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Abstract

A typical phase field approach for describing phase separation and coarsening phenomena
in alloys is the Cahn-Hilliard model. This model has been generalized to the so-called
Cahn-Larché system by combining it with elasticity to capture non-neglecting deformation
phenomena, which occurs during phase separation and coarsening processes in the material.
Evolving microstructures such as phase separation and coarsening processes have a strong
influence on damage initiation and propagation in alloys. In order to account for damage
effects we develop the existing framework of Cahn-Hilliard and Cahn-Larché systems by
incorporating an internal damage variable of local character in the sense that damage of a
material point is influenced by its local surrounding. The damage process is described by a
unidirectional evolution inclusion for the internal variable.

For Cahn-Hilliard and Cahn-Larché systems coupled with rate-dependent damage pro-
cesses, we establish a suitable notion of weak solutions. We prove existence of weak solutions
of the introduced systems. The result is based on a time-incremental minimization problem
for a regularized model with constraints due to the unidirectionality of the damage. By
passing to the limit in the regularized version we show existence of weak solutions of the
introduced Cahn-Hilliard and Cahn-Larché systems coupled with damage.

1 Introduction

Due to the ongoing miniaturization in the area of micro-electronics the demands on strength
and lifetime of the materials used is considerably rising, while the structural size is continuously
being reduced. Materials, which enable the functionality of technical products, change the mi-
crostructure over time. Phase separation and coarsening phenomena take place and the complete
failure of electronic devices like motherboards or mobile phones often results from micro—cracks
in solder joints.

Solder joints, for instance, are essential components in electronic devices since they form
the electrical and the mechanical bond between electronic components like micro—chips and the
circuit-board. The Figures 1 and 2 illustrate the typical morphology in the interior of solder
materials. At high temperatures, one homogeneous phase consisting of different components of
the alloy is energetically favourable. If the temperature is decreased below a critical value a fine
microstructure of two or more phases (different compositions of the components of the material)
arises on a very short time scale. The formation of microstructures, also called phase separation
or spinodal decomposition, take place to reduce the bulk chemical free energy. Then coarsening
phenomena occur, which are mainly driven by decreasing interfacial energy. Due to the misfit of
the crystal lattices, the different heat expansion coefficients and the different elastic moduli of
the components, very high mechanical stresses occur preferably at the interfaces of the phases.
These stress concentrations initiate the nucleation of micro—cracks, whose propagation finally
can lead to the failure of the whole electronic device.

The knowledge of the mechanisms inducing phase separation, coarsening and damage phe-
nomena is of great importance for technological applications. A uniform distribution of the
original materials is aimed to guarantee evenly distributed material properties of the sample.
For instance, mechanical properties, such as the strength and the stability of the material, de-
pend on how finely regions of the original materials are mixed. The control of the evolution of
the microstructure and therefore of the lifetime of materials relies on the ability to understand
phase separation, coarsening and damage processes. This shows the importance of developing
reliable mathematical models to describe such effects.
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Figure 1: Left: Solder ball and micro-structural coarsening in eutectic Sn—Pb; Right: a) directly
after solidification, b) after 3 hours, and ¢) after 300 hours [HCW91];
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Figure 2: Initiation and propagation along the phase boundary [FBFDO6].

In the mathematical literature, coarsening and damage processes are treated in general sepa-
rated. Phase separation and coarsening phenomena are usually described by phase—field models
of Cahn-Hilliard type. The evolution is modeled by a parabolic diffusion equation for the phase
fractions. To include elastic effects, resulting from stresses caused by different elastic proper-
ties of the phases, Cahn-Hilliard systems are coupled with an elliptic equation, describing the
quasi-static balance of forces. Such coupled Cahn-Hilliard systems with elasticity are also called
Cahn-Larché systems. Since in general the mobility, stiffness and surface tension coefficients
depend on the phases (see for instance [BDMO07] and [BDDMO7] for the explicite structure de-
duced by the embedded atom method), the mathematical analysis of the coupled problem is very
complex. Existence results were derived for special cases in [Gar00, CMP00, BP05] (constant
mobility, stiffness and surface tension coefficients), in [BCDT02] (concentration dependent mo-
bility, two space dimensions) and in [PZ08] in an abstract measure-valued setting (concentration
dependent mobility and surface tension tensor). For numerical results and simulations we refer
[Wei01, Mer05, BM10].

The mathematical investigation of models for damage evolution in elastic materials has started
in the last ten years. In the simplest case, the damage variable is a scalar function and describes
the local accumulation of damage in the body. The damage process is typically modeled as a
unidirectional evolution, which means that damage can increase, but not decrease. Based on the
model developed in [FN96], the damage evolution is described by the balance of force equation
which is coupled with a unidirectional parabolic [BSS05, FK09, Gia05] or rate-independent
[MR06, MRZ10] evolution inclusion for the damage variable. The models studied in [FKO09,
MRO06, Gia05] also include the effect that the applied forces have to pass over a threshold before
the damage starts to increase.

In this work we introduce a mathematical model describing both phenomena, phase separa-
tion/coarsening and damage processes, in a unifying model. We focus on the analytical modeling
on the meso— and macroscale. To this end we couple phase—field models of Cahn-Larché type
with damage models. The evolution system consists of a balance of force equation which is



coupled with a parabolic evolution equation for the phase fractions and a unidirectional evolu-
tion inclusion for the damage variable. The evolution inclusion includes the phenomenon that a
threshold for the loads has to be passed before the damage increases.

The main aim of the present work is to show existence of weak solutions of the introduced
model for rate-dependent damage processes. To this end we first study the model with regu-
larization terms. A crucial step has been to establish a suitable notion of weak solutions. The
existence result is based on a time-incremental minimization problem for the regularized model
with constraints due to the unidirectionality of the damage. The major task has been to prove
convergence of the time incremental solutions for the regularized model when the discretization
fineness tends to zero. In this context, several approximation results have been established to
handle the damage evolution inclusion. The main results are stated in Sections 5.1 and 5.2, see
Theorems 5.4 and 5.6.

To the best of our knowledge, phase separation processes coupled with damage are not studied
yet in the mathematical literature. However, promising simulations were carried out in the
context of phase field models of Cahn-Hilliard and Cahn-Larché type, see [USG07, GUaMM™*07].

The paper is organized as follows: We start with introducing a phase field model of Cahn-
Larché type coupled with damage, cf. Section 2. Then we state some assumptions and prelim-
inary results for this model, see Section 3 and Section 4. In Section 5, we establish a suitable
notation for weak formulations of solutions for the introduced model and a regularized version
of the model and state the main results. Section 6.1 is devoted to the existence proof for the
regularized Cahn-Larché system coupled with damage. Finally, we pass to the limit in the reg-
ularized version, which shows the existence of weak solutions of the original model, see Section
6.2.

2 Model

We consider a material of two components occupying a bounded domain Q C R3. The state
of the system at a fixed time point is specified by a triple ¢ = (u,¢,2). The displacement
field u : © — R?® determines the current position x + u(x) of an undeformed material point z.
Throughout this paper we will work with the linearized strain tensor e(u) = %(Vu + (Vu)T),
which is an adequate assumption only when small strains occur in the material.

However, this assumption is justified for phase-separation processes in alloys since the defor-
mation usually has a small gradient. The function ¢ : 2 — R is a phase-field variable where ¢
indicates a scaled concentration difference of the two components. To account for damage effects,
we choose an isotropic damage parameter z :  — R. This parameter can be considered as the
reduction of the effective volume of the material due to void nucleation, growth, and coalescence.
No damage at a material point = €  is described by z(x) = 1, whereas z(z) = 0 stands for a
completely damaged material point x € ). We require that even a damaged material can store
a small amount of elastic energy. Plastic effects are not considered in our model. One mathe-
matical challenge is located in the wunidirectionality of damage processes. In other words, z is
monotonically decreasing and allowed to jump with respect to the time variable for any material
point. This restriction forbids self-healing processes in the material.

2.1 Energies and evolutionary equations

Here we qualify our model formally and postpone a rigorous treatment to Section 5. The pre-
sented model is based on two functionals, i.e. a generalized Ginzburg-Landau free energy func-
tional £ and a damage dissipation potential R. The free energy density ¢ of the system is given



by
0
#le,e, V62, V2) 1= Ve + DIVaP £ Wan(e) + Wale,e.2), 78>0, (1)

where the gradient terms penalize spatial changes of the variables ¢ and z, W, denotes the
chemical energy density and W, is the elastically stored energy density accounting for elastic
deformations and damage effects. For simplicity of notation we set v =49 = 1.

The chemical free energy density W, has usually the form of a double well potential for a
two phase system. For a rigorous treatment we only need the assumption (GC6), see Section
3.1. Hence, in particular, classical ansatzes such as

Wen = (1 — 02)2

fit in our framework.
The elastically stored energy density We due to stresses and strains, which occur in the
material, is typically of quadratic form, i.e.

We(e,e) = %(e —e*(c)) : Cc)(e — €*(c)). (2)

Here, e*(c¢) denotes the eigenstrain, which is usually linear in ¢ and C(c) is the elasticity ten-
sor, which is symmetric and positive definite. If the elasticity tensor does not depend on the
concentration, i.e. C(c) = C, we refer to homogeneous elasticity.

To incorporate the effect of damage on the elastic response of the material, W is replaced
by R

Wer = (®(2) + 1) Wer, (3)
where @ : [0,1] — R is a continuous and monotonically increasing function with ®(0) = 0 and
71 > 0 is a small value. The small value 7 > 0 in (3) is introduced for analytical reasons, see for
instance (GC1).

Rigorous results in the present work are obtained under certain growth conditions for the
elastic energy density W, see Section 3.1. These conditions are, however, only satisfied for W,
as in (3) in the case of homogeneous elasticity or if e*(c¢) does not depend linearly on c.

