The discrete H' semi-norm of wy, € Xy (M) is defined by
2 2
i = Y, Tolwx —wil’, T,:=—2
a:KILE&'m

Here wg and wj, are the constant values of wy, in the control volumes K and L.
1 . . 2 2 2
The usual H'— norm is given by |[wn |51y = [Wnlgr g + w72 a0 v

We prescribe the approximation of a function f: Q x R™ — R by

1
()= /K f(x, ) d,

where K € V. The corresponding piecewise constant function can be estimated from
above and below by the upper and lower bound of the continuous function. For K € V
we denote by

ulf) = / uy () de = |Kluy ik = Ty €% | K| (3.7)
K
the mass of the v—th species in K and by u,x the constant density on K. For every
species v = 1,...,m we introduce the discrete initial values by
Uk = / U,(z)de, KE€V. (3.8)
K

The space-discrete version of the continuous problem (E) is obtained by testing with
the characteristic function of K. Using Gauss theorem, we derive the approximated
flux term

/ V-jl,d;v:/ joomkdl~ Y =T,V Z,(0,0,v0k) (v, — Vv,
K oK o=K|LeEx

mo

where T, = "= is the so called transmissibility across the edge K|L. Here the term

% — ¥

f
Z%(z,y) = { =y orTEY, , z,y € R, (3.9)

xr J—
e, forx =y
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represents some mean value of e® in the interval [z, y]. With this definition of Z¢ it
is possible to switch between a gradient in potentials and activities. The symbol Y7
defines some averaging of D, 1, over the edge o = K|L, which is symmetric in K and
L. Possible averagings are

DVKEVK + DZILEVL DUK + DVL Uyk + UpL

Y? = Y? = = KI|L.
v 2 oy 2 - oKl
By D,k we mean D, = D,(xf,e" ¥ ... e""¥). For another averaging which is

exact along an aligned edge we refer to [5]. In the sequel all results are independent
of the particular chosen Y,7.
Following [[12] we use the notation

Uy, = (U’Z(IK))KEV) u= (u17 7um)a U = (uIJK)y:]7
vy = (k) Kev, v =(v1,.-.,0m), vie = (VwK)pers
UV = (UV(K))KEV7 U: (Ula 'aU'm)a

aK = (eUUK)T:p a, = (GUVK)KGW v=1,...,m.

We mention that u,, € Xy (M) is equivalent to (u,x)xey. Furthermore, we define
the scalar products

m

<uuavy>RM - Z |K‘UUK/UUK7 <u7v>RMm - Z <UU7UV>RM~
Key v=1

Since our problem is a time evolution problem, we also need the following definition:

Definition 3 (Time discretization, see [13, (A5)]) A time discretization of R
is defined as a strictly increasing sequence of real numbers (¢, )nen C Ry with tg =0
and t,, — +oo for n — co. The time step is defined by

i =, —t, 1 <oco, for neN

and the largest possible time step by t5 = sup tgn).

neN

Now, we introduce the operator E:RMm _, RY™ by

Ev = ((aVK QUK ‘KDV:L.H,m) e
which maps in every control volume the chemical potential of every species to its
mass. Furthermore we define A : RM™ — RM™ by

A\’U :( Z —TKlLYUKILZKIL(UUL — ’UVK)

LeNy(K) (3 10)

— |K|R, (- €%
KIRCe)
v=1,....m

Using these definitions we can state the discrete problem of (E) by: Find a tuple
(u,v) such that

~

wlb)—ltact) 4 Av(t,) =0, u(ty) = Ev(t,), n>1 }

u(0) = U. (Fo)

The discrete variational form of A is given by

m
<A'w, 'v>RMm = E Z T,Y. Z° (wyr, — wuk ) (VoL — Vuk)
v=10=K|LEE;n+

- Z Z |K|R, (vrc, "% )vyre Vw, v € RM™,
v=1KeVy
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3.2 Local existence result
In analogy to the continuous setting we define the supspaces
U={uecRM™: ((u,, 1)pu)", €8} (3.11)

and
Ut = {v c RM™ . (U, V)grim = 0Vu € Z:?} . (3.12)

Another characterization of I~ is given by
Ut ={veRM™ v, =3, VK €V, v =1,...,m, (6,)7, € S*}.
From the definition of A it follows immediately that

<gv,vJ‘> =0 Vol eUt and Vv e RM™, (3.13)

Next we define the operator B :RMm _, RM ™ by

~ UyJ, Uy K Uy K
Bu = E *TK\LYyKlL (V - ) - |K|R, <V > ’
UpL Uy K UK
LeNy (K) Kev,v=1,...m

for all u € RM™. The solvability of (IPd) can be proved by the investigation of the
solvability of the following problem: Find a positive u € RM™ such that

™
té

wltn)—ultez1) 4 By(t,) =0, n> 1, (P=)
u(to):U . }

The relation between A and B is given by Bu = A(In(u/a)) for all positive u € RM™.
Next, we prove existence under additional assumptions with respect to the reaction
terms. We assume that

R,(- (a1, ya0-1,0,ap41,...,am,)) >0 Yv=1,...,m,0<aeR™ (3.14)

and
Istest:st>o. (3.15)

Condition () is known as quasi positivity. see [l,24]. The second condition ()
imposes conservation of atom number, see[l1, (Thsy)]. From the quasi positivity we
deduce for one u,x =0, K € Vand v =1,...,m that

(EU)VK = Z —TK|LYVKIL <UVL — 0)
LeNy (K) ol (3.16)

- |K|RV(’ (gliKv ety ZV_IK 9 Oa g’/"!‘lK ey EWLI()) < O

U1K Uy—1K Uy+1K UmK

which means that zero concentrations are raised by the system.

Lemma 1 Let @ € U+ U with @ > 0. And let (), () be fulfilled. Then for all
s> 0, there exists an w € RM™ such that

u =1 — sBu, (3.17)

and w > 0. Furthermore u € U +U.
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Proof In the following, we use Bouwer’s fixed point theorem to deduce the existence
of a solution. We define the set of all densities which fulfill the same invariants as the
initial concentration U

C::{ueRmM:UZO/\ueﬁ—kU}.

