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ABSTRACT. In this paper we prove L°°-estimates for solutions of divergence operators in case
of mixed boundary conditions. In this very general setting the Dirichlet boundary part may be

arbitrarily wild, i.e. no regularity conditions have to be imposed on it.

1. INTRODUCTION

It is well-known that L°°-estimates for elliptic operators play an eminent role in the investigation
of partial differential equations and systems. Such estimates are established since the work of
De Giorgi, Nash and Moser in case of Dirichlet boundary conditions (compare [LU, Chapter IlI],
[GT, Chapter 8] or [WYW]). In this paper, we are interested in mixed Dirichlet/Neumann bound-
ary conditions. If the domain is Lipschitzian and the Neumann/Dirichlet boundary parts satisfy
a certain compatibility condition, introduced by Grdger in [Grd], then global Hélder continuity of
solutions is known ([GR], see also [Gri] and [HMRS]). We weaken these conditions consider-
ably: first, the Dirichlet part may be an arbitrary closed subset of the boundary, and, secondly,
only for points in the closure of the Neumann boundary part we require bi-Lipschitz charts. This
includes domains which are not necessarily situated on one side of the boundary — as long
as this boundary part carries a homogeneous Dirichlet condition. The reader may think, as an
example, of a ball minus one half of its equatorial plane; another example is shown in Figure 1.
The essential instruments are Gaussian estimates, derived in [AE], and a result of Duong and
M¢€Intosh [DM] on Riesz transforms.

FIGURE 1. The black apex and the shaded circle carry the Dirichlet condition

2. PRELIMINARIES

All function spaces under consideration are real valued. Let 2 C R? be a bounded domain and
let T be an open subset of IS, For all ¢ € (1, c0) we define TW9(Q) as the closure of

(2.1) CP(Q) = {¥la : ¥ € CZ(RY), suppyy N (92 \T) = 0}
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in the Sobolev space TW14(Q). Of course, if I' = @, then W9(Q) = W, (Q). If ¢ is the
dual exponent of ¢ then we denote by Wr_l’q,(Q) the dual space of (). Throughout this
paper we make the following assumption.

Assumption 2.1. Forall x € T there is an open neighbourhood V,, of x and a bi-Lipschitz
mapping F, fromV,. onto the open unit cube E, such that F,,(x) = 0 and F,(Q2NV,) is equal
to the lower open half cube E_ = (—1,1)4"1 x (—1,0) of E.

Further, we suppose that 1 is a bounded, Lebesgue measurable function on €2, taking its values
in the set of real d x d-matrices, which, additionally, satisfies the usual ellipticity condition

(2.2) ;Ielsf) ‘én:fl p(x)€ - &> 0.

Define the (closed) form t: W2 () x Wr?(Q) — R by

(2.3) tlu, v] = /MVU -V dz.
Q

We denote by A the operator associated with t on L2(Q) and let S be the semigroup generated
by —A.

If misunderstandings are not to be expected, we usually drop ‘€2’ in the notation of spaces, i.e.
we write W instead of W(1) etc.

3. MAIN RESULT

Our main results are as follow.

Theorem 3.1. The semigroup S has a positive kernel satisfying Gaussian upper estimates, i.e.

(e f)(x) = / Kia,y) fy)dy, ¢ €9, feIXQ)

for some measurable function K,: ) x €2 — [0, 00) and there exist constants b,c > 0 and
w € R such that

wt

e“t, foralmostall (z,y) € Q x Q

C _ple—y?
(3.1) Ogm@wgﬁybt

forallt > 0.

Remark 3.2. Note that the Gaussian upper bounds imply that for all p € [1, 00| there exists a
continuous semigroup S?) on LP which is consistent with S, compare [AE, Theorem 4.4]. If no
confusion is possible then we denote by — A the generator of S and write S for S®.

We emphasize that the coefficients do not have to be symmetric in Theorem 3.1.

Theorem 3.3. Assume ji(x) is symmetric for all x € §). Letq € [2,00) and e > 0. Then one
has the following.
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i) The space L4, equipped with the W 1’q-norm, is continuously mapped by (A + 5)7
into L1,
i) Forevery > %(1 + ‘ai), the operator (A + 8)_6 admits an extension which continuously

maps W into L™,

For the proofs we need some prerequisites:

Lemma 3.4. There are a continuous extension operator €: WFIQ(Q) — WH2(R?) and a
¢ > 0 such that ||€1)|| L1 (ray < ||| 11 (q) forall ) € Wr?(Q) N LY(Q).

Proof. For all z € €) let B, be a ball around = which does not intersect 0f2. Further, for all
o0\ T letU, be an open neighbourhood which does not intersect T. Lastly, for all x & T, let
), be an open neighbourhood which satisfies the condition in Assumption 2.1. Obviously, the
union of the systems { B, }ze0, {Uy},con\r @nd {V.},cr forms an open covering of Q. Let
By, .., By Uy, Uy, Vs, .o,V be a finite subcovering and let C{l), cee ,El), CfQ),

cee Z(Q), 1(3), e C,(i’) be a smooth partition of unity over Q, subordinated to this subcovering.