The overall stored energy £ of Ginzburg-Landau type has the following structure:

E(u,¢,z) = E(u,c, z) + L[0,00)(2) d,
i /Q - (4)

E(u, e, z) ::/go(e(u),c,Vc,z,Vz) dz.
Q

Here, ¢[o,) signifies the indicator function on the set [0,00). We assume that the energy dissi-
pation for the damage process is triggered by a dissipation potential R of the form

R(2) :=R(2) +/ L(—o0,0](2) du,

“ (5)

R(2) := / —az+ 56732 dz for @ > 0 and 8 > 0.
Q

If B > 0 then the damage process is referred to as rate-dependent while in the case 8 = 0 the
process is called rate-independent. We refer for rate-independent processes to [EMO06, MT99,
MRO06, MRZ10, Roul0] and in particular to [Mie05] for a survey.



The governing evolutionary equations for a system state ¢ = (u,c¢, z) can be expressed by
virtue of the functionals (4) and (5). The evolution is driven by the following elliptic-parabolic
system of differential equations and differential inclusion:

Diffusion : Opc = —=div(J(u, ¢, 2)), (6a)
Mechanical equilibrium :  div(o(e(u), ¢, z)) =0, (6b)
Damage evolution : 0 € d.&(u,c,z)+d;R(0:z), (6¢)
where o(e, ¢, z) = 0. Wal(e,c,z) denotes the elastic stress tensor and J(u,c,z) designates the

diffusion flux given by —Vu with the chemical potential p := d.€(u,¢, z). Equation (6a) is
a fourth order quasi-linear parabolic equation of Cahn-Hilliard type and describes the phase
separation process for the concentration ¢ while the elliptic equation (6b) constitutes a quasi-
static equilibrium for w. This means physically that we neglect kinetic energies and instead
assume that mechanical equilibrium is attained at any time. The doubly nonlinear differential
inclusion (6¢) specifies the flow rule of the damage profile z according to the constraints 0 < z < 1
and 0;z < 0 (in space and time). The inclusion (6¢) has to be read in terms of generalized sub-
differentials (Clarke sub-differentials).

We choose Dirichlet conditions for the displacements v on a subset I' of the boundary 92
with H"~1(T") > 0. Let b: [0,T] xT' — R"™ be a function which defines the displacements on I" on
a fixed chosen time interval [0, T]. The imposed boundary and initial conditions and constraints
are as follows:

Boundary displacements: wu(t) = b(t) on T for all ¢ € [0,T], (BC1)

Initial concentration : c(0) = in Q, (BC2)

Initial damage : 2(0)=2"<1inQ, (BC3)

Mass conservation : / c(t) — ®dx =0 for all ¢ € [0, T]. (BC4)
Q

Moreover, we use Neumann boundary conditions for the remaining variables on (parts of) the
boundary:

o-v=0o0n0N\T, (

Vu(t)-v =0 on 09, (

Ve(t) - v =0 on 09, (BC7

Vz(t)-v =0 on 09, (
where v stands for the outer unit normal to 0f2.

We like to mention that the mass conservation follows already from the diffusion equation
(6a) and (BCT).

3 Assumptions and Notation

3.1 General assumptions

In this section we collect all assumptions and constants which are used for a rigorous analysis in
the subsequent sections:

(i) General assumptions. Let £ C R™ be a bounded domain with Lipschitz boundary where
the space dimension n is not greater than 3. The exponent p in equation (1) has to be



strictly greater than n and the factor 3 greater than 0. The functions W : R"*" xR xR —
R* and W, : R — R are assumed to be continuously differentiable and W, satisfies the
symmetric condition Wey(e, ¢, 2) = We(el, ¢, 2) for all e € R**™ and ¢,z € R. The value
T € (0,00) specifies the time interval [0,7T] of interest. Further, C' > 0 always denotes a
constant, which may vary from estimate to estimate.

(ii) Converity and growth assumptions. The function Wy is assumed to satisfy the following

estimates:
nle; — €2|2 < (OWaller, e, z) — 0cWallea, ¢, 2)) : (e1 — e2), (GC1)
Wale,c,2) < C(lef* + |c]* + 1), (GC2)
|0eWei(er + ea,¢,2)] < C(Weler, e, z) + |ea] + 1), (GC3)
|0 Wei(e, ¢, 2)| < C(le] + [ef* + 1), (GC4)
|0.Wa(e, ¢, 2)| < C(le]* + |¢)* + 1) (GC5)

for arbitrary ¢ € R and z € [0, 1], symmetric e, e1, es € R™*™ and fixed constants n, C' > 0.
The chemical energy density function Wy, is of the type

[0 Wen(e)] < C(le|* 7 + 1) (GC6)

for some constant C' > 0. For dimension n = 3 the constant 2* denotes the Sobolev critical
exponent given by % In the lower dimensional cases n < 3, the constant 2* can be an
arbitrary large number in this context.

(ili) Boundary displacements. Let T’ be a subset of 9Q with H"~1(T") > 0.

For further considerations, we assume that the boundary displacement b : [0,7] x I — R"”
may be extended by b € WhHL([0, T]; Wh* (£;R™)) such that b(t)|r = b(t)|r in the sense
of traces for a.e. t € [0,T]. We will also write b instead of b.

Remark 3.1 Conditions (GC1), (GC2) and (GC3) imply the following estimates
|0:Weie, ¢, 2)| < C(le] + |ef* + 1), (11a)
nlel* = C(le[* + 1) < Wale, ¢, 2) (11b)

for some appropriate constants n > 0 and C > 0, ¢f. [Gar00, Section 3.2] for (11b).

3.2 Solution spaces

In this section we define the spaces where the solution curves of our evolutionary problem will be
constructed. First of all, we define the space Q fulfilling certain regularity requirements which
will be used for the limit problem:

we L=([0,T); H' (9;R™)),
ce 1([0,T]; Hl(Q)), u(t)|r = b(t)|r as traces for a.e. t € [0,T],

Q= L with 0<z(t)<1lae. inQ forallte0,T],
z € L=([0,T; WHP(2))

z monotonically decreasing with respect to ¢
A AC3([0, T); 12())

Based on Q, the set of admissible solutions of the viscous problem (see Section 5) is

Q" :={q=(u,c,2) € Q|ce AC?%([0,T]; L*(Q)) and Vu € L>([0,T]; L* ()},



where AC? designates the space of absolutely continuous functions with quadratically integrable
derivatives.

It will be convenient for the variational formulation to define Sobolev spaces with functions
taking only non-negative and non-positive values, respectively, and Sobolev spaces consisting of
functions with vanishing traces on the boundary I':

W (Q) = {¢ e W (Q) [ ¢ > 0 ace. in Q},
Wh(Q) == {¢ e W (Q) [ ¢ <0 ae. in Q},

WE (4 R?) = {¢ce W (R ’ ¢|r = 0 in the sense of traces}

for r € [1, 00].

In Cahn-Hilliard systems, the integral mean value of the concentration variable ¢ is conserved
and its time derivative still has (H*(£2))*-regularity. In this context we will work in the following
spaces:

Hy = {C€H1(9)|/dix0},
Hy = {C € (YD) | (€. Dy =0}

This permits us to define the operator (—A)~! : Hy — Hy as the inverse of the operator

—-A: Hy — ﬁo, U <VU7V'>L2(Q). The space Hy will be endowed with the scalar product
(u,0) g, = V(=) u, V(=A) o) p2(q).

4 Preliminaries

This section is devoted to some frequently used approximation features in this paper. The
expression Br(K) designates the open neighborhood with width R > 0 of a subset K C R".
Whenever we consider the zero set of a function ¢ € WP(Q) for p > n denoted in the following
by {¢ = 0} we mean {z € Q|((z) = 0} by taking the embedding W1?(Q) — C°Q) into
account. We adapt the convention that for two given functions ¢,& € L1([0,T]; W1P(Q)) the
inclusion {¢ =0} D {& = 0} is an abbreviation for {¢(¢) = 0} D {{(¢t) = 0} for a.e. t € [0, T].

Lemma 4.1 (Approximation Ia) Let p > n and f,{ € W_‘l_’p(Q) with {¢ = 0} 2 {f = 0}.
Furthermore, let {far}men C Wi’p(Q) be a sequence with far — f in WHP(Q) as M — oo.
Then there exist sequences {Car}aren C W_il_’p(Q) and constants vy > 0 such that

(i) ¢ — ¢ in WHP(Q) as M — oo,
(ii) Cpr < C ace. in Q for all M € N,
(i4i) vy < far a.e. in Q for all M € N.

Proof. Without loss of generality we may assume ¢ Z 0 on Q.
Let {dx} be a sequence with 6 \, 0 as k — oo and 0 > 0. Define for every k € N the
approximation function ¢, € W7 (Q) as

e (T



where []T stands for max{0,-}. Let 0 <a <1 —2 % be a fixed constant. Then Cr € CO(Q) due
to WLP(Q) — C%%(Q). Furthermore, set the constant Ry, k€N, to

1/
Ry = (3c/ICllgomm) >0

It follows {éL: 0} 2 QN Bg,({¢ =0}) 2 QN Bg, ({f = 0}). Without loss of generality we
may assume Q \ Bg, ({f = 0}) # 0 for all k € N. Furthermore, there exists a strictly increasing
sequence { My} C N such that we find for all k € N:

far > ne/2 ae. on Q\ Bg, ({f =0}) for all M > M,

with 7y, == inf{f(z) |z € Q\ Bg,({f = 0})} > 0, k € N, (note that fi; — f in C%*(Q) as
M — o). This implies 7 < far ae. on Q for all M > Mj, by setting 7, == e/ (2/[C] £oe () >
0. The claim follows with (3 := 0 and v := 1 for M € {1,...,M; — 1} and (py := égk and
vy o= Uy, for eaChME{Mk,...,Mk+1—1},k€N. |

Lemma 4.2 (Approximation Ib) Let p > n and ¢ > 1 and f,{ € Lq([O,T];W}r’p(Q)) with
{C = 0} D {f = 0}. Furthermore, let {far}men C Lq([07T];W}r’p(Q)) be a sequence with

fa(t) = f(t) inWhP(Q) as M — oo for a.e. t € [0,T]. Then there exists a sequence {Cp }pren C
Le([0,T7; W+’p(Q)) and constants vpry > 0 such that

(i) ot — € in L9([0, T); W2(9) as M — oo,

(i) (v < € a.e. in Qp for all M € N (in particular {(py =0} 2 {¢ =0}),
(i) var el (t) < far(t) ace. in Q for a.e. t € [0,T] and for all M € N.
If, in addition, ¢ < f a.e. in Qr then condition (iii) can be refined to
(111)” Cp < far ace. in Qp for all M € N.