The main point of the proof is to show that the fixed point is positive. Since C is the
intersection of an affine space with Mm half spaces of nonnegative densities, the space
C is convex. From (B.15), we deduce the existence of a vector s+ € S*, with only

positive entries. As a consequence of the definition of LA{L, we conclude the existence
of w' € U+, with only positive entries. From <u -U, 'uJJ-> =0 for all uw € C, we
conclude the boundedness of C.

We define 0 : C x [0,00) = R by

RMm

O(u,s) == sup {T @ —TBu € C} .
7€[0,s]

Since u € C holds, and C is bounded, the function 6 is well defined. Using

<ﬂ — Tf?'u, vl> = <U, ’UL>RM"L Vot e Ut

RMm

and the convexity of C, we deduce the continuity of §. Hence, the function ¢, : C — C
with

~

vs(u) =0 — 0(u, s)Bu (3.18)

is continuous for every s > 0, and the function 6(u, s) ensures that ¢s(u) € C holds.
Using Brouwer’s fixed point theorem, we conclude the existence of a nonnegative fixed
point u of ¢, for all s > 0. Assuming one or more components of u are zero, then
by () and () we find that these components of —6(u, s)Bu are nonnegative,
which leads to a contradiction with @ > 0. Therefore, the fixed point is not only
nonnegative, but positive. But then, the fixed point is not on the boundary of C and
H&S) = s must hold. This means that the fixed point of () is also fixed point of

(B-17). o

By induction we conclude:

Theorem 1 Let U = u(ty) > 0 and let (), () fulfilled. For all t, > 0 there

=

exists at least one solution u(t,) > 0 with u(t,) € U + U of the nonlinear equation
(P5)-

This implies:

Theorem 2 Let U = u(ty) > 0 and let () as well as () be fulfilled. Then

there exists a solution (u(t,),v(t,)) of the discrete Problem ([Pd). Moreover there
exists a unique stationary solution (u*,v*) of (PQ) with u* € U4+ U and 0 < ¢ < u*.

Proof Since u(t,) > 0 and v(t,) = Inu(t,)/w, the solution of () delivers a solu-
tion to (PQd), too. From [13, Theorem 2.1] we conclude the existence and uniqueness
of the stationary solution. We remind you that in our case the diffusion coefficients
may depend on the state in contrast to [[13]. But a carefully inspection of the proof
given there, shows the validity of the result for this situation, too. O

Remark 1 Local existence results for systems with reaction terms not fulfilling ()

and () can be proven by investigating a "regularized” problem which arises from

(Pd) by cutting off the nonlinearities in a suitable way at a certain level and using the

theory of pseudomonotone operators, see [9,118,25]. Similarly, in the proof of Lemma
we cut off the time step s by using the function (-, -).
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3.3 Physically motivated estimates

In this section we show that physical motivated arguments lead to a priori estimates
for the solution to (Pd). We introduce the free energy being a convex functional.
Since we consider an isolated process we only expect the decay along trajectories. In
the literature the term free energy is often denoted as entropy [2,8]. All results are
based on the articles [[14,[13]. We also refer to [4] for basic notation and results from
convex analysis.

First we define the discrete potential o :RMm 4 R by

=3 ) duk (e ~1)|K].

v=1KeV
Due to w = Ew, it holds u = &' (v). The conjugate functional of ® is defined by
F:RMm 4R,
F(u)i= sup {(w,0)gum — B(v) } . (3.19)

VERMm

For a given argument u € RM™ the value of F (u) can be interpreted as the free
energy of the state u. Together with u = Fv we find

F(w) = (Bv,v) | —&(v)= Z S (o (vore — 1) + ) |K].
v=1KeV

Using the elementary inequality Ins > 1—1/s, s > 0 we observe the nonnegativity of
the free energy

)+ uVK) K.
=1 uuK

Kev (
Finally we introduce the discrete dissipation as functional D : RM™ — R by
ﬁ(v) = <A\U,’U> , v RM™
RMm

As a consequence of () we mention that for all v € RM™

<Ev,v>RMm =3 Y LYIZ (v - k)

v=10=K|LEE;nt

+ZIK| D k) (@ =) (@ = ) v 20,

Kev a,B)ER

which provides that for all v € RM™ the dissipation is nonnegative, see [13,[14].

Lemma 2 (Monotonicity of the free energy, see [13, Lemma 3.1]) Let (u,v)
be a solution to (Pd) on a Voronoi mesh M and let be fulfilled. Then for
0<1t,, <tpn, € Ry holds

Flu(ty,) = Flu(ty)) < — > t"D(v(t,)),

n=ni+1

, the free energy decays along all solutions to (Pd). Moreover, it holds

ZHuuh IILle<2< +Z||u,,h||L1MV> vn > 1.
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Proof For u = E"v, v € RM™, ﬁ’(u) = v and @’(v) = u hold. Therefore, using the
subdifferential property of F' (see [12, Eq. (3.9)]) it holds

~

Flu) — F(w) < <u7w,ﬁ’(u)> Yw e RM™.

RMm

As a consequence we find

n2
~

F(u(tn,)) = Flultn,)) = Y Flu(ta) - F(u(ty-1))

n=ni1+1
na
< Z (u(tn) - u(tn—l)7 v(tn»RMW
n=ni+1
na -
=~ Y t§"Dw(ta)) <0
n=ni+1

and by using the elementary inequalities

(z/2-y) < (Vz—y)?<zhhz/y—z+y VYr>0,y>0 (3.20)

we get
= uyk (tn)
FU) > F(u(t,) =Y_ > |K| {u,K )< ”K"1>+u,K}
v=1Key Uy K
m
Z{ Vbt s aa v ||uu,hL17M7V} .
v=1
O
Remark 2 If there exists a vector s+ € St with s >0, v =1,...,m one can obtain

a priori bounds in L! without using the free energy of the bystem. Summing up all
equations of ([Pd) weighted by s and integrating in space and time one gets for
N>1

N
Z Z | (n) Lul/ h(tn) — wy p(tn-1)
1n=1KeV t((sn)

Il
NE

v
i HON L [[ww,n )”Ll,My - ||uu,h(tn—1)”L1,M7v

£
V)

Since we have Neumann boundary conditions, the diffusive flux is zero. We refer to
[24] for more examples of systems which fulfill this property and for generalisations.

