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ABSTRACT. We study the interior regularity of solutions to the Dirichlet problem
Lu=gin Q, u=0in R™\ , for anisotropic operators of fractional type

+ee u(xr) — ulx w) — ulx — pw
LM@=A ‘MLWJMWQ() (;£¥ (& — pw)

Here, a is any measure on S"~! (a prototype example for L is given by the sum
of one-dimensional fractional Laplacians in fixed, given directions).

When a € C*(S"~!) and g is C*°(Q2), solutions are known to be C* inside
(but not up to the boundary). However, when a is a general measure, or even
when a is L°°(S™1), solutions are only known to be C3* inside .

We prove here that, for general measures a, solutions are C**35~¢ inside €2 for
all € > 0 whenever  is convex. When a € L*(S"71), we show that the same
holds in all CY! domains. In particular, solutions always possess a classical first
derivative.

The assumptions on the domain are sharp, since if the domain is not convex
and the spectral measure is singular, we construct an explicit counterexample for
which u is not C357¢ for any € > 0 — even if g and Q are C™.

1. INTRODUCTION

Recently, a great attention in the literature has been devoted to the study of
equations of elliptic type with fractional order. The leading example of the operators
considered is the fractional Laplacian

Several similarities arise between this operator and the classical Laplacian: for in-
stance, the fractional Laplacian enjoys a “good” interior regularity theory in Holder
spaces and it has “nice” functional properties in Sobolev spaces (see e.g. [6, 11, 3]).
Nevertheless, the fractional Laplacian also presents some striking difference with
respect to the fractional case: for example, solutions are in general not uniformly
Lipschitz continuous up to the boundary (see e.g. [10, 8]) and fractional harmonic
functions are locally dense in C* (see [4]), in sharp contrast with respect to the
classical case.

A simple difference between the fractional and the classical Laplacians is also
given by the fact that the classical Laplacian may be reconstructed as the sum of
finitely many one-dimensional operators, namely one can write

(1.2) A=0}+---+07,
1
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and each 07 is indeed the Laplacian in a given direction. This phenomenon is typical
for the classical case and it has no counterpart in the fractional setting, since the
operator in (1.1) cannot be reduced to a finite sets of directions.

Nevertheless, in order to study equations in anisotropic media, it is important to
understand operators obtained by the superposition of fractional one-dimensional
(or lower-dimensional) operators, or, more generally, by the superposition of differ-
ent operators in different directions, see [7]. For this reason, we consider here the
anisotropic integro-differential operator

(1.3) Lu(z) = /0+oo dp /Sn1 da(w) 2u(z) — u(z + pw) — u(r — pw)'

p1+2s

Here a is a non-negative measure on S~ ! (called in jargon the “spectral measure”),
and we suppose that it satisfies the following “ellipticity” assumption

inf / lw - w|* da(w) > A and / da <A,
wesSn—t fon—1 gn—1

for some A\, A > 0. The simplest model example is when a is absolutely continuous
with respect to the standard measure on S™!' (that is da(w) = a(w)dH" ! (w),
for a suitable L' function a : "' — [0, +00]). In this case, thanks to the polar
coordinate representation, the operator L may be written (up to a multiplicative
constants) as

L) L) = [ () = ule )~ ule =) 0

When a = 1 in (1.4) (i.e. when da = dH"' in (1.3)), we have the particularly
famous case of the fractional Laplacian in (1.1).

In general, the role of the measure a in (1.3) is to weight differently the different
spacial directions (hence we refer to it as an “anisotropy”). In particular, we can
also allow the measure a in (1.3) to be a sum of Dirac’s Deltas. Indeed, a quite
stimulating example arises in the case in which

(1.5) a=> 6, 40,
i=1

where, as usual, {eq, - ,e,} is the standard Euclidean base of R": then the operator
in (1.3) becomes
(1.6) (=07)" + -+ (=0p)",

where (—9?)° represents the one-dimensional fractional Laplacian in the ith coordi-
nate direction (compare with (1.2)).
Goal of this paper is to develop a regularity theory for solutions of

Lu = ¢g in€Q
1) {f 2y e



3

The class of solutions that we study are the weak ones, i.e. the ones that have finite
(weighted) energy

2
/ dgc/ dp/ da(w) (u() _lfgj p) < 400
n R Sn—1 P
and satisfy

1 (u(r) — u(z + pw)) (¢(z) — p(z + pw))
2/n dl’/R dp/sn1 da(w)

p1+2$

~ [ degla)ela)

for any ¢ € C5°(12).

When the nonlinearity ¢ is regular enough and the spectral measure of the op-
erator L is C*°(S™!) it is known that solutions of (1.7) in bounded domains are,
roughly speaking, smooth up to an additional order 2s in the derivatives: i.e. for
any 3 € [0,+00) such that 5+ 2s is not an integer, we have that u € CﬁjQS(Q),
thanks to the estimate

(1.8) [ulleatas (s, ) < C (llgllcos,) + lullze@m)),

valid in every ball B, of R"; see for instance Corollary 3.5 in [7] and also [11, 1].
The constant C'in (1.8) depends on n, s, r, and the C#(S"~!) norm of the spectral
measure.

In particular, solutions of (1.7) are C*°(£2) if so is g and the measure a, but in
general they are not better than C*(R"), i.e. they are smooth in the interior, but
only Holder continuous at the boundary. For instance, (—A)%(1 — |z|?)% is constant
in By and provides an example of solution which is not better than C*(R™).

In the general case of operators as in (1.3), the situation becomes quite different,
due to the lack of regularity of the kernels outside the origin. In this generality,
estimate (1.8) does not hold, and it gets replaced by the weaker estimate

(1.9) [ulleas(s, ) < C(llgllcss,) + llullos@n)),
see Theorem 1.1 in [7].

Though estimates (1.8) and (1.9) may look similar at a first glance, the additional
term [|ul|csgny in (1.9) prevents higher regularity results: namely, since u is not in
general CP?(R™) when 8 > s, it follows that (1.9) is meaningful mainly when 3 < s
and it cannot provide higher order regularity: namely, from it one can only show

that u € C.(Q), even if one assumes g € C>(Q).

ocC

In the light of these observations, in general, when s < 1/3, one does not have
any control even on the first derivative of u. Nevertheless, we will prove here a
higher regularity result as in (1.8), up to an exponent larger than one, by relating
the differentiability properties of the solution with the geometry of the domain.
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Namely, we will show that in convex domains the solution is always CL*7¢(Q2), for
any measure a.

The same regularity result holds true also in possibly non-convex domains with C1:!
boundary, provided that the measure a is bounded, i.e. if da(w) = a(w) dH" }(w),
with a € L>®(S™1).

In further detail, the main result that we prove is the following:

Theorem 1.1. Let 5 € (0,14 s) and assume that 3+ 2s is not an integer. Assume
that either

(1.10) Q is a convex, bounded domain,

or

(1.11) Q is a bounded domain with CY* boundary
' and the spectral measure a is bounded.

Let u be a weak solution to (1.7), with g € CP().
Then u € CZT*(Q) and, for any § > 0,

loc
[ullcsas sy < Cllgllcs @), Be(0,1+4s)

where Qs 1s the set containing all the points in € that have distance larger than ¢
from 02 and C' > 0 depends also on Q) and 9.

We think that it is a very interesting open problem to establish whether or not
a higher regularity theory holds true under the assumptions of Theorem 1.1 (for
instance, it is an open question to establish if solutions are C'* if so are the data,
or if the C''3% regularity is optimal also in this case). As far as we know, there are
natural examples of smooth solutions (such as the one presented in Lemma 7.2), but
a complete regularity theory only holds under additional regularity assumptions on
the spectral measure (see [11, 1, 7]) and the general picture seems to be completely
open.

The result of Theorem 1.1 also plays an important role in the proof of a Pohozaev
type identity for anisotropic fractional operators, see [9].

At a first glance, it may also look surprising that the regularity of the solution
in Theorem 1.1 depends on the shape of the domain. But indeed the convexity
assumption in Theorem 1.1 cannot in general be avoided, as next result points out:

Theorem 1.2. Let L be as in (1.6), with n = 2. There exists a bounded domain
in R? with C* boundary and a solution u € C*(Q) of

Lu = 1 inQ
u = 0 n R\,

with u & C14(Q), for any € > 0.

loc
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We remark that the result in Theorem 1.2 is special for the case of singular spec-
tral measures (compare, for instance, with the regularity results in case of smooth
spectral measures in [11, 1, 7]). In particular, the loss of interior regularity detected
by Theorem 1.2 is in sharp contrast with the smooth interior regularity theory that
holds true for both the classical and the fractional Laplacian.

Roughly speaking, the counterexample in Theorem 1.2 will be based on the fact
that, if the domain is not convex, there are half-lines originating from an interior
point that intersect tangentially the boundary of €: then, the singularity on 02
(created by the solution itself) “propagates” inside the domain due to the nonlocal
effect of the operator.

The rest of the paper is organized as follows. In Section 2 we recall the appropriate
notion of weighted norms that we will use to prove Theorem 1.1: these norms are
slightly unpleasant from the typographic point of view, but they have nice scaling
properties and they encode the “right” behavior of the functions in the vicinity of
the boundary as well.

Then, Sections 3 and 4 comprise several integral computations of geometric flavor
to estimate suitably averaged weighted distance functions in the domain into con-
sideration. More precisely, Section 3 is devoted to the case of convex domains. The
estimates obtained there will be used for the proof of Theorem 1.1 in case of convex
domains, where no structural assumption on the operator L is taken and therefore
the integrals considered are “line integrals”, as in (1.3). Section 4 is instead devoted
to the case of bounded domains with C*! boundary. The estimates of this part
will be used in the proof of Theorem 1.1 for C*! domains: since in this case the
operator L is as in (1.4), the integrals considered are “spread” over R". That is,
roughly speaking, in Section 3 the singularity of the line integrals is compensated
by the convexity of the domain, while in Section 4 is the operator L that somehow
averages its effect in open regions of R".

In Section 5 we compute the effect of a cutoff on the operator. Namely, when
proving regularity results, it is often useful to distinguish the interior regularity
from the one at the boundary (though, as shown here, in the nonlocal setting one
may dramatically interact with the other). To this goal, it is sometimes desirable
to localize the solution inside the domain by multiplication with a cutoff function:
by performing this operation, some estimates are needed in order to control the
effect of this cutoff on the operator. These estimates, in our case, are provided in
Lemma 5.1.

In Section 6 we bootstrap the regularity theory obtained in order to increase,
roughly speaking, the Holder exponent by 2s. In our framework, the model for such
“improvement of regularity” result is given by Theorem 6.1, which somehow allows
us to say that solutions in C}}, are in fact in C’gj%, if the nonlinearity is nice enough
and o < 1+ s (the precise statement involves weighted norms). Section 6 contains
also Corollary 6.2, which is the iterative version of Theorem 6.1 and provides a very
general regularity result, which in turn implies Theorem 1.1 (as a matter of fact, in
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Corollary 6.2 it is not necessary to assume that ¢ is C® up to the boundary, but
only that has finite weighted norm, and also the weighted norm of u is controlled
up to the boundary).

The proof of Theorem 1.2 is contained in Section 7, where a somehow surprising
counterexample will be constructed.

The paper ends with an appendix, which collects some “elementary”, probably
well known, but not trivial, ancillary results on the distance functions (in our setting,
these results are needed for the integral computations of Section 4).

2. REGULARITY FRAMEWORK WITH WEIGHTED NORMS

To study the regularity theory up to the boundary, it is convenient to use the
following notation for weighted norms. We consider the distance from a point x € €2
to 012, defined, as usual as

d(z) = dist (z,00) = lenafsz |z — ql.
q

We also denote

(2.1) d(z,y) = min{d(z), d(y)}
Given o € R and a > 0, we take £ € N and o € (0, 1] such that & = k + o/ and we
let
| D*u(z) — D*u(y)|
|z =yl

W], = sup [da+“<x,y>
TH£YeN
(2.2)

k
and [lullfg = 3 sup (@7 (@) D u(@)[] + [u]fa
j=0"

The advantage of these weighted norms is twofold. First of all, since we write « = k+
o with o’ € (0, 1], we can comprise the usual Hélder and Lipschitz spaces C?, C1*5,
C*8 ete., with 3 € (0, 1] with the same notation: notice for instance that when o =
—a € (0,1], the notation [u]&% boils down to the usual seminorm of C*(2). What
is more, by choosing ¢ in the appropriate way, we can allow the derivatives of u to
possibly blow up near the boundary, hence interior and boundary regularity can be
proved at the same time and interplay! the one with the other.