Thend = 320, V0 4+ 30, 67+ 00, (P forall ¢ € LY(Q),

We next define for all  and r a constant ¢;,, > 0 and an operator eﬁf) from C2°(Q2) into
W12(R?) such that 1o €y = &7, | €79 ey < cipl[ Gl and €90 11 gay <
Cipl| V|1 forally € C(S2). First, forall € {1,. .., k} define the map el Cr(Q) —
WL2(RY) by €My = ¢!V 4. Then ¢ is continuous and ||€$~1)¢||L1([Rd) < b 1 (g for all
Y € CR°(2). Secondly, let € {1,...,l}. Then supp NT = 0. Lety € C>(R?) and
suppose that supp ) N (922 \ T') = (). Then supp((’r(z) ) NI = (). Hence P y1g €
C>(Q) € WH2(RY). Define €2 (1h|q) = ¢\* 1 1q. Clearly ¢ is well defined, and it sat-
isfies the claimed requirements. Finally, let 7 € {1,...,m}. Let @ be the even reflection from
WL2(E_) into WY2(E) (see [Giu, Lemma 3.4]). Then ¢((¢\¥) o F;1)1p_) is continuous on
E and supp @((Cﬁ?’) o F.1)1g_) C E. Transforming back, it follows that

supp (&((¢* ) 0 FL )1k )) o F, C V.,
forall i € C2(€2). Hence we can define €% : C2°(€2) — W12(R?) by

(¢ ) 0 FOLE) ) (e (@) o€V,
0 ifx &V, .

Clearly there exists a c3, > 0 such that HQE?WHU(W) < csp ||| L1 forall o € CR°(Q)
(3) g . .
and &, satisfies the claimed requirements.

Now define &: C2°(Q) — WhH2(RY) by
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Then € is continuous and || € || 1gey < (K + 1+ 37" cs0) ||| L1 for all ¥ € CR(9).
By construction &) = 1) for all p € CR°(€2). Therefore & extends to a continuous extension
operator from W?(Q) into W2(R%) and from L*(Q) into L' (R?). O

Remark 3.5. In case of Lipschitz domains (2 it is well known that the full space W12(Q2) ad-
mits an extension operator to 1¥/1?(R?), which simultaniously also extends L', see [GT, Theo-
rem 7.25] or [Giu, Theorem 3.10]. In contrast, we exploited in Lemma 3.4 the detailed structure
of the space W*(Q).

Proof of Theorem 3.1. By Theorem 4.4 in [AE] it suffices to show that the form domain Wllz(Q)
of t satsifies the following four conditions:

a) Wy (Q) € Wr(Q),

b) there is a linear, continuous extension operator &: TWr*(Q) — W1H2(R?) which maps
WA?(Q) N LY(Q) continuously into L' (R%),

c) u € Wr*(Q) implies |u|, |u| A1 € Wh*(Q),

d) u € W2(Q), v € WH2(Q), and |v| < uimplies v € W?(Q).

Condition a) is obvious. Condition b) is shown in Lemma 3.4. We next show Condition c).
Assume u € 7. Then, by definition, there is a sequence {u,}, in C>°(R%), such that
supp up, N (0Q\T') = 0 and lim ||u, | — ul|w1r2@) = 0. Letn € N. Itis well-known that
ul, u, € WH2(R?). Moreover, the supports of u;", u,, also have a positive distance to 92\ T".
There exists a 6,, € C°(R?) such that the supports of 6,, * u,” and 6,, * u,, also have positve
distance to 02 \ T', and, secondly,

= 0 % wt lwrogey < = and |, — O % uy, [[yr2gey < =

Clearly, (6,, x u)|q € C2, and we may estimate

10 % uy)lo — u" lwrz@) < 10 * uy)le — uylollwrz@) + [lug o — u™ lwre)

<10 * uh =y wrzgey + [luglo — " lwree)

+_
1
< o Flluyle = utlwe).
But the second term approaches 0 for n — oo, since the mapping v — v™ from TW12(Q)

into W1’2(Q) is continuous for arbitrary domains €2, see [MM]. The same way one proves that
lim (6, * u; )| = u~ in W2(Q). Hence |u| = ut +u~ € W)

The property |u| A 1 € WE’Z is obtained similarily, this time using the continuity of the maps
u — |u| and then v — v A 1 from W12 into W12, See also [MM]. Finally, Condisition d) can
essentially be proved the same way, this time using the continuity result for the map v — u A v
from [MM]. [

We next turn to the proof of Theorem 3.3.
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Theorem 3.6. Assume (i(x) is symmetric for all x € ). Forall ¢ € (1,2] ande > 0 the
operator (A + £)~Y/2 admits an extension as a continuous operator from L9 into er’q.

For the proof we need the following result (see [DM, Theorem 2], see also [Ouh, Chapter 7.7]).