I
NE

—

1n

N
Il

5 (N ()l s g,y = 100,

I
i Mz

3.4 Global upper bounds

In this section we want to prove upper bounds for the densities that are uniform in
time and space. In order to establish the new results in the following sections we need
some additional assumptions on the domain and the mesh:

(A2) We assume that all Voronoi boxes K € V can be covered by outer circles with
radius 7k oue and the radii of these circles can be estimated by the radii of in-
ner circles (with radius rg;,) with a uniform constant C. We define 75 :=
maxgey TK,out and 7, = Mingey 'k in. Then, roy: < Crip holds.

This assumption also guarantees the validity of (), see Remark E For obtaining
the global bounds, we use a technique introduced by Moser, see [g].
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Theorem 3 (Upper bounds) Let fulfilled and let a class of Voronoi finite
volume discretizations M = (P, V, &) fulfill|(A2). Then there exists a constant ¢y > 0
only depending on the data and not on M such that for every solution (up,vp) to

(Fd)

m
Z Huwh(tN)/ﬂv,h”m,My <a VN 21
v=1

holds uniformly for all Voronoi finite volume discretizations M. Furthermore there
exists a second constant ca > 0 only depending on the data and not on M such that

||uD7h(tN)/ﬂy,h||Lw7M,V <cp YVN2>1, v=1,...,m
holds uniformly for all Voronoi finite volume discretizations M.

Proof First we mention that

etn — etnfl

(n) z
etnfl < o < etn — etnfl“‘t(s < eta etn—l . (321)
ts
We introduce z, 5 = (e"» —k)" with
k= max [|U, /|
and w, ) = 5/,?, p > 2. The constant s is chosen in such a way that z,,(ty) =

(Uy.n/8yn — k)T = 0. Now, we test (Pd) with test functions pe'n— ) ( n)y P> 2,
and estimate

N
n tn - tnf —
= Zt((s )petn71 <u< ) (':;‘( 1)’Zp 1(tn)>
n=1 t5 RMm

N
== et (Av(ta), 27N (0) L, = 52+ s
n=1
with
m N
Spi= =3 Y optVent YT Y2 (v = ) (L = )
v=1n=1 o=K|LEE;n:
e Y 3 KSR ),

n=1 KeVy v=1

For that purpose we proceed in three steps.

Time derivative: For the term S; we write

m

51 _pzze n Z |K|ZVK uuK(t )_uuK(tn—1))

v=1n=1 Key
m N

=YDt Y K a2l (bn) ( (e (ta) = 2 (ta))
v=1n=1 Key

+ (e””K(t”*) —n)f)

We denote by

=, e @) (322)

the lower bound of the reference densities. Using () and the fact that



12 André Fiebach et al.

P () (Vv (1) —)= > 0 holds, we get
N
Z Z K [ty e (27 g (tn) — 20 5 (tn—1))
n=1 Key
N
Z Z ‘K|uVK{ ez (tn) — et 2] (tn-1))
v=1n=1Key

— (e = et )2D e (t) |

m
>y { e Szl zun (tN) 70 v

=1

N
_ Z (n) ols atn—1 Hul/h”Loo M VHZVh”LP ™ V}
In the last line we used z, 5, (to) = 0 and ()

Diffusion term: Now, we consider the diffusion term Ss. Applying the definition (@)
to
Z(T('UVL - UVK)Z,ZJ)}_(I = (ZVL - ZVK)Z,I/)[_(l - ((eUUL _K’)_ - (eUVK _K/)_)ZIIJ)I_(I
= (zVL - ZVK)ZS;(I - (evuL _K’)_lej%l
K

S (ZDL - ZUK)ZLI,) 17

and using inequality (), we find

m N
So=>"3"ptMe 3" N TLYIZ7(vr — vk)
v=1n=1 KeVo=K|LeEk
m N
<=3 N optet ST T (e — a) (- 2
v=1n=1 U:K|L€£7‘,nt
m N
=~ 2
< Z Zpt[(;n) efn—t D,, <_||wu,hHH11M + HZU,h”iz},M,\/) :
v=1n=1

In the last line we extend the H! semi-norm to the full H' norm, and introduce
D,, =25, o and
v,p p2 D,u, an

Op,u, = meSrZI};Iel]R”” D, (z, y)u,(z).

Reaction terms: Together with (E)7 the calculation
e? K < (2k + K)? < 22k + K,

and Muirhead’s inequality

pt1
g ZJKZ <m§ 2K

v,j=1
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we can estimate the reaction terms by

m N m
S <Cr 3wtV et 3 K|l 14 D¢
j=1

v=1n=1 Key

m N
<201 )3 pt{V etn {(1 +mi?)|zunlh ks oy

v=1n=1

m
LY |K|Z;Kzfz;}
j=1 Key

m

N
<Gyt petn (”Z”’h”iﬁl,mv + 1)

n=1 v=1

with two constants C7, Cy > 0.

The tested equation: Combining all parts, we find with a constant C3 > 0

m
Sp=>_e™ dgllzntn) s oy

v=1
N B m
<Sp+ 85+ Dt e e S Nyl gy llzvnllle vy
n=1 v=1
N m
- 3.23
<ot e S LDl Ozl py v B

n v=1

1
+ Doy + € [lTull o g i) 20l iy |

N m
< Zpt((;n) eln—1 Z {—Dy,pru,h
n=1

v=1

2 1
|H1,M +C3 (HZ”’h”iJ;“,M,V + 1)} .

The constant C3 can be chosen such that it depends on the largest possible time step
(see Definition E) and the data, but not on p.

Bounds in L?: For obtaining the L? bound, we set p = 2. In order to control the
last term in ) (the L3 norm of 2,), we use the discrete Gagliardo-Nirenberg
inequality () to obtain

||Zl’ah||i3,M,V SeCM,Q,f} |ZV,}L In ZVJLHLI,M,V||ZV1h||2Hl,M,V

(3.24)
+ C€,3CM,3,3||ZV,h||L17M7V7

with constants Caq23 and Caq33 as given by Theorem @ From Lemma E and
zun < ayp, we deduce the boundedness of ||zl,,h||L1 MV Using Lemma [J once more
and

FO)+ Y Mmooy =D D 1Ktk (ayk nayk +1)
v=1 v=1KeV

m
> Z Z |K |ty k(avi — k) In(ayix — K)
v=1 Key,
Uy K > KUy K

m
= lzenmzunllp gy

v=1

we can control z, 3 In z, 3 in L' from above.
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The constant € > 0 in () is now chosen such that the term in front of the

H'-norm in () fulfills
_-52,1/ + 603

From () we get

=0.