The weighted norms in (2.2) enjoy a monotonicity property with respect to «a,
that is if a; < ap and HUHSZ)Q < 00 then also ||u||g?Q < +o00. This is given by the
following;:

Lemma 2.1. Let a; < ay. Then Hu||£Z)Q < C HUH((;;)Q, for some C' > 0 only
depending on ay and g (and bounded uniformly when oy and oy range in a bounded

set).

1Though not explicitly used in this paper, we remark that an additional advantage of these
weighted norms is that they usually behave nicely for semilinear equations, namely when the
nonlinearity in (1.7) has the form g(z) = f(z,u(x)), in which f is locally Lipschitz, but u is not.



Proof. We write a; = k; + o, for i € {1,2}, k; € N and o} € (0,1]. We claim that
(2.3) k1 < ko.

To prove it, suppose the converse: then k; > ko and therefore, being ki and ks
integers, it follows that k; > kg9 + 1. Then

042:k2+0/2§k1+0/2—1§]€1<k1+0/12041,

in contradiction with our assumptions. This proves (2.3).
Now we show that

| D*1u(x) — DR u(y)] < CHUH(U)
| — y[*s - o

(2.4) d* 7 (x,y)

Notice that, to prove (2.4), we can suppose that

d(z,y)
T

(2.5) [z —yl <
Indeed, if |x — y| > d(x,y)/4 we use (2.3) to see that

4"+ ()| DMu()| < [lull)

ag;Q)
and therefore

| D u(x) — D u(y)| | D u(z)| + | DM u(y)|

do‘lJr"(x, Y) : < Cdo‘ﬁ"(:v, Y) ;
|z — y|™ dor(z,y)
< CdM o (a,y) (77 (@) + A0 (y) ull g < Cllull g,

that shows (2.4) in this case. Hence, we reduce to prove (2.4) under the additional
assumption (2.5). To this goal, we observe that (2.5) implies that

d(z,y)

(2.6) jd(z) —d(y)| < o -yl < —

Now, in view of (2.3), we can distinguish two cases: either k; = ky or k; < k.
If k1 = ko, then

CUIIZOél—]'ﬁ:Oq—/{IQSO!Q—k‘Q:CUIQ,
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thus we set d, = d(x) and d,, = d(x,y) for typographical convenience and we
perform the following computation:

| D" u(x) — DM u(y)|

doq +o

|z —y|™
ofy—at o
_ da1+g|D’“U(x)—D’“U(y)| 2 |DFu(x) — DFru(y)|
) |z — y|™
al2_a,1 o/l
M k k ol k k ol
< o d,, S (1D ()] + [ DPu(y)]) < (dgijJrg’Dl u(z) - DPru(y)]) =
B |z — y|*
- ot
—(epto) ki - o
iyt G e 4 4 ln) 5 (elesale —yl")
- |z —y|™
_a/l(a%—}—o') _(alg—all)/(kl+a')
< CdTdny ? dey P ul .

Moreover, since ki = ko,

pto_ Ol to) (@h—ai)thito)
o3 o)

hence the latter inequality proves (2.4) when k; = ko. Let us now consider the
case k1 < ko, i.e. k1 +1 < ky. Again, we can suppose that d(x) < d(y), and
then (2.5) implies that y € By(y)/4(2), and notice that this ball lies in €2, at distance
from 02 bounded from below by 3d(x)/4. As a consequence,

|DMu(z) — DMu(y)] < sup  [DMHu(C)| [z -yl
CE€Bg, /4(®)

S Cdz—kl—l—a sup dk1+1+o|Dk1+1 ( )l |.7J o y|
(€Bg, /4()

< Cd ™7 [lul Dgle — vl

Hence we obtain
|D*1u(x) — DM u(y)]

da1+a .
[z —y|n

_ e [PPul) - D*u(y)|' 4| DM u(z) — DMu(y)|*

P

ar1+o (,j—ki—o o —k1—0o o 1-aj o —« o o o
< (T Nl e + 4 lulla) Tl dag ) (Jlull ) ™
< dg}y+ad;(yk1+a)(lfa/l)d;goj’l(k1+1+0') HUH((;Z)’

Since

ar+o—(ki+o)(1—a))—aj(ki+1+0)=0,
the inequality above proves (2.4) when k; < ko.



Having completed the proof of (2.4), we now notice that

k‘l k2

> sup [ (x) [Du(@)]] <D sup [ () [DIu(x)|]
=0 e e

thanks to (2.3). This inequality and (2.4) imply the desired claim. O

J=0

3. INTEGRAL COMPUTATIONS FOR CONVEX SETS

The goal of this section is to provide some (somehow optimal) weighted integral
computations of geometric type for convex sets. Similar estimates for bounded
domains with C'! boundary when the spectral measure a is regular will be developed
in the forthcoming Section 4. The first geometric integral computation is given by
the following:

Lemma 3.1. Let p € R®, R > 2r >0 and w € S™ 1. Let Q C R"™ be a conver open
set, with Br(p) C Q. Then there exists C' > 0, possibly depending on n and s, such
that

(3.1) < OrR7%.

/ o Xa(p+ pw) X (d(p + pw))

dp
R p1+2s

Proof. The idea is that the set in which the integrand is non-zero “typically” occupies
a segment of length comparable to r.

More precisely, consider the half-line © = {p + pw, p > 0}. If © lies inside
), then we are done. Indeed, in this case, by convexity, the set {2 contains the
convex envelope between the ball Bg(p) and the half-line ©, which is an horizontal
cylinder of radius R. In particular, in this case we have that d(p + pw) > R > r,
hence X0, (d(p + pw)) = 0, and so the left hand side of (3.1) vanishes.

As a consequence, we may and do assume that © N (02) is non-void. Thus,
we claim that © N (0€2) only contains a point. Indeed, suppose by contradiction
that p + pyw and p + paw belong to 0S2, for some py > p; > 0. In particular, there
exists a sequence g; € {2 such that ¢; — p + paw as j — +o00.

Then, by convexity, 2 contains the convex envelope K; of Bgr(p) with ¢;. Notice
that K;, as j — 400, approaches the convex envelope of Bg(p) with p + pow:
therefore, for large j, the point p 4 p;w belongs to the interior of K; and thus to €.
This is a contradiction, and so we have shown that © N (952) consists of exactly one
point, that we denote by ¢, = p + psw, for some p, > 0.

We remark that, since Bg(p) lies in €2, we have that

(3.2) pe > R.
Now we show that
(3.3) ifp>0,p+pw e Qand d(p+ pw) € [0,7], then p € [p (1 — 7R, p,].

Indeed, by convexity, {2 contains the interior of the convex envelope K, of Bgr(p)
with g,. Therefore, d(p 4+ pw) is controlled from below by the distance of p + pw
to 0K, which will be denoted by 9.
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We remark that K, has a radially symmetric conical singularity at q,. If we let
be the planar angle of such cone, by trigonometry we have that

5 = (p — p) sin(5/2)
and R = p, sin(3/2).

Thus
(3.4) d(p+ pw) > 6 = (p*;—p)R
So, if d(p + pw) € [0, 7] we have that
ps =P R
Px

that is p > p.(1 — rR~1), which proves (3.3).
Therefore, using (3.3) and the substitution ¢t = p, !p, we conclude that

/+oo i xa(p+ pw) X[0,r] (d(p + pw)) g /p* i
R plt2s = Joorr) pl+2s
1 [t dt C 1 o
- — < v . 1 < |
P2 Jripper 12 T 2 (L= r R ) e
This and (3.2) imply (3.1). ]

Remark 3.2. We notice that the estimate in (3.1) is optimal, since it is attained
when p = 0 and €2 = Bsp.

Remark 3.3. The convexity assumption in Lemma 3.1 cannot be dropped. As a
counterexample, let us endow R™ with coordinates (z/, z,,) € R* ! xR, let us take p =
0, w=eq, and

Q=BrU{|z,| < Re"x/VR}.
Notice that € is not convex. Also, the points of the form (p,0,--- ,0, Re_”/R) belong
to 012, for any p > 1. Hence

d(pw) < Re PR <y
for any p > Rlog(Rr~!). Hence

/+oo " xa(p + pw) X[0,r] (d(p + pw)) . /+00 dp C
p1+2s —

Rlog(Rr—1) p1+23 B (RlOg(R’I‘fl))%.

This quantity is larger than the right hand side of (3.1) when r is small, and this
shows that the convexity assumption is essential in such result.

R

Next is a variation of Lemma 3.1. Namely, the integral on the left hand side is
modified by a weight depending on the distance (and the condition d(p+pw) € [0, 2r]
is dropped).
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Lemma 3.4. Let o € [s,1+3s). Letp, g € R", R> 0 and w € S™'. Let Q C R"
be a convexr open set, with Br(p) U Br(q) C 2. Then there exists C' > 0, possibly
depending on «, n and s, such that

oo xa(p + pw) xa(g + pw)
dp )
R do=s(p + pw, q + pw) pt*+2s

(3.5) < CR™*.

Proof. We let p, = sup{p s.t. p+ pw € Q} € [R, +00|. By convexity and trigonom-
etry (see e.g. (3.4)), we have that

d(p + pw) > (p*—p—p)R’

with the obvious limit notation that the formula above reads d(p + pw) > R if p, =
+00. Since the same formula holds for ¢ instead of p, we have that

(ps—p) R

d(p + pw, ¢ + pw) = min {d(p + pw), d(g + pw)} > p

Thus, the left hand side of (3.5) is bounded by

Px a—s 1
p* s—a —2s dt
(3.6) / dp =R"% / :
R (p* _ p)a—s Roa—s p1+28 * o (1 t)a—st1+25

where we used the substitution ¢t = p/p, and the notation u, = R/p, € (0, 1]. Now,
for any p € (0, 1], we set

! dt
¢<M) - M2S/M (1 _ t)a—stl-l—?s

and we claim that
(3.7) sup (p) < C,

ne(0,1]

for some C' > 0. To check this, we recall that & —s < 1 and we notice that ¢ (1) = 0.
Also,

/1 dt N
= 400
0 (1 _ t)a—stl-‘,—Qs )

so we compute, by de I’'Hopital rule,

lim (1) = I | ot e
,uli%w H) = ”11% M_QS - #E% 28u_1_23 = s’

Thus ¢ can be extended to a continuous function in [0, 1] and so (3.7) follows.
Then, we can bound (3.6) using (3.7): we obtain that the quantity in (3.6) is
controlled by

Rs—ap:Zsu(;st(’uo) S CRs—ap:Qslu;Zs — CRs—ap:% . R—Zspzs’
which proves (3.5). O
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Remark 3.5. We notice that the estimate in (3.5) is also optimal, since it is attained
when p = ¢ =0 and ) = Bsp.

For further reference, we point out that Lemma 3.4 is of course valid in particular
when p = ¢. In this case, its statement simplifies in the following way:

Lemma 3.6. Let o € [s,1+ ). Letp € R", R> 0 and w € S™'. Let Q C R"
be a convex open set, with Br(p) C Q. Then there exists C' > 0, possibly depending
on a, n and s, such that

+o0
Xa(p + pw) e
d < CR™™™.
/R P ae= (ot pw) pE

The next integral computation is a simple, but operational, consequence of ele-
mentary geometry:

Lemma 3.7. Let R > 0, p € Bg, and w € S™*. Let Q C R" be a convex open set,
with Bsp N (02) # &. Then there exists C > 0, possibly depending on n and s, such

that
+oo ds(p+pw) .
Proof. Let q, € B3g N (052). Then
d(p+ pw) < |p+ pw — qo| < [p| + la| + p < C(R + p).

Therefore, using the substitution p = Rt, we obtain

+oo S +oo s +oo s
[T o [ gy B e [ 0
1

R p1+2s P p1+2s t1+2s )

that gives the desired result. O

4. INTEGRAL COMPUTATIONS FOR C'"! DOMAINS AND BOUNDED MEASURES

In this section, we consider bounded domains with C'! boundary and bounded
spectral measures a and we obtain the corresponding results of Section 3 in this
framework. More precisely, we obtain the results analogous to Lemmata 3.1, 3.4,
3.6 and 3.7, when the convexity assumption on the domain is replaced by a regularity
assumption on the domain and the boundedness of the measure.

The counterpart of Lemma 3.1 in the setting of this section is the following:

Lemma 4.1. Let p € R" and R > 2r > 0. Let Q C R" be a bounded domain
with CY1 boundary, with Br(p) C Q2. Then there exists C > 0, possibly depending
onn, s and ), such that

/ Xa(p + ) xp, (d(p + x))
R"\Br |a[+2s

(4.1) dex < CrR'72%.
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Proof. First, notice that, by possibly replacing €2 with the translated domain 2 — p,
we may assume that p = 0.

