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1 | INTRODUCTION

Charge transport in organic semiconductors can be modeled at very different scales, ranging from density functional the-
ory for molecules, master equation approaches for carrier dynamics to drift-diffusion equations (see, e.g., Kordt et al.!).
Transport properties in these materials are heavily influenced by temperature leading to self-heating effects which in
turn have a strong impact on the performance of the device, for example, organic solar cells and transistors.?3 Moreover,
self-heating effects can lead to nonlinear phenomena like S-shaped current-voltage relations with regions of negative
differential resistance. Furthermore, the interplay of self-heating and temperature activated hopping transport in combi-
nation with heat flow results in spatially inhomogeneous current flow and temperature distribution in large-area organic
light emitting diodes.*> Therefore, models and simulations of the electrothermal interplay in multidimensional organic
devices are required that are as accurate as necessary but computationally efficient. Such effective descriptions can be
obtained by combining models in substructures with different complexity. In the isothermal case, this approach has
already been used for inorganic semiconductor devices, for example, in other studies.®

In the present paper, we consider organic devices and take the coupling to heat flow into account. Starting from a
stationary drift-diffusion-based electrothermal model for organic semiconductors (see 2.1), we construct a coarse-grained
model that retains the strong coupling of the electrothermal effects while simultaneously accounting for the different
depth in the characterization of the electric current flow. The model results from combining a drift-diffusion system in
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critical subregions of the device with reduced thermistor-like models for device substructures with n-doped or p-doped
regions. Hence, the full drift-diffusion model is applied only in the electronic relevant subregions of the device where one
balances both electron and hole current as well as generation/recombination processes. In contrast, the thermistor-type
models, which are derived as limiting cases of the full drift-diffusion model, contain only one equation for the net current
flow coupled to the heat equation as follows,

-V - ((T,VT,V)Vep) =0,

1.1
—V-(AVT) =&(T, VT, V@)|Vel|% (1)

with electric conductivity ¢ depending on the temperature, the gradient of the temperature, and the electric field.

Naturally, this model fragmentation applied on semiconductor devices requires suitable transfer conditions at the inter-
faces among the neighboring subregions that guarantee the continuity of total current in the normal direction to the
interface. Additionally, we have to ensure that at the interface between the n-doped (p-doped) subregions and the subre-
gions where a full drift-diffusion type model is applied, the normal component of the electron (hole) current density as
well as the electrochemical potentials of electrons (holes) are continuous. Moreover, we have to prescribe Dirichlet values
for the Poisson equation at the interface to the drift-diffusion subregion.

It is worth noting that the proposed approach entailing the derivation of coarse-grained models for substructures of dif-
ferent physical complexity is firmly rooted in applications. Depending on the device geometry and doping, the subregions
where reduced models are suitable can be quite large. For instance, in large-area thin-film organic LEDs the n-doped and
p-doped layers cover together more than half of the height of the film, see the middle picture in fig. 2 of Zheng et al.* Fur-
thermore, the simplicity of reduced models could be utilized to model the doped layers adjacent to the oxide in pinMOS
structures, see Figure 1 in Zheng et al.’

In the main part of the paper, we study the analytical properties of the coarse-grained model, that os, existence, bound-
edness, and regularity of solutions. One crucial point thereby is the analytical treatment of the transfer and boundary
conditions between the different subregions, especially the prescribed Dirichlet function for the Poisson equation at the
interface to the drift-diffusion subregion. To ensure the required regularity of the latter (see 2.18), we restrict ourselves to
two spatial dimensions. Similar investigations were carried out in Glitzky et al'® for classical, inorganic semiconductors
with Boltzmann statistics. In the present paper, the organic setting is treated, which gives rise to novel challenges concern-
ing the analysis: (i) mobility functions depend on temperature, density, and electric field strength; (ii) special statistical
relations given by Gauss-Fermi integrals G (see 2.3) have to be considered, whose inverses cannot be given explicitly.
Thus, in all derivations, only qualitative properties of functions related to G can be used.

In Section 2, we introduce the considered coarse-grained model for the electrothermal behavior of organic semiconduc-
tor devices, formulate our assumptions, and give our concept of solutions. Section 3 contains our main analytical results
concerning a priori estimates (Theorem 3.1) and existence of weak solutions (Theorem 3.2). The proof of Theorem 3.2
is realized by regularization and Schauder's fixed point theorem in Section 4. Finally, we give an overview on properties
related to Gauss-Fermi integrals in the Appendix A.
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2 | DERIVATION OF THE COARSE-GRAINED MODEL

If Q denotes the domain of the device, the drift-diffusion model introduced in Glitzky et al.!! (see also Doan et al*? and
Fuhrmann et al.!3) that describes the interplay between electronic and heat transport in organic semiconductors is the
following:

-V -(eVy)=C—-n+p,

=V jn=-R, ju = —nu,Veon, .1
\% “Jp = —-R, Jp = _p,“pV(Pp,

=V-(VT) = nﬂn|V(Pn|2 +p/4p|V§0p|2 + R(@p — @n).

Here y denotes the electrostatic potential, ¢,, ¢, are the electrochemical potentials, T is the temperature, € is the
dielectric permittivity, C := N;} — N, represents the charged donor and acceptor densities, respectively, and 4 is the ther-
mal conductivity. For organic materials, the mobilities of electrons u, = u,(T, n, |Vy|) and holes u, = u,(T, p, |Vy|) are
considered to be temperature, density, and electric field strength-dependent functions, see, for example, Kordt et al! and
Pasveer et al.'* The chemical potentials are defined by v, := y — ¢, and v, := —(w — @,), the generation/recombination
term R and the charge carrier densities n and p are given by

- V,+V
R=ry(-,n,p,T)np (l—exp(pnT(pp>:ro(.,n,p,T)np <1—eXp nT p>,

v —@n+E, o, vy +E, oy
=N, ;— =N, _ =, 2.2
(P B ) iy g () e
E,—(y—9p) op Vp+Ep op
=N, —F—: = ] =N, —= >
P =NiG < T T PO T T
with energy levels E, = —Erumo, Ep, = Enowmo related to the so called LUMO and HOMO energies (see, e.g., Doan

et al.?7), the total densities of transport states N, Npo and the disorder parameters o, op. These parameters are only
weakly temperature dependent, and we neglect for simplicity this temperature dependence. The function G results from
the Gauss-Fermi integral

[So]

= 1 I D B
G i= = exp< 2>exp(z§_n) —dé (23)

see Paasch and Scheinert.!> Properties of the function G needed for the analysis in this paper are collected or proven in
Appendix A. The system (2.1), (2.2) is completed by mixed boundary conditions onI" : = 9Q for the drift-diffusion system
and by Robin boundary conditions for the heat flow equation,

v =v", on =9y, ¢p =gy on I'p,
eVy -v=j,-v=jp,-v=0o0n Iy, 2.4
AVT - v+ k(T — Ty) = 0 on 9Q,

where I'p and I'y denote the Dirichlet and Neumann boundary parts, respectively, v is the outer unit normal, and T, is
the ambient temperature.

Equations (2.1), (2.2), and (2.4) are already written in scaled form. A similar scaled model frame was used in
Griepentrog'® for classical inorganic semiconductors. In this model, thermoelectric effects (Peltier, Thomson, and
Seebeck) are not included. Note that in sect. IL.D of Krikun and Zojer,'” it is argued that in the case of organic semi-
conductors, such effects are negligible as the thermal voltages are small compared to the applied voltage. For fully
thermodynamically designed energy models for inorganic semiconductors including all these effects we refer, for example,
to other studies,'®2! where the authors!®?° discuss also numerical aspects.

The models (1.1) and (2.1) have heat source terms in the heat flow equation that are always nonnegative. This fact
together with the Robin boundary conditions enforces that the temperature for solutions to the model Equations 1.1,
resp. (2.1), (2.4) has to fulfill T > T,. A corresponding property the coarse-grained model retains.
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2.1 | Model reduction for strongly n-doped regions

In order to derive the coarser model, we assume that the energy levels E;, the densities of transport states Nj, as well as the
charged doping densities 6, := N}, 6, := N are spatially constant and that §; < N, for i = n, p. For illustrative purposes,
we derive the coarser model for a strongly n-doped region, where the hole density is negligible with the opposite case
running analogously.

We consider the limit p — 0 for the model Equations (2.1), (2.4) with the quantities Vg,, V., v, Vy, v,, n, T, and
VT remaining bounded. We find v_;: — —oo using that p = N,oG((v, + Ep)/T; 0,/T), T > Tq, and E,, is constant. Moreover,
we have as a consequence,

vp = —c0, pppVep = 0, pup|Vp|* = 0, (2.5)

V)

vp v,
R=npry(1—e Tp) - 0, R(v, +vp) = npro(1 - eTp)(vn +vp) = 0.

For the last convergence, we also have to verify that pv, = G((v,+E,)/T; 6,/T)v, — 0which is obtained by the following
steps: The boundedness of T ensures for z > 0 that

Next, we show that lim,_,_,,G(y; z)y = 0 for arguments y < 0 and z> 0. Since

o0 o (s

£y -2 ye y [ —2 g
M = 2 — = 2 2
0> V27G(y;2)y /e perm, ldf /e P dé > ye /e e > d¢
—00 -0 -0
(o] o0
1 2,2 2 1 2
= yey/e_i(éﬂ) tTde = yeye7/e_5(5+Z) dé = ye’ const,
-0 —0o0

we find that, 0 > lim,__G(y;2)y > lim,_,_ ye” const = 0. In the case of Gauss-Fermi statistics we have, for v, + E, <0
and T > T, the estimate G((vy + E)/T; 6,/T) < G((vp + Ep)/T; 05/ Ta) (see Lemma 2.1 in Glitzky et al.'!). Therefore, we

obtain
v,+E, o v vw+E, o v
0> lim g(" ";—">—"z lim g(" P;_P>_P
oo T "T)T n. g T "T,) T
v,+E, o v, +E v,+E, o E
= lim ¢ 2—2: 2}V 2 _2_ iim ¢ 2—2.2)2L=-0-0=0,
oo T T, T B e T 'T,) T

establishing the last convergence in (2.5).