N N
2 :t((sn) etn-1 < E :etn _efn1 — gty
n=1 n=1

and we can, therefore, derive the boundedness of

m
Zéﬁqu,h(tN)Hizyva <Cy N2=>1
v=1

(3.25)

by a constant Cy > 0. The first result of the Theorem follows by using u, i /Uy x <

Zy, K + K together with the monotonicity of z2, > 0.

Moser iteration for p > 4: For p > 4 let r = 24D e introduced . Using discrete

Gagliardo-Nirenberg inequality () the estimate () can be written as

m
S, = Z el 5g||wu,h(tN)||2LZ,M,v
v=1
N m ~
< Zpt((;n) etn—1 Z {—D,,,pru,h”?{l’M +Cs (”wu,h”;ﬂ‘,M,V + 1)}
n=1 v=1
N

m
< Zpt((;n) efn—1 Z {—D%p“’w%h“?{l’M

n=1 v=1

+ G Cntarllwnnll s poy vl vg + Cs )

For r € [2, 5/2] the constants appearing in () can be bounded
by ¢, < max(cz, c5/2, 1)Y/2 and

21 max(Cp, 07/4)

3/2
max(Cp,Cp")
0D D ) w0y, < 2

Cp = M =g Cp

Therefore, by Young’s inequality with p’ = q = T and € > 0 we get

p+2 ’

1oy

’
p ||wu hHHl M + THwV,hH(il,M,V-

The constant € > 0 is chosen such that
< Dvp + CSC CM,l,rp,) ||U)I/h||H1 M =0

meaning

_ Do
C3ciCam,1,r

Then () can be estimated by

e /P /
Sy <Zpt(n) tn— 1203 (CCMqu/| , q) i 1)

(3.26)

The term in front of the L' norm is bounded from above by some constant Cy, namely

—q'/p’

€
Cs3¢,.Cpm 1, < pCy
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and we proceed with

m
et Sy = Zéﬂnzv,h(tl\/)”iz’,/\/l,v

N m
< Zefm tf;n) etn—1 Zp204 (ku,hH%l,M,V + 1)
n=1 v=1
m

2/ (p—2
<00 sw (el 800 +1).

p=1 "0

Therefore, with some constant C5 > 1 we get

m 2p/(p—2)
oty 54+1<pzc5{z sup (||zy,h( )||§/,32MV 1)} .

yzln:O,u.,N

Iteratively using this inequality and setting p = 2%, k € N, and

m

k
by, = Z sup HZu,h(tn)Hi2k,M,V +1

y:ln:O""’

4k

we find for £ € N, k > 2 the recursion formula b; < C’54kb,§:1’1 and by induction

1—[1@71 27
Jj=1 271

k=21 o k—2 oi -1
< [P s

Again by induction one can prove

k—2 k—2
D 2t <ol <ok, D (k-2 <2 k> 2, (3.27)
i=0 =0

see [, p. 112]. The product § = HJ_1 —+— is finite and by, < (1605b1)92k. Since

by is bounded from above by () we obtain for £ > 2

m m 0
D lzn(Ew)ll o My S \/7”{1605 (Z P szh(tn)HiZ,M,v + 1) }
v=1

1 n=0,...,

and finally with [22, Theorem 2.11.5]

m m 0
Z ”Zl/,h(tN)”Loo’M,v <vm {1605 (Z sup N qu,h(tn)HiaM’v + 1) }
v=1 ’

p=1 "=V

for k — oco. From w,, /Ty 5, < 2,5 + K the result follows. O

3.5 Asymptotics

In this section we will extend the result of Lemma E We mention the result of [13]
where it is proved that the free energy decays exponentially along trajectories. We
also note that in special situations an explicit rate of convergence is proven, see [2].

Lemma 3 (Exponential decay, see [13, Theorem 3.2 3.3]) Let a class of Voro-
not finite volume discretizations M = (P,V,E) fulfill | moreover let (u*,v*) be
the thermodynamic equilibrium to ([PQ). Assuming that ( 1s fulfilled, then there
exist constants A > 0 and ¢ > 0, such that

~

Flu(ty)) - F(u") <e M (F(U) - F(u")), N=x1,

[

hold uniformly for all Voronoi finite volume discretizations M.

—ktN7 N>1

LlMV
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Using the L*> bounds from Lemma E we can prove the following result. The continuous
can be found in [17, Theorem 5.5].

Corollary 1 (Asymptotics of the solution) Let a class of Voronoi finite volume
discretizations M = (P, V, &) fulfill moreover let (u*, v*) be the thermodynamic
equilibrium to ([Pd). Assuming that m is fulfilled, then there exist constants ¢ > 0
and XA > 0 such that for every solution (u,v) to (PQd) and for allv =1,...,m and
p € [1,400) the estimate

D Muwntn) = uhpll o gy S ceME N 21 (3.28)
v=1

holds uniformly for all Voronoi finite volume discretizations M.

Proof Using Holder’s inequality we find
Huy,h(tn) - u;,h”ip7M7V S ||uV,h(t7l) - u;,hHLl,M7v|‘uV7h(tn) - uz,h’ [l)/;l’M’V.

As a consequence of Theorem E, we obtain the boundedness of

_ p—1
||Uu,h(tn) - uz,h| I;wl)My < (”uu,h(tn)HLoc,My + Hult,hHLoo,M7V> .

Using (x — 1) = (vVz—1)2+ (Vx —1)) Ve > 0weget forallv=1,...,m

e =l pn Il sy {25 - 1]
2

LY M,V

(3.29)
N 1‘ .
+ H U U L2,M,V}
Again using Holder’s inequality we estimate
N —1‘ <CH,/,, ’ —1’ . O>0, 3.30
H U/ U LMV T U L2, M,V (3:30)
and by Lemma E we conclude (B.2§). ]

3.6 Global lower bounds

Now, we intend to show global lower bounds of the densities or in other words upper
bounds of the negative part of the chemical potentials. In the continuous setting, this
was done in [9] and [18, p. 18]. In a first step we need lower bounds in L! which
provide a suitable start for the Moser iteration.