Also, we can suppose that R is less then the diameter of €2, otherwise the con-
dition B C () cannot hold. Then, we perform the change of variables z = SO
that (4.1) becomes

z
R

(4.2)

/ Xor (2) Xpo7 (dist (2,00r)) dz < Cr,
R"\ By

|Z|n+23

where we denoted Qp = %Q and 7 = 5. Notice that (g has a bounded ol
norm (uniformly in R), and in fact converges to a half-space as R — 0%. As a
consequence, we can apply Proposition A.3: we obtain that there exists x, > 0 such
that, if 7 € (0, k. then

43 Hx € Qr N (Bgr+1 \ Box) s.t. dist (z, 0Qg) € [0, 77]}|
(4.3) < CFH"H((0QR) N (Byrsz \ Bysr))

for every k € N. Now we estimate the latter term by scaling back to the original
domain and exploiting Lemma A.4. We obtain

H"‘l((aﬁR) N (Bak+2 \ ngq))
= RilHnl ((89) N (B2k+2R \ ngflR))
O(Qk—lR)n—l

Rn—l

<

This and (4.3) give that
[{z € Qr N (Byesr \ By) s.t. dist (z,0Qz) € [0,7]}| < C2FC D,

As a consequence, if 7 € (0, K.,

z

/ Xan (2) (o7 (dist (2, 0Q5))
Byk+1\Byk

’Z’n+23

IN

dz

9k(n+2s)

/ Xor(2) Xjo.7 (dist (z,0Qr))
Bokt1\Byk

Cr
= ok(1t2s)"



14

By summing over k, we obtain that

/ Xor (2) Xjo.7 (dist (2, 0Q8))
R"\B;

’Z|n+2$

dz

< / Xan (2) (o7 (dist (2, 0Q5)) .
B k>0 ¥ Bak+1\Byk | z|nt2s
cr
= ng(u-zs)
k>0
< Cr,

up to renaming C. This gives (4.2) when 7 < k.
If instead 7 > k., then
/ Xax(2) X[0.7 (dist (Z,OQR)) ix < / dz <0< Cf.
R"\Bl R

|Z|n+2s

"B, |Z|n+2$ - Ko
This shows that (4.2) also holds in this case, up to renaming constants, and this
completes the proof of Lemma 4.1. O

Following is the variation of Lemma 3.6 needed in the setting of this section:

Lemma 4.2. Let o € [s,1+5), p € R" and R > 0. Let Q C R™ be a bounded
domain with C*' boundary, with Br(p) C Q. Then there exists C' > 0, possibly
depending on «, n, s and §2, such that

xa(p+x) o
4.4 de < CR™7<,
(4.4) /\ o (p + ) o TS

Proof. Up to a translation of the domain, we suppose that p = 0. In addition, we
can suppose that R is less then the diameter of 2, otherwise the condition B C 2
cannot hold. Hence we do the change of variables z = %, so that (4.4) reduces to

XQr (Z)
dz < (C
/R"\Bl dist® *(z, 0QR) |2|"+2s °=

where we denoted Qr = %Q. Since Qg has a bounded C*! norm (uniformly in R,
and indeed it converges to a half-space as R — 07), we can apply Corollary A.2 and
obtain that there exists k. > 0 such that, for any t € (0, ./,

H" ' ({z € Qr N (Byets \ Bor) s.t. dist(z,0Qr) = t})
< CH"H((0QRr) N (Bysr2 \ Byr-1)}),
for any £ € N. Furthermore, by Lemma A 4,
H" 7 ((092r) N (Byrs2 \ Byr-r)}) < C(2M1H" 1
The latter two formulas give that
H" ' ({z € Qr N (Byrs1 \ Box) s.t. dist(z,00g) = t}) < C(2F )"

(4.5)
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Consequently, by Coarea Formula,

XQR( )

B dist®*(z, 0QR) |z|"+2s

XQR< )
< d
Z/2k+1\32k dist® *(z, 0QR) | 2| +2s ’

k>0 {dlst<r€* }

Z / Xag(2) |Vdist(z,0Qg)| "
- Qk(n+25) Bok+1\Byk dist® (2, 0QR)

k>0 {dist<rx}
1
n—1
= Z 2k(n+25) / dt /ng+1\ng dH""(z) a—s
k>0 {dist(z,00 )=t}
(4.6) _ / " H" ({2 € Qr N (Byrs1 \ Bor) s.t. dist(z,0Qg) = t})
=  J, ta—s Qk(n+2s)
Ko C(Qk_l)”_l
S ;/g dt fo—s 9k(n+2s)
= ;/ At iy ta—s 2k(1+2s)
C,‘il o+s
- Z 9k(1+2s)
k>0
<,

up to renaming constants. Additionally, we have that

r\By  dist®” S(Z 8QR) |Z|n+25 R™\ B, Ky ® ‘Z‘n+2s

{dist>kx}

This and (4.6) complete the proof of (4.5) and thus of Lemma 4.2. O
Then, the result corresponding to Lemma 3.4 goes as follows:

Lemma 4.3. Let o € [s,1+s). Let p, g € R" and R > 0. Let Q C R" be a bounded
domain with C*' boundary, with Br(p) U Br(q) C Q. Then there exists C > 0,
possibly depending on o, n, s and €1, such that

/ 3(9(19"‘@)(9((]‘*’@) > dr < ORS¢,
R\ By A* (P + 2, q + x) ||+
Proof. Notice that d(p+z, g+ x) coincides with either d(p+x) or d(q+ ), therefore

1 1 1
< + .
ds(p+z,q+z) ~ ds(p+x) d**(q+x)
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Furthermore, xo(p +2) Xa(q+2) < xo(p+2) and xo(p+2) xa(¢+2) < xal(g+z).
AS a Consequence

Xo@+a)xolg+z) _  xolp+) Xa(g + )
dafs(p + x,q + m) ’w‘n+2s — dafs(p + ]:) ‘$’n+23 dafs<q + 1.) ‘x’nJrQs’

and so Lemma 4.3 follows from Lemma 4.2. O

Finally, here is the counterpart of Lemma 3.7:

Lemma 4.4. Let R > 0 and p € Br. Let Q C R™ be a bounded domain with C'1
boundary, with Bsgr N (0) # @. Then there exists C' > 0, possibly depending on n,

s and ), such that
/ M dm S CR*S'
R™\Bpg

Proof. Let q, € Bsg N (02). Then
dp+z) <|p+z— | < |p| + |z + |go| < |2+ 4R,
therefore

d? 4R)*® 4)*
[ (ﬁiiﬁdxfg/ <u+:ﬁs>dxjrs/' (W49 ) ops
R™\Bp || R”\Bp |z R”\ B, ly|

O

5. A LOCALIZATION ARGUMENT

In this section we introduce an appropriate cutoff function and we discuss its
regularity properties. The goal of the cutoff procedure is, roughly speaking, to
distinguish the behavior of the solutions inside the domain from the one at the
boundary. For this we recall the notation in (2.1) and we give the following result:

Lemma 5.1. Let R > 0, Q@ C R" and a € (0,1 + s). Assume that either (1.10)
or (1.11) is satisfied and that

(5.1) Bor CQ and Bsg N (0N2) # @.
Let w € C*(R™), with

(5.2) w=0 in Bg

(5.3) and w =0 outside Q.
Then

(5.4) |ty < € flcren B

In addition, if we assume also that

e cither a € (0, s],
e orac (s,1+s) and
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— for any p, q € Q with |p — q| < R we have that
(5.5)
lw(p) —w(g)| < Llp —q|* (& *(p.q) + R~*d*(p, q)) if a € (s, 1],

[Vw(p)| < £(d*(p) + R 'd*(p))  and
[Vw(p) — Vw(g)| < Llp—q|*7* (d*(p,q) + R~*d*(p.q))

for some £ > 0,

ifae (1,1+s),

then
C [w]cs(Rn) 'I/f o€ (O, S],
a+s o <
(5.6) R Lwloe (50 < {C <[w]Cs(Rn) + €> if v € (5,14 ).
Finally, if « € (1,1 + s), we also have that
(57) R1+8||VLU]||L00(BR/4) S Cg

Proof. For simplicity, we state and prove this results for convex open sets, i.e.
when (1.10) is assumed. The proof under condition (1.11) would be the same,
except that one should use the results of Section 4 instead of the ones of Section 3.
More explicitly, for convex open sets, in the proof of this result we will quote Lem-
mata 3.1, 3.6, 3.7 and 3.4: for bounded domains with C'**! boundary one has instead
to quote Lemmata 4.1, 4.2, 4.4 and 4.3.

First of all, we prove (5.4). Fix € Bgjs. Then w(z) = 0 and w(z + pw) = 0 for
any p € (—R/2, R/2), thanks to (5.2). Accordingly,

[w(z + pw)| = Jw(z + pw) — w(z)] < [w]es@np®

therefore

+
Lw(x) < 2 [w]Cs(Rn)/ dp/ 1+s < C[ ]CS(R")Rf‘i
R/2 gn—1
which proves (5.4).
Now we prove (5.6). For this, we first consider the case «a € (0, 1], and we fix x;

and o in Brys. Notice that if y € B/ then w(zy +y) = w(xs +y) = 0, thanks
o (5.2). In particular, we have w(x;) = w(xs) = 0. As a consequence of these

observations,
oo P w(z; + pw) + w(z; — pw)
o P 1+2s
R/2 sn—1 p

B w(z; + pw)
_—2/ dp/sn1 —mE

for i € {1,2} (and possibly replacing da(w) with da(w) + da(—w)). Therefore

58wl - o) <2 [ dp [ datoy B2l )]
R/2 Sn—1 prree
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So, we distinguish two cases. If a € (0, s], then we obtain from (5.8) that

|L’UJ(J?1) - Lw(x2)| S Q[M]Cs(Rn)|$1 - Z'2| dp/ 1+23
R/2 Sn—l

S C[w]cs(Rn)|$1 — .7}2| R™ 28.
Therefore
|Lw(x1) — Lw(xs)|
|21 — 22|
So, if a € (0, s], the result in (5.6) follows by noticing that |x; — x| < |x1|+|za] < R.
Now suppose that « € (s, 1]. We define d,(p) = d(z1 + pw) + d(z3 + pw) and we
write (5.8) as

< C[w]CS(Rn)’fEl - $2’87QR72S.

(5.9) |Lw(zq) — Lw(xe)| < I + I,
where r = |x; — 1],
+o0 w(ry + pw) — w(xre + pw
I :2/ dp/ Oﬁr](d (P)) iz, )1+23( : )
R/ Sn— 1 p
+o0 w(ry + pw To + pw
and ]2:2/ dp/ X(6r+oo)(d (P))| 140 ;st( s )|
Sn— 1

Now we estimate [;. For this, we fix p > 0 such that d.(p) € [0,6r]. Thus, for
any ¢ € {1,2}, we have that d(z; + pw) < d.(p) < 6r, thus, by (5.3),

[w(zi + pw)| = |w(zi + po)| xalzi + pw)

< [wles@n) & (2 + pw) xa(zi + pw)
< Clwlesmnyr® Xo(z; + pw).
As a consequence
2 oo
s Xﬂ$z+pr T d%—i—pw
(5.10) I < C'lw]es@ny T Z/ dp/ )p[ff;s( ( ))
i R Sn 1

This and Lemma 3.1 give that
(5.11) I < Clw|gsgmyr' PR,

for some C' > 0.
Now we estimate I. For this we let d,(p) > 6r and we will show that

jw(zy + pw) — w(zz + pw)|
< Or(d° (1 + pw) + Rd* (21 + pw)).
To prove this, we observe that

d(zy + pw) < d(z + pw) + |x1 — 22| = d(2 + pw) + 7.

(5.12)

Therefore
dy(p) = d(z1 + pw) + d(22 + pw) < 2d(23 + pw) + 7
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Thus, if d,(p) > 67 we have that

d*(/)) —T

) )
— < — < .
12d(x1 + pw) < 12d*(p) < < d(zy + pw)

In particular
)
d(x1 + pw, To + pw) = min{d(x; + pw), d(xs + pw)} > Ed(xl + pw).