For the considered case of strong n-doping and negligible p-density (6,, > 6, ~ 0), we additionally assume local charge
neutrality. This means that the right-hand side of the Poisson equation in (2.1) fulfills C—n+p = 6, -6, —n+p = 0,and
that we obtain n = §, in the limit p — 0. We recalculate a corresponding temperature dependent “chemical potential” of
electrons v, as follows:

For parameters 0 < 6 < Ny, E € R, o > 0, and temperatures 7> 0 we look for v = V(T) such that

(2.6)

H(T,V(T)) =0, where H(T,v) := NoG (V+E, O') _s

T T

Since for all fixed T >0, ¢ > 0 the map v — H(T,v) is a strictly monotonously increasing function R — (-8, Ny — 6) (see
Appendix A), we find that for all T> 0, 6 >0, Ny > 6 > 0, there is exactly one solution v = V(T) = TG} (1% %) — E such
that H(T, V(T)) = 0. Here G~1(y; z) denotes the inverse of ¢ with respect to y while z is held fixed.

In the case of strong n-doping, we introduce a notion of “chemical potential” of electrons v, := V,(T), where the

function V,,(T) results from uniquely solving the Equation (2.6), H(T, V,(T)) = 0 for the parameters Ny = Ny, E =
E,, 0 = 6y, 6 = &,. Furthermore, we reconstruct an “electrostatic potential” via
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Wi = Wn(@n, T) 1= @n + Viu(T).

Hence, in summary, we describe the electrothermal interaction in a very coarse way by the interplay of the electrochemical
potential of the electrons ¢, and the temperature T via the following reduced coupled system resulting from the continuity
equation for ¢, and the heat flow equation by using the results of the described limit procedure,

=V - Bnptn(T. 6n, |Vyu)Vey) = 0 in Q,

=V - (AVT) = 8npin(T, 8n, |Vyu))| Vopu|* in Q,
(Bnttn(T, 8, IVyn)Vn) - v=0o0n Ty, @n = ¢ on I'p,
AVT - v+ x(T - T,) =0 on 0Q.

(2.7)

Setting the conductivity function & = 8, un(T, 64, | V(@n + Vo(T))|), the potential ¢ = ¢,, the resulting problem is of the
form (1.1).

In a completely analogous manner, for a strongly p-doped semiconductor region Q with 6,>> 6, ~ 0 we obtain, under
the assumption n — 0 whereas the quantities Vo,, Vo,, v, Vy, v,, p, T and VT remain bounded, the following reduced
coupled system for the interaction of the electrochemical potential of the holes ¢, and the temperature T,

=V - (8pup(T, 8p, [Vyp|)Vepp) =0 in Q,

=V - (AVT) = 8ppp(T, &p, |V DI V| in Q,
(8ptp(T, 3p, [Vyp)Vepp) - v=00n Ty, ¢, =, on I'p,
AVT - v+ k(T — T,) = 0 on 9L,

(2.8)

with the reconstructed value y, = y,(@p, T) := @, — Vp(T) for the “electrostatic potential,” where the function V,(T)
results from uniquely solving the Equation (2.6), H(T,V,(T)) = 0 for the parameters Ny = Ny, E = Ep, 6 = o), and
6 = 6,. Note that, according to (2.2), and using G 1(y;2) for the inverse of ¢ with respect to y while z is held fixed,

W(T)=TQ‘1<%;%> —E;, i=n,p. (2.9)

2.2 | Notation and assumptions

In two spatial dimensions, we consider geometric situations as indicated schematically in Figure 1 and use the following
notation: Qp is the subregion of the device, where we consider the full electrothermal drift-diffusion model (2.1), &, is the
n-doped subregion, and €, is the p-doped subregion of the device. The device region is defined as Q : = int(Q_nUQ_DUQ_p).
Moreover, we introduce Qp; := int(Q_D U §j), I'pj :=Ipn 51 L= int(Q_D n §j) forj=mn,p,andI :=1,UI,. By vand vp,
we denote the outer unit normals at 0Q and 0Qp, respectively.

To distinguish the energy levels Ej, the disorder parameters o;, and the number of transport states Njp in the domains Q;
(where they are assumed to be constants) from the corresponding parameters in Qp, we denote them now by E, 6;, and
Nio, i = n,p. Moreover, §; denotes the corresponding doping density in ;. Additionally, from now on, V;(T) means the
functions resulting from uniquely solving the Equation (2.6), H(T, Vi(T)) = 0 for the parameters Ny = ﬁio, E= E‘i, c =0,
0=206,i=n,p.

We work with the Lebesgue spaces LP() and the Sobolev spaces W' 4(Q). Moreover, we make use the following closed
subspaces of H! functions: H%,i(QDi) indicates the closure of C* functions with compact support in Qp; U (0Qp;\I'p;) with
respect to the H(Qp;) norm, H }(QD) is the closure of C* functions with compact support in Qp U (0Qp \ I) with respect
to the H'(Qp) norm. In our estimates, positive constants, which may depend at most on the data of our problem, are
denoted by c. In particular, we allow them to change from line to line.

We investigate the stationary electrothermal model, which is introduced in Section 2.3 under the following general

Assumption (A). In what follows, let j=n, p,

+ Q,Qp,Qp; C R? are bounded Lipschitz domains with Qn N Q_p = @, mes(l;) > 0, mes(I'p;) > 0 with dist(x, Q_Dj) >
const > 0 for all x € I'p;, i#j, and I'yj := 0Qp;\I'p;, Qp; U I'y;j are regular in the sense of Groger.??
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. (pf’ € Wh=(Qpy), ||(ij”L00(QDj) <K, 1€L®(Q), 0< iy < iae inQ, 4 = constin Qp, k € L), lIklliay > 0, T,
const > 0, e = const > 0.

« The quantities Njo, §;, 5, defined for €; are positive constants, E; is constant. Moreover, 0 < N < Njy <N, 0 < 5,
5, |E;| <E, 28, < Nj.

+ Njo,0; € LY(Qp), C, E; € L*(Qp) such that 0 < N < Njp < N,0 < c<o0;<0,|Ej|<E|C| < Cae.inQp.

o 1(-,n,p, T)=npry(-,n,p, T), where ro(-,n,p,T) : Qp X (O,JTI)2 X (0,00) — R, is a Caratheodory function and
ro(-,n,p, T) < Ta.e.in Qp for all (n,p, T) € (0,N)? x (0, ).

o ;- Qpj X (0,00) X (0,N) X [0, 0) — R, are Caratheodory functions such that for all £ > 0 there exists H He With

IA

0< E& < /’lJ(9 Ta y,Z) < ﬁf for all (T, y,Z) € [g’ 00) X (O’N) X [09 00) a.e.in QDJ

Henceforth, we setﬁ = H, LU= ﬁTa.

From now on, we work with the approximations that (i) the built-in potential is nearly constant in homogeneously
doped regions and (ii) that the voltage drop over strongly doped regions is very small in comparison to the voltage drop
over the rest of the device. Under these approximations we substitute in €; the mobility p;(T, 6;, | Vw|) by ui(T, 6;,0),
i=n,p, and consider the then resulting model equations.

2.3 | Formulation of the coarse-grained model

In Qp, we use the quantities R, n, p as they were defined in (2.2). To simplify the presentation, we introduce the following
quantities in the entire domain €,

1 if xe Qpn 1 if xe QDP
In(x) = . X p(x) = .
0 otherwise , 0 otherwise ,

dn(n, T, |V ) = xn(1 = xp)nttn(T, 6p, 0) + xn 2ppin(T, 1, V), (2.10)
dp(p» T’ |VW|) = Ip(l - ){n)épﬂp(Ta 5ps 0) + anppﬂp(Tsps |VW|)’ (211)
Rg(nsps Ts (Pn, (pp) = anpR(nsps T9 (pn’ (Pp)’ (2‘12)

ha(n,p, T.2, Vo, Vop, on, ¢p) =
d.(n, T, Z)lV(Pnlz + dp(p’ T, Z)lV(pplz +Ro(n,p, T, @n, (pp)(¢p - @n).
Using the above notation, the electrothermal behavior of the organic device occupying Q is now described by the

following stationary system of partial differential equations and transfer conditions:
Heat flow equation for T in Q

(2.13)

_V . (AVT) = hQ(nsps T9 |VW|’ V¢n’ V¢ps (pns ¢p) in Qs

(2.14)
AVT - v+ x(T-Ty) =0 on I'.

Continuity equation for electrons in Qpy

V- (du(n, T, |Vy)Ven) = —Ra(n,p, T, @n, @p) in Qpy,
[[@nll =0, [[dn(n, T, |Vw|)Ven - vpll = 0 on I, (2.15)
Pn = <PE on I'py, Ve, -v=0 on dQp,\I'pp.