Proof. Let {0} with d; \, 0 as k — oo and d; > 0 be a sequence and 0 < o < 1 — % be a fixed
constant. We construct the approximations {(ps} € L7([0,T7; W}r’p (Q)) as follows:

Cu(t Z Xat, ( — &)™, (12)

where x 4x 1 [0,T] — {0,1} is defined as the characteristic function on the measurable set Ak,
given by

S {P@\(UKWP;’M), if k < M,
PM. ifh=M
with
Ply 1= {t € [0,7]|Q\ Br,({(t) = 0}) # 0
and fur(t) > mi(t)/2 ae. on @\ Br,o({f(t) =0}, (13)



where the functions Ry, 7y : [0,7] — R* are defined by

Re®) = (8/ICO o)
M(t) = nf{(t,2) | € D\ By o (L£() = O},

Here we use the convention Rj(t) := oo for ((t) = 0. Note that {A% }, 1 <k < M, are by
construction, pairwise disjoint.

Consider a t € [0, 7] with fa(t) = f(t) in WHP(Q) and ¢(t) # 0 with {¢(t) =0} D {f(t) =
0}. Let K € N be arbitrary but large enough such that Q\ Bg, ) ({f(t) = 0}) # 0 holds. It
follows the existence of an M > K with t € P]\I} for all M > M. Therefore, for each M > M
exists a k > K such that t € A%, i.e. () = [C(t) — 8k]T. Thus (u(t) — ¢(t) in WHP(Q) as
K — 00. Lebesgue’s convergence theorem shows (i).
Property (ii) follows immediately from (12). It remains to show (iii). Let M € N be arbitrary.
If (m(t) = 0 we set vp, = 1. Otherwise we find a unique 1 < k < M with ¢ € A’fw and
Cum(t) = [¢(t) — 8k]T. This, in turn, implies the existence of a vps+ > 0 with varCar < far (see
proof of Lemma 4.1).

In the case ¢ < f we use instead of (13) the sets:

Ply = {t € 0,71 1fas(t) = FOllcoges < 0 }-

With a similar argumentation {(a/} fulfills (i), (ii) and (iii)’. [ ]

Lemma 4.3 (Approximation II) Let p >n and f € L*([0,T); W1P(2)). Then

£t ({(t,x) GﬁT|x e Bs({f(t) =0\ {f(¢t) = O}}) — 0 as 0 \, 0.

Proof. Define the sets

Ns¢ = Qr 0 (Bs({f(t) = 0}) \ {f(t) = 0})

and
Ns :={(t,z) € Qr |z € Ns.}.
We first show the statement
L"(Ns.) — 0as 6\, 0 for ¢t € [0,T]\S, (14)

where S C [0,T] is a Lebesgue set of measure zero.

Assume lims\ o £7(Ns;) > 0as d \, 0 for some t € [0, T]\S. From the monotonicity of the sets
N5y, ie. N5, 1 € Ns, ¢ whenever 01 < 62, we get L (ﬂ5>0 Ng,t) = lims\ o L7 (Ns4) > 0 as 6 \, 0.
Let © € (550 Vs Then dist(z, {f(t) = 0}) = 0 and the closeness of {f(t) = 0} in Q (due to
f(t) € C°(2)) implies the contradiction z € {f(t) = 0}.

Now we show the claim. Assume lims\ o £771(Ns) > 0 as § \, 0. Then limg o L1 (Ns) =
L (Ns=0 Ns) > 0. Therefore, we find a t € [0, T]\S with £" ((("s-¢ Ns,t)) > 0. This contra-
dicts (14). [ |



5 Weak formulation and existence theorems

On the one hand, existence results for multi-phase Cahn-Larché systems without considering
damage phase fields are shown in [Gar00] provided that the chemical energy density W, can
be decomposed into W} + W3 with convex W2 and linear growth behavior of 9.W3 (|Gar00,
Section 3.2] provides a detailed explanation). See also [Gar05a] for a survey. Logarithmic free
energies are also studied in [Gar00] as well as in [Gar05b]. Further variants are investigated in
[CMPO00], [BP05] and [BCDT02].

Purely mechanical systems with rate-independent damage processes, on the other hand, are
analytically considered and reviewed for instance in [MR06] and [MRZ10]. The rate-independence
enables the concept of the so-called global energetic solutions (see Remark 5.2 (i)) to such systems.

Coupling rate-independent systems with other (rate-dependent) processes (such as with in-
ertial or thermal effects) can bring, however, serious mathematical difficulties as pointed out in
[Roul0].

In our situation where the Cahn-Larché system is coupled with rate-dependent damage, we
will treat our model problem analytically by a regularization method that gives better regularity
property for ¢ and integrability for u in the first instance. A passage to the limit will finally
give us solutions to the original problem. In doing so, the notion of a weak solution consists of
variational equalities and inequalities as well as an energy estimate, inspired by the concept of
energetic solutions in the framework of rate-independent systems.

5.1 Regularization

The regularization we want to consider here is achieved by adding the term eAd,c to the Cahn-
Hilliard equations (such regularization also occurs in [BP05]) and the 4-Laplacian ediv(|Vu|?Vu)
to the quasi-static equilibrium equation of the model problem. The formulation of the regularized
problem for € > 0 now reads as

Orc = A(=Ac+ 0. Wen(¢) + 0:.Wai(e(u), ¢, z) + €0ie), (15a)
div(o(e(u), ¢, 2)) + ediv(|Vu[*Vu) = 0, (15b)
0ed.&(u,c,2)+d:;R(0:2) (15¢)

with viscous energy

1
E(u,c,z) :=E(u,c,z2) +8/ Z|Vu|4 dz,
Q
- - 1
E(u,c,z) :=E(u,c,z2) +E/ 1|Vu|4 dz.
Q

In the following we consider ¢ € QV. For every t € [0,7] the equations (15a)-(15¢) can be
translated in a weak formulation as follows:

/(atc(t))Cdx = f/ Vu(t) - V{dz (16)
Q Q
for all ¢ € H'(Q2) and

[ r0¢ar = [ Ve(t)- 96+ 0o 0)C + 0Wa(e(ult).l6), 20)C + @uet)c e (17
for all ¢ € H(Q). In the same spirit we translate (15b) as

; DeWar(e(u(t)), c(t), 2(t)) : e(C) + | Vu(t)|*Vu(t) : V¢dx = 0 (18)
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forall ¢ € Wll ’4(Q; R™). The differential inclusion (15¢) is equivalent to the variational inequality

twlr(q) (atz(t)) - <dzgs(Q(t)) + T(t) + déﬁ(atz(t))vc - atz(t)> < LWi”’(Q)(C) (19)

for all ¢ € WHP(Q)

(see (5) for the definition of R) and an (t) lying in the Fréchet normal cone
Ne(WP(9);2(1) € (WHP(Q

(Q))*, i.e. r(t) satisfies
bwir(q) (z(t) + (r(t), ¢ — 2(t)) < LWi,p(Q)(C) (20)

for all ¢ € WhP(Q).
Since ¢ € QY, property (19) is for test-functions ¢ € wle (Q) equivalent to the following
inequality system

< (d:(a(0)) +7(t) + d=R(9,2(1)), ) (21a)
0<— <dz5€(q(t)) Fr(t) + dR(y2()), 8tz(t)> . (21b)

In general, due to the lack of regularity of ¢, (21b) cannot be justified rigorously. To overcome

this difficulty, we use a formal calculation coming from energetic formulations introduced in
[MT99].

Proposition 5.1 (Energetic characterization) Letq € Q'NC?(Qr;R* xRxR) be a smooth
solution of (16)-(18). Furthermore, let r(t) € NF(Wi’p(Q); z(t)) for every t € [0, T]. Then

(1) (r(t),0,2(t)) =0 for allt € [0,T]

and the following two conditions are equivalent:
(ii) (21b) for all t € 0,7,

(iii) for all 0 < t, <ty < T:

ta ~
extut) + [ 10RO 05) asct [ [ 1902+ el ands — extuon)
t1
ta
§/ /8€We1(e(u),c, z) : e(04b) dmds—|—€/ /|Vu|2Vu:V8tbdxds (22)
t1 Q t1 Q

Proof.

(i) The inequality 0 < (r(t),0:2(t)) follows directly from (20) by putting ¢ = z(t) — 9¢z(t).
The >’ - part can be shown by an approximation argument. Applying Lemma 4.1 with
fu = 2(t) and f = 2(¢t) and ( = —0;2(t). We obtain a sequence {(pr} C Wi’p(Q) and
constants vy, > 0 such that

(a) —Car — Opz(t) in WHP(Q) as M — oo,
(b) 0 < 2(t) — vapar ae. in £ for all M € N.
Testing (20) with ¢ = z(t) — varCar shows (r(t), —Cu) < 0. Passing to M — oo gives

(r(t), 02(t)) < 0.
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To (iii) = (it) :  We remark that (17) and (18) can be written in the following form:

/Q ()G — e(@re(t)G de = (de((), 1), (23a)
<du‘§s(Q(t))a () =0, (23b)

for all t € [0, 7], all ¢; € H'(R) and all ¢ € WA (Q;R™).
Let to € [0,T). It follows

_ to+h B to+h
Ec(q(to + 1)) — E(a(to)) +][ (d:R(8,2), 0,2) dt +][ / IV ul? + €|dyc|? dadt
Q

to to

h
to+h to+h
S][ / OeWea(e(u), ¢, 2) : e(Ob) dedt + 5][ / |Vu*Vu : Vorbdadt.
to Q Q

to
Letting h ™\, 0 gives

&EE(Q(to))Jr<dz'7~€(3tZ(to)),8tZ(to)>+/ Vu(to)” + eldre(to) |* d
Q

S/aeWel(e(u(to)),c(to),z(to)):e(atb(to))dm—i-e/ IVute) PVulto) : Vablto) da
Q Q
= <dugs(Q(t0))aatb(tO)>~

Using the chain rule and (16)-(18) yield

%SE(Q(%)) = (du&:(q(t0)), Drulto)) + (de€=(q(to)), Dec(to)) +(d-E-(q(to)), Drz(to))

apply (23b) apply (23a) and (16)

= (du&(a(to)), d(to)) + /Q —[Vu(to)® — lde(to) | dz + (d:€-(q(to)), Dez(to)).