Also, of course d(z1 + pw, 2 + pw) < d(z1 + pw). As a consequence of these
observations, we can exploit (5.5) with p = 1 + pw and ¢ = 3 + pw, and we obtain

5 S—
w(ar +p) = w(ws +pw)| < Ly — ] ((mdm +pw>) + R +pw>> ,

which implies (5.12).
Having completed the proof of (5.12), we can use such formula to obtain that

. +o0 d*~(x1 + pw
I, < Cir / dp/ 1 X(r+oo)(d(x1+pw)) <pl—1i-25 )
Sn
. d*(z1 + pw
+CUrR™ / d,o/ X(r+oo)(d(l’1 +Pw)) _(p11+25 )
Sn— 1

So we use Lemma 3.6 (resp., Lemma 3.7) to bound the first (resp., the second) of
the two integrals above: we obtain

(5.13) I < ClroR=,
This, (5.9) and (5.11) give that

|Lw(z1) — Lw(xz)| < Cr([w]es@ny r' ™ R + (R™7%).
So, since 1 + s — a > 0, we have that 71757 < R*57 and so

| Lw(z1) — Lw(s)| < Clay — o] ([w]es ey R + (RT77),

which establishes (5.6) when a € (s, 1].
It remains now to consider the case in which o € (1,1 + s). For this scope, we
modify the argument above by looking at Ld;w(z1) — Lojw(z2), for a fixed j €

{1,--- ,n}. In this case, formula (5.8) becomes
dyw(xy + pw) — Ojw (s + pw
Lou(m) — Lou(e)| < / dp [ dao) ) S )
S J1+J27

Foo O;w(zy + pw) — O;w(xe + pw
Jl —2/ dp/s B dCL(CU) X[O,Gr](d*(p)) | ’ ( - & ;H_QSJ ( 2 & )|

e o;w(xy + pw) — O;w(xe + pw
and J2=2/R/ / ) Xior o) () L ;m; (&2 + o),
2
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First we estimate J;. We fix p > 0 such that d,(p) € [0,6r| and, for any i € {1,2},
we obtain that d(z; + pw) < d,(p) < 6r. Hence, when both z; + pw and x5 + pw
belong to €2 we deduce from (5.5) that
Bu(r + pw) — Bl + p)|

< A|wg — x|t (ds’a(azl + pw, Tg + pw) + R (1 + pw, xo + pw))

< CUr* t (x4 pw, T + pw).
This estimate and Lemma 3.4 imply that
(5.14)

Ty + pw To + pw) |O;w(zy + pw) — O;w(xy + pw
/ dp/sl X[OGT](d(p))XQ(l pw) Xa (w2 p)lpljﬁs(l pw) — Gjw (w2 + pw)|

< CUre RS

If instead z1 + pw € Q and 29 + pw & 2, up to a set of measure zero we have
that 0;w(z2 + pw) = 0 and so, by (5.5),

|0;w(xy + pw) — Qyw(xe + pw)| = |jw(x; + pw)|
(5.15) <O (d Nay + pw) + R d (21 + pw)) < ClE (21 + pw)
< CUP Y &2y + pw)

Notice that in the last two steps we have used the fact that d(x; + pw) < d,(p) <
6r < 6R (together with o > 1). Formula (5.15) and Lemma 3.6 imply that

(5.16)

Xa (@1 + pw) xpmo (T2 + pw) [Ojw (@1 + pw) — djw(wz + pw)|
/ dP/S . X[o 6] (d (P)) : p1+J28 -

< Clre iR

A similar estimate also holds by exchanging z; and xs. Then, since also |;w(z; +
pw) — d;w(xs + pw)| = 0 if both x1 + pw and x5 + pw lie outside 2, up to sets of null
measure, we obtain from (5.14) and (5.16) that

Jy < Clro 'R

Now we also bound J, by C¢r®'R=*=%  This can be obtained by repeating the
argument from (5.12) to (5.13), replacing w by d;w (and |z — 22| by |z1 — z2|*1).
The estimates obtained on J; and .Jy prove that

|Lojw(zy) — Lojw(xy)| < CLr* 'R,
up to renaming C', and so
(5.17) R“+S[L8jw]ca—1(BR/4) < Y.
Now we observe that
(5.18) Lojw = 0;Lw.
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This can be proved by using (5.5) to obtain that, for any x € {2 and h € R sufficiently
small,

— dw(x + pw)

'w(a: + pw + he;y) — w(r + pw)
h

1
/ Oiw(x + pw + hte;) — dyw(x + pw) dt‘
0

1
< / dtl |h|*~t (d°~(z + pw + hte;, x + pw) + R™d*(z + pw + hte;, x + pw)),
0

and then integrating and using the same argument as above.
From (5.17) and (5.18), one completes the proof of (5.6) when a € (1,1+ s).

It only remains to prove (5.7). For this, we take o € (1,1 + s) and x € Bpya.
We remark that d(z) € [R,4R] and w(z + pw) vanishes when p € (0, R/2) (thus so
does O;w, for any j € {1,---,n}), hence, recalling first (5.18) and then (5.5), we
have

105 Lw(z)| = |Lojw(z)l
< 2/ dp/ da(w)w
{lo|>R/2} gn-1 p
dsfl Rflds
- Cg/ dp/ da(w)2E TP (7 + o)+ (z + pw))
{lpl>R/2} snt P

The term with xo(z + pw)d*™'(z + pw) at the numerator can be estimated with
CUR*! by means of Lemma 3.6 (used here with & = 1). The term with d*(z + pw)
at the numerator can also be bounded in this way, using Lemma 3.7. From these
considerations we obtain that |0; Lw(z)| < C¢R5"!, which establishes (5.7). O

6. ITERATIVE C*“t2_REGULARITY

The cornerstone of our regularity theory is the following Theorem 6.1. Namely,
we show that if the solution lies in some Holder space, than it indeed lies in a better
Holder space (with estimates).

Theorem 6.1. Let a € (0,1 + s). Let Q C R" and assume that either (1.10)
or (1.11) is satisfied.

Let w € C*(R™) N CL.(Q) be a solution to (1.7), with g € C2.(Q2).

If o € (s,14s) assume in addition that

(6.1) lull ) < +oc.
Then u € CXF**(Q) and
(6.2) ullG 50 < C (lgllSh + lulles@n + xere (@) lullsd)

whenever a + 2s is not an integer.
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Proof. To prove (6.2), we fix p,q € 2, p # ¢, and we aim to show that

ks

S (@ () [ DIu(p)| + & (g) | D ulg)]) + d**(p. q)

J=0

| D¥su(p) — D*=u(q)]
lp — q|°

(6.3)

< C (lglSh + llulles@m + xsirs(@) lullsd).

where ks € N and a; € (0, 1] are such that o + 2s = kg + a/. To prove this, we
distinguish two cases: either |p — ¢| < d(p,q)/30 or |p — q| > d(p, q)/30.

We start with the case |p—q| < d(p, q)/30. Without loss of generality, by possibly
exchanging p and ¢, we suppose that

(6.4) d(p) < d(q)
and we set

_ d(p)
(6.5) R = 5

Notice that there exists p, € (02) N (0B3r(p)) and

dlp,q) dpp) R
P-d <=7 =3 ~ 10

Up to a translation, we also suppose that p = 0, hence

(6.6) q € Brj10(p) = Brj1o
(67) Q 2 BgR(p) = BgR
(6.8) and s € (0Q2) N (0B3r),

hence formula (5.1) holds true with this setting. We let n, € C*°(R", [0, 1]) such
that 7, = 1 in B, and 7, = 0 outside Bj/,. Let us also define n(z) = n.(z/R).
Let us consider © = nu, ¥ = 1 —n and w = Yu. Since 7, is fixed once and for all,

we can write, for any o’ € (0, 1],
[9(x) = V()| = In(y) = n@)| = |n (%) = (F))]

(69) y A o ’ ’
< [U*]ca’(Rn) R R <CR™ [z —y|*.
Similarly
_ x
(6.10) Vi(z) = —Vn(z) = —R™'Vn, <}—%)

and so, for any o/ € (0, 1],
[Vi(z) = Vi(y)| = [Vi(z) = Vi(y)]

(6.11) e ¥ e N
< R Inlgrew fo =yl < CRTT o =yl
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Notice also that w = 0 in Br and w = 0 outside €2. Our goal is to show that w
satisfies the assumptions of Lemma 5.1. For this, when « € (s,1 + s), we need to
check condition (5.5). To this goal, we claim that, if « € (s,1+ s), then

condition (5.5) holds true with
0= C (Jullss + [ulos@n).

To prove (6.12), we split the cases o € (s,1] and « € (1,1 + s).
Let us first deal with the case

(6.13) a € (s,1].

(6.12)

We fix z, y € Q with |z — y| < R and, up to interchanging x with y, we assume
that d(y) < d(x). Then there exists z € 0 such that |y — z| = d(y), and so

(6.14) u(y)] = [uly) — u(2)] < [ules@mly — 2I° = [Wos@nd®(y).
Also, by (2.2), (6.1) and (6.13),
u(z) — uy)| < [l o — y|*d = (y).

Therefore, recalling also (6.9),
w(z) —w(y)| < [0(@)]u(z) = u(y)] + [u(y)| [0(z) = I(y)]
< C(lulg [z = y1*d* ™ (y) + [ulos@nd*(y) R~z = yl*).

This says that, in this case, condition (5.5) holds true, with ¢ = C' ([u ]EX S+ u Jos@ny),
and this proves (6.12) when « € (s, 1].
Now we prove (6.12) when « € (1,1 + s). In this case, we can write

(6.15) a=1+d,
with o € (0, s), hence we use (2.2) (with index j = 1) to deduce that in this case
(6.16) lulle) = d'* (@) [Vu(x)|.

Hence, recalling (6.10) and (6.14),
Vw(z)| < [0(z)| [Vu(z)| + [VI(z)] [u(z)|
< O (JullSs) d*t (@) + B [ulos@nd* (2)).

Now we take z, y € Q, with |x —y| < R, and suppose, without loss of generality
that d(z,y) = d(y) < d(x). Since « € (0, s), we have that

(6.18) Ju(@) = u(y)| < [Wos@nle —y|* < [uos@n B |z =y

Also, using (6.15) once again, we obtain

(6.17)

[Vu(z) = Vu(y)|

(=) a—s
uly.q = d* 7 (y ;
[ } Q2 ( ) ’CL’ _ y‘a
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and therefore, recalling also (6.9), (6.10), (6.11), (6.14) (6.16) and (6.18),

[Vw(z) — Vuw(y)|
= [(z)Vu(z) + Vi(z)u(z) — I(y)Vuly) — VI(y)u(y)]
< [9(@)Vu(z) —d(z )VU(?J)HW( )Wu(y) — ﬁ(y)vu(y)l
+Vi(z)u(z) — Vi(@)uly)| + [VI(@)uly) — VI(y)u(y)|
< C|Vu(z) — Vu(y)| + CR™ |Vu(y)| |z — y|¥
+CR u(x) — u(y)| + [u]es @ d®(y) [VI(x) — VO(y)]
<

C ) d (y) |z — y|* + CR™ ul|$3)d* () v — y|*
+OR™  ulosmny [ — y|* + CR™7 [u] s @nyd® (y) |2 — y[*.

By taking common factors and recalling (6.15), we obtain that |Vw(z) — Vw(y)| is
bounded from above by

C ([es@ny + ull53) 12— y[o

(6.19) B o - B
(& (y) + R y) + R+ R™d*(y)).

Now we observe that

1 < 1 n 1
Ra—ldl—s(y) — da—s(y) Ro—s
1 1 d*
and < + )

Ra—s — dafs(y) Re )

as can be checked by considering the cases R > d(y) and R < d(y), and recalling
that here a > 1 > s. Consequently,

leadsfl(y> + R @ < 2(dsfa(y) + Riads(y))
and then (6.19) yields that that |Vw(z) — Vw(y)| is bounded from above by
C ([ulos@n + lullsd) [2 = y1°7" (& (y) + R (y)).

This and (6.17) complete the proof of (6.12) also when o € (1,1 + s).
Having completed the proof of (6.12), now we estimate ||w||cs®n). We claim that

(6.20) [wles@ny < C'lufesgn).

To check this, we fix a, b € R™ and we aim to bound |w(a) — w(b)|. To this goal,
by possibly exchanging a and b, we suppose that |a| > |b]. Now we distinguish
two cases: either |b] > 2R or |[b] < 2R. If |b| > 2R we have that both a and b lie
outside B3/, and so ¥(a) = ¥(b) = 1. Accordingly

w(a) — w(B)| = u(a) — ()] < [ulerenla— b,
and (6.20) is proved in this case. On the other hand, if |b] < 2R we use (6.8) and
we get

[u(®)] = [u(b) = ulp.)| < [ules@n|b—pul* < Clules@n) R



25

Therefore, recalling (6.9) (used here with o = s),
w(b) —w(®)] < [Ha)]|ua) = u®)] + [u(b)]|[V(a) — I(b)]
< O ([os@nla— b + [ulo-@n B - B~*a— b))
which establishes (6.20) in this case too.
Now we take ¢ as in (6.12) when a € (s,1 + s) and, for definiteness, we also

set £ = 0 when « € [0, s]: then, with this notation, we deduce by Lemma 5.1 and
formula (6.20) that

R%| Lw| po () < OR® [w]os@ny < CR® [u]osan)
and RO [Lw]oa(By,,) < C ([w]Cs(Rn) + €> <C ([u}cs(Rn) + 6),
and, in case a € (1,14 s), also
RV Luw | o) < CL < C ([u]cs(w) ¥ z).