Continuity equation for holes in Qp,

=V - (dy(. T, |Vy)Vep) = =Ra(n, p, T, @u, @p) in Qpy,
[[lepll =0, [[dp(P, T, [Vw|)Vep - vpll =0 on I, (2.16)
@p = qolljj on 1—‘Dps V(Dp -v=0 on aQDp\er.
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Poisson equation for the electrostatic potential y in Qp

—V-(eVy)=C—-n+pin Qp,
w=yPon I, (2.17)
eVy -v=0o0n 0Qp\l.

The function y? is defined as
wP) 1= (1= 7(0) (@ + Va(T))) + 7(x) (¢p = Vp(T(X))) , (2.18)
where V, and V, are defined in (2.9),and 7: Qp —[0,1]isa C! (ﬁD) function such that,
zl, =0, 7|, =1, |V7| <eC (2.19)

For a more detailed description regarding the Dirichlet function wP, we refer the interested reader to Glitzky et al,'°
where the Boltzmann case is considered.

Lemma 2.1. Let Vi(T) be the functions resulting from uniquely solving the equation (2.6), H(T,Vy(T)) = 0 for the
constant parameters Ng = Ny, E=E;, 6 =6;, 6 = 6;,i = n, p.

1. If TEH!(Qp)andInT € L®(Qp), then Vy(T) € H'(Qp)NL®(Qp), i=n, p.
2. If @n @p, TEH(Qp) and @n, ¢p,InT € L¥(Qp) then the function y” defined in (2.18) belongs to
H'(Qp)NL®(Qp).

Proof.

1. The L*® property results directly from Lemma A.1. Thus, it only remains to show that VVi(T) € L*(Q)>.
According to (A6), we evaluate

-1 A
d 0 0 _ 6i ©j
VVAT) = S V(TVT = [a—g(m,zi)] 9 (i 2 + G <A—l; —‘> VT, (220)
n 0z No T
where n; = @ g = G—T‘ Because of InT € L*(p) and the lower bound of #; from Lemma A.1, the

estimates in Subsection 2.1 of Glitzky et al'! ensure that %(ﬂi,zi) is positively bounded away from zero, and

g(ni,zi) and ¢! <£—’, E—T‘> are bounded from above which together with T € H'(Qp) in summary guarantees
that Vi(T) € H'(Qp), i=n, p.

2. Due to the properties of 7, @,, @p, the assertion follows directly from Assertion 1. 0

3 | WEAK FORMULATION, A PRIORI ESTIMATES, AND MAIN RESULT

3.1 | Concept of solution for problem (P)

We look for solutions to (2.14)—~(2.17) in the following setting. Let s> 2 denote an exponent, which will finally be fixed
in Theorem 3.1. A weak formulation of our model is as follows. Find (v, @n, 0. T) € [(w® + H!(Qp)) N L®(Qp)]| X

(@2 + H, (@0n)) 0 W(@n)] X | (@5 + Hb, (@0p) n WH(@np) | X (T € H'(Q) : InT € L(@)), such that
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/eVu/-Vdez/(C—n+p)de Vy € H{(Qp),

QD QD
/ d(n. T, |Vy DV epn - Vg + / dy(p. T. |V )V, - V5, dx
'Q‘Dn QDp
Pn— @ _ _ _ .
= / r(n,p, T) (1 ~ eXp — £ ) (@n — ,)dx Vo, € H.(Qp;), i = n,p, (P)
'QD

/WT-VdeJr/K(T—TQ)TdF
Q r

_ / B, p. T, [VW |, Voou, Vop, @m0 T VT € HY(Q),
Q

where d,, d,, and hq are defined in (2.10), (2.11), and (2.13) respectively. We remark that the choice of the definition
sets for (y, @n, @p, T) and Assumption (A) ensure, n,p€L®(Qp), un(T,n, |Vy|), up(T,p, |Vy|),r(n,p, T) € L(Qp),
ui(T,8;,0) € L*(), d; € L®(Qpy), i = n, p, hg € L¥*(Q), and w” € H'(Q) N L®(Q) by Lemma 2.1.

If there is no problem of misunderstanding, we leave out the arguments in d,, d,, 1, hq.

3.2 | A priori estimates

The proof of a priori estimates uses similar techniques applied for the inorganic coarse-grained model in Glitzky et al.;'°
however, some essential modifications related to the statistical relation and the mobility functions (see 2.2-2.3 and the last
assumption in (A), respectively) have to be taken into account. The proof of the following theorem follows the arguments
in,!? all necessary modifications are pointed out here.

Theorem 3.1. Under Assumption (A), all solutions (y, o, @p, T) to (P) satisfy T > T, and ||@ull=(,,), ||(pp||Lm(gDP) <
K with T, and K from Assumption (A). Moreover, there are exponents s,t>2 and constants Cq,s, C1 1, CT, cos Cy, 00 > 0
depending only on the data and the underlying geometry such that

loillwisy) < Coss i =1,D, ITllwr@ < cre ITlle@) < CToos IWllzo@y) < Cyroos
for any solution (y, @u, @p, T) to (3.1).

Proof.

1. Asin Lemma 3.1 in' it is verified that T > T, a.e. in Q for any solution (y, @,, @p, T) to (3.1).
2. Since the densities and the mobility functions y; are bounded, the techniques in Lemma 3.2!° ensure also in
the organic case a constant c¢;, > 0, depending only on the data, such that

”hQ(n,P, T’ IVWI’ V(pn’ V(pp’ Pn, (pp)”Ll(Q) < ¢p, (3 1)

lonllLe@pyys ll@pll=@,,) < K.
3. Asin Lemma 3.3,'° we derive constants ¢, > 0, and cr > 0, depending only on the data, such that || T||w1s@) <

¢g» 4 € [1,2), | Tll2) < cr for any solution (y, @r, @p, T) o (3.1).
4. Next we aim to find a constant c,,,r > 0, depending only on the data, such that,

ly/Tllre@y) < €y (3.2)

for any solution (y, @n, @p, T) to (3.1). For this purpose, we define in the organic case

Ky :=max < |G <f—l’ﬁ> .
i=n,p Ni Ta
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Have in mind the definition of wP? in (2.18) and Lemma 2.1. For L >0 and &+ := max{0, £}, &~ := max{0, —&}
we use mz;""! € H} (Qp), resp. -mzl e H{(Qp) with

zr ;=min{L,(y —K—E—-KiT)*}, Zp :=min{L, w + K+ E+ K T)"}, m=25keN,

simultaneously as test functions for the Poisson and heat flow equation (on p). By a Moser iteration technique,
we thus derive upper and lower bounds for y/T. Taking into account that in the organic setting |C — n + p| <
C + 2N a.e. in Qp and adapting the Steps 1 and 2 in the proof of Lemma 3.4 in Glitzky et al'® we establish the
desired estimate.

5. The obtained estimates for T, @,, @p, and w/T as well as the properties of the Gauss-Fermi integral (see
especially Lemma 2.1 and Lemma 2.1 in Glitzky et al.!!) ensure a.e. in Qp

— E E, — - c —
ed5n=Nnog(%m;“—;>,p=Npog<M;7"> <N, (3.3)

where

L K+E ] K+E _On Y —@n+E, op
gd.—ljg<— T _CW/T,O>SNQ<_ T _CW/T,?>SJXQ<T’?>

a a

depends only on the data and the underlying geometry. Using additionally the upper and lower bounds on the
mobilities y; and 6;, i = n, p, the estimates (3.3), and the upper bound for ry and Step 2, we find that the L* norms
of the right-hand sides of the continuity equations are bounded by a constant cg > 0. The supposed regularity
of @, @} and the regularity result Theorem 1 of Groger>* for elliptic problems guarantee an exponent s > 2 and
a constant ¢, s > 0 depending only on the data and the underlying geometry such that

@i € WH(Qpi) and ||@illws@,) < Cps, | = N,P.

6. Consequently, the right-hand side of the heat flow Equation (2.14) belongs to L*>(Q) and the L*?(Q) norm is
bounded by some constant ¢ > 0. Here, we used for the reaction heat that T> T, a.e.in Qand || @;[|;~q,) < K, i =
n,p. The test of (2.14) by T yields ||T||m: < c. We apply regularity results for second order elliptic equations

with non-smooth data in the 2D case. According to Theorem 1 in Griger,?* there is t* > 2 such that the strongly
monotone, Lipschitz continuous operator A: H(Q) — H(Q)*,

(AT, w) := /(WT- Vw + Tw)dx, w € H(Q),
Q

maps W(Q) into and onto W-14(Q) for all 7 € [2, *]. Here, W~1/(Q) means W¥(Q)* with % + %, = 1. Next we
define t € (2, t*] by

o if L e [1, LA ]

t= s2 e
B L
4—s s—2 =2

~ | =

o1
t/

This definition guarantees that LY2(Q) < W~14(Q) := W' (Q)*. Remark 13 in?? then ensures W -estimates
for solutions to problems of the form AT = F(T), where F is any mapping from W 2(Q) into W~4(Q). In our
case, we use

(r(T)s W> = / (hg(nsp’ T? |VW|9 quns Vq’p» ¢na (pp) + T) de
Q
+ / K(Ta — T)wdl’ Yw € WH(Q).
r
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Thus, we find cr,; > 0 such that the weak solution T to the heat flow equation belongs to W(Q) and || T||w1«q) < cry-
The continuous embedding of W' /(Q) in L®(Q) ensures || T||1=@) < ¢T.co. Moreover, together with (3.2) we therefore
obtain [ly||z=(,) < Cy.«, Which finishes the proof. O

3.3 | Main result
Theorem 3.2. Under Assumption (A), there exists a solution (y, @n, @p, T) to Problem (3.1).