In consequence, property (ii) follows with (i). The case to = T can be derived similarly by
considering the difference quotient between ty and tg — h.

To (i3) = (#it) :  Follows from the relation & (q(t2)) — E:(¢(t1)) = fttf %fjs (g(t)) dt as well as

the equations (16)-(18) and (i). [ |

Remark 5.2

(i) In the rate-independent case 3 = 0 and for convex E. with respect to z, condition (21a) can
be characterized by a stability condition which reads as

E(u(t), c(t), 2(t)) < E(u(t), c(t), () + R(¢ — (1)) (24)

for all t € [0,T] and all test-functions ¢ € Wip(ﬂ) Thereby, (22) and (24) give an
equivalent description of the differential inclusion (15¢) for smooth solutions. This concept
of solutions are referred to as global energetic solutions and was introduced in [MT99]. We
emphasize that the damage variable z in the rate-independent case B = 0 is a function of
bounded variation and s allowed to exhibit jumps. For a comprehensive introduction we
refer to [AFP00]. To tackle rate-dependent systems and non-convexity of E. with respect
to z, we can not use formulation (24) (cf. [MRS09]).
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(ii) For smooth solutions q, satisfying (16)-(18), the energy inequality (22) and the variational
inequality (21a), one can even show energy balance:

to N to
Ec(q(t2)) + / (d;R(042),0:z) ds + / / |Vul? + e|0sc)® dads
t t1 Q

to ta
=E.(q(t1)) +/ / OWai(e(u), ¢, z) : e(0pb) dads + 5/ / |Vul|?*Vu : Vobdrds
tl Q tl Q

forall0 <ty <ty <T.

(iii) In the case 3 = 0 we only know that d;z is a L*(2)-valued Radon measure and the term
:12 (dzR(0¢2(t)), Or2(t)) L2 At = fttf Jq —a0:z dadt in (22) should be read as [, az(t1)) dz—
Jo az(ta) da.

This motivates the definition of a solution in the following sense:

Definition 5.3 (Weak solution - viscous problem) A triple ¢ = (u,c,z) € Q¥ with ¢(0) =
& and 2(0) = 2° is called a weak solution of the viscous system (15a)-(15c) with initial-boundary
data and constraints (BC1)-(BC8) if it satisfies the following conditions:

(i) integral equality
/ (Ore)¢ dadt = — V- V¢ dxdt
Qr

Qr

for all ¢ € L*([0,T); H' () where p € L?([0,T]; H*(2)) is given by the integral equality
/ pu¢ dzdt = Ve V{4 0 Wen(c)C + 0Wei(e(u), ¢, 2)¢ + €(0¢c)¢ dedt
Qr Qr
for all ¢ € L2(0, T]; H'(©);
(ii) integral equality

DeWei(e(u), ¢, 2) : e(¢) + &|Vul|*Vu : V¢ dadt = 0
Qr

for all ¢ € L*([0,T); Wi (0 R™));

(iii) integral inequality
T
0< / V2P2V2 - V¢ 4+ 0. Wale(w), ¢, 2)C — ol + B(8r2)C dadt + / (r(8), C(1)) dt,
Qr 0

for all ¢ € LP([0,T]; WHP(Q)) N L®(Qp) where v € L'(Qr) C LY([0,T]; (WhP(Q))*)
satisfies

(r(t),¢ —=(1)) <0

for a.e. t €[0,T] and for all ¢ € W}r’p(Q);
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(iv) energy inequality

atta)) + [

Q

to ta
a(z(tl)—z(tg))dx—i-/ /ﬁ|8tz|2dacds+/ /\Vu|2+e|8tc|2dxds
t1 Q tq Q

to to
< E:(q(t1)) +/ / OWai(e(u), ¢, z) : e(0pb) dads + {—:/ / |Vul|?*Vu : Vobdrds
t1 Q t1 Q

fora.e. 0 <ty <ty <T.

Theorem 5.4 (Existence theorem - viscous problem) Let the assumptions in Section 3.1
be satisfied and let &® € H*(Q), 20 € WHP(Q) with 0 < 2° < 1 a.e. in Q and a viscosity factor
e € (0,1] be given. Then there exists a weak solution ¢ € QV of the viscous system (15a)-(15¢)
in the sense of Definition 5.3. In addition:

r=—xn.[0:Wele(u), ¢, )| ",

where X, denotes the characteristic function of the level set N, := {z = 0} and [|T := max{0, -}.

5.2 Limit problem

Our main objective in this work is an existence result for the system (15a)-(15c) with vanishing
e-terms, i.e. with € = 0. In the same fashion as in Section 5.1 we introduce a weak notion of
(6a)-(6c) as follows.

Definition 5.5 (Weak solution - limit problem) A triple ¢ = (u,c, z) € Q with 2(0) = 2° is
called a weak solution of the system (6a)-(6¢) with boundary and initial conditions (BC1)-(BC8)
if it satisfies the following conditions:

(i) integral equality
/ (c — )0y ¢ dadt = V- V{dxdt
Qr

Qr
for all ¢ € L*([0,T); HY(Q)) with 0;¢ € L*>(Qr) and {(T) = 0 where u € L*([0,T]; H'(£2))
is given by the integral equality

/ u¢ dzdt = Ve V¢4 0:Wen(c)C + 0.We(e(u), ¢, 2)¢ dadt
QT QT

for all ¢ € L2([0,T); H'(R));
(ii) integral equality

OeWal(e(u), ¢, 2) : e(¢) dedt = 0,
Qr
for all ¢ € L*([0, T); HE(;R™));

(iii) integral inequality
T
0< / |V2[P2Vz - V¢ + 0. Wa(e(u), ¢, 2)¢ — al + B(0:2)¢ dadt +/ (r(t),¢(t)) dt,
QT 0

for all ¢ € LP([0,T); WHP(Q)) N L®°(Qp) where r € L' (Qr) satisfies
(r(t),¢—2(t) <0
for a.e. t €10,T] and for all ¢ € W}r’p(Q);
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(iv) energy inequality

E(q(tz))—l—/a(z(tl)—z(tg))dx—i—/lt?/Qﬁ|8tz|2dxds+/:2/Q|Vu2dxds

Q t

< 5(q(t1))—|—/tZ/Q(%Wel(e(u),c, z) : e(O;b)dz ds

forae 0<t; <ty <T.

Theorem 5.6 (Existence theorem - limit problem) Let the assumptions in Section 3.1 be
satisfied and let ¥ € Hl(Q), 20 € Wlp(Q) with 0 < 20 <1 a.e. in Q be given. Then there exists
a weak solution q € Q of the system (6a)-(6¢) in the sense of Definition 5.5.

Remark 5.7 We want to emphasize that z obtained in Theorem 5.4 as well as in Theorem 5.6
is monotonically decreasing with respect to t and 0 < z < 1. See the definition of Q in Section
3.2.

6 Proof of the existence theorems

6.1 Viscous case

The proof of Theorem 5.4 is based on recursive functional minimization that comes from an
implicit Euler scheme of system (15a)-(15¢).

We first consider the initial values. The initial displacement u? is chosen to be a minimizer
of the functional u — & (u, c?, 2°) defined on the space W14(Q2) with the constraint u|r = b(0)|r
(the existence proof is based on direct methods in the calculus of variations - see the proof of

Lemma 6.1 below). The discretization fineness is given by 7 := %, where M € N. We set
e = (Wl er o 2ire) = (u, % 2°%) and construct ¢y . for m € {1,..., M} recursively by

considering the functional

m—

1
m & ~ [ 72— zM, 1 m— 9 m—
Efic(u,¢,2) == E(u,c,2) + R <TE> T+ EHC - CM,EIH?E[O + EHC — 32
The set of admissible states for E _ is set to
M = {q = (u,¢,2) € WHHQR™) x HY(Q) x WHP(Q)
with u|p = b(m7)|r, / c—cdr=0and 0< 2z <z ! ae. in Q}
0 :

A minimization problem with the weighted (H!(£2, R™))*-scalar product (-, ) iz, has been consid-
ered for EY; (u,c,z) = Ef} (u,c) = fQ %|Vc|2 + Wen(e) + Wa(e(u), c)dz + %Hc — CTZ,_;”?}O in
[Gar00]. However, due to the additional internal variable z, our minimization procedure becomes
much more involved.

In the following, we will omit the e-dependence in the notation since & € (0, 1] is fixed until
Section 6.2.

y m Y 7. y mo__ m m m m
Lemma 6.1 The functional ET; has a minimizer ¢y = (uly, ¢y, 255) € Q.
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Proof. The existence is shown by direct methods in calculus of variations. We can immediately
see that Q7 is closed with respect to the weak topology in W14(Q;R™) x H(2) x WLP(Q).
Furthermore, we need to show coercivity and sequentially weakly lower semi-continuity of EY;
defined on QY.

(i) Coercivity. We have the estimate
m 1 2 1 p € 4
EX1(9) 2 5IVellza) + J VAl o) + 71VHliaq)-

Therefore, given a sequence {gx ren in Qf; with the boundedness property E7 (qx) < C
for all k € N, we obtain the boundedness of u; in W14(Q) by Korn’s inequality and the
continuous embedding H'(2) — L*(Q), the boundedness of ¢, in H'(Q) by Poincaré’s
inequality ([, cx dz is conserved) and the boundedness of zj, in W!(2) by the restriction
0<z,<1a.e. in§.