As a consequence, if « = k+o’ with k € Nand o' € (0, 1], we can write the weighted
estimate

k
(621) " RIDILw|| () + R Lwloa(sy,,) < C ([u]cs(w) + e) .

=0
Now we show that u € C*(R"™), with
(622) [a}ca(Rn) S C ([U]CS(RH) -+ é) Rs_a.

To this goal, we distinguish two cases, either a € (0, s] or a € (s,1+ s).

Let us first deal with the case o € (0, s]. We let x, y € R™ and we estimate |u(x)—
u(y)|. If both x and y lies outside Bsg/o, then t(x) = u(y) = 0 and so |u(x) —u(y)|
0. Thus we may assume (up to exchanging = and y) that y € Bsg/s. So, by (6.8)

(6.23) u(y)] = lu(y) — upo)] < Clules@n R

To complete the proof of (6.22) when a € (0, s], we now distinguish two sub-cases:
either |z| > TR/4 or |x| < TR/4. If |z| > TR/4, we have that u(z) = 0 and
3R R

_ ol > > _ s
=yl > 2l — Iyl = ol - - > 7.

Y

Consequently, we use (6.23) and we get
a(z) — uy)| = |u(y)| < |u(y)| < Clulcs@n) R®
C[U]Cs(Rn) R™“R” S C[U]Cs(Rn) Rs_a|33 - y|a,

and this establishes (6.22) in this sub-case. Now we deal with the sub-case in
which |z| < TR/4. Then |z —y| < (TR/4) 4+ (3R/2) < CR and so

[u(z) — u(y)| < [Wlos@mlr —yl* < Clu]os@nlr — y|* R
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Therefore, recalling (6.9) and (6.23), we deduce that

ja(z) —a(y)l < @) |u(@) = uly)] + uy)] In(z) = n(y)]
S C [U]Cs(Rn) sta’x - y‘a
and this proves (6.22) also in this sub-case.

Having completed the proof of (6.22) when a € (0,s], we now deal with the
case @ € (s,1+ s). In this case, we take x, y € Q and we write a = k + o/,
with k& € {0,1} and o/ € (0,1] and
(6.24)

s s DFu(x) — DFu(y

02 )l > @ (o, 24D = D)

g T @ E+d @) D ()]

for any z,y,z €  (notice that we have use (2.2) with indices j = 0 and j = k).
Also, @ (and so D*@) vanishes in R" \ Bsgs, therefore, to estimate |D*u(x) —
D*u(y)|, we may assume (up to interchanging = and y) that y € Bsg/s.
So we distinguish two sub-cases: either also z € Brr/q or x € R™ \ Brp/s.
Let us start with the sub-case x € B7r/4. Notice that

Brr C {¢ € R" s.t. d(¢) > R},
thanks to (6.7), so in particular d(x) > R and d(y) > R, and therefore d(z,y) > R.
In addition, by (6.8), we have that d(z) + d(y) < CR. So, from (6.24), we obtain,
for x and y as above and every ( € Brg/4,

|Dru(x) — Druly)| < £d**(x,y) |o = y|* < CLR™ |z —y|*,
(6.25) |DFu(Q)| < €d*(¢) < Ce R
and |u(z)|+ |u(y)] < € (d°(z) + d°(y)) < CLR®.

We remark that we can also take ( = z or ( =y in (6.25) if we wish. Now we claim
that
(6.26) lu(@) —u(y)| < CR |z —y|*.
Indeed, if & = 0 we have that (6.26) reduces to (6.25); if instead k = 1, we use (6.25)
to get that

lu(z) —u(y)| < sup |[Vu(Q)] |z —y| < CLR |z —yl.
CEB7R/4

Also
|z —yl < ||+ [y| < 3R,
thus
u(z) —u(y)] < CLR |z =y o —y|* <CLRTR™ [z —y|”,
up to changing the constants, and this proves (6.26).
Now we remark that

1
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for k € {0, 1}, therefore
| Dfu(z) — D*u(y)|
= ﬁ [n() D*u(x) + u(z) D*n(x) — ny) D*uly) — u(y) D*n(y)|

627) <O (|n(@)D*u(x) = n(y) Duly)| + [u(@)Dn(e) = u(y) Din(y)])
< C (In@)|[D*u(x) = D*uly)| + [DFuly)| In(z) - n(y)|

+ |u(@)] | DEn(x) = DEn(y)| + [D*n(y)| Ju(z) — U(y)|>-
Also, by (6.9) and (6.11)
n(y) = n(x)| < CR|z—y|* and [D*n(y) — D*n(x)| < CR™* |z —y|*,
thus, by (6.25) and (6.26),
n(2)[ | D*u(z) — D*uly)] + [DFu(y)| In(z) — n(y)l
+u(@)] |D*n(z) — DEn(y)| + D n(y)] lu(z) — u(y)]
SCU(R+ R o -yl
= CUR™ [z —y|”,

up to renaming constants. Then, we insert this into (6.27) and we obtain the proof
of (6.22) in the sub-case & € Brp/4.

Now we consider the sub-case z € R™\ Brg/y. In this case @ (and so D) vanishes
in the vicinity of z, therefore

[DAa(e) — DFuty)] = [D*u(y)] = 5= o) Druly) + u(y) DFn(y).
Therefore, by (6.10) and (6.25),
(6.28)  |D*a(x) — D*u(y)| < C(In(y)| D" u(y)| + |u(y) |[D*n(y)]) < CLRF.

Now we use that x is outside Brg/y and y inside Bsg/s to conclude that |z — y| >
|z| — |y| > R/4. Hence we deduce from (6.28) that

|D*a(z) — DFa(y)| < CLR*F RY < CUR™ |z —y|*".

This completes the proof of (6.22) in the case a € (s,1+ s). The proof of (6.22) is
therefore finished.
Now we show that

For this, fix x € R™. If || > 2R, then |u(z)] = 0 and we are done, so we may
suppose that |z| < 2R. If a € (0, s], we use the fact that u(2Re;) = 0 to conclude
that

’ﬂ(l‘)‘ = |1_L(IL') - l_L<2R€1)| < [I_L]Ca(Rn)|{L‘ — 2R€1‘a < C[a]ca(Rn)Ra,
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hence, by (6.22), we see that |u(z)| < C([u]es@n) + )R - R*, as desired. If
instead « € (s,1+ s), we use (2.2) with index j = 0 to see that
02> d™>(x) [u(z)]
Hence, since by (6.8) we have that
d(z) < |z —pu| <[z + [ps] <5R,

we obtain |u(x)| < £d*(x) < ¢R°. These considerations prove (6.29).
Now we claim that, if « = k+ o € (0,1 + s) with £ € N and o/ € (0, 1], then

k
(6.30) > R DI poeny + Bl ce gy < C ([u]osany + £).

=0
Indeed, if £ = 0, formula (6.30) follows by combining (6.22) and (6.29). If in-
stead k£ > 0, then necessarily k = 1, since k < a < 1+ s < 2. Consequently, using
that @ vanishes outside Bsp/, and (6.22), we obtain

RF%|| D"t poorny = R'™* sup |Vi(z)| = R'™* sup |Va(x) — Vi(Re)|
Bsg/2 Bsg/2

< B [iloe ey sup o= Rea|* < CRZH4 O ([uorguny + ()
3R/2

This, (6.22) and (6.29) then imply (6.30) also in this case.

After all this (rather technical, but useful) preliminary work, we are ready to
perform the regularity theory needed in this setting. For this, we notice that u =
un = u(l —J) = u — w, therefore

(6.31) Lu=g— Lw in Bsp/o.

It is now useful to scale @, by setting ug(z) = R~**u(Rxz). We have that Lug(z) =
Lu(Rzx). Therefore by Theorem 1.1(b) in [7],

(6.32) [tlloates (s, ) < C (l[aglloamn) + | Lrlloas,)y))-
To scale back, we notice that, for any 3, a > 0,
D7 gz, = Bl (Bay,  [@rlos(s,) = B [i]os(s,p),
|1D? Lug| oo,y = B\ Lal| s,y and  [Lugloss,) = R [Lulcs (s, q)-

So, if we write « = k4 o/, with k € N and o’ € (0, 1], we have that
k
lagllcosy = YN D0rl L5, + [Erlce 5,
=0

(6.33)

k
= 3 B ] i + B oo s
§=0
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Similarly, if o + 2s = ks + o, with k, € N and o, € (0, 1],

ks

(634) Hﬂ'RHCO‘JFZS(Ba) = Z R]72SHD]77,HL00(BQR) + Ra[ﬂ]ca+2s(BaR)
=0

and

k

(6.35) ILagllcos,) =D RN D! Lil| pe (s, ) + R (Li] 0o (5, )-
=0

From (6.30) and (6.33) we see that

(636) R? ||ﬂR||Ca(Rn) < C ([U/]C’S(Rn) + g)

Also, from (6.31) and (6.35),
k

"La3|’0a(31/2) < Z RjHDjLwHLC’"(BRm) + Ra[Lw]Ca(BR/Q) + Fg?
7=0

where .
Ty =Y RIDgllr(sy) + RO[9)co (a2
=0

Accordingly, from (6.21), ]

R*||Luglcos, ) < C ([U]Cs(Rn) + 0+ RSFQ).
This, (6.32) and (6.36) give that

R JJag| cosoegi, ) < C ([ulose) +C+ BT ).
As a consequence of this and (6.34), we conclude that

ks
(6.37) Y R DUtl| gy ) + RO (W] coran(py) < C <[u](;s(w) +0+ Rsrg>.

=0
Now, from (6.4), (6.5) and (6.6), we have
R
d(p,q) = d(p) = 3R and 15 = 1Ip—ql =ldl,

therefore d(q) < |¢ — ps«| < 4R, thanks to (6.8). This says that d(p), d(q) and d(p, q)
are all comparable to R, hence R°T'; < C||g||£fQ and (6.37) gives

3 D' 77D wtsy oy [PEUp) = Da(g)|
m%)?;@@)|D(MH%@)|D(®D+d ()

< C ([uloran + £+ 1915h)-

!
Qg
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Since @ = u in Bp4, and p and ¢ lie in such ball, thanks to (6.6), we can replace
with u in (6.38), and this establishes (6.3) when |p — ¢| < d(p, ¢)/30.

Let us now suppose that |[p—gq| > d(p, ¢)/30 and let us prove (6.3) in this case. The
proof of this will rely on the fact that we have already proved (6.3) when |p — ¢| <
d(p,q)/30. We first check that

(6.39) Zd] *(p) 1D7u(p)| < C (llgllt + Nulles@n + Xeoa9(e) lulle)-

For this we take a sequence of points p; — p as j — +oo. Since d(p) > 0, for j large
we have that |p — p;| < d(p)/100 and thus
99d(p)
d(p;) > d —\p—=pi| > —=.
(ps) 2 d(p) = Ip = pil 2 =55
Therefore d(p, p;) > 99d(p)/100 and thus
d(p) _ d(p,p;) _ d(p.p;)
—pi < < .
P=pil <900 = 7o < a0
Since we have already proved (6.3) in this case, we can use it at the points p and p;
and conclude that

(@) [ DPulp) | + A (py) [ Doulpy)]) + d (p,pyy L) = Dol

J=0

< O (|lgl¥h + Ju

which in turn implies (6.39).
The same argument used to prove (6.39) applied to the point ¢ instead of p gives
that

Cs®n) T X(s1+5) (@) ||u||g;§§))7

ks

(6.40) > d"*(q)|D7u(g)] < C (lgllSt + |l

J=0

Co@n) F Xisite) (@) [l 53

Now we want to prove that
D*u(p) — D*u(q)|
p— q|*
For this, we use the condition |p — ¢| > d(p, q)/30 and the fact that
at+ts=a+2s—s=k,+a,—s

(6.41) d**(p, ).

< C (1St llulles @m+xsars (@) ull53).

to realize that

| D*u(p) — D*u(q)]
lp — q|*

< Cd*(p,q)(|ID"ulp)| + D™ ulq)])

< Cd**(p) |D*u(p)| + C d™~*(q) |D*u(q)|.

| D*su(p) — D*u(q)|

d***(p,q /
(.q) d*=(p, q)

< Cdbtos3(p, q)
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This estimate, together with (6.39) and (6.40) (used here with j = k), estab-
lishes (6.41).

Now, by collecting the estimates in (6.39), (6.40) and (6.41), we complete the proof
of (6.3) when |p — ¢| > d(p, q)/30. This is the end of the proof of Lemma 6.1. [

By iterating Theorem 6.1, and using again the notation in (2.2), we obtain:

Corollary 6.2. Let § € (0,1 +s). Let Q@ C R™ and assume that either (1.10)
or (1.11) is satisfied.
Let u € C5(R") be a solution to (1.7), with g € C,
Then u € C2T*(Q) and

loc
(6.42) lull a0 < € (gl + lul

whenever 3+ 2s is not an integer.