Lemma 4 (Lower bounds in L') Let the assumptions of Theorem B be fulfilled.
Then there exists a constant ¢c; > 0 only depending on the data such that for every
solution (u,v) to (PQ)

hold uniformly for all M.

v;h(tN)‘ <c¢g YN>1, v=1,....,m

)

Proof Following [18, p. 18] we define the convex and lower semicontinuous functional
©:R™ — R by

a * _ln(l - y)7 for Yy < Oa
Kev +00 or y )

and its conjugate functional

G(u,) = sup {(u,,w)— O(w)}. (3.31)

weRM
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Introducing z, p, :== (1—uj}, ;,/u,,n)~ and determining the supremum by differentiating

G(u,) with respect to w, we observe that —Zuh € 0G(u,). If (u,v) is a solution to
(P3d), then by inserting —z, 5, for w in () we obtain

Gu) = Y IK| {u; (1 2) (e - u3K>—} (332)

*
u
Key vK

and by using the convexity of G we find

N
Glu,(tn) - GU) < - t§"><“v<tn> —uy(tn1) >
n=1 RM

’ ZV
£

N (3.33)
_ (n)/ 7, =
,;té (Av,(0,...,0.2,0,...,0,))
=51+ .5
with
Sl = Z TUYVUZU(UVL — 'UVK)(EVL - EVK)?
0=K|LEEint
Sy == Y [K|Ry (" )z,

Kevy
Now we decompose the mesh into
Qi(tn) ={K eV:iugty) >u,r}, Q_(tn)={K eV :iux(ty) <ul g}

In a first step we show that the diffusion term .57 is negative. We remark z, x = 0 for
all K € Q4 (t,). Using v}, = const VK € V we write

Sl — Z Tayua(ev,,L _ eU“K)(e_U"L —e_U“K) ev,fK
o=K|LEE;n:
K,LEQ, tn
t) (3.34)
- > .Y ((avr — ayp) + (apx — avk))Zuk
o=K|LEE;n:

KeQ_(tn),LeQy (tn)

Since (x —y)(1/x — 1/y) <0, z,y > 0 the first sum in () is less than or equal to

zero. From K € Q_(t,,) we conclude a}; —a,x > 0 and from L € Q4 (¢,) we obtain

ayr, — a,;, > 0, hence the second sum in (@ is less than or equal to zero.
Therefore S; is negative and we get from ()

G(u, (ty)) < GU,) + So.

Now we consider the term S5. On Q4 reaction terms multiplied by the test function
vanish. Since (a — 3) - v}, =0 VK € V, we get on 1_

_RV(e,vK)EVK — Z e VK (ea-(vk—v}) —eﬁ'(vK_v;()> (041/ _ 6;/)5,,[(

(a,B)ER
_ Z R (ea‘(qu—v}}) _ ef"(‘vx—'v}})) (Ck,/ - Bu) (3 35)
(a,B)ER |
Z ea.v’;( (ea-(’UK*’U*K) — e'B'(’UKi’U})> (Oéu - 611)%
Uy K
(a,B)ER

Having in mind that

m aj
ea.(vK—v;{) _ H (UjK>

j=1 Uik
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holds, the second line of (), ie.
(ew(vwv;{) ,eﬂ(vva}()) (cw — Bo).

is Lipschitz continuous in (ug /u}) on [0, R]™, R > 0 and has at (1)]"; the value 0.
Using the global boundedness of (ux/u};) we can estimate

Uy K

*
Uy i

|au _/Bl/|

ea‘('uK—'u}‘() _ e,B‘('uK—'u}‘()‘ < Cl Z

v=1

- 1‘.
For o, > f3, the second line of () can be written as

(eormsi) w130 (o, — g,
u

vK
m aj m Bj
< (UVK)(ay_l) H UjK _ H UjK
- u* u* u*
vK =1, K j=1 K
J#v

Again the term is Lipschitz continuous in (ux/u};) on [0, R]™, R > 0 and has at
(1)7-; the value 0. Using the global boundedness of (ux /uj;) we conclude

Uy K

(e""(”K_”}) —eﬁ'(”K_v;‘)) (o, — ﬁu)ul*’K < (s Z

Uy K

- 1‘.
v—1 Uy i
Similar estimates are obtained for o, < 3. So, we continue to estimate () with a
constant C3 > 0 by

So < Cs ) llwwn/ufn = Ul gy (3.36)

v=1

From Corollary ﬂ and Lemma E we conclude that

Uy.h

- S C4 e*)\tn/2
uu,h

-1

LY M,V

with the constant A given in Lemma E Hence there exists a constant C5 > 0 such
that G(u,(tn)) < Cs. Let §,« = infrcq uj,(z). Together with

(| (v, _u;,h)_HLl,M,V < Hu;hHLl,M,V

and the the definition of G in () we find

*

5U* (vV,h - ’Ult,h)_HLlJ\/["/ S é(ul’) + Hul’thLl,M,V

from which the bounds in L' follow. a
Now, we show global lower bounds for the chemical potentials by Moser iteration.

Theorem 4 (Lower bounds in L™) Let the assumptions of Theorem B be fulfilled.
Then there exists a constant ¢ > 0, only depending on the data, such that for every
solution (up,vp) of (PQD)

holds uniformly for all Voronoi finite volume discretizations M.

v;’h(tN)HLwMV <c VN2>1, v=1,...,m
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Proof Let z,p = (vyp + k)~ and w, p, = zf/hZ. The constant k is defined by

KR = 1ma

X
v=1,....m

[ (we. (t0)) ™[] oo -
For p > 2 we test ([Pd) with test functions which have the v-th component
tn—1 p—1

—pelt 2l (tn) e—'UV,h(tn)7

the other components are zero. We want to estimate

N
n tn - tn— — —
S1i= —p 3 1 et <u( ) — u( 1)7zp L) e vu,h(tn)>
n=1

(n)
ts' RMm
N
—p Z t((sn) etn—1 <Av(tn), Zpil(tn) e*’vy,h(tn)>RMm = S5 + S3.
n=1
Defining
N
Sy = Z t((sn)pet"*1 Z T,Y Z% (v, p, — v,,K)(szl e~k fzf;(l e K
n=1 o=K|LEEnt

N
Syi=—p 3 K| Yt et b (t) e o) R (%)
Key n=1

we will proceed in three steps.