(ii) Sequentially weakly lower semi-continuity. All terms in E7} except [, Wen(c)dz and
Jo Wei(e(u), ¢, z) dz are convex and continuous and therefore sequentially weakly Ls.c..
Now let (ug,ck,2x) — (u,c,z) be a weakly converging sequence in Qf;. In particular,
zp — zin LP(Q), 2z, — z a.e. in Q and ¢ — cin L"(Q) as k — oo for all 1 < r < 2*
and ¢ — c a.e. in Q for a subsequence. Lebesgue’s generalized convergence theorem
yields [, Wen(cx) dz — [, Wen(c) dz using (GC6). The remaining term can be treated by
employing the uniform convexity of Wy (-, ¢, z) (see (GC1)):

/QWel(e(uk), Cky 2i) — Wale(u), ¢, z) do
= / Wea(e(u), ek, zi) — Wal(e(u), ¢, z) do +/ Wea(e(ug), ck, zi) — Wal(e(u), ek, 2 ) dz
Q Q

> /QWd(e(u),ck,zk) — Wal(e(u), ¢, z) dx —|—/QBeWCI(e(u),ck,zk)(e(uk) —e(u))dz

—0 by Lebesgue’s gen. conv. theorem and (GC2)

The second term also converges to 0 because of 9. W (e(uw), ek, zi) — 0cWal(e(u),c, z) in
L?(Q) (by Lebesgue’s generalized convergence theorem and (11a)) and e(uy) — e(u) — 0 in

L%(Q).
Thus there exists qy; = (u}y;, ¢y, 23;) € Qi such that B (¢h;) = infieqm ER (q). ]
The minimizers ¢}, for m € {0,..., M} are used to construct approximate solutions gp; and

qnr to our viscous problem by a piecewise constant and linear interpolation in time, respectively.
More precisely,

qnm (t) = QJT\'},
am(t) = Bay + (1= B)ayy !
with ¢ € ((m — 1)7,m7] and 8 = M The retarded function g, is set to

_ qu(t—1), ifte[r,T],
t) .=
s () {q& if t € [0,7).
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The functions by; and by, are analogously defined adapting the notation by, := b(mr). Further-
more, the discrete chemical potential is given by (note that d;¢y(t) € Hp)

par (1) = —(=A) " (Dpénr (£) + Ana (1) (25)

with the Lagrange multiplier A\j; originating from mass conservation:
A (t) :2][ OcWen(ear(t)) + 0cWa(e(unr (t)), ear(t), zar(t)) d. (26)
Q

The discretization of the time variable t will be expressed by the functions

dpr(t) := min{m7 | m € Ny and mr > t},
dyy () :==min{(m — 1)7|m € Ny and m7 > t}.

The following lemma clarifies why the functions qas, ¢;; and §ar are approximate solutions to
our problem.

Lemma 6.2 (Euler-Lagrange equations) The functions qu, qy; and §ar satisfy the following
properties:

(i) for allt € (0,T) and all { € HY(Q):
[@enycar == [ Vun)-veds (27)
Q Q
(ii) for allt € (0,T) and all { € HY(Q):
/ Jas (B¢ da = / Vert(t) - VC + 0.Wan (car (1)) da
Q Q
+ / OcWer(e(unr (1)), ear(t), zar (1)) + €(9penr ()¢ da (28)
Q
(iii) for all t € [0,T) and for all ¢ € Wit (Q;R™):
0= /QaeWel(e(uM(t))7cM(t)7ZM(t)) e(C) + e|Vun (8)|*Vup (t) - VCda (29)

(iv) for all t € (0,T) and all ¢ € WHP(Q) such that there exists a constant v > 0 with 0 <
v(+ zm(t) < zy(t) ace. in Q:
0= /Q [Vars (8)|P7* Ve (t) - VC + 0 Wa(e(unr (1)), ear(t), 201 (1))C — a¢ + B(De2n (t))¢ do
(30)
(v) forallt € 0,T):

dns (t)
R

d]w(t) 1
55(qM(t))+/ (atzM)der/ /§|8téM|2+§\VuM\2dxds
0 Q

0
dM(t)
< Eg(qg) +/ / OcWe(e(uy, +b—0byy), ¢y 2ap) ¢ €(0pb) dads
0 Q

d]u(t)
+ e/ / |Vuy, + Vb — Vb, |V (uy, + b —by,) : Vobdads (31)
0 Q
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Proof. Using Lebesgue’s generalized convergence theorem, the mean value theorem of differen-
tiability and growth conditions (11a), (GC4)-(GC6) we obtain the variational derivatives of &,
with respect to u, ¢ and z:

(dué-(q),¢) = /Q@Wel(e(u),c, 2) 1 e(C) + €| Vul?Vu : V¢ dz for ¢ € WH(Q;R™), (32a)

(d.&:(q),¢) = /QVC NV C A 0 Wen(€)C + 0 W (e(u), ¢, 2)¢ da for ¢ € HY (), (32b)
(d.£.(q),¢) = /Q |V2z|P72V 2 - VC 4 0. Wa(e(u), ¢, )¢ dz for ¢ € WHP(Q). (32¢)
To (i)-(v):

(i) This follows from (25).
(ii) ¢fr fulfills (dET (¢),¢1) = 0 for all {; € Hp and all m € {1,..., M}. Therefore,
0 = (dee(an(t)), C1) + (Deenr(t), C1) g, +€(0Cr (1), C1)r2()-
On the one hand definition (25) implies
(Oenr(t),C1) g, = (=) (Deear (), C1) 2@
= (—pam(t) + Anr(t), C1) L2 ()
= —(pa(t), C1)L2(0)
and consequently
0= (defe(qm(t)), 1) — (uar(t), Ci) o) +£@nr(t), Ci) oy forall (g € Ho.  (33)
On the other hand definitions (25) and (26) yield for (; = C with C € R:
(dee(qmr (1)), &) — (uar(t), ) 2 () + (0 (t), &) 12(o
= CL (A (t) + (=A) " (Bren (1)), G2) o) — (A (1), C2) L2 (@) +0
=0 cLr (Q))\ju(t)
=0. (34)

Setting ¢; = ¢ — ¢ and (o = f ¢, inserting (32b) into (33) and (34), and adding (33) to
(34) shows finally (ii) (cf. [Gar00, Lemma 3.2]).

(iii) This property follows from (32a) and 0 = (d,E7:(¢5%),¢) = (du&-(¢i%),¢) for all ¢ €
WE (4 R).

(iv) By construction, 27} minimizes E7} (uf, ¢y, -) with the constraints 0 < z and z— 272"+ <0
a.e. in €. This implies

m—1

(LA, € — ) — (R (h) = ey <0 (35)

T

for all ¢ € W'P(Q) with 0 < ¢ < 27" a.e. in Q. Now, let the functions ¢ € WP(Q) and
v >0 with 0 <w{ + zam(t) < z),(t) a.e. in Q be given. Since v > 0, we obtain from (35):

—(d=E(anr(£)),¢(1)) = (=R (Bp2ar (1)), C()) 12y <0
This and (32c) gives (iv).
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(v) Testing B with ¢ = (ul,t + b5 — bt et 271 and using the chain rule yields:

m m—1
m AM TR 1 m m—1 € m m—1
g&(qM)+R(T M )T+27_CM_CM ||%0+§||CM—CM H%Q(Q)

IA

E(uly —|—bm bmlcﬂlzﬁl)
E (g M)+ E(uyt b — bt et e — (g
E.

" d m— m m— m
( )+/( o gge(uM 1—|—b(8)—bM 1 s Cap 1 1)d$

= E(q

mT
/ /(9 Wa(e(u ™ +b(s) — b7ty et 21 e(04b) dads
1)7’

m

/ /\vu L4 Vb(s) — VO PV (u T 4+ b(s) — b - VO dads
(m—-1)7

Summing this inequality for k = 1,...,m one gets:
k k-1 k k-1 |2 k k-1 |2
+Z zM—zM +1 cyr — Cur Jrs Cyr — Cur
(d31) 2 3 T
Ho L2(Q)

<E(d)+ / /Q D Waleluy, +b—byy)scap ) : e(@b) deds
0

+€/ /\Vu&+Vb—Vb;4|2V(u;4+b—b;4);vatbdxds
0 Q

ko k—1(2
%HH = HV,u’fV[H%Q(Q) by (25), above estimate shows (v). [ |
0

Because of

The discrete energy inequality (31) gives rise to a-priori estimates for the approximate solutions:

Lemma 6.3 (Energy boundedness) There exists a constant C > 0 independent of M, t and
€ such that

dar(t) dar(t) 1
E-(qm (1)) +/ R(0¢2n) ds +/ / g|a,féM|2 + i\VuM\deds <C(E()+1).
0 0 Q

Proof. Exploiting (GC3) yields the estimate (C' > 0 denotes a context-dependent constant
independent of M, ¢ and ¢):

[ 2l (5) +5(5) = (5D, (), 25 5) s (01b(9) o
< CIVODE) 1oy [ Warle(usy (6)),3(9):251(5)) + Jebs) — b (s))] + L. (36)
In addition,
| 19 (5) + Vb(s) = Vb ()T i () +55) = by 5)) V()

< CIVob(s)| L= (0 /Q Vg (s)]* + [V (b(s) — by (5))]* da. (37)
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To simplify notation we define the function:

(t) = el () + O R@aa) ds + [ [ 510en]? + SV par|? dads, it t € [0, T,
R ACS) if t € [-7,0).

Using (36) and (37) the discrete energy inequality (31) can be estimated as follows:

dM(t)
() < Ex(¢®) + C / IV 84b(5) | e (- (g3, (5)) s
0

+ CHvathLl([O,T];LOO(Q))H‘v(b = ba)P + le(d — byl + IHLOO([O,T};LI(Q))
di (1)
<&@ +C [VOrb(s + 7)o (@) (qnr(s)) ds + C

—T

t
SE(a) +C | IVib(s + 7)o 0)y(s) ds + C.