We give the detailed existence proof in Section 4. It consists of the following steps: First, we consider a regularized
Problem (P,,) with regularization parameter M. Second, for solutions to (P)s) we ensure a priori estimates and higher
integrability properties for the electrostatic potential, quasi Fermi potentials, and the temperature that are independent
of M (Theorem 4.1). Finally, we prove the solvability of (Py,) via Schauder's fixed point theorem. The regularization of
Problem (3.1) consists of a manipulation of the statistical relation (see 4.1) giving regularized densities which occur in the
right-hand side of the Poisson equation, the flux terms, reaction coefficient, and the source term of the heat equation. Thus,
if we choose M > c,,,r with c,,r from (3.2), the manipulation of the statistical relation in the regularized problem does
not become active. Therefore, by solving the regularized problem (Py,), the proof of Theorem 3.2 is completed. Moreover,
let us note that the regularization argument is necessary since we can not apply the Moser technique for the fixed point
iterations to obtain a priori estimates, computed in (3.2), also for the expression y / T with the frozen argument T, since
T does not have to fulfill the heat equation.

As for the electrothermal drift-diffusion model and the thermistor model, uniqueness of the solution to (3.1) is not to
be expected since organic semiconductor devices have the potential for S-shaped current-voltage relations with regions
of negative differential resistance, see, for example, Fischer et al® and Doan et al.!?

As a consequence of Theorem 3.2 we obtain the following result concerning the thermodynamic equilibrium.

Corollary 3.1. We suppose in addition to Assumption (A) that ¢? = const in Qp;, i = n,p, and ¢, = (,o}’,J in Qp.
Then there exists a unique solution to Problem (3.1). Moreover, it is the thermodynamic equilibrium and has the form
W, @p @5 T*) = (¥, oL, (pg, T,), where w* € H (Qp) is the unique solution to the nonlinear Poisson equation in Qp,

* _ oD E—( * D)
N /g », +E, o, p — YW $p) op
—V - (eVy") = C=NpG [ — """ 20 ) 4 NpoG [ —n 22, 2 ),
(e l//) nOg< T, Ta> p0g< T, T,

with the boundary conditions w* = wP*on I, eVy* -v = 00n 0Qp\I, where

y =1 =1) (@ + Va(To) + 7 (0p = Vp(Ta)) . (3.9)

Proof. Let (y, @n, ®p, T) be an arbitrary solution to (3.1) guaranteed by Theorem 3.2. The test function (¢, — ¢%, ¢, —
(pl?) € Hllyn(QDn) X Hép(QDp) for the continuity equations yields under the additional assumption of the corollary that

Pn— @,
0= 3 [divara+ [ ronpn (o0 T2 1) @n - gprae

=p 'Q‘Di 'Q‘D

The integrands in all occurring integrals are nonnegative and the positivity of d; in Qp; for i =n, p guarantees that
V@; = 0 a.e. in Qp;. From the prescribed boundary values we obtain ¢, = ¢? = qo? = @p. Therefore, all source terms
in the heat Equation (2.14) vanish. This ensures together with the Robin boundary condition that T=T,. Thus, it
remains to solve the Poisson equation where n and p on the right-hand side are substituted according to Gauss-Fermi

statistics
s D — * _ oD
v —@P+E, ¢ Ey—(w*—9;) o
n=NyC| ——2 "."1" , P =NpG —p;—p .
T, T, T, Ty

As Dirichlet function the function w”* defined in (3.4) has to be prescribed. O
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4 | PROOFOFTHEOREM 3.2

4.1 | The regularized Problem (Py)

Let M>0 and ky(y) := min{max{y,-M},M}. Our problem reads as follows: Find (y,@ ¢, T) €
[(w” + HNQp)) N L®(Qp)] X [(@F + H}_(Qpn) N W (Qpp)] X [((pg + H (Qpp)) N W'(Qpp)| x (T € H'(Q) : InT €
L*(Q)} with

/ ey Vipdx = / (C - ny + pu)wdx Vi € H(Qp).

Q‘D Q‘D
[ datme. V000 VG, + [ dytore T VDV - 7 d
'Q‘Dn 'Q‘Dp
$n—Pp\ — _— — 1 .
= [ r(ny,pm, T) (1 —exp— ) (@n — @p)dx Vo; € H,,(Qpi), i = 1, p, (Pm)
Qp
//WT- V?dx+/K(T— T,)Tdl
Q r
= / hQ(nM7pM9 T’ |VW|’ V(Pna V(Pp7 (pn, (ﬂp)de VT—‘ e HI(Q)’
Q

where the regularized densities ny and py, have to be determined pointwise by

ny = NG <kM (Z) _ @b, ﬁ) » Pm = NpoG <Ep—;¢p _kM(%)§@> . 4.1)

T T °T

4.2 | A priori estimates for solutions to problem (Pys)

Theorem 4.1. Under Assumption (A), each weak solution (y, @, @p, T) to the regularized problem (Pyy) fulfills the
estimates T > T, a.e. in Q,

loillze@,) <K, ll@illwis@,) < Cos» i =1, lw/Tllr=@,) < Cy/1>
T2y < e, ITllwree) < et 1 Tle@) £ CTo0s W llzo@y) < Cyoo

with the exponents s, t > 2 from Theorem 3.1, the constants Ty, K from Assumption (A) and cr, Cy 1, Cp, s CT, 1> CT, 0, AN
Cy, o from Theorem 3.1.

Proof.

1. We apply the techniques used in the proof of Theorem 3.1. The estimates of the first three steps remain valid
with the same constants for solutions to problem (4.1) if one substitutes ho(n,p, T, |Vw|, V @n, V @p, @n, @p) by
ho(ma, pus T, IV |, V @4, V @p, @n, @p), see especially (3.1) and || T|| ¢y < cr. In Step 4 of the proof of Theorem 3.1,
we have now to use that the (regularized) right-hand side of the heat equation is nonnegative and |C — ny + pu| <
C + 2N a.e.in Qp. Then exactly the same arguments ensure that ||y /T||1=q,) < ¢,/r With ¢,,r from (3.2).

2. The bounds T > Tq, |l /Tllx@,) < ¢y/15 l@ill=@,) < K guarantee the estimates ¢, < ny,py < N for the

regularized densities a.e. in Qp (with ¢, defined in 3.3) not depending on the regularization level M. Thus, we can

repeat the Steps 5 and 6 of the proof of Theorem 3.1 with the same constants now for solutions to problem (Pyy).
O

4.3 | Existence result for the regularized problem (Py)

Theorem 4.2. Under Assumption (A), there exists a weak solution (y, @n, @p, T) to the regularized problem (4.1).
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The proof of Theorem 4.2 is based on Schauder's fixed point theorem. First, we introduce the iteration scheme, then we
discuss subproblems with frozen arguments, then we verify the needed continuity properties of the fixed point map, and
finally we prove the solvability of the regularized problem (P,). In the following, constants are allowed to depend on the
regularization level M.

4.3.1 | Iteration scheme
We work with the non-empty, bounded, closed, convex set

N 1= {(@n. @p, T) € H'(Qpn) X H'(Qpp) X W"(Q) : @il < cmm,

. . (4.2)
lpillo@yy < K. i=np, ITlwuw@ < cry,» T > Ta ae.in Q},

where ¢y > 0 will be defined in (4.8) and Lemma 4.2; ty; > 2 and cr,,, > 0 will be introduced in (4.10) and Lemma 4.3.
In particular, we find a constant T, such that T, < T < T, for all (¢,, ¢y, T) € N'. For a simpler notation, we use the
auxiliary function

L Ep + p W\ Op 1 @n—En oy
U(W,(Pn,(Pp,T)-—Npog< T _kM<?>»? — NnoG kM(?)‘ T 7)) (4.3)

The fixed point map Q : N' = N, (@n, @p, T) = Q(@n., Pp, T) is defined by the following three steps:

1. For given (@n, @p, T) € N, functions V,, V, defined in (2.9), and = from Section 2.3, we construct the H'(Qp)
function

7 = =0 (Ga+ VaD ) + 7 (3 - Vo(D) 4.4)

(see Lemma 2.1). By Lemma 4.1 there is a unique weak solution y € +H11(QD) to the nonlinear Poisson equation

—V - (eVy) = C+ Uy, Gn, §p. T) in Q,

D 4.5)
w=yw on I, eVy-v=0o0n 0Qp\I.

2. We introduce the quantities

~ on—E, 0,\ ~ E,+¢ o
nM:=Nnog<kM<g>_(p ~ ;67>,PMI=NpoQ< P_ P—’w(%);é)- (4.6)
T T T T T T

With frozen coefficients d, (7, T, [Vy ), dp(Dwm, T, |Vy|) and reaction rate coefficient 7 := r(7ps, P, T), we solve (4.7)
to obtain a weak solution (@, @p):

=V - (dn(Fins, T, |V )V o) = Ra(Fin, Pas T» @y ) in Qon,
[[@all =0 on I, [[duGim, T, [Vy|)Ven - vpll = 0 on Iy,
@n =% on I'py, Vo, -v=0 elsewhere,
4.7)
=V - (dp(Pu, T, IVy)V@,) = —Ra(fim, Pu, T, on, ®p) in Qpp,
[[@pll = 0 on I, [[dy@u. T, IVw Ve, - vpll =0 on I,
®p = (Pg on I'p,, Vg, -v=0 elsewhere.