Time derivative: Since e® —e¥ = e(x — y) for some & € [z,y] C R we find

I =—pe'n zfjl}l (tn) e~ Vv (tn) (upk (tn) — upk (tn-1))

Z pet"71 Zf]_(l (tn)ﬂyK e§yvay1< (tn) (ZVK (tn) — ZvK (tn—l)) B

since 28" (t,) (0K (tn) — k)T = 0. In the following we consider the two cases:

1. From u,(t,) > upx(tn_1) we get z,x(tn) < 2ok (tn_1) and €% < evvi(tn)
hence

1 > Pet"A Z,Zj;(l (tn)uuK (ZVK(tn) - ZVK(tnfl)) .

2. From u, g (t,) < uyi(tn_1) we find 2,k (tp) > 2ok (tn_1) and eSvx > Vv (tn)
hence

1 > PetnA z]]/)}—{l (tn)al/K (ZVK(tTL) - ZVK(tTL—l)) .

Together with (), () and () we can estimate S; by

! (3.37)
— (et —et 1)z, i (ta)P)
> et 5UHZV’h(tN) HIZ,mMy

N
=St et et [ e gy 2 ()5 g -

n=1
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Diffusion term: A short calculation gives for 0 = K|L and z := v, — v,k

2% (oo, — vo) (2 e =2l e ) = A+ B

with
(e =1)(e™" +1) _ _
A= ST w(2hp =20,
(e —1)(e® 1) 2%, | _
B:= — 3(ZSL +20)-

Using Lemma @, inequality () and the auxiliary calculation with x,1, = (v, +
k)T and x,x = (v + k)T

(Wor = vor) (205" = 2) =(wor — wus) (B = 20
— (zor — 2r) (2 — 22
=— (wor2ly + a2l
— (2vr — 2or) (207 — 20
<— (21 — ZVK)(Zf,)Zl - fo?l)’

we can estimate A from above by

4p—1) 2 2) 2

Together with Lemma @, inequality () and the auxiliary calculation

z? = (v, — Vur)?

- ((Z‘VL - qu) - (ZUL - ZVK))2
= ((EVL - qu)z + 2(xl/LZVK + mVKZVL) + (ZVL - ZVK)2
Z (ZVL - ZVK)27

we can bound the term B by

p—1 p—1 , ) 2
2 (7 + 2K ) 1 -
B < —(z1, — 2o )2 5 v S—(p+1)2 (zyf —Zl,f{) .
Therefore we can bound Sy with some constant
op,u, = pedn D, (z,y)u,(x)
by
N
-1 912 1 pt1 (2
Sy < — t(n) eln—145- P zp/ ‘ —z 3
() P=1| p2?
— n tnfl _ — p 2
< Zt§ pe 46z, D, pe z,n ‘Hl,M'

n=1
The last term in the first line of the above inequalities can be neglected, since we only
need the first H!'-seminorm in the following Moser iteration.
Reaction terms: The reaction terms multiplied by the test function can be written as
—R,(e"F)2P it e = R 5y (e¥F ), — By) 2 e

Using the L bounds of Theorem E we deduce for o, > 3, that

m m
_ »—1 P ,—1 ;
Riap)(e ) e =kiag | als ™ [] apic —alie ™ [l abic | < €1,
j=1 j=1
VE22 JjF#v

hence —R,,(e”K)zfji_(l e”UWK < Clzfi_(l. A similar estimate holds for a, < B3, and
therefore we get with Cy > 0

N
Sy < Oy Zpt((sn) etn—1 ||ZVK||I[);}1,M,V'

n=1
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Moser iteration: From S; = S + S3 we conclude

Sy =elN 5ﬂ||zu,h(tN)||Z£p,M,v
N
4(p—1
< Zt((sn)pet"” {—5uuDu(p2)||wu,h||§p,M,v + G} :
n=1

The expression GG can be bounded by

els 4(p—1) .
G = <p + 5EVDUT lzvall Lo aa v + Collzunll o=t aq v

< Cs(wonlFa ppy +1)

with some constant C'5 > 0 independent of p. Using Gagliardo-Nirenberg’s inequality
(5.47) and Young’s inequality with (p’ =2, ¢ =2 ) we can estimate

2
ku,h”p,/\/ly < CchJQ”wuﬁ||L17M7v”wl«h |H1,M,V

2
c3Cm 1,2 2 - ;
< QT (ﬁku,hHHl,M,v te 1||w”’h”L1xM’V> ’

The constant € is chosen in such a way that

4(p—1 Csc3C
D, (Pp2 )+€ 3 22M,1,2

=0 (3.38)

holds, namely
oa,p, p—1

e=28
C3¢3CA12 PP

Therefore with Cy > 0 we find

Sy =™ Sz ()0 pay

N 2

(n)  tn_ 03020/\4,1,2 1 2

< E t(S pe'n—t 72 € le’1h||L1,M,V+C3
n=1

N
< Cup? <Z PR lzvnll 02 ag v + 1) :

n=1

Now we proceed in a similar way as in the proof of Theorem E We set

k
by = sup HZV’}L”igk’MJ/‘F]., k>0.

n=1,...,

Moreover let p = 2% for k > 1. Together with Cs > 0

2
2
e ay +1< 05 sup (lzunllfle vy +1) .+ 222,

n=1,...,

we find for all £ > 1 the recursion formula

k—1
k—2

Noi — i ¢ — 2
bk S 22kC5(bk-_1)2 S {(4) i=0 (k:f’b)Q (05) f:022 bgk 1}

Applying () we conclude b < (1605190)216_1 and
-1
20 m (EN) | ot pgy < (16C500)* K >1,n=1,...,N.
The term by is bounded by Lemma H Passing to the limit k& — co we obtain

||ZV7h(tN)||Loo,M7V S (1605b0)27 S CS-

The procedure can be done for v = 1,...,m and the result of the theorem follows
with VS <zyn+ CO and Theorem J. 0
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A Discrete Gagliardo-Nirenberg inequality

In the following, we prove a discrete version of the Gagliardo-Nirenberg inequality [23] on Voronoi
finite volume meshes. The proof is based on the equivalence of the Voronoi finite volume LP-norm,
the Donald box finite volume LP-norm (for the definition of a Donald box see [21]), and the linear
finite element LP-norm. First, we introduce the following notations, see also Figure P : The dual of a
Voronoi mesh M = (P, V,€) is given by a tuple (P, T), where T is a family of triangles T' spanned
by (xx,zr,za) € P3 fulfilling KNLNM # 0, K, L, M € V. Furthermore by N (K) we denote the
set of all triangle sharing sharing zx as common vertex.