(Q) and HgHg)Q < 400.

CS(R"))7

Proof. The rough idea is to iterate Theorem 6.1 say, starting with Holder exponent
(possibly below) s, to get s + 2s, then s + 2s + 2s and so on, till we reach the
threshold imposed by .

To make this argument rigorous we argue as follows. If 5 € (0, s], then we use
Theorem 6.1 with « = 3 and we obtain (6.42). Thus, we can assume that

(6.43) g e (s,1+5s).

Given s € (0,1)NQ (resp., s € (0,1)\Q), we fix ¥ € (0,5)\Q (resp., ¥ € (0,5)NQ).
By construction, for any j € N, we have that ¥ + 2js € Q, and so in particular

(6.44) ¥+ 25s ¢ N.
We remark that
(6.45) v <s<f,

thanks to (6.43). We let J € N the largest integer j for which ¢+ 2js < §+ 2s. By
construction

(6.46) V4 2Js € (B, f+ 2s].

Furthermore J > 1, due to (6.45). We also denote by C; > 1 the constant appearing
in (6.2) and by Cy > 1 the one appearing in Lemma 2.1 (these constants were
called C' in those statements, but for clarity we emphasize now these constant by
giving to them a special name and, without loss of generality, we can suppose that
they are larger than 1). Let also C, = 2(C} + C3)?. We claim that, for any j €

{1, e (]}7
(6.47) ull$55 0 < €2 (195 + l1ul

The proof is by induction. First, we use Theorem 6.1 with @ = ¥ € (0, s): notice
that ¢+ 2s is not an integer, thanks to (6.44), and therefore Theorem 6.1 yields that

(6.48) ullSse < C1 (Ll + llul

CS(R")) :

cs(mn))-



32

Also, in view of (6.45) and Lemma 2.1, we have that Hng;)Q < C’QHgH(;)Q By plugging
this information into (6.48) and using that Cy, Cy > 1, we see that (6.47) holds true
for j = 1.

Now we perform the induction step, i.e. we suppose that (6.47) holds true for
some j € {1,---,J — 1} and we prove it for j + 1. For this, we use Theorem 6.1
with o = 9+js. We remark that ¥+7s+2s ¢ N, thanks to (6.44), hence Theorem 6.1
applies and it gives that

(6.49) 15551y < Ch (

Notice also that, by (6.46),
V4+2js <V4+2(J—1)s=0+2Js—2s < [+25s—2s=[.

(s) (—s)

) + ||u||19+235 Q)

This and Lemma 2.1 imply that

91152500 < CollglSa
Accordingly, we deduce from (6.49) that

lullg 2410 < Cr (Callgllsn + llullos@n + lull§3950)-

Hence, since by inductive assumption (6.47) holds true for j,
Il 20 < Cr (Callgll St + lul

<2064 (gl + llul

@y + CL (|lgllsh + lu

os Rn)))

(6.50)

05 () )

This proves (6.47) for j + 1. The inductive step is thus completed, and we have
established (6.47).
Now we observe that

el < Collulliy2se
due to (6.46) and Lemma 2.1. Thus, using (6.47) with j = J,

(6.51) lullSe) < &7 (gl 5k + llul

Now we use Theorem 6.1 for the last time, here with o = 3. Notice that 3+2s ¢ N,
by the assumption of Corollary 6.2: consequently Theorem 6.1 can be exploited and
we obtain

cs(@m)-

30 < T (lglSh + Nullos@ny + lullSe).

This and (6.51) imply that we can bound HuH(BfQ)S;Q by a constant times ||g||(s)
||u|lcs@ny, and this completes the proof of Corollary 6.2. O

With this, we can now complete the proof of the main result:

Proof of Theorem 1.1. By Proposition 4.6 in [7], we know that u € C*(R"), with
(6.52) || ul

cs@n) < Olgllzes(o)-
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Also, if z € Qs then d~*(x) > §, while if z € Q then d(z) is controlled by the
diameter of €). From this we obtain that
lullsDun = co llullonsasy)
and gllie < Collgllosc)
for some ¢,, C, > 0, possibly depending on § and 2. Using this, (6.52) and Corol-
lary 6.2 we obtain

ullgsszsag) < ¢ Ml Sy

< C(lglh + lulles@n)
< ;' C(Collgllesiay + CllgllL=)-

The latter term is in turn bounded bounded by a constant, possibly depending on d
and €2, times [|g||cs(q), hence the desired result plainly follows. O

7. CONSTRUCTING A COUNTEREXAMPLE

This section is devoted to the construction of the counterexample of Theorem 1.2.
For this, we start with an auxiliary lemma that says, roughly speaking, that the
operator L “looses 2s derivatives”:

Lemma 7.1. Let § € (0,1) andv € CP*25(R™). Then Lv € CP(By) and [Lv]csp,) <
C [U]Cﬁ+25(Rn).

Proof. Notice that by construction 3 + 2s € (0,3). Let x, y € By and
r=lr—yl <2
Also, for any fixed w € S" ! and p > 0, let
Wyu(x) = 20(z) —v(z + pw) — v(x — pw).

Then
| Lo( x) Lo(y)| < I + I, with
dp |wp,w (z) 1:2wp,w (y)]
0 gn-1 pree

+oo B
and I :/ dp/ da(w) ’wp,w(x)l—i—;Up’w(y)"
T Sn—l p S

To estimate Iy and Iy, we first prove that

C [v] sy [z — y| 7+ if B+2s€(0,1],
(71) wpes(t) = wpa(0)] < 4 C[elgmonsemy pla — ylP*>1 i 5125 € (1,2)
C [v]gsrasgny p? | — y|PH2e72 if 0+ 2s € (2,3).

To prove this, let us first consider the case 5+ 2s € (0, 1]. In this case, we have that
(7.2) [o(z + pw) = v(y £ pw)| < [Vlessos@m |z — y**?,
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for every p > 0, and this implies (7.1) when § + 2s € (0, 1].
If B+ 2s € (1,2] we use the Fundamental Theorem of Calculus in the variable p
to write

(7.3) W,u(x) = /Op dr [-Vu(rz + 7w) - w+ Vo(r — Tw) - w] .

Notice also that, for any 7 € R,
|Vu(z 4+ 7w) - w = Voly + 7w) - w| < [v]gsras@n |z — y| T,

since 4+ 2s € (1,2]. This inequality and (7.3) give that

o
|wp,w($) - wp,w(y)‘ § / 2[1]]0,8+25(Rn)|x — y|5+2$—1 de
0

that establishes (7.1) in this case.
Now we deal with the case § + 2s € (2,3): for this, we use the Fundamental
Theorem of Calculus in the variable p twice in (7.3) and we see that

oo /dT/ do D}v(x + ow) wiw;.

w
Consequently

W (2) — Wpw(y /dT/ dU‘D (z +ow) — D}o(y + ow)

< / dr / dor o) sy — 4P,
0 -7

since  + 2s € (2,3), and this establishes (7.1) in this case as well.
The proof of (7.1) is thus complete, and now we show that

C [v]gasas @ny p7+% if 3+ 2s € (0,
T4) W) = w00 < { ol 0 Tl

V|cB+2s (R")

1],
,3).
To prove (7.4), we distinguish three cases. If § + 2s € (0,1}, we have that (7.4)

follows easily from the fact that |v(2) —v(z % pw)| < [v]csres@ny p772°, and the same
for y instead of z. If B+ 2s € (1, 2] we notice that

Vw,,(x) =2Vu(z) — Vu(z + pw) — Vu(z — pw)
and so the Fundamental Theorem of Calculus in the space variable gives that

(7.5)

Wp,w (r) — Wp,w (v)

- / 0w,y + 1z — ) - (2 — y)

= /0 dt (Wv(y +i(z—y)) = Voly+t(z —y) + pw) — Vo(y +t(z —y) — pw)) (z—y).



35

Now we notice that
(7.6) |Vv(y +tlx—y)—Voly+tlz—y)+ pw)‘ < [v] gazs gy pPts=t
since here 3+ 2s € (1,2]. By inserting (7.6) into (7.5) we obtain
1
W) w(z) —w,w(y)| < / dt 2[v] goae@ny Pz — yl,
0
which proves (7.4) in this case.

It remains to prove (7.4) when 5+ 2s € (2,3). In this case, we apply the Funda-
mental Theorem of Calculus in the variable p once more to obtain

0
Ouoly + ta — ) = Oly + o — 9) £ po) = = | do D(y +tla ~ 1) £ ow) )
p

and therefore

‘28iv(y +t(x —y)) — 0wy +t(x —y) + pw) — du(y +t(x —y) — pw)’

/0 do (ijv(y +t(x —y) + ow) — D}u(y + t(x —y) — aw)) wj

p
S / dO' [U]CB+2s(Rn) (20’)ﬂ+25_2
0

= Cv]cs+esmny prre

where the condition § € (2,3) was used. By plugging this information into (7.5),
we obtain

1
|wwu»—mwwns/‘wowbmmwwm%*u—yu
0

which establishes (7.4) also in this case.
Now we show that

(7.7) if B+2s € (0,2], then  |w,.(2)] < C [v]gsrzsgny o7
Indeed, if § € (0,1] we have that |v(z) — v(z £ pw)| < [v]csrasgn) P77, and this
implies (7.7) in this case. If instead 5 € (1, 2], then we use (7.3) to see that

p P
o) < /0 dr Vo + mw) — Vo(z — 1w)] < /0 07 (U] gnsangeny (2777251,
which gives (7.7) also in this case.
Now we claim that there exists x € (0, 3) such that

for any p € [0, 7]

(7.8)
‘wP,W<x) - wp,w<y)‘ <C [U]C@+2S(Rn) P

2s+1{7ﬁ75.
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To check this, we distinguish two cases. When [ + 2s € (0,2], we define k = 3/2
and use (7.7) and the assumption that p < r = |z — y| to conclude that

w0 (2)] < C [V]gsrasny P2 p7 < C W] garas ey P2 177"

Since the same holds when z is replaced by y, we have that (7.8) when 5+2s € (0, 2]
follows from the above formula and the triangle inequality.

When instead (§ + 2s € (2,3), we take kK = min {g, 1— s} and we use (7.1) and
the assumption that p <r = |z — y| to deduce that

|wp,w<$) - wpvw (y)’ S C [U]Cﬁ+2S(Rn) p2’f'ﬁ+2si2

=C [U]CB+QS(R") p2s+np272sfn,r6+2372 S C [U]CB+28(Rn) p2s+ﬂr2f2sfn7ﬁ+23727

which provides the proof of (7.8) also in this case.

Having completed these preliminary estimates, we are now in the position to
estimate I;. For this, we use (7.8) and the fact that x > 0 to see that, for any
fixed w € S™71,

/ " wpw(®) — wpu(y)]

PR dp < C [v]govas(@ny 177" / P dp = C [ooseany 17
0

As a consequence, by integrating in w € S""!, we obtain that

Now we estimate I,. We claim that
(7.10) I < Cv]essesgnyr’

To prove this, we distinguish two cases. If 5+ 2s € (0, 1], we use (7.2) and the fact
that |x — y| = r to deduce that

|wp,w($) — wp,w(yﬂ < C ] esrasmn) 28

Therefore
+o0
I, <C [U]Cﬁ+2s(Rn) Tﬁ+2s/ dp ,071728 =C [U]Cﬁ+2s(Rn) Tﬁ,

which proves (7.10) in this case.
If instead 5 + 2s € (1,3) we use (7.4) to write
’wp,w<x> - wp,w(y)‘ <C [U]Cﬁ+2s(Rn) Tpﬁ”s*l

and so to obtain that
+o0
[2 S O [U]Cﬁ+QS(R”) T/ dp pBJ’_QS_l_l_ZS - C [U]Cﬁ+23(R7L) 7”7“’6_1.

This proves (7.10) also in this case.
By combining (7.9) and (7.10), we conclude that
|Lo(z) = Lo(y)| < I + I < C [o]gsrasgeyr” = C [o] oo ny |2 =y,

from which the desired result easily follows. O



37

Now we recall a useful, explicit barrier:

Lemma 7.2. Let ¢(z) = (1 — |z[*)% and L be as in (1.6). Then Lo(x) = ¢, for
every x € By, where ¢ > 0 is a suitable constant, only depending on n and s.

Proof. Fix © = (2',z,) € By, and let b = /1 —|2/|? and { = x,/b. Notice
that |2/|> + 22 < 1, thus

1 — |22
(7.11) €] < —me ~1.
Moreover, for any p € R,
$x + pen) = (1= [2']* = |an + pI")3 = (0" — [bg + pI*)1 =™ (1 = |6+ b7 p*)}.