—T

Gronwall’s inequality shows y(t) < C(€-(qY) + 1) for all ¢ € [0,T]. [ |

Corollary 6.4 (A-priori estimates) There exists a constant C' > 0 independent of M such
that

(i) luntllzo=(o,r;wr4(0rn)) < C
(i) Nleall Lo o, rsmr () < €
(iii) ||zn |l oe o, mywre(e)) < C
(v) |0nmllz2r) < C
(v) 10ezm L2y < C
(vi) [lparll 2o, rm (o)) < €
for all M € N.

Proof. We use Lemma 6.3. The boundedness of {Vuys(t)} in L*(Q; R") and Korn’s inequality
yield (i). The boundedness of {Vea,(t)} in L?(Q) and mass conservation imply (ii) by Poincaré’s
inequality. The boundedness of {Vzy ()} in LP(Q) and 0 < zps(¢) < 1 a.e. in Q for all M and
all t € [0,T] show (iii). The properties (iv) and (v) follow immediately. The boundedness of
{Vun}in L2(Qr) and { [, par(t) dz} with respect to M and ¢ show (vi) by Poincaré’s inequality.
Indeed, { [, p1as(t) da} is bounded with respect to M and t because of (28) and (27) tested with
¢=1. |

Due to the a-priori estimates we can select weakly (weakly-x) convergent subsequences (see
Lemma 6.5). Furthermore, exploiting the Euler-Lagrange equations of the approximate solu-
tions we even attain strong convergence properties (see Lemma 6.6 and Lemma 6.8).

Lemma 6.5 (Weak convergence of the approximate solutions) There exists a subse-
quence {My} and an element (u,c,z) = q € Q¥ with ¢(0) = ® and 2(0) = 2° such that the
following properties are satisfied:
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(1)

(ii)

(iii)
(iv)

ZMkaZ]TJk =z in L=([0,T7; WLP(Q))’

2y, (), 23, (8) = 2() in WLP(Q) for a.e. t €[0,T],
ZMys Zpp, — % G-€. 0N Qr and

Zum, — 2z in HY([0,T); L3(2))

euy Cag, — € in L([0,T); H'(Q)),

e (t), ey, (8) = ¢(t) in H'(Q) for a.e. t € [0,T],
CMy; Cpp,, — C a.€. m Qr and

éar, — c in HY([0,T); L3(2))

upr, = w in L([0,T); WH4(Q))

g, = poin L2([0,T]; H' ()

as k — oo.

Proof. To simplify notation we omit the index k& in the proof.

(i)

(i)

(iif)
(iv)

Since é)y is bounded in L2([0, T]; H(2)) and ;¢ is bounded in L?(Q7), we obtain ép; — ¢
in L2(Q7) as M — oo for a subsequence by a compactness result from Aubin and Lions
(see [Sim86]). Therefore we can extract a subsequence such that ¢y (t) — ¢é(t) in L(Q)
for a.e. t € [0,T] and ép; — ¢ a.e. on Q. We denote this subsequence also with {éar}.
The boundedness of {én(t)} ey in HY(Q) even shows ép(t) — é(t) in HY(Q) for a.e.
t € [0,T]. In addition, the boundedness of {¢ar} in L°([0,T]; H'()) shows ¢y = ¢ in
L>([0,T]; H'(2)). Furthermore, we obtain from the boundedness of {9;é)s} in L?(Qr) for
every ¢t € [0,T:

llear(t) = ear ()l ) = llear(dar(t)) — ear ()|l (@)

d]u(t)
<[ Iorear(s) ooy ds
t
< C(dar(t) — )2 0vénr 20y — 0 as M — oo

Lebesgue’s convergence theorem yields |[car — éar||z1(0,) — 0 as M — oo. Analogously we
obtain ||car — ¢yl (@) — 0 as M — oo. Thus the convergence properties for ¢y also

holds for cps and cj; with the same limit ¢ = ¢~ = ¢ a.e. . The boundedness of {¢)/} in
HY([0,T]; L*(2)) shows ép — ¢ in H([0,T); L?(2)) for a subsequence.

We obtain the convergence properties for {z);} with the same argumentation. Note that
the limit function is monotonically decreasing with respect to t.

This property follows from the boundedness of {uy} in L>([0,T]; H*(;R™)).
This property follows from the boundedness of {ps} in L2([0, T]; H(Q)). [ ]

Lemma 6.6 There exists a subsequence { My} such that ur,, uy, — win LA([0, T); WHA(Q; R™))
as k — oo.
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Proof. We omit the index k in the proof.
Applying (GC1), Lemma A.1 with p = 4, and considering (29) with the test-function ¢ =
up(t) —w(t) — bar(t) + b(t) we get

nlle(uar) — e(u)HQL?(QT;R"Xn) + €Ci;iq||vuM - VUH%%QT;R’””)
< / (OeWer(e(unr), cary zar) — OeWear(e(w), ear, zar)) = (e(unr) — e(u)) dedt
Qr

+ E/ (|Vur |*Vuns — [Vul?Vau) : (Vuy — Vu) dedt
Qr

= DWar(e(unr), ear, zar) = e(C) + | Vunr|*Vuyy = V¢ dadt
Qr

=0 by (29)

+ OcWe(e(unr), car, 2ar) = (e(bar) — e(b)) dadt —1—5/ |Vurr|*Vauyr : (Vbyr — Vb) dadt
Qr Qr

(%) (%%)

— / (OcWale(w),car, zar) = (e(upr) — e(w)) dadt —5/ |Vul?Vu : (Vuy — Vu) dadt .
Qr Qr

(%K) (xkxk)

(38)

Since 9. We(e(unr), car, zar) is bounded in L?(Qr; R™*™) (by (11a) and Corollary 6.4) as well as
e(bar) — e(b) in L2(Q7; R™ ™), we obtain (x) — 0 as M — oo. The boundedness of |Vuys|?>Vuy
in L43(Qp; R™*™) by Corollary 6.4 and Vby, — Vb in L*(Qp; R" ™) lead to (xx) — 0. We
also have 0.We (e(u),car, zar) — 0eWa(e(u),c,z) in L?(Qr; R™ ™) by (11a) and Lebesgue’s
generalized convergence theorem. Furthermore, e(up) — e(u) in L?(Q7; R™ x R™) by Lemma
6.5. This gives (x x %) — 0. Since Vuy — Vu in L4(Q7;R?) by Lemma 6.5, we obtain
(x * xx) — 0. Therefore, (38) implies e(up;) — e(u) in L2(Q7;R™"™) and Vuy — Vu in
LA(Q7;R™ ™) as M — oco. Korn’s inequality finally shows uy, — u in LA([0, T); WH4(Q; R™)).
Now, we choose a subsequence such that ups(t) — u(t) in WH4(Q;R?) for a.e. ¢t € [0,7] and
up — u a.e. in Qp. We also denote this subsequence with {ups}.

Analogously we obtain a u~ € L*([0,T]; Wh*(Q)) satisfying uy, — u~ with the same con-
vergence properties. We will show u = u~ a.e. . Consider (29) for ¢ (t) and for ¢;,(%):

0= OeWer(e(unr), ear, zar) = €(C) + | Vuns [P Vauys - VC dadt, (39a)
Qr

0= DeWear(e(uyy), caps 2ap) : €(C) + €| Vuy, [*Vuy, : V¢ dodt (39b)
Qr

We choose the test-function ((t) = uar(t) — up, (t) — bar(t) + by, (t) € WIEA(Q). An estimate
similar to (38) gives:

nlle(unr) = e(ur)1 220 + ECimeq [ Vurr = V|24 0
< / (OeWerle(uar), car, 2a) — O Wear(e(uyy), ear, 2ar)) = (e(unr) — e(uyy)) dadt
Qr

—|—€/ (|Vun *Vunr — |Vuy, P Vuy,) : (Vuy — Vuy,) dedt
Qr
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= O Wer(e(unr), ears zar) : e(C) + e|Vup|*Vuy : V¢ dadt
Qr

=0 by (39a)

— DeWear(e(uyy), caps 2ap) : €(C) + €| Vuy, [*Vuy, : V¢ dadt
Qr

=0 by (39b)

+/ (O Werle(ung), eaps 2ap) — O Werle(uyy), ears 2a)) = (e(unr) — e(uyy)) dzdt
Qr
—|—/ (O Wai(e(unr), car, zar) — OeWer(e(uyy), cays 2ar)) ¢ (e(bar) — e(by,)) dadt
Qr
+ 5/ (|Vun *Vunr — |Vuy, [PVuy,) : (Voar — Vby,) dedt
Qr

Observe that 9. Wei(e(uy,), cays 2ap) — OcWer(e(uyy), ear, 2ar) — 0 in L?(Q7) by Lebesgue’s gen-
eralized convergence theorem (using growth condition (11a), Lemma 6.5 and convergence prop-
erties of ups and uj,) as well as e(bys) — e(by,) — 0 in L2(Qr; R™ ™) and Vby — Vb, — 0 in
LA(Qr;R™ ™). So each term on the right hand side converges to 0 as M — oo |

Lemma 6.7 There exists a subsequence {My.} such that cr, ¢y — ¢ in L*([0,T]; H'(S2)) as
k — oo.

Proof. We omit the index k in the proof.

Lemma 6.5 implies cps(t) — c(t) in L2 /2¥1(Q) for a.e. t € [0,T]. Using Corollary 6.4 and
Lebesgue’s convergence theorem, we get cpy — ¢ in L2 /2t1(Qg). Testing (28) with ¢ = cpr(t)
and integrate from ¢t = 0 to ¢t = T and using Lebesgue’s generalized convergence theorem, growth
conditions (GC4) and (GC6) and Lemma 6.5:

/ Ve | dedt — — O Wen(c)e + 0.Wa(e(u), ¢, z)c + £(dsc)c — pedadt
QT QT

as M — oo. On the other hand testing (28) with ¢(¢) and integrate from ¢t = 0 to t = T (note
that ¢ € L (Qr) and using 9. Wen(epr) — 0:-Wen(c) in LQ*/@*_”(QT) as M — oo by Lebesgue’s
generalized convergence theorem) we obtain by passing to M — oo on each side:

/ |Ve|? dzdt = — O Wen(c)e + 0 We(e(u), ¢, z)c + €(dic)c — pedadt
QT QT

Therefore ¢py — ¢ in L2([0,T]; H'(Q)) as M — oo. The convergence |lcar||r2(jo, 1)1 (0)) —

HC||L2([O,T];H1(Q)) implies ”C]T/[HLZ([O,T];Hl(Q)) — ||CHL2([0,T];H1(Q))~ We also have C]T/[ — C in
L%([0,T); H*(Q)) (by Lemma 6.5 (ii)) and consequently ¢y, — ¢ in L*([0,T]; H}(2)) as M — oc.

|
Note that in connection with Corollary 6.4 we even get for each ¢ € N

ey ey — cin L9([0,T; HY(2))
for a subsequence as M — oo.
Lemma 6.8 There exists a subsequence { My} such that zyy,, 2y, — z in LP([0, T]; W' (Q)) as

k — oo.
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Proof. To simplify notation we omit the index k in the proof.