Figure 2: Notation of the dual Voronoi mesh and the Donald box mesh. Voronoi boxes
(gray areas), triangles (thin lines), Donald boxes (thick lines)

A Donald box D = D(xz k) around a node zx € P is constructed by intersecting the barycenters
of all neighboring triangles. The area of a triangle T' € T is denoted by |T'| and the area of a Donald
box is given by |Dx NT| = 1/3|T), see [21]. By Xp(M) we denote the set of all piecewise constant
functions from 2 to R which are constant on every Donald box Dy . The discrete Donald box finite
volume LP-norm is then introduced by

1/p

lwpllpo pap = | D IPllwk|? Vwp € Xp(M). (A.39)
Kev

Let wr(x) the linear function on a triangle 7' € 7 with nodes (zx,zr,zpm) € P2 and values
wr(zg) = [k, wr(zp) = wp, wr(xy) = war, where wi, resp. is the value in the node zx € P.
The set of all these functions is denoted by P;(M). The finite element LP-norm is then defined by

1/p

[P / wr@)Pde | Vwr € Pi(M). (A.40)
TeT?’T

We make the following assumption on the mesh: There exists two constants C'p, > 0, Cp>1
such that for all zx € P the area of the Donald box around zx can be estimated by the area of the
area of the Voronoi box K, i.e., it holds

CplK| < |Dk| < CplK| VKeV. (A.41)

Remark 8 Such an inequality holds for all uniform FEM-meshes, where the largest edge Imax of all
triangles T' € T can be bounded by the smallest edge I;nin and some constant C' > 1. In this case we
can cover the area of the Voronoi box and the Donald box by the area of a circle with radius lmin /2

and lmax, i.e.
2

1z .
T < K|, [Di| € mlg < 7CE2

max min*

Therefore, we have
1
E\K\ < |Dk| < 4C?|K]|.

‘We make the following observation:

Lemma A.5 LetQ be an open, bounded, polyhedral subset of R2 and M = (P, V, &) a given Voronoi
mesh and (P, T) its dual fulfilling () The following statements hold:
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1. For all wy, € Xy(M), wp € Xp(M) and p € N, wy, > 0 the estimate

1 —=1/p
CHPlwonlle v < 10nllze a,p < T IwnllLe gy (A42)
holds.
2. Furthermore there exist two constants QFEM,p = m <1 and Crpgpy = 1 such that for
wp € XD(M) and wr € P1(M), wp >0
1 _
QF/ng”wD”LP,M,D < ”wTHLP,M,FEM < CFE]W”“’D”LP,M,D (A.43)

holds.

Proof In order to simplify the following notation, we assume that wg > 0 holds for all K € V. The

proof of () follows immediately from () together with
1/p 1/p
— =1/
”wD”Lp,M,D = Z ‘DK‘w% < Z CD|K|'LUIID( = CDprhHprMyv-

Kevy Kev

Similar, the estimate from above is derived.
For the second second assertion () we observe together with |Dx NT| = 1/3|T|

1/p

T T
lwollpe a0 = E E |3—|w§( = E |3—‘(wK+wL+wM) (A.44)
KEV TeNT(K) TeT

with T'= (zk,xL,x)). It remains to show that for every triangle the identities

CremplT
3

C T
P da < Crpmp|T| (

(whe +uf +ut) < [ wr(@) wl + wf, + uf,)

with constants QFEM,p and éFEM,p hold. In a first step we transform the triangle T' = (xx, @, x )

to the reference triangle T = (P1, P2, P3) with vertices P, = (0,0), P» = (1,0), Ps = (0,1) using
z=zx + (xr —TK){+ (M —TK)p

with £ € [0,1] and p € [0,€]. The transformed function reads as

wW(E,p) = wr(ex + (L — )&+ (T0r — TK)P)
=wg + (wr, —wg)é + (wyr — wk)p

and its functional determinant is given by det(J) = 2|T|. The integral over the simplex T' can be
written in the form

1 pl—¢
= /T (wr ()P da = 2|T| /0 /0 (@€, p))P dpde

_An o 1 . w o
_(P+1)(wawK)/0( M+ (wr —war)§)” (wi + (wr, — w)&)PT dg

_ 2|T| wﬁ/—;2 - wIL)+2 B w1£+2 - w%‘m
@+2)p+ D(wm —wk) Wy —wr wr — WK

To continue the estimate, we use 0 < (v* — 1)(v? — 1) for all v > 1 and a,b > 0. Let v = z/y with
nonnegative real numbers z, y. Using

xayb 4 yazb S xa+b 4 ya+b (A45)
we can bound the cyclic sum

S wiyizk = @iyl 2k 4y e) dyi(ad 2 4 oF ) 4 el 4 yhad)
cycl

by chcl ziyjzk < 2(Zi+j+k + pititk + yi+j+k).
Now, using the binomial theorem we obtain for p € N the identity

p+2 _  p+2  ptl

w w ) )
M L _ i o ptl—i
= = E wyrwy .
wyr — Wy, =
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Therefore
2|7 N 2|T| 1 i ik
[=—— "1 Z whwwh = —————— Z = Z Wi W W
(p+1)(p+2) i,7,k>0 (p+1)(p+2) i,7,k>0 6 cycl
it h=p i+iHh=p

AT

||
,6(p+1)(p+2)(wﬁ/[+wi+w%) Z 1= (wh, +wh +wh)

i,j,k=>0 3
i+j+k=p

holds. In the last line we used

P i—1 P
. P+2)(p+1)
1= 1 1] = 1= .
2 =2 (1) =i >
%,7,k>0 =0 3=0 =0

i+j+k=p

Since the term wh, + w} + wh,, war,wp, wx > 0 is contained in 3 ; ;x>0 wi wlwh, the lower

it jt+hk=p
bound of I follows. 0

Theorem A.5 (Discrete Gagliardo-Nirenberg inequality) Under the assumptions of Lemma
@3 the following statements hold:
— For every p € N there exist constants cp > 0 and

max(@Df%’“)/Q)

Cmi,p = (A.46)
QDQFEM,p
such that Y Y -1/
leonll o n < epONEE IRl 3y llwnllii e |, Vun, € X(M). (A7)

Especially, for p from a compact interval [p1,p2] the constant ¢, can be bounded by cp <
max(cp, , Cpy, 1)1/P1.