According to Lemma 4.2, we obtain a unique weak solution (¢,, ¢,) € (@D + Hlljn(QDn)) X ((pg + Hll)p(QDp)) to (4.7). For
some exponent sp; > 2, the solution fulfills the following estimates

lpill=@y) <K, ll@illmey, < emms ll@illwsw@,,) < Cms, i =n,p, (4.8)

which are uniform with respect to (@, @p, T)eN.
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3. These estimates together with 7iy;, Py < N guarantee that the right-hand side of the heat equation,

-V. (XVT) = hQ(’ﬁMa’ijM7 :fs |VW|7 V(pm V(ppa Pns (Pp) in 97 (4 9)
AVT - v+ x(T=T,) =0 on T '

belongs to L*/2(Q) with uniform L*»/2 bound for all (@, @p, T) € N'. Lemma 4.3 ensures a unique weak solution
T € HY(Q) to (4.9). For some t, > 2 it fulfills

||T||W1.tM(g) < CT.ty, and T > Ta, (410)

which in summary demonstrates that Q(@,, @p, T) 1= (¢n, ¢op. T) EN.

4.3.2 | Solvability of subproblems and estimates for their solutions

Lemma 4.1 (Poisson equation). We assume (A). Let (¢, @p, T) € N be arbitrarily given and P be defined by (4.4).
Then there exists a unique weak solution v € P + Hll(QD) to the nonlinear Poisson Equation (4.5). There exists a
constant ¢, in > 0, not depending on the choice of (¢n, @p, T) € N, such that lwllm < cy .

Proof. 1. Using Assumption (A) and Lemma 2.1, we have [P ||, < c for all (@, @p, T) € N for §P as in (4.4).
Note that || T||w < cry, implies || T||z- < T, (comp. 4.2). By the properties of the Gauss-Fermi integral, for given
(@n, @p, T) € N the operator B35 wP + H!(Qp) — (H(Qp))",

(B, 5, 10 W) 1= / eVy - Vigdx - / (VW30 Gp. T + C) Wax, V7 € H} (@)
Qp Qp

is strongly monotone and Lipschitz continuous (where we use that ||V - ||;» is an equivalent norm on H%(QD) since
mes(I) > 0, that ‘;—;;(n;z) € (0,1) for all 7 € R, z> 0, and that T > T,). Thus, the unique solution y € §° + H}(Qp) to
B(an@ﬁ)"’ = 0 is the unique weak solution to (4.5).

2. Applying the test function y — ” € H}(Qp), we derive

~D ~D ~D ~D
v =705 ) < Cllv = 70l 17 ) + DI = #lln@y)-

With Young's inequality and the fact that ||° || q,) < ¢, we estimate ||y/||; < ¢, m independently of the choice of
(@n, @p, T) € N, which gives the desired constant. O

Taking into account that T > T, thatz — G(n,z) is monotone increasing for negative arguments #, and that n — G(#, z)
is monotone increasing for positive z (see Appendix A), we find

o :=Ng<_K;—E_M;O> SNG(_K+E_M_@>

- - =
@, — E, ~
< NyoG <kM (%) - M;¥> = Ny

Similarly, we obtain bounds for py; defined in (4.6) such that

C_M < ﬁM, 5M < ITIa.e. in Qp. (411)
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Additionally, taking into account the boundedness of the mobility functions y; (see last assumption in (A)), upper and
lower bounds for the ionized dopant densities §; in Q;, i =n, p, we find cjy, ca, > 0 such that

vt < dyr 2= du(Fing, T, | V) < a2 in Qpy,
~ o~ ' (4.12)
e < dpy 1= dp(Pum, T, [V |) < ey ace. in Qpyp.

Moreover, note that the reaction rate coefflcient T 1= r(Mp, Purs T) is nonnegative and has a uniform upper bound on
Qp. Having at hand the estimates (4.12) for d;; and the upper bound for 7, we can apply the same arguments as in the
proof of Lemma 6.2 in Glitzky et al'® to verify the following result.

Lemma 4.2 (Continuity equations). We assume (A). Let (¢n, @p, T) € N. Then (4.7) has a unique weak solution
(@n, @p) € (@h +H]13n(QDn)) X ((,ol],J +H11)p(QDp)). For some exponent sy > 2, it fulfills ||@;|lL=@,,) < K, l@illm@,) < cm.m,
ll@illwisn,,) < cms. i = n, p. These estimates and sy are uniform with respect to (¢, p, T) € N.

Lemma 4.3 (Solution to the heat equation). We assume (A). Let (¢, @p, T) € N. Then there exists a unique weak
solution T € H'(Q) to (4.9). It satisfies T > T, a.e. in Q. Additionally, there is an exponent ty; > 2 and a constant cry, >0
independent of the choice of (@n, @p, T) € N such that ||T|lwru @) < 1),

Proof. Lemma 4.2, (4.12), and the boundedness of 7 guarantee the existence of cgps > 0 such that

| Vil i,y < Cam» i = n.p,

- ®p (4.13)

~ ®Pn
r <exp - 1) (on — @p)

< CHMm-
LM/2(Qp)

Thus, the right-hand side ho iy, Py, T, |V |, Voo, V@p, @n, @p) of Equation (4.9) has a uniformly bounded LS«/2(Q)
norm (sy/2>1) for all (@,, @y, T) € N. Therefore, there is exactly one solution T€ H'(Q) to the linear heat
Equation (4.9) with Robin boundary conditions satisfying || T||z: < Crarm. We introduce the exponent 5y, via

2 <y = M (4.14)
2+

SMm

and find by Groger's regularity result?? (analogously to Step 6 of the proof of Theorem 3.1 with Sy, 7/, ty instead of
s, t*,t) an exponent ty > 2,

t* if 2 e [1 Ztﬂ*‘]

L M Sy—2 -2 1 1
tM L ~ % ) — + o 1’
B Sy 2 vty
4=5y Sm—2 =2

(depending only on the data and the geometric setting) and a constant cr,, > 0 such that ||T||ym@q) < cry, uni-
formly for all (@, @p, T) € N. (Here we applied (4.13) and the fact that the definition of t); ensures the embeddings
Lv/2(Q) & I/2(Q) & Wbin(Q) = Whin(Q)*.) Since the right-hand side of the heat Equation (4.9) is nonnegative,

the test of (4.9) by —(T—T,)" leadsto T > T, a.e. in Q. O

4.3.3 | Complete continuity of the fixed point map Q

Here we prove the complete continuity of the fixed point map Q@ : N — N, which directly implies its continuity. This
proof is done in several steps: Let (pr — @;in HY(Qp)), i = n,p, and T" = T in W' (Q). Then we verify

1. P = FP in HY(Qp) (Lemma 4.4),

2. w! — y in HY(Qp) for solutions to (4.5) (Lemma 4.5).

3. For each non-relabeled subsequence {1}, there is a sub-subsequence {/;} such that Vyli(x) = Vi (x), whi(x) - y(x)
a.e. in Qp (Lemma 4.6).

4. Solutions (¢!, (pﬁ,) to (4.7) converge strongly to (@,, @) in H'(Qps) X H'(Qpp) (Step 2 in the proof of Theorem 4.3).

5. Solutions T* to (4.9) converge strongly to T in W4 (Q) (Step 3 in the proof of Theorem 4.3).
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Lemma 4.4. We assume (A). Let (@, @p, 1), (@ @b T € N forall L If (3, (7)5,, D) = (@n, @p, T) in H(Qp)? X
Whin(Q) then P! — P in H(Qp) for the Dirichlet functions constructed by (4.4).

Proof. 1. Have in mind the definitions (2.18), (4.4) and the proof of Lemma 2.1. Let ((Zln, 5;, D =~ (@n, @ @ps T) in
H'(Qp)? x Whi(Q). The convergence of the terms in (4.4) with @; follows directly from @ (pl — @; in HY(Qp;), i = n, p,
and the definition of 7 in (2.19). The difficult part are the convergences of Vi(Tl).

Since the triples belong to N, we have uniform L*® bounds for &5, @ini=np,0< T, < T, T < T,. The results
of Appendix A, especially Lemma A.2, ensure the needed continuity and differentiability properties of T+ V;(T) for
T, <T<T,. We use the notation of Appendix A and demonstrate the weak convergence of TVi(T’) - TVL-(T) in
H'(Qp).

The compact embedding of W (Q) into L®(Q) ensures T! — T in L®(Qp). Moreover, T! — T in Wl (Q) yields
that VI! — VT in L2%(Qp)?. Let ve H(Qp) be arbitrary. Due to the continuous differentiability of the map T — Vi(T)
and Lemma A.2 we have

/ « (VT = Vi) ) vax < il T~ Tl ma
HG[TQ,TMJ

Qp

dvi

— (0 0
T 0|~
For the gradients of 7V;, we use the following decomposition:

/ v [T (Vi(T’) - Vﬁ))] Vvdx =L + L + I,

Qp
where
L] := (V(Tl)—V(T)) Vr - Vudx| < c|llmIT' = T|lzz max %(9) -0
1l - i i = H L 0€lT,.T,] dT ’
Q‘D
d‘/l =il d‘/l ~ ™l Tl Tl
t= —_— - . < 1 1 ©
|L| /r[dT(T) qr D VT - Vvdx) <clvlle IT e IT° ~ Tl poax de (9)
Qp

In the last estimate, we used ||7’l lm@,) <c,veH LQp), T - TinL® (€p), and the boundedness of %(6). Moreover,
we have

~ o~ dv: ~
I := / V(T' = T)- Vvr—(T)dx = 0
dT
QD
since the product of z, d—?(i‘), and Vv can be used as test function for the weak convergence of VT! -~ VT in
L*(Qp)>. O

Lemma 4.5. We assume (A) and consider (¢}, @}, T, (@ns @p, T) € N with @ — @;in H' (Qp). i=n,p, and TN~ T
in Whin(Q). Let w' and w denote the unique weak solutions to (4.5) corresponding to the Dirichlet functions "' and yP.
Then y! — y in H(Qp) and ' — y in L'(Qp) forall r € [1, o).