Proposition 3.7. Let B be a positive, selfadjoint operator on L? with form domain W . Suppose
there exists a ¢ > 0 such that | V|2 < ¢||BY?i)||12 for allyp € W. Assume that W is
invariant under multiplication by bounded functions with bounded, continuous first derivatives.
Moreover, assume that there exist 3 > d /2 and C' > 0 such that the kernel L of the semigroup
(e7B),~ satisfies bounds

C x_yQ -8
(3.2) |Li(z,y)] < ) (1 + %)

forallt > 0 andx,y € Q. Then, forall j € {1,...,d}, the operator 2~ B~'/2 is of weak
J
type (1, 1), and, thus can be extended from L? to a bounded operator on L for all ¢ € (1, 2].

Proof of Theorem 3.6. It follows from Theorem 3.1 that the kernel of the semigroup S satisfies
the estimate (3.1). Define v := max(e,w), where w is as in (3.1). Note that A, generates a

~1/2

contraction semigroup on L7 by [Ouh, Chapter 4.6]. Hence (A + v) extends to the contin-

uous operator (A, + v)~*/2 on L4

Next we show that for all j € {1,...,d} the operator a%j(A + /)~1/2 extends to a bounded
operator from L7 into itself.

We wish to apply Proposition 3.7 to the operator B := A+ vand W := WF1’2. By a classical
result on forms the space Wll’Q is the domain of (A + V)l/Q. Hence there exists a ¢ > 0
such that | V1|2 < ¢||[(A + v)Y/2%4p]|12 for all » € W. The invariance property of W
under multiplication is concluded by straight forward arguments, see [HR, Proposition 3.8]. The
semigroup kernel for A + v satisfies again (3.1), but without the factor e“* due to the definition
of v. Moreover, it is easy to see that the resulting Gaussian bounds from Theorem 3.1 are even
much stronger than the bounds required in (3.2), since the function r — (1 + 7")5 e from
[0, 00) into R is bounded for every 3 > 0.

Thus the operator (A + v)~'/2 maps L? continuously into W for all ¢ € (1,2]. Since
D((A+ v)~Y2) = D((A + £)~Y/2), with equivalent graph norm, it follows that the operator
(A+¢)~Y/2 maps L7 continuously into 13 1. It remains to verify the correct boundary behavior
of the images. If f € L? C L9, then (A + ¢)~Y/2f € W2? C Wy Then the assertion
follows from the continuity of (A -+ £)~/2, the closedness of W% in W4 and the density of
L?in LY. U

Proof of Theorem 3.3. Statement i) follows by duality from Theorem 3.6.
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ii). Let b, c,w be as in (3.1). Set § := w + 1. Then ||e A+, < ct~5 forall t > 0.
One also has the contraction property ||e " 49|/ _,, < 1forallt > 0 for the semigroup
operators, see [Ouh, Theorem 4.9]. Then by interpolation |je =t +9)|| . < ci¢ % for all
t>0andq € [l,00). LetT € (%, 00). Then

(A+0)7 =

/ tT—le—t(A+5) dt,
0

by [Paz, Section 2.6]. Hence the operator (A + )7 is bounded from L, into L. Therefore
ifo > 1(1+ g) then Statement i) implies that L9, endowed with the Wy "*%-norm, is mapped
continuously by (A + 6)~% into L. Then ii) follows by the density of L in Wp_l’q. O

I'(7)

4. CONCLUDING REMARKS

B Everything can be carried over to complex spaces without difficulties. The form t has then
to be defined by taking the conjugate of v in (2.3), and W{l’q has to be defined as the
space of continuous antilinear forms on er’q/.

B Quite similar as in the proof of Theorem 3.3, upper Gaussian estimates imply that a finite
resolvent power maps L2 into L>°. The point is here, however, that the 1 ~!-calculus
allows for jumps in the conormal derivative of solutions across internal interfaces. Thus,
one can deal on the right hand side of the elliptic equation with distributions which are
concentrated on internal interfaces. In electrostatics, for instance, a charge density on an
interface causes a jump in the normal component of the dielectric displacement, see for
instance [Tam, Chapter 1]. Secondly, it is essential that the resolvent power may be taken
smaller than 1 for ¢ > d.

M It can be shown that the index %(1 + g) in Theorem 3.3 is optimal: in smooth situations

and Dirichlet boundary conditions, A=s/? provides a topological isomorphism between
L% and W5 But W embeds into L> only if s > 4.

B We do not know whether Hélder continuity for the semigroup kernel holds for the solution
in our setting, but feel that it cannot be expected.

B Itis not hard to see that the continuous extension of (A + 6)_9 to W{l’q is nothing else
as the restriction of the operator (ﬁ +¢)7% 1o Wr_l’q, where A is the operator which
extrapolates A to WF_I’Q. Compare [Ouh, Subsection 1.4.2].

B It seems an interesting question whether the operator A= 21\| Wb satisfies a resolvent
estimate like [|(A 4+ A\)7!|| < 2 uniformly for all A > 0 and, thus, enables a selfcon-
sistent definition of fractional powers for A+ con W{l’q. Unfortunately, the attempts to
prove this within the context of this paper have failed, compare [HR, Lemma 5.7].
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