Applying Lemma 4.2 with f = ( = z and fu = z; gives a sequence of approximations
{Crtmen C LP([0, T, Wip(Q)) N L>°(Qrp) with the properties (note that we have 2z}, (t) — z(¢)
in WHP(Q) for a.e. t € [0,7] by Lemma 6.5):

Car — 2z in LP([0, T]; WHP(Q)) as M — oo (40a)
0<(m <z ae. on )y forall M € N (40b)

Testing (30) with ¢ = (pr(¢) — 2ar(t) for v =1 (possible due to (40b)) integrating from ¢ = 0 to
t = T, and using the elementary inequality in Lemma A.1 yields:

ineq

cil /Q |Vzp — Vz|P dodt
= /Q (IV2as|P~2V2as — [V2|P~2V2) - V(zas — 2) dadt
g/g IV 2a [P2V 21 - Vzar — Car) dandlt
+ /Q |Ven|P~2Van - V(Cu — 2) — |V2P72V2 - V(zp — 2) dadt
< /Q (0. Wale(unr), cary zar) — o+ BOZa ) (Cr — zar) daedt

+/ |Ven [P 2Van - V(Cyr — 2) — |V2|P72V2 - V(zp — 2) dadt
Qr

<0 Wale(un), ear, 2m) — a4 B0zl L2 (o) 1€ — 20|l 2 (00)

bounded by (GC5) and Cor. 6.4

+ IVaullioay 1V6u = Vallo@n _/ [Vz[P=2V2 - V(2ar — 2) dadt
~—_———— Qr
bounded by Cor. 6.4
Observe that V(s —Vz — 0 in LP(Qr; R") and (3 — 2 — 0 in L?(Qr) (by property (40a) and
by Lemma 6.5) as well as Vzy; — Vz — 0 in LP(Qr; R™) by Lemma 6.5. Using these properties,
each term on the right hand side converges to 0 as M — oo.
We also obtain ||ZJT/1||LP([O7T];W1,]J(Q)) — HZ||LP([O,T];W1=P(Q)) from ||ZM||Lp([07T];W1,p(Q)) —
2l Lo (o, 11w (). Because of zy; — z in LP([0,T]; W'P(Q)) (by Lemma 6.5 (i)) we even
have 2y, — 2z in LP([0,T]; W1P(Q)) as M — cc. |

In conclusion, Corollary 6.4, Lemma 6.5, Lemma 6.6, Lemma 6.7 and Lemma 6.8 imply the
following convergence properties:

Corollary 6.9 There exists subsequence {My} and an element (u,c,z) = q € Q¥ with ¢(0) = c°

and z(0) = 2° such that
(Z) Z]\/Ikazl&k — zn LP([Oa T]7 WLP(Q))’
2y, (), 2, (8) — 2(t) in WLP(Q) for a.e. t €[0,T],
ZMys Zpp, — % G-€. m Qr and
S, — = in H1(0,T); L3(%)
(ii) CMy, Cpp, — € 0N LQ*([O,T];Hl(Q)),
car, (1), ey, (t) = ¢(t) in H'(Q) for a.e. t € [0,T],
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CMys Cpp,, — € a.€. m Qr and
eat, — ¢ in HY([0, T; L2(2))
(iii) wunp tyg, — w in L([0,T); W (% R™),
ung, (1), uyy, (t) = u(t) in WHA(LR™) for a.e. t € [0,T],
UMy, Upp, — U A€ 1N Qr

(iv) par, = pin L*([0,T]; HH(Q))
(U) aCWCh(CMk) — BCWCh(C) m L2(QT>

as k — oo.

The above convergence properties allow us to establish an energy estimate, which is in an asymp-
totic sense stronger than the one in Lemma 6.2 (v). We emphasize that (31) has in comparison
with (41) no factor 1/2 in front of the terms 3|0;2xr|?, €|0rénr|? and |Vpar|?.

Lemma 6.10 (Precise energy inequality) For every 0 <t; <ty <T:

da(t2)
(g (t2)) / / —a0iZy + ﬁ|(‘3tzM| + e\ath\Q + |VMM|2 dads — E(qy,(t1))

dy (t1)

da (t2)
</ /BWel (e(upy +b—byp) caps 2ay) - €(0:) daeds

d;w (tl

dn(t2)
+€/ /|VuM+Vb—VbM| V(uy, +b—by,): Vobdeds + kar  (41)

M(tl)
with Ky — 0 as M — oo.

Proof. We know EY;(¢7;) < EW (uly~ Loy — bﬂ_l, Yy, 27). The regularity properties of the
functions b, ¢p; and Z,; ensure that the Chaln rule can be applied and the following integral terms

are well defined:

E(uly, s 24y
<E (Wb VT e 2
= E(uy e LAY
+Euy T bR — O A ) = ey e )
Jrgs(uﬁ_lerTZ\r/LI*bﬂ 1aCM’ZJ\n} 1)*56(UM + by — by 1’071\?[_1721\72_1)
FE (T b — b e ) — E(u T by — b e 2
= E(un e A
+[ (o g™+ b(s) = b e ), Oub(s)) ) ds

—1)T

+ / <dc<€~5(u71\r/1[71 + bﬁ — b;&il, éM(S), Zﬂ71)7atéM(S)>(H1)*xH1 ds
(m—-1)7

—|—/ (& (up ™t o — ot Ly 201 (8)), 0e2nr (8)) (wimy« i ds
(

m—1)T
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Summing from m =

L@““ +1to dM(tz) yields:

Ee(qm(ta)) — E:(qp,(t1))

dn(t2)
<e / /\V uy +b—by)PV(uy +b—by,) : VObdads

dy (t1)

dar(t2)
+ / / OcWerle(uy, +b—0byy), caps 2py) © €(0:b) dads

d;I (tl)

dn(t2)
+ / / O Wei(e(uyy + bar — byy), ears 257) Orlar dads

d;1 (tl)

()

dM(tQ
/ / Ve - Vosey + 8CWC11(6M)8¢M dxds

dyy (t1)

(x%)

da (t2)
+/ 6ZW61(€(UA_/[ + by — bK/j),CM, ZA:M) OiZn + |V5’M|p72V2?M - VO zZy dads
dy,(t1) Jo

(xkx)

(42)

Putting a := Vz,(t,z) and b := Vzp(¢,z) in Lemma A.2 we obtain the following elementary
inequality

(|V2M(t, $)|p_2V£’M(t7$) - |VzM(t,x)|p_2VzM(t,:v)) . V@téM(t,x) S 0.

This and (30) tested with ( = —0,2p(t) for v = 7 and integrated from ¢t = 0 to t = T leads to
the estimate:

das(t2)
(xx%) < — —adzyr + BlOwin | dads
1\4 tl) Q

dM(tQ)
/ / 8 Wel( (UM+bM b]w) CM,Z]w) 0, Wel( (UJw) CM7Z]\4))8tZM dzds

Al(tl
—.k3
K
Furthermore
dar(t2)
(x) < / OWeale(unr), ear, 2ar)0réar dads
JVI tl) Q
das(t2)
/ / 8 Wel (uM + by — b7, ) CM,ZM) 0, We]( (uM) C]u,Z]w))atCM dxds.
NI(tl
=iy
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Using the elementary estimate (Véy — Vep)VOiép < 0:
dpr(t2)
(3x) < / / Venr - Voénr + 0. Wen(ear)0séar dads
d;\/[ (t1

dpr(t2)
/ / (0cWen(énr) — 0cWen(enr))Osins dads

tl)

2
=M

Hence, applying equations (28) and (27) shows

dn(t2)

da(t2)
/ (de 5 (qn1), atCM>(H1)*><H1 ds 7/

/uMathfs|8th| dzds
dy(t1)

djy (t1)

dn(t2)
/ /—|VuM| — el@sépr|* dads.

IVI(tl
Thus
dnr(t2)
(%) / / —|Vum|? — elden|? dzds + k) + K3y
M(tl)

Lebesgue’s generalized convergence theorem, the growth conditions (GC4), (GC5), (GC6) and
Corollary 6.9 ensure that x};, £3, and x5, converges to 0 as M — oo. Here we want to emphasize
that we need boundedness of d;éy; and 9,2, in L?(Qr) and the convergence e(uys) — e(u) in
L*(Qr) which we have only due to the regularization for every fixed ¢ > 0 as M — oo (see
Corollary 6.9). To finish the proof, set ks := K}, + K3, + K3/ [ |

We are now in the position to prove the existence theorem for viscous systems.

Proof of Theorem 5.4. The proof is divided into several steps:

(i) Using growth conditions (GC4), (GC6), (11a), Corollary 6.9 and Lebesgue’s generalized
convergence theorem, we can pass to M — oo in the time integrated version of the integral
equations (27), (28) and (29). This shows (i) and (ii) of Definition 5.3.