Proof.
1. Let y be the solution to (4.5) corresponding to the boundary function ? and let ' € P + H, 1(QD) be the
unique solution to the linear elliptic problem

=V - (eV§") = C+ Uy, Gn, @p, T) in Qp,

~ - R (4.15)
'=yP on I, eV@'-v=0o0n aQp\l.

Thus, w' := yw — @' is the solution of —V - (¢Vw!) = 0 with mixed boundary conditions, where the Dirichlet
function is given by w? = ” — . The map that associates the solution w' € w” + H{ (Qp) to w” is bounded
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and linear, and therefore continuous. According to Prop. 4.2, p. 159 in Morrison?? it is also continuous with
respect to the weak topology meaning that wP?' — 0 in H'(Qp) implies w' = y — ' = 0in H(Qp) and ¢! — v
in L'(Qp), re|[1, o).

2. Using the test function y'!— ¢! € Hll(QD) for problem (4.5) with solution y' and for problem (4.15) with solution
! yields

c”l/’l - {/}l”ip(gn)

< / (VO3 @5 T - Vw5 5. D) 0! - 9
QD

= / (U(Wla ("0'51, 5‘2, ;T‘I) - U((I}lv 55’[7 (Zén T‘l) + U({l}la aila §~0§p Tl) - U(W9 5m (;p, 7J")) (Wl - V/}l)dx
Qp

~L >~ >~

The monotonicity of  — G(1, z) gives <7f(u/’, T 35 TH - U@L 3. 3, 7”)) w!'-9hH <o.

Since (@, (7);, T, (@, @p, T) € N (uniform bounds and especially the lower bound T, for the temperatures are

available), we have continuous and bounded derivatives %<, %

oo in the considered arguments that guarantees

U@ B B T = Vs B B DI <t (197 = ]+ 13 = Bl + 17 = Bl + 1T =T ).
In summary, we obtain

1 A2 A1 ~1 ~
" =¥, < em (17" = wlliz@y) + @0 — Pl

HITh = Bl + 1T = Fllizay ) v = 'l

which ensures the convergence y' — ' — 0 in H'(Qp) because of Step 1 and @), — @, @}, > @p, T! - Tin L%(Qp).
Together with ! = y in H'(Qp) from Step 1, this yields y' — y in H'(Qp) and thus, ! — y in L"(Qp) for all r € [1, c0)
asl— oo. O

>l =l

Lemma 4.6. We assume (A). Let (@, @b, T, (@n. §p. T) € N with 31 —~ &; in H(Qpy), i = n,p, and T" = T in
Whin(Q), let w' and y denote the corresponding unique weak solutions to (4.5). Then for all non-relabeled subsequences
{1}, there exists a sub-subsequence {I;} such that y'«(x) - w(x) and Vy'k(x) - Vy(x) a.e. in Qp.

Proof.

1. We exhaust the Lipschitz domain Qp C R? from inside by subdomains e,, @; CC Qp as follows: We define
Qpp :={xeQp : dist(x, 0Qp > l’l}, Qpop :={x€eQp : diSt(X, 0Qp > 2]’1}

Since Qp, is Lipschitz, we find some 0 < hy < 1/2 such that for all 0 < h < hg the set Qpyy, is a nonempty sim-
ply connected subdomain of Qp. We set now h = hk, k € N, and w, 1= Qpyt, and W, 1= Qpypt- Then by
construction, coi c wiﬂ, k € N, and limk_,oomes(QD\coi) =0.

2. For arbitrary fixed k € N, let y, € C(Qp) be such that y,(x) = 1in w12< and yx(x) = 0in QD\a)i. Then uf{ =y

where Wl := (' — w) with ¢! from the proof of Lemma 4.5 has zero boundary values on the entire boundary
0Qp and ||u§{||W1.z(QD) < cfor all . Moreover, since V - (VWI) = 0 (¢ = const), it results

V- (Vul) = V- (Vi) = iV - (V) + 2V - V' + 7'V - (V)
=2Vp - VY + WV (Vr) =2 £y
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Since ||Wl|| H(Q,) are uniformly bounded and y; € C*(Qp) we find that for fixed k the right-hand sides fli are

2

.» We obtain according to Theorem 8.8 (p. 173)

uniformly bounded in L*(Qp). Since wi CccC Qp and uf{ = wl on w

in Gilbarg and Trudinger?* the uniform estimates on a)i

—I I I I
W w22y = g llweaer) < clliwllwizy + 11 llz@y)) < ¢

Thus, we find a subsequence {l, } and y* € W?2(w?) such that ¥ — w*in W?2(?) and therefore T —
in lez(wi). By Lemma 4.5 we know ¥ — 0in Hl(wi), the uniqueness of the weak limit ensures y* = 0,
meaning §' — y in H Ywp).

3. The construction of a subsequence {7} of {{'} for the whole domain Qp, is as follows: For all k € N, we

choose some 'k € {tf/l"f } with ||k — W||W1»1(w,§) < 2—1,( (which is possible due to Step 2), and we obtain

Jim IV@* = )lua, = Jim | [ 1904 - wldx+ [ V@ -wiax

@ Qp \wi

k

. 1 . ~
< lim x+ kll{gc (17l @p) + Nl i@y ) mes(@p\wp)/? =0

k— o0

since ||| (@) and |ly||zq,) have a uniform bound and mes(QD\wlzc) — 0. This L! convergence ensures a
non-relabeled subsequence such that Vi (x) — Vi (x) a.e. in Qp. Since ' —yw! — 0in H'(Qp) by Step 2 of the
proof of Lemma 4.5, we find for a non-relabeled subsequence that also Vy(x) = Vy (x) a.e. in Qp.

4. The convergence yw'(x) — w(x) a.e. in Qp for a subsequence follows directly from Lemma 4.5. -

Theorem 4.3. Under Assumption (A), the map Q : N' — N is completely continuous.

Proof.

1. Let (@, @), T, (@n, @p. T) € N with @} = @; in H'(Qpy), i = n.p, and T! = T in W' (). We have to show

that (@}, @b, T) := Q(@h. @b, T = (@n, @p. T) := Q(@n. Pp. T) in H'(Qpn) X H'(Qpp) X Wi (Q).
The assumed weak convergences imply the strong convergences (Zf — @; in L"(Qpy), i = n,p, and T' > Tin
L"(Q) for all r€[1, o). Lemma 4.5 guarantees for the corresponding unique weak solutions to (4.5) that also
w! = win L'(Qp), r€[1, o) and Lemma 4.6 ensures that for any non-relabeled subsequence of solutions y' we
can find a sub-subsequence such that y¥(x) — w(x) and Vy/¥(x) > Vy(x) a.e. in Qp.

2. In this step, we verify the strong convergence (pﬁ — @; in HY(Qp;), i = n,p. By Lemma 4.2 we have for the
solutions ¢! to (4.7) that ||¢!||m,,) < cu.u. We show that all weakly convergent subsequences of {(¢}. ¢})}
in H'(Qpn) x H'(Qpp) converge weakly to the same limit (¢,, ¢,). Then using Lemma 5.4 in Gajewski et al*®
we have (¢!, (pﬁ,) = (@n, @p) in H'(Qpy) X H'(Qpy) for the entire sequence and as a consequence (pﬁ - @; in
L*(Qp;).

Let {(qolnk, q)ﬁf)} be a subsequence that converges weakly to some (¢, ¢p) in H'(Qpn) x H'(Qpp). We verify that
®; = @;. Since 5?‘ — @ in L*(Qp;), T% — T in L*(Q), and because of Lemma 4.6 we obtain, for a further,

non-relabeled subsequence, that ai" - @ia.e.inQpj, T% - Ta.e.inQ, y* — wand Vy'k > Vy a.e.in Qp. Due

to the continuity of the functions (y, @,, T) — Nnog(%"”"; 67”), (W, 9p, T) Npog(w; %"), (n,p, T) —

r(n,p, T) for T > T, as well as the continuity of the functions d; (with respect to T, n, p, and |V y|) and because
of the L* bounds and the lower bound T, for the temperature for ((7)1,’{, qu)g‘, T, (@, @p. T) € N we find for that
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subsequence

- L Gl —E - —-E,
A 1= NG |k <lff—> - M;f—" — Ny 1= NpG <kM<Z> - U") a.e.in Qpp,
Tl Th Tk T T T

~l
N Ep+(pk b o - E +(Z
pj\’j[:szog N—p—kM<y~/—>;~—p _’pM:ZNpog< P p_kM<g>’ p>aem Qpp,
Tl Th Th T T T

P = r(nM,pM, Th) = F := r(fiy, Py, T) a.e. in Qp,

S

= da T, T VY ]) = doy 2= da(iig, T, V) ace. in Qpp,

d, 1= dyBl T4 VD) = Doy 2= B T2 VW) 2. in Qpy.
(4.16)
Using ((pn - @n, (pp @p) as test function in (4.7) gives
~l
Z /{dillc\/l ; dlMV‘Pt} Vg — ppdx
i= n,p QDl
On— @ (plk _ (plk (4.17)
_/< <exp P 1) e (exp "Tl p _1>> (qon @ (pp+(pp>dx
k
Qp