— Additionally, for every e >0 and p € N, p > 1 there exist a constant ce,p > 0 such that for all
wp, € X(M)

lwallf <eC,2,pllwp Infwpll 1 llwnlBr}
LP M,V P , M,V HI M,V (A.48)

+ ce,pCr,3,p ‘wh”Ll,M,V

with the two constants

max(ép,éngl)/Q) Crisy = Cp
) 30, P T

Cm2,p = :
CpCremp Cplremyp
The constants Cay,;,p, @ = 1,2,3 are the only difference to the continuous version in [@}

Proof As a consequence of Lemma @ we can use the continuous version to prove the discrete
inequalities. From Lemma we conclude that

1

||wh||LP,M7V < (CD )1/p||wT||LP,M,FEMv

Cremp
=1/p
”wT”LP,M,FEM <Cp ||wh||Lz7,/\/1,V7
—1/2
HwT“Hl,M,FEM < max(1,Cp )HwhHHl,M,v

hold. Using the continuous Gagliardo-Nirenberg inequality [@, (1.8)] the assertion

1/p 1/p 1-1/p
lwonll o pay < epCXE wnlE2 oy Thonllbi 2
holds with a constant Ca4,1,, defined above.

We mention that zlnz, x > 0 is convex and therefore the the linear interpolation of wp Inwp
denoted by (wr Inwy)r is greater or equal wr Inwy. Hence,

/ wr Inwyp de < / (wr Inwr)r dee. (A.49)
T T

Together with the continuous Gagliardo-Nirenberg inequality [@, (1.9)] we get

—1
lonlp piy < lwr wr) Tl alwr 2 v ppa

€
CpCremp
+ cepllwrllns pm,renm
-1
<eCrzpllwn mfwnlll gy vllwnllfn oy +cepCrmspllwnllpn agv-
|

Remark 4 Of course, the discrete Gagliardo-Nirenberg inequality can be proven in a direct manner
on much more general mesh families, but the special case needed here can be proven in a much
shorter way. For a similar proof of a discrete Sobolev inequality, see [[L5, Theorem 2.2].
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B Technical lemmas

In this part we collect some auxiliary results, which we use in the proof of Lemma E and in Section

Lemma B.6 Let z,y,p € R, z,y > 0.
1. For p > 2 the following inequalities hold:

4(p—1 2 2
(”T) (2772 = y/?)" < (@ = y)@P ™ —y7h) < (2272 = y/?)" (B.50)
2. For p > 1, we have
1
—(a? —yP) <Pz —y). (B.51)
p
3. Finally, for p > 2 the inequalities
2
F(zpﬁ —yP2)? < (@P % P2 (@ —y)? < 22/ - yP/?)? (B.52)

are fulfilled.
Proof 1. For z > 1, we consider the function

1) = (e = et -1 = T 2 g

The first and second derivatives of f are given by

—92)2 _
Ly = B2t pyer2 A0 D gz
dz p P

-3 2—2
= . (0 =202 = p)ar=? 4 222/272)

It is easy to see that f(1) =0, f/(1) =0 and f’'(1) = 0. Further, we deduce from f”(z) > 0 for
z > 1 that f/(z) > 0 and f(z) > 0. With z =z/y, z > y > 0 we find

0< fa/s) = (@~ )@t —yp ) = HEZ) (a2 ypi2)

and finally by using Muirhead’s inequality
(zzv/2 _ yp/2)2 —(z —y)(@P~ = yP1) = P~y 4 gyP 1 — 22P/2yP/2 >

holds. The case y = 0 is trivial.
2. For the second statement we consider for z > 1 the function

-1 1
fR) ="y
p p
Since f(1) = 0, the first derivative of f
d -2
—fz)=P-1)"""(z-1)20
dz

implies f(z) > 0. Setting z = z/y, * >y > 0 we find

p—1axP zP—1 1 _ 1
o<y sap) = (BT - T ) = o) - S ).
p yP P p p
For = < y it results

1
;(xp —yP) < (aP —yP) < zp*l(x _ ygcprrl) < xpfl(x — ).
3. Now let

£6) = (2 D= 1R = 22 - D2,

The first and second derivatives are given by

%f(z) = 2(Z — 1)(31772 + 1) + (p _ 2)(2: _ 1)2zp73 _ %(ZP/Z _ 1)zp/2*17

d2

T = (24 (=222 4 ()
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with

9(z)=@—=3)(p-2p—-2(p—-2)(p — Vpz + (p —- (»* - 2)2°,
g =2-1) (¢ -2z~ (-2)p),
9"(z) =2(p - H(P* - 2).
From ¢g”(z) > 0 for z > 1 and p > 2 we see that g(z) is a convex function. Furthermore f(z)
is convex since g’(1) = 4(p — 1)2 > 0, g(1) = 2 and f'(z) > 0. Using f'(1) = f(1) = 0 we get

f(z) > 0 and with z = z/y, * > y > 0 the first inequality of ()
The last assertion follows from

1 1
(@P/2 —yP2)? = S (@2 4y ) (@ = y)® = o (o P — 2Py 2%y )
+ (zp—ly + oyt — pr/Zyp/2>

together with Muirhead’s inequality for the term

zP 4+ yP > P 2y? 4 2yP 2, 2Py 4 gyP > 2P/ 2P/,
O
Lemma B.7 Let x be a real number. Then
T _q -z 11 T _1 —T _q1
f(m)=w21, g(x)ZWS,l
2z z?
hold. We define the value of the functions at x =0 as limit x — 0.
Proof For x + ¢ > 0 we get
(e*te —1)(e~ @+ £1) (%) —1)(e™% +1)
+e) = > > , B.53
fa+e et = 7(@) (B.53)
this means f(z) is strictly increasing. Since f(z) = —f(—x), the function f(z) is strictly decreasing
for x < 0. Hence there exists a global minimum at z = 0 with value
i =1 =1.
Jim, 7(2) = lim, cosh(z)
With similar arguments the second inequality follows. [}
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