As a consequence, writing ¢,(¢) = (1 —|¢|*)%, for any ¢ € R, and using the change
of variable t = b~ !p,

<—8Z)S¢(l’) _ /R 2¢(I> — ¢($ + pen) — ¢($ — pen) dp

p1+25
g /2(1—|£!2)i—(1—|£+b‘1p!2) — (- fe—bpP)e
R

p1+25

*dp

_ / 21— €))7 — (A= [€+ 1)} — (L= € —1)3

+
t1+2s dt

= (=82)°¢0(8)
Now, we point out that ¢, is a function of one variable, and (—92)%¢, = c,, for

some ¢, > 0, see e.g. [10]. Thus, recalling (7.11), we have that (—92)*¢(x) = ¢,. By
exchanging the roles of the variables, we obtain similarly that

(=07 d(x) = (—05)°p(x) = --- = (=02)°d(x) = co,
from which we obtain the desired result. O

With this, we can now construct our counterexample, by considering the planar
domain 2 D By in Figure A.

Proof of Theorem 1.2. The fact that u € C*(Q2) follows from Proposition 4.6 of [7].
Now suppose, by contradiction, that u € CP5H(Q). Let 8 € C§°(By) with 6 = 1

in By, and let v = fu and w = u — v. Then v € C**T¢(R™) and so, by Lemma 7.1
(being Bj there any ball in R™), we have that Lv € C*t¢(R™). Hence

(7.12) Lw=1-Lv € C**(R").

Now, we take n € (0,1) and we evaluate Lw at the two points ;1 = 0 and 2, =

(0, —n). We notice that w = (1 —0)u, so w = 0 in By, hence w(z;) = w(xz) = 0 and

Lw(z1)—Lw(zs) = / dp / w(zs + pw) + w(wz — ﬁ;) —w(pw) — w(—pw).
Sn—1 plt2s
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FIGURE A. The domain of Theorem 1.2.

More precisely, since L has the form (1.6), the anisotropy takes the form in (1.5)
and we obtain that
Lw(xzy) — Lw(xs)

2

(7.13) =9 / dp w<x2+pej)+; w(pei)
— Jgp1>1/23 p|

:J1+J27

where

J =2 / w(p, —n)l;w(p, 0, )
{el=1/2} [pf12e

and J22/ w(0,p+n) —w(0,p) dp.
{Ipl>1/2)

|p|T2s

Though the integrals J; and J; may look alike at a first glance, they are geometrically
very different: indeed the integral trajectory of J, is transverse to the boundary
(hence the interior regularity will dominate the boundary effects), while the integral
trajectory of J; sticks at the boundary (hence it makes propagate the singularity
from the boundary towards the interior). As an effect of these different geometric
behaviors, we will prove that

(7.14) J1 > C1p® and || < Cn°te,

for some C' > 1 (here C' will denote a quantity, possibly varying from line to line,
which may depend on u, but which is independent of 1). To prove (7.14) it is useful
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to observe that, since w vanishes outside {2, the denominator in the integrands
defining J; and J5 is bounded uniformly and bounded uniformly away from zero.
We set 3 = 2s/(1+2s) and we notice that 3 € (0,1). If p € [—4, —4+nP|U[d—n? 4],
we use that w € C*(R"™) to obtain that

|w (0, p+1n) —w(0,p)| < Cn®,
and so
(7.15) || < Cnte + C [w(0, p+ 1) — w(0, p)| dp.
{Iplel}a—nP]}

Also, if |p| < 4 — 1, we have that d((O, p+n), (O,p)) >nf —n>nf/2,if nis small
enough. Hence we use Theorem 1.1(b) in [7] (applied here with o« = s) and (7.12)
to see that

w(0,p+n) —w(0,p+n)| < C(Jwlles@n + || Lw]

<
S 01735—25,8

c@) 1°°d">*((0, p+ 1), (0, p))

and therefore
/ (0, p+ 1) — w(0, p)| dp < >
{Ipl€(3,4—n"]}

This and (7.15) imply that
(7.16) |Jo| < CnPts 4 Cnps=20 = CnPts.

This estimates J,. Now we estimate J;. To this goal, when p € [-8 — /7, —8] U
[—6,—6 — &/n]U[4 — &n,4] we use again that w € C*(R") to obtain that |w(p, —n) —
w(p,0)| < Cn, and so

w(p, —n) —w(p,0)
|p|1+25

(7.17) dp| < Cp*ts.

/{Pe[—S— ¥/, =8JU[=6,—6+ {/m]U[4— §/n.4]}
Furthermore, if p € [-20, =8 — /7] U [—6 + &7, 4 — /7] we have that
d((p,—n). (p,—n)) = v/

if 7 is small enough, and thus, by Theorem 1.1(b) in [7], we see that

lw(p, —n) — w(p,0)] < C(||lw] ca@) 17°d=*((0, p+1), (0, p))
S 07]25

and therefore

w(p, —1n) —w(p,0) p
|p|1+25

(7.18) p| < Cn*.

/{pe[—m—s— YAUI=6+ /i A— i}
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To complete the estimate on Ji, in virtue of (7.17) and (7.18), it only remains
to consider the case in which p € [-8,—6]. For this, if p € [-8,—6], we have
that w(p,0) = 0, and we claim that

(7.19) w(p,—n) = o’

for some ¢ > 0. To check this, fix p € [-8,—6]. We notice that there exists r, > 0
(independent of p) such that the ball B, (p,—r,) is tangent to 092 at (p,0). We
consider the function ¢ given by Lemma 7.2 (used here with n = 2), and we set

B(@) = (1, (x = (p, —10))) = (L= 15w = (p, =1) ") .-

Exploiting Lemma 7.2 and the Comparison Principle, we obtain that u(x) > cé(x)
for any = € B, (p, —7,), for some ¢ > 0. So, choosing = = (p, —n), we have that

’x - (:07 _T0)|2 = |(O,TO - 77)‘2 = 7‘3 + 772 — 2ron < 7”3 — Tol];
if  is small enough. So we obtain
u(p, =n) = (L =r.%e = (p,=ro)*)} = (1 =1, 2(r2 = rom)) | = e, °n°.

Since u(p, —n) = w(p, —n), thanks to the choice of the cutoff functions, the latter
formula proves (7.19), up to renaming constants.
Thus, using (7.19) (and possibly renaming ¢ once again), we obtain that

/ w(p, =) — w(p,0) dp:/ WP =) s
{pe[—6,—8]} ’P’HQS {pe]-6,—8]} |p|t+2s N

Consequently, recalling (7.17) and (7.18),
Jl > Cns _ Cns+é _ 077287
that gives J; > ¢n®, up to renaming constants. This and (7.16) complete the proof
of (7.14).
Now, by (7.12) and (7.14), we obtain that
Lw(xy) — Lw(xs)
|$1 _ IE2|S+E

—1,,—¢
C > o

> 777876(!]1 _ ‘JQ‘) > 7’]7876(071778 _ Cnere) >

This is a contradiction if 5 is sufficiently small (possibly in dependence of the
fixed € > 0). This shows that u cannot belong to Ci5t¢(Q) and so the construction
of the counterexample in Theorem 1.2 is complete. U

APPENDIX A. SOME BASIC RESULTS ABOUT THE LEVEL SETS OF THE DISTANCE
FUNCTION IN C'"!' DOMAINS

The goal of this appendix is to give some ancillary operational results about the
distance function from the boundary of C*' domains. The topic is of course of
classical flavor, and the literature is rich of results in even more general settings
(see e.g. [5]), but we thought it was useful to have the results needed for our scope
at hand, and with proofs that do not involve any fine argument from Geometric
Measure Theory.
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The following result states that a C'*! domain satisfies an inner sphere condition,
in a uniform way. This is probably well known, but we give the details for the
convenience of the reader:

Lemma A.1. Let k, K > 0 and 2 C R" be such that
(A.1) QN By ={x = (2/,2,) € Bay s.t. x,, > h(a')},

for a CY' function h : R* ' — R, with ||Vh||corgn) < K.
Then, there exists C' > 0, only depending on n such that each point of (0Q2) N B,

18 touched from the interior by balls of radius
1
r= §min{fi, K_l} .

More explicitly, for any p € (0Q)NB,, there exists ¢ € R™ such that B,(q) C QN By,
and p € 0B,(q).
The point q is given explicitly by the formula
r(Vh(p'), —1
L, ) -)
VIVAP)P +1
Proof. Let p = (p/,pn) = (P, h(p')) € (02) N B,. By construction |p — ¢|* = r?,
hence

(A.2) p € 9B.(q).
Moreover, if € B,(q) then

2| < |z —q| +|g—p| +|p| <2r + £k < 25,

hence B,(q) C Ba.
Therefore, recalling (A.1), in order to show that B,.(q) C €, it suffices to prove
that

(A.3) B.(q) C{x = (2',z,) € R" s.t. z, > h(a)}
To prove this, let

(A.4) v € Biq)

and define

{(x) = pn+ VR - (2" = p).
We claim that
(A.5) &(x) < xp.

To check this, we use (A.2), (A.4) and the convexity of the ball to see that, for

any t € (0,1],

F (YY), ~1)
[VA({P)? +1

B(q)>p+tlx—p) =q+ + t(z — p).
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As a consequence

o e, -
VAGE+ 1

2

+t(r —p)

— 2 4 2l — p|? 2rt (Vh(p'),—1) - (x —p)
(A.6) St IVR(p)]> +1

2rt
=7+t —p|* + Vh@') (2" =) — (xn — pn
o e (V) (1) 5 )
2rt
=72 +%o —p|* + §(x) — xn).
e R )

Simplifying r? to both the terms, multiplying by ¢~'1/|VhA(p/)|? + 1 and taking the
limit in ¢, we deduce that

0 > lim tlr —pP"/[VAP)P + 1+ 2r(£(x) — )
= 2r(&(z) — ).

This proves (A.5) and we can now continue the proof of (A.3).
To this goal, we use again (A.6), here with t = 1, to observe that

0 > fr=pl+ S (60) )
r_ 2 2r _
> o =P+ |Vh(p’)|2+1(€<x) ).

As a consequence,
ha') =z = h(z') = h(p) + pn — 20
< V) - (@' = 1) + [[VRllgoa@m |2’ = D')? + pn — 20
<&(x) —ap + K|2' — '

(A7) o) — 1 2Kr .
<@t T

2Kr
= (xn — () ( ShE —1>

2K
" <92Kr <1.
IVh(p)|]> +1

By inserting this and (A.5) into (A.7) we conclude that h(z’) — x, < 0. This
completes the proof of (A.3) and thus of Lemma A.1. O

—&(2))

Furthermore,
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As a consequence of Lemma A.1, we obtain that the level sets of the distance
function from a C'!' domain are locally a Lipschitz graph:

Corollary A.2. Under the assumptions of Lemma A.1, there exists k. € (0,k],
K, > K > 0 only depending on n, k and K such that for any t € (0, k,] the level
set

(A.8) {z = (2',x,) € By, s.t. d(z) =t}
lies in the graph of a Lipschitz function, whose Lipschitz seminorm is bounded by K.

Proof. First all all, we show that for any 2’ € R™ with |2/| < k, there exists a
unique x,(2’,t) € R such that d(a’, z,(2',t)) =t, i.e. the level set in (A.8) enjoys a
graph property (as long as k. is sufficiently small).

Indeed, given 2’ as above, we consider the point p = (2/, h(z")) € (092) given by
the graph property of 092. Notice that d(p) = 0. Also, by Lemma A.1 we know that
a tubular neighborhood of width r lies in €2: points on the upper boundary of this
neighborhood stay at distance r > k, >t from 0€2. Therefore, by the continuity of
the distance function, we find ¢(z’,¢) > 0 such that d(p+¢(2’,t)e,) = t. Notice that

p+ L' ten = (1, pn + L2, 1)) = (2, h(2") + £(2', 1))

hence we found a point z,(2',t) = h(z') + £(2’,t) with the desired properties.

We remark that the point (z/,z,(2',t)) is unique in B,,. Indeed, suppose by
contradiction that (2, z,), (¢/,z, + &) € B,, satisfy t = d(2/,z,)) = d(2',z, + &),
with & > 0. Since the gradient of the distance function agrees with the normal v of
the projection 7 : 2 — 0€) in the vicinity of the boundary, we obtain that

1
0=d(z',x, +&) —da,z,) = f/ Opd(' ' + 7€) dr
(A.9) 0

1
= §/0 vp(m(2' 2" + 7)) dr.

Notice that

Up = ! > ! )
VIVhZ+1 K?2+1
thus (A.9) implies that
>t
K241

which is a contradiction, that shows the uniqueness of the value x, (2, t).