‘We write
d* Vol = dt V(pk — @) + dt Ve
MY P = G V@ — @i i ¥ Pis

oL — @ or — @ oL — @ oL — @ or— @
Freexp —2 = (% —Flexp ——= +T |exp ———2 —exp ——2 | +Fexp ——2.
Th T! T T T

k

I

Having in mind that T Tl > T, a.e.in Q, @;, qo € [-K,K] a.e. in Qp;, exp O (p" < ¢, the Lipschitz continuity

of the map T — exp ——+ 2% for (¢n, @p, T) €[— K, K]* X[T,, o), the bounds from (4.12) and mes(I'p;) > 0 we
derive from (4.17) the estlmate

I I,
! ~ Pn — Pp Pn— Pp I 1
¢ Z llo; — (pillip(gm) + / r (eXp 7 exp 7 ) ((p,’{ —n—@p + (Pp> dx

i=n,p

QD
1
! k5P
<c Z IV(e) — eillr2@p) M diM’ Vi dx
i=np Qp;
. 2 o~
ve 3ok = oilay || [ -7 ax| 41T =T |
i=n,p Q

Due to (4.12) and ||@;||m1 @, < cm.m the first integral on the right-hand side has an integrable majorant. Since
by assumption, the function r is bounded also the integrand of the integral in the last line has an integrable
majorant. Using (4.16) we apply Lebesgue's dominated convergence theorem for both integrals to show that they
tend to zero, and by assumption, Tk — T in L*(Q). Therefore, in summary, it follows ||(p?‘ - @il @, — 0 for
the subsequence related to the a.e. convergence of (7)1,’[, @Z‘, Tle, yh, Vy . Since by assumption, (pi’; also weakly
converges to ¢} for this subsequence, we find that ¢ = ¢; and that the entire subsequence converges weakly
to @i, i=n,p.
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Since the subsequence was arbitrary, we verified that all weakly convergent subsequences of { (¢!, (pﬁ,) } converge
weakly to (@n, @p). Thus, by Lemma 5.4 in Gajewski et al,? it follows (¢!, (pé,) = (@n, @p) in H(Qpy) X H'(Qpp)
for the entire sequence.

In summary, we know that the subsequence {qoi"} is strongly convergent, (pi" — @; in H'(Qp;), and the entire
sequence (pf — @; in H'(Qp;). The uniqueness of the weak limit guarantees that every strongly converging
subsequence converges to ¢;. If there was any subsequence {qoﬁ"} that does not contain any converging subse-
quence then there would be « > 0 such that ||(pi“ — @illm > a for all [,. We lead this to a contradiction again

by the method of Step 2 using the convergence a.e. of (ﬁi", T's,wh, and Vyt for a corresponding non-relabeled
subsequence. Therefore, we obtain (pﬁ — @; in H(Qp;) for the entire sequence, i =n, p.

3. It remains to verify that ' — T in W (Q) for the corresponding solutions to (4.9). According to Lemma 4.3,
we have || T!|yin < cry,, for all L. First, we show that all weakly convergent subsequences of {T'} in Whin(Q)
converge weakly to T. Then, we have T! — T in Wb (Q) for the entire sequence (Lemma 5.4 in?®). Let for
some subsequence {T%} and some T* € W (Q) hold true that T% — T* in Wl (Q). We verify that T* = T.
We consider a further non-relabeled subsequence, where especially q)ﬁk — @; in HY(Qp;), goﬁ" — @; a.e. in Qpj,
Th > Tae.inQ, y* - yand Vy't - Vy a.e.in Qp, i =n, p. Our construction of §y; and £y, > 2 in Lemma 4.3
ensures the embedding L/2(Q) — W14(Q) = Wi’ (Q)*, where i + l,i = 1. The result of Gréger?? for the

M

linear heat equation guarantees the estimate

1 =1 7 7 T
1T = Tl < cllfls = Rallyr oy + 8y, < clliy = Rall s + 0y (4.18)

. =1 ~l, ~l, ™ l} l l} l} >~ ~ ~
with b 1= ho(. Dy T, V|, Vo, Vo, . ox. ) and hg = ho(iy.Du. T, V¥ |, Vou, Vp. @n. @p) and

6, — 0 for T — T in HY(Q). We have to show ||Ei§ - EQHLgM/z(Q) — 0. Since

~l ! ~ ~i ! Ly S 1 ~L

di V! 1> —dim|Voil*| < dii V(9 — o)l IV | + dif Vil V() — @) + |, — dim| Vil
we find with (4.14)

~ 1 ~ Sy /2
Il 1Vl P = dine Vo P11

I3Mm/2
l 5 [ 3 ! 3 ~ 3% 5
< c/ (IV((pi" — @)WV 2 4 |V 2| V(g) — )|/ + |d¥ — diM|SM/2|V(Pi|SM) dx
Qp;
l S /2 L 118y /2 Sy /2 ~l ~ 5 3,
<cligf = oill” (ot 152, + ol ) + / |l — dine /2| Vi dx.
Qp;

Using the a.e. convergence Eﬁ;w - Hl-M and the integrable majorant c|Vg;[*, Lebesgue's dominated convergence

theorem gives the convergence to zero of the last integral. Since ||(p§k — @i|ll;m — 0and ||(pik lwiss ||@illwrsn < s the
right-hand side tends to zero for the considered sub-subsequence. Moreover, exploiting
I Iy
~ ~ -9 Pn— @, .
e - 7 and exp % — exp # a.e.in Qp,
T T

——2 -
and the integrable majorant (4KrN exp ZT—K)SM/ 2 Lebesgue's dominated convergence theorem gives for this subse-

quence
S /2

L L
N Py — @ ~ -
/rlk<expu—1> (pﬁ’;—(pf,k)—r<exPu—1>(<pn—(pp) dx — 0.
T

T
QD

Thus, in summary, we have ||El§"2 - EQ” ru/2 gy — 0such that especially || Tk — T||;n — 0. Moreover, due to (4.18) this
ensures Th — T in Wl (Q). According to?? the solution to (4.9) with right-hand side EQ is unique, and it follows
that T — T* = T in W' (Q), for this subsequence. Since we verified for arbitrary weakly convergent subsequences
Th — T* in Whi(Q) that T* = T, we obtain the weak convergence of the entire sequence T' — T in Wi (Q).
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To conclude, we know that at least for one subsequence { T%} is strongly convergent, T% — T in W (Q), and for
the entire sequence T' — T in Wb (Q). The method of Step 3 and the uniqueness of the weak limit guarantees that
every strongly converging subsequence converges to T. If there was any subsequence { %} that does not contain any
converging subsequence then there would be a > 0 such that || T — T||y1aq) > « for all I,. As in Step 3, we lead

this to a contradiction using the convergences a.e. for a corresponding non-relabeled subsequence. Finally, the entire
sequence T' must strongly converge to T in W4 (Q) which finishes the proof. O

4.3.4 | Solvability of (Par)

Here we prove Theorem 4.2. The set A is nonempty, closed, and convex in H(Qp,) X H'(Qpp) X Wi (Q). Applying
Theorem 4.3 and Schauder's fixed point theorem, we obtain at least one fixed point (¢, ¢p, T) € N of Q. For this fixed
point, we define as in (2.18) the Dirichlet function

wP 1= (1= 2) (@n + Va(D) + 7 (¢p = Vp(T)) € H'(Qp) N L¥(Qp),

solve by Lemma 4.1 the problem B, 4, nw = 0, and gain a unique weak solution y € vl + Hll(QD) to the nonlinear
Poisson Equation (4.5). It remains to show that the quadruple (v, @,, @p, T) lies in the correct spaces in the sense of (4.1).

The definition of N ensures T € {u € HY(Q) : Inu € L*(Q)}. Since (¢, ¢p, T) is a fixed point of Q, the regularized
continuity equations (middle equation in (4.1)) hold true, and Step 2 of the proof of Theorem 3.1 for Problem (P) can be
applied with the same constants for the regularized situation, see especially (3.1). Therefore, the estimates in Step 3 of
that proof remain valid with the same constants, now for the heat equation with the regularized right-hand side, giving
especially || T||zr) < cr. Since (@n, @p, T) is a fixed point of Q, Lemma 4.2 guarantees ¢; € W (Qp;), i = n, p. Now the
Poisson equation and the heat equation (first and last equation in (4.1)) are simultaneously fulfilled. Thus, we can repeat
the arguments in Step 4 in the proof of Theorem 3.1 (see also Step 1 in the proof of Theorem 4.1) to obtain an L™ estimate
for w/T with exactly the same bound c,,7. Now we proceed as in Step 2 in the proof of Theorem 4.1 and repeat Step 5
in the proof of Theorem 3.1 to ensure that g; € W(Qp;), i = n, p. Therefore, (v, @y, @p, T) solves problem (4.1) which
proves Theorem 4.2.

Therefore, also the proof of Theorem 3.2 is finished.

5 | DISCUSSION

In this paper, we studied a coarse-grained model for the electrothermal behavior of organic semiconductor devices under
some simplifying model assumptions. For example, we neglected the temperature dependence of the energy levels E, and
E,, the disorder parameters o, 6, the total density of transport states Ny and the charged doping densities N} and N,
This was done so as not to overload the analytical estimates and to concentrate on the main coupling mechanisms and
their analytical treatment in the case of organic semiconductor devices. In Glitzky et al,'° we presented an existence proof
for a coarse-grained model in the inorganic case with Boltzmann statistics where the temperature dependencies of band
edges, effective density of state and charged doping densities are fully contained.