Now we show the Lipschitz property of such graph. For this we observe that it
also follows from Lemma A.1 that the distance function in B, is semiconcave (see
e.g. Proposition 2.2.2(iii) in [2]), namely there exists C' > 0, only depending on n,
k and K, such that, for any z, y € B, and any A € [0, 1],

(A.10) M(x) + (1 = N)d(y) — dAx + (1 = N)y)) < CA(1 — N)|z — y|*.
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Our goal is now to show that, for any x,y € B,,, with d(x) = d(y) = t, we can
bound |z,, — y,| by K|z’ — /|, for a suitable K,. For this, without loss of generality,
up to exchanging the roles of x and y, we may suppose that

(A.11) Ty, > Yn.
So, fixed z and y as above, we let z = y — x and we obtain from (A.10) that
t=M+(1-MNt<dx+(1-Nz)+C(1 - Nz

So we set e =1 — X € [0, 1] and we obtain that
(A.12) t <d(x +ez) + Celz]”.
Let X = (X', X,,) € 09 such that ¢t = d(z) = |z — X|. Then

t(—=Vh(X'),1)

IVA(X")|?2+1

xr =

and
dlz+ez) < |(x+ez)— X|
t(=Vh(X'),1)

+ )
VIVR(X)]2+1

2etz- (—Vh(X'),1)
IVA(X)2+1

and so

Pz +ez) < e+ 12+

By comparing this and (A.12) we obtain
C2E|2)* — 2et |2 = (t — Ce|2]?)” — 12
2et z - (—VRh(X'),1)
IVA(X)2+1
We divide by 2et and then take the limit as € — 0T, hence we obtain
z - (=Vh(X'),1)

<Az +ez) — 12 < E2P +

(A.13) —O]z)* < :
VIVR(X]2+1
Recalling (A.11), we also have that z, < 0, and therefore (A.13) gives that

[VAX)| [ Zn 2] — [2n]

VIVR(XH2+1

(A14) = Ol < VIVRXNE+1  /[VR(X)E+1 =

Now we observe that |z| < |z| + |y| < 2k., hence

1
2/2(K2 + 1)

Clz| < Cry <
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if we choose K, conveniently small. Thus we obtain from (A.14) that

2]

2v2(K2 4+ 1)

EN |20 ' 2 /
< < |+ Clz|* = || +
VK2 +1 \/|Vh(X’)|2+1 7] 12 12!

In addition
2] = V2|2 + |2a]? < V2max{|2'|2, |2, 2} = /2max?{|2/|, |z,[}
= V2max{|Z/|, [z} < V2(|#'| +|z),

therefore /
AR S N
VEKZ2+1 "~ 2WVK?24+1 2v/K?24+1

and so, by taking the latter term to the left hand side,

|Z7l‘ < |Z/| 4 |Z/|
2WEK2+1 2WEK2+ 1
which establishes the desired Lipschitz property. O

Next is an auxiliary measure theoretic result that follows from Corollary A.2 and
the Coarea Formula:

Proposition A.3. Let Q C R™ and p € Q. Assume that there exist k > 0, N €
NU {+o0} and K > 0 such that

A.15
( 8()2 is covered by a family of balls B(x;), withi € {1,--- N} and x; € 0%,

with the property that OQ N Bg.(x;) lies in a CY' graph

whose CY1 seminorm is bounded by K,
foranyi e {1,--- ,N}.

Then, there ezist k. € (0, k), possibly depending on k and K, and C' > 0, possibly
depending on n, such that for any p € (0, k.| we have that
{z eR" s.t. p+a € QN AR, gyp and d(p+z) € [0, 4] }|
< CpH! ((QQ) N AerReruvP)’

for any annulus Ag, r,.p = Br,(P)\Bg,(P), with P € R", and Ry, Ry > 0 with Ry—
Ry > 2u.

Proof. We can assume that N Ag, g, p # 9, otherwise we are done. Also, by
possibly translating €2, we can suppose that p = 0.

We cover 0f) with a finite overlapping family of balls of radius u centered at points
of 0Q, say B, (y;), with j € {1,---,M,}, for some M, € N.

Notice that each ball B,(y;) is contained in some By, (7;;): indeed, since y; € 052,
the covering property implies that there exists i; € {1,...,N} such that y; €
By (w4,); accordingly, if ¢ € B,(y;), then

lq — x| <lq—y;| +y; — 25| < p+ K < 25,
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which says that B, (y;) C Ba(z,).

This implies that we can apply (A.15) inside each ball B,(y;). As a consequence,
by Corollary A.2 the level sets of the distance function in B),(y;) are Lipschitz graphs
with respect to the tangent hyperplane of 92 at y;, therefore

H' ' ({z € QN By(y;) sb. d(z) =t}) < Op

for some C' > 0. On the other hand (9Q) N B, (y;) is also a C*! graph with respect
to the tangent hyperplane of 92 at y; and so

H"H((09) N Bu(yy)) = en™,

for some ¢ > 0. By comparing the latter two formulas, and possibly renaming C' > 0,
we conclude that

(A.16) H' ' ({z € QN B,(y;) s.t. d(z) =t}) < CH"((0Q) N Bu(y;)).

Let us now reorder the indices in such a way the balls B, (y1), - -, Bu(yr, ) intersect
the annulus Ag, g, p, for some L, € N, L, < M,,. The finite overlapping property
of the covering gives that

Ly L,
D HTH((09) N Bu(yy) < CH'! <(3Q) n <U Bu(in)))
j=1 J=1
and so, by set inclusions,
Ly
(A.17) D HTH((09) N Bu(y;) < CH™H((09Q) N Ary—pyrypp) -
j=1

Furthermore, the gradient of the distance function agrees with the normal of the
projection in the vicinity of the boundary (hence it has modulus 1), so we use the
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Coarea Formula and (A.16) to obtain that
’{ZL’ eON ARLRZP S.t. d(.%‘) S [O,M]}|

i: ’{3: € QN B,(y;) s.t. d(z) € [O,,u]}’

<
j=1
L/J'
= Z/ dz
o H{zeanBuw)) s.t. dwelonl
LN
=y / \Vd(z)| da
= J{zeanBuw)) s.t. dw)elonl
Lu
= Z/ H' ' ({z € QN B,(y;) s.t. d(z) =t}) dt
j=1"0
Lu
< CZ/ H L ((9Q) N B,(y;)) dt
=170
LM
< Cp) HH(09) 0 Bu(yy)-
j=1
This and (A.17) imply the desired result. O

When condition (A.15) is fulfilled, it is also possible to control the surface of 02
inside an annulus with the “correct power” of the size of the annulus itself. A precise
statement goes as follows:

Lemma A.4. Let Q C R" and assume that there exist Kk > 0, N € NU {400}
and K > 0 such that 052 is covered by a family of balls B, (z;), with i € {1,--- N}
and x; € 0N, with the property that OQ N Bg.(x;) lies in a CH' graph whose C1*
seminorm is bounded by K, for anyi € {1,--- ,N}.

Suppose also that € is bounded, with diameter less than D. Then, there exists C >
0, possibly depending on k, K and D, such that

(A.18) H™ 1 ((092) N Ag) < CR",

for any R > 0, where Agr = Bsg \ Bg.

Proof. First of all, we show that for any r € (0, /2| and any p € R™,
(A.19) HH((092) N B.(p)) < Cr" .

To prove this, we may suppose that (0Q) N B.(p) # &, otherwise we are done.
Hence, let ¢ € (092) N B.(p). By assumption, there exists ¢ € {1,---, N} such
that ¢ € B,(x;). We observe that if y € B,.(p) then

ly —z| <|y—pl+p—ql+lg—az| <r+7r+r<2k,
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hence B, (p) C By(z;).
Consequently, (02) N B,.(p) lies in a Lipschitz graph, with Lipschitz seminorm
controlled by K and thus

H" ' ((092) N B,(p)) < / VE? +1da’ < Cr" !,
{z’eRn—1 S.t. |o/|<r}

and this proves (A.19).

Now we complete the proof of (A.18). We distinguish two cases: either R < /2
or R > r/2.

If R < k/2, we cover Bg\ By by a family of balls of radius 1/4. By scaling, this pro-
vides a finite number of balls of radius R/4 that cover Ag, say Bra(q1), - , Br/a(qur)
(notice that M is a fixed, universal number). Then, by (A.19),

M

H'H((00) 1 Ar) < 3 HTH((99) N Bryalg:) < CR

which proves (A.18) in this case.

Thus, we now deal with the case R > /2. For this, we consider a non overlapping
partition of R™ into adjacent (closed) cubes of side k/n (in jargon, a k/n-net of R™).
Notice that the number of these cubes needed to cover Ag in this case depends
on £ (which is fixed for our purposes, since the constant C' in (A.18) is allowed to
depend on k) but also on R, therefore we need a more careful argument to bound
the number of such cubes that really play a role in our estimates. Indeed, we claim
that

the number of cubes which intersect 02 is bounded

(A.20) by some C, > 0 which depends only on D and k.

To prove this, we may suppose that there is a cube @, that intersects 0f2, oth-
erwise (A.20) is true and we are done. So let P, € (0Q) N Q.. Let Fy = {Q.}
and Uy = Q). Then, we define F; the set all the cubes adjacent to Uy = @), and we

let
n= | @
QeFoUF1
Then, we let F; the set of cubes adjacent to U; and we set

U2 = U Q7
QEFoUF1UF2
and so on, iteratively, we let F; 1 the set of cubes adjacent to U; and
Uig1 = U Q.
QGFOU“‘U]:i+1
Notice that U; is a cube of side (2i + 1)x/n, that has Q. “in its center”, that is
dist (OU;, Q) = inf  |a—b| =1.

a€8Ui, bGQ*
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Also, if @y € F; is such that (0Q) N Q4 # @, namely there exists Py € (09) N Q,
then we have that |P, — P,| < D, thanks to the property of the diameter. Also,

diSt (Pﬁ, Q*) Z dlSt (8(]1;1, Q*) =7—1
and sup |P. —al < k.
a€dQ«
Therefore
D>|P,—P|>i—1—r,
hence 1 < D + 1+ k.

This means that the cubes that intersect 0€2 lie in U;, with ¢« < D+ 1+ k. Since Uj;
contains (2¢ 4+ 1)"/n" cubes, the number of cubes of the net which intersect 02 is
at most (2(D + 1+ k) + 1)"/n™, which proves (A.20).

Furthermore, if () is a cube of the family, we have that () is contained in the ball
of radius x with the same center of @Q: hence, by (A.19),

HH () NQ) < Cr™ L
From this and (A.20), we obtain that

HH((0Q) N Ag) < > HH((09) N Q)
Q s.t. (0)NQ#w

< > Cr"t < C,CRML
Q S.t. (0)NQ#£w
Then, since we are assuming in this case that R > k/2,
H'H((09) N Ag) < 2" 'C,CR™,

which proves (A.18) also in this case, up to renaming constants. O

REFERENCES

[1] B. Barrios, A. Figalli, E. Valdinoci, Bootstrap regularity for integro-differential operators and
its application to nonlocal minimal surfaces, Ann. Scuola Norm. Sup. Pisa Cl. Sci., to appear.

[2] P. Cannarsa, C. Sinestrari, Semiconcave functions, Hamilton-Jacobi equations, and optimal
control, Progress in Nonlinear Differential Equations and their Applications, 58, Birkh&user,
Boston (2004).

[3] E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces,
Bull. Sci. Math. 136, no. 5, 521-573 (2012).

[4] S. Dipierro, O. Savin, E. Valdinoci, All functions are locally s-harmonic up to a small error,
to appear in J. Eur. Math. Soc. (JEMS).

[5] H. Federer, Curvature measures, Trans. Amer. Math. Soc. 93, 418-491 (1959).

[6] N. S. Landkof, Foundations of modern potential theory, Die Grundlehren der mathematischen
Wissenschaften, 180, Springer-Verlag, Berlin (1972).

[7] X. Ros-Oton, J. Serra, Regularity theory for general stable operators, preprint arXiv (2014).

[8] X. Ros-Oton, J. Serra, The Dirichlet problem for the fractional Laplacian: regularity up to the
boundary, J. Math. Pures Appl. (9) 101, no. 3, 275-302 (2014).

[9] X. Ros-Oton, J. Serra, E. Valdinoci, Pohozaev identities for anisotropic integro-differential
operators, preprint arXiv (2015).



50

[10] R. K. Getoor, First passage times for symmetric stable processes in space, Trans. Amer. Math.
Soc. 101, no. 1, 75-90 (1961).

[11] L. Silvestre, Regularity of the obstacle problem for a fractional power of the Laplace operator,
Commun. Pure Appl. Math. 60, no. 1, 67-112 (2007).