An existence result for the coarse-grained model in the 3D case is completely open. The following techniques of the
present paper fail: We would need that the Dirichlet functions w?” and P, defined in (2.18) and (4.4), respectively, are
at least H*(Qp) functions. This especially ensures that the nonlinear Poisson Equation (4.5) in the iteration process has a
unique solution (comp. Lemma 4.1). To guarantee that the Dirichlet functions are in H'(Qp), T, resp. T hasto belong also
at least to H'(Qp). Due to the Joule heating terms in the right-hand side of the heat equation, this can, however, only be
achieved for electrochemical potentials from W 4(Qp,) for suitable g > 2.

For the latter, available regularity results for elliptic equations in the 3D case (see, e.g., sect. 6 in Disser et al.®) do not
provide uniform estimates of

”(_V : dn(’ﬁM9 T, lVWl)V')_l”ﬁ(W[};'q(QDn),WE,’f(QDn))’
F -1
1=V - dp@Ms T,|Vy)V-) |Ig(W];;ﬂ(gDp),W];q(gDp))

P

for all (@n, @p. 7’) in a corresponding fixed point set N (comp. Lemma 4.2) even if we knew that

d < duGing, T, |V 1), dy@ur, T, | V]) < d for all (@, 3y, T) € N
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In the 2D case, the last estimate ensures these necessary uniform bounds for the inverses for the suitable exponent g > 2
by exploiting Groger's regularity result Theorem 1 in Groger.2?
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APPENDIX A: PROPERTIES OF THE GAUSS-FERMI INTEGRAL

Here we collect important properties of the statistical relation for organic semiconductors from sect. 2.1 in Doan et al.,?’
Lemma 2.1 in Glitzky et al.,?® Lemma 2.1 in Glitzky et al'! and derive some further relevant properties. The Gauss-Fermi
integral is given by

1 ) §2> 1
,2) 1= —dé&. Al
G(n,2) \/ﬂ_ e P< exp@E —m +1 ¢ (A1)
Note that (0, z) = % forallz> 0. For # € R and 2> 0, the partial derivatives of first and second order exist and are given
via
2 _
9, /exp { & } eXPERE—M) 4,
(377 \/ﬂ [exp(z¢ — 1) + 1]2
1 & } exp(zé — n)¢
s - — - d )
R { 2 J T —m+1P
0% 1 / { } exp(z€ — m)lexp(zé —n) — 1]
TSm0 = —— de, A2
on? (n,2) \/E_ exp [exp@E — ) + 11° 4 (A2)
0% 1 / { & } exp(z¢ — Il — exp(zé — n)]
s = ~ d )
0zon (n.2) \/Z J exp 2 [exp(zé —n) + 113 ¢
0*G 1 / { & } > exp(z€ — n)lexp(zé —n) — 1]
—,2) = — = dé.
o0 ] TP op@E-m 1P
They satisfy
ﬁ(n;z) €(0,1) and lim ﬁ(n;z) = lim %(n;z) =0
on n—to0 O n——c0 0
and
>0 if <0
—Q(ﬂ 2)3=0 if =0 and ’—Q(n z)‘ ~(1+exply|) Vz>0,Vn € R (A3)

<0 ifxy>0
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which ensures a constant ¢, > 0 such that |§ZQ(;1; z)‘ < ¢k for alln € R with || < k and all z with z > z > 0. Moreover,
we find ¢,z > 0 such that

3—g(n,z) > ¢z forall # € R with || <k andall z with 2>2z> 0. (A4)
n

This estimate follows directly from the inequalities

1
oG 1 £ exp(zé — 1)
a_n("’Z) > \/—__/1eXp <_5> de

2 [exp(zé —n) + 112

1
ZL/exp<_i>dg exp(-Z— In)
Vard, 2) 7 lexp@+ In) + 17

2 —7
Z L exp <_€_> dé M =: Ck,Z'
-1

lexp@+k)+ 112

By G1(»;2), we denote the inverse of G with respect to the first variable and for fixed z. For parameters 0 < § < Ny, E €
R, 6 > 0, and T > 0, let the quantity V(T) = Tg‘l(ﬁ; %) — E be the unique solution to H(T, V(T)) = 0 as in (2.6), where

= VtE. oy _
H(T,v) := NoG(=: 7) — 6.
Lemma A.1l. 1. If T > T, for some T; > 0, 25 < Ny, and V(T) solves H(T,V(T)) = O then

(0.0 _ _
TG <N0’T,> E<V(T) < -E. (A5)

Proof. By 6 = NoG(n;z) and 26 < Ny we get n = &THE < 0 which ensures the upper estimate V(T) < —E. According

to Lemma 2.1 in!! we find
1) ( a) c
No g T _Q<n,Tl>
5.0

Since G is monotone increasing in the first argument, it follows @5 > G <17 T ), which gives the desired lower
0 1

estimate. O

Lemma A.2. Weassume 26 <Ny, 0<T; < T < T, forsome T, Ty, and o > ¢ > 0. Let V(T) solve H(T,V(T)) = 0. Then

the derivatives %(T) and %(T) are bounded by constants depending on Tj, T,,.

Proof.

T on

abbreviations #(T) = V(D)+E

1. Since %(T, V) = Ny 9 % %) > 0 for all v € R the implicit function theorem can be used to obtain with the
T 2 Z =

% the relation

dv .. [0H oM
T = ‘[W(T’ V(T))] ST V(T)

196 ol [96 o G
= [a (n(T),z)] [dn n(T);2)n(T) + 9z (n(T),z)z] (A6)

-1
_ |96 . 9G ) 1 6.
= [0'7 (n(T),z)] P M(T);2)z+ G <N0,z>
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for all T> 0. Note that for temperatures with upper and lower bounds, we get bounds for %, see (A3), (A4d),
and Lemma A.1. Therefore, using |V(T) — V(Ty)| < |Z—¥(Tg)||T — Ti| for some Ty €T}, T,], we obtain the

continuity of the map T+ V(7).
2. Moreover, implicit differentiation gives (here we leave out the arguments)

0*H 0*H dv 0*H (dV 2 oH d*v
42 (D) + —(==(T == (=0
arz * avaTdT( )+ o2 <dT( )> % dT2( )

and results in

mD=-(5 T+

d?v (67{)‘1 PH ., PH AV 0*H (d_V(T)>2
dT1? oT? ovoT dT ov: \dT ’

where it remains to show that the term in the bracket stays bounded for temperatures with upper and lower
bounds to establish the boundedness of %(T). Note that

0*’H _ Ny 0°G

o T2 o2’

0*H Ny [0G | 0%C 0°G
oTov T2 [a_n o azan|”
PH Ny [o oG 02 02 0 0 92 0
= = T—‘Z) [a—g +a—§z+ a—ﬁn2+?§7zry+a—§n+ﬁzn+a—§zz+a—gz]
No [ oG G G, 0*%C 0’G ,

299, 1299, 496,20, 5,96, 90
o' 25T o oYt 9t

=T2

. 2 2 2 —
Next, we verify the boundedness of 26 96 96 for 0 < T)< T < Ty, 0>0>0,and |v| <c. Because of | fﬁil;)

on?’ ozon’ 0z
for all y>0, we find from (A2) that

<1

(s

0%G 1 & _
a—nz(ﬂ,z)' < E/exp{—;} de=1.

. 2 2 0 . 0
In the expressions for g and %, respectively, in (A2), we write

E2exp(zé — n)lexp(zé —n) — 1] E2exp(zé) (exp(z€) + 1) exp(—n)[exp(zé — n) — 1]

[exp(zé — 1) + 113 " (exp(zé) + 1)? [exp(z& — ) + 113

and

Eexp(zé€ — 1 — exp(zé — n)] _ Eexp(zé)  (exp(zé) + 1)* exp(—n)[1 — exp(zé — n)]
[exp(z& —n) +1]3 (exp(z&) + 1)2 [exp(zé —n) +1]3

2
Since X2 - eI < for ] ) € R, we can estimate the absolute value of the first factor on the right-hand
(exp(N+1)?” (exp(»)+1)?
side of the first equation by lz and in the second equation by . To handle the absolute value of the second factor in

both equalities, we set a : = exp(z¢), b := exp(—n) and have to estimate

l(a +1)*b(ab—1)| _ |a*b? +a?(2b*> — b) + a(b* — 2b) — b|

for a,b > 0.
(ab+1)3 a*b® +3a2b2 +3ab+1
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In case of b >1 (meaning # < 0), we estimate

|(@+17bab -1 _ ab*+20%h* +ab*+b _ b@’h® +2a°h> +ab+1)
(ab+1)3 ~ a3b3+3a2b> +3ab+1 a3 +3a?b>+3ab+1

For the case b < 1 (meaning # > 0), we find

l(a+1)’b(ab—1)| _ |a’b® +a*(2b® — b*) + ab(b* — 2b) — b?| < a*b® +a*b* +2ab+1 <1
(ab + 1)3 - b(a3b3 + 3a2b? + 3ab + 1) ~ b(a3b3+3a2b>+3ab+1) ~ b’

072
estimated by exp(|#|). In summary, we end up with

Therefore, in both integrands of 29 and ;Zz—;, the absolute value of the second factor in both equalities can be

%G
azon

0*G 1 1
a—zz(n,z)‘ < exp(ln ‘ (n,z)‘ < L expln

This guarantees for arguments # = ‘% andz = % with |v| <¢, |E| £ ¢y, and 0 < T; < T < T, uniform bounds for all
the second derivatives of C. O
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