(i) Let 0 < t; < ty < T be arbitrary. Because of dy,(t1) < t1 < ta < dar(t2), Lemma 6.10

particularly implies

to
£ (ani(t2)) + / / by + Blovim]? + eldhens |2 + V] dadt — E.(q3; (1))

das(t2)
g/ /awel e(ur, +b— b)), ey 2ar) : e(O4b) dadt

djyy (t1)

dar(t2)
+g/ /\VuM—l—Vb Vb, PV (uyy +b— by,) : Vobdadt + ras (43)

dy (t1)

with k3 — 0 as M — oo. Growth conditions (GC2), (GC6), Corollary 6.9 and Lebesgue’s
generalized convergence theorem yield:

E=(qur(t)) — E(q(t)) and Ec(qy (1)) — E(q(t)) (44)
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(iii)

(iv)

as M — oo for a.e. t € [0,T]. A sequentially weakly lower semi-continuity argument based
on Corollary 6.9 shows:

M—o0

ta
lim inf /—aath + B0z + elduent 4+ Va2 dadt
t1 Q

ta
z/a(z(tl)—z(tg))dac—i—/ /B\@tz|2+E|6tc|2—|—|v,u|2dxdt (45)
Q t1 Q

Growth condition (11a), Corollary 6.9 and Lebesgue’s generalized convergence theorem
show:

OeWare(uy, +b —byy), cap 20r) = 0 Wei(e(u), ¢, 2) in L>°([0,T]; L*(Q)),
|Vuy, + Vb — Vby, >V (uy, +b —byy) = |Vul*Vu in L°°([0, T); L*3())
Since e(d;b) € L*([0,T]; L*(2)) and Vb € L1 ([0, T]; L4(Q)), we get:

dn(t2)
/ / OcWei(e(uy, +b—0byy), cup, 2ar) = e(0:b) dadt
d Q

ar (1)

to
— / / 0Wai(e(u), ¢, z) : e(9¢b) dadt,
t1 Q
d(t2)
/ /\Vuj/[—i—Vb—VbMQV(u& +b—by,) : VObdadt
dy(t1) JQ
to
— / |Vu|?Vu : VObdadt (46)
t1 Q
Now, using (44), (45) and (46) gives (iv) of Definition 5.3 by passing to M — oo in (43)
for a subsequence.

Let ¢ € LP([0,T]; W'P(Q)) N L>®(Qr) be a test-function with {¢ = 0} D {z = 0}. Applying
Lemma 4.2 with f = z and fa; = zar and ¢ = —C gives a sequence of approximations
{Crr}men C LP([0,T]; WJlrp(Q)) N L (Qr) with the properties:

Cu — —C in LP([0, T]; WHP(Q)) as M — oo, (47a)
0 <wvplum(t) < zp(t) ae. in Q for ae. t €[0,7] and all M € N. (47b)

Let Cys denote the function —Cps. Then (47b) in particular implies 0 < VM,th (t)+zm(t) <
23,(t) a.e. in Q for a.e. t € [0,7]. Now (30) holds for ¢ = {pr(t). Integration from t = 0
to t = T and using growth condition (GC5), Corollary 6.9 and Lebesgue’s generalized
convergence theorem, as well as the strong convergence (47a) yield for M — oo:

— / |V2|P72V 2 - VC + 0. Wa(e(u), ¢, 2)¢ — al + B(d;z)¢ dadt < 0. (48)
Qr
Define the function

7= —X{z=0}[0-Wai(e(u),c, 2) 7T
It follows directly for any ¢ € Wi’p (©) and a.e. t € [0,T7:

(r(t),¢ = 2(t)) = /{ (t)zo}[azWel(e(U(t)), c(t), ()] (¢ — (1)) dz < 0
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Let ¢ € LP([0,T); W'P(€)) N L°(Qr) be a test-function. We define the subset T5 C [0, T
as

Ty = {t € [0,T]|Q\ Bs({=(t) =0}) # 0},  d>0,

which is measurable. To proceed, we construct a sequence of approximations {(s}se(0,1] €
L ([0, T); WHP(Q)) N L>=(Qr) in the following way:

Ga(t) = {max{q”’ —() IR} e Ty,

5.t

0 else.

with the constant Cs; := inf{z(¢,z) |2 € Q\ Bs({z(t) = 0})}, t € T5. Note that for every
d € (0,1] and every t € T; the constant Cs, is greater than 0 since z(t) is continuous on
Q. For each t € T5 and each ¢ € (0,1] we construct a partition of Q of the form

Q= A5, UBS, UBy, U{z(t) =0},
where
As = Q\ Bs({2(t) = 0}),
By = (20 Bs({z(t) = 0})) \ {z(¢) = 0},

Bj; = Bsy N {<(t) < —z(t)W} 7

IS Lo (22) }

Bg, = Bs: N {g(t) > —2(t) e
o,t

We obtain the following properties for the sequence {(s}se(0,1]:

¢s=0on {z =0}, (49a)

C(; =0 on ([O,T] \Tg) X ﬁ, (49b)

Gs=Con {(t,z) € Qr|z € As,}, (49c¢)

(s =Con {(t,x) € Qr|t € Ts and z € Bj,}, (49d)

(= —z”at)cuﬂ on {(t,r) € Qr|t € Ts and = € B(;St}7 (49e)
5.t ’

G = ¢in L°({z > 0}) as 6 \, 0. (49f)

The last property follows from (s — ¢ a.e. in {z > 0} (because of (49¢) and since Lemma
4.3 implies £ ({z > 0} \ {(t,z) € Qr |2 € A5,}) — 0 as § \, 0) and the boundedness
of {(s} in the space L>°(§dr) with respect to ¢ € (0, 1]. Since ((¢) and z(¢) are functions in
WLP(Q), property (49d) and (49e) imply for almost every t € Ts and every & € (0,1] (cf.
[Zie89)):

V(s(t) = V((t) a.e. in By, (50a)

1€ L= ()

V() = V) g

a.e. in Bft. (50b)

and (49c¢) implies for a.e. t € [0,T] and every ¢ € (0, 1]:
V(s(t) = V((t) ae. in Agy. (51)
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We get the estimates:

0

T
—/ |v,z|P*2vz.v<+azwel(e(u),c,z)<—agwatzgdxdt—/ (r(t), C(1)) dt
Qr

< —/ |Vz\p’2Vz~V(C—C5)dxdt—/ |Vz|P~2Vz - V(s dadt
Qr

Qr

- / (0. Wale(u), e, 2) — a + B,2)(C — Cs) dadt + / 0. Wa(e(u), ¢, 2)]*C dadt
Qr {z=0}

<- f{z>0}(82 Wei(e(u),c,z)—a+pB0:z)((—C(s) dedt by (49a)

- / (0 Wale(u), e 2) — o + 50,2)¢ deds
Qr

< _/ VP2V 2 - V(¢ — C5) dadt
{z>0}
_ / (0. Wae(), e, 2) — a + B,2)(C — Cs) dadt
{z>0}

—/ |V2|P~2V 2 - V(s dadt — / (0. Wale(u), ¢, z) — a+ B0:z)(s dedt
QT QT

<0 by (48) with (s

< —/ |V2[P72V2 - V(¢ — () dodt
{z>0}
— / (0. Wal(e(u), ¢, z) —a+ B0:2)(¢ — () dadt (52)
{z>0}

The second term on the right hand side converges to 0 as § goes to 0 because of (49f). The
first term can be estimated in the following way:

—/ |V2[P2Vz - V(¢ — () dadt
{z>0}

T T
= —/ / VzP~2V2 - V(¢ - Ca)dmdt—/ / IVz[P~2Vz - V(¢ = C5) dadt
0 Ag,t 0 Bé,t

=0 by (51)

= 7/ / |V2|P~2V 2 - V(¢ — ¢5) dadt
Ts J Bs,¢

—/ / IVZ\p‘QVz-VCdde/ / |V2[P~2V 2 - V(5 dadt
[0, T\Ts J Bs,¢ [0,T\Ts / Bs,s

=0 by (49b)

=—// IVZIP‘QVZ-V(C—Ca)dxdt—// IV2|P72V2 - V(¢ — () dadt
Ts J By, Ts J B3,

=0 by (50a)

—/ / |V2|P~2V 2 - V¢ dadt
[0,T\Ts Bs,¢
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:_// |V2[P7?Vz - V( dadt + // |V2|P~2V 2 - V(s dadt
Ts JBS, Ts J By,

() =/, fBéft |VZ\p72vZ<(—vZ”w)C"~%> dadt<0 by (50b)
—/ / |V2|P~2V 2 - V( dadt
[0,T\Ts  Bs,¢
(x%)

Both, (%) as well as (%x) can be estimated above by fOT [5,, IV2[P~1 V(| dzdt which
converges to 0 as 6 \, 0 by Vitali’s convergence theorem. hyldeed7 Lemma 4.3 shows
L {(t,x) € Qr |2 € Bst}) — 0 as § \, 0. Hence, passing to § \, 0 in (52) shows (iii) of
Definition 5.3. u

6.2 Vanishing viscosity: ¢ N\, 0

For each € € (0, 1] we denote with ¢. = (ue, ce, 2.) € Q¥ a viscous solution according to Theorem
5.4. By the use of Lemma 6.12, Lemma 6.13 and Lemma 6.14 below we identify a suitable
subsequence where we can pass to the limit. Let us first summarize the equalities and inequalities
which hold for g.

Summary 6.11 For q. = (ue,ce,2:) € QY, € € (0,1], the following properties are satisfied:
(i) for all ¢ € L3([0,T); HY(Q)):

/Q (0rce)Cdaxdt = — A Ve - V¢ dadt (53)

(ii) for all ¢ € L2([0,T); H'(2)):

/ peCdadt = [ Ve - VE+ (0aWan(el) + 0aWar(e(us), co 22) + 2(Dpe))Cdadt (54)
QT QT

(iii) for all ¢ € L*([0, T); W (Q; R™)):

DeWa(e(ue), ce, ze) : e(C) + €| Vue|* Ve = V¢ dadt =0 (55)
Qr

(iv) for all ¢ € LP([0,T]; WP (Q)) N L= (Qr):
0< / |Vz€|p_2Vz6 V¢4 (0. Wale(ue), cey 2e) — a+ BOrze + 7o) daxdt (56)
Qr

with

Te = _X{zE:O}[azWel(e(us)7 Ce, Za)]+ (57)
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(v) for a.e. t €[0,T] and for all ¢ € WiP(Q)
[ retoic - wmyas <o (58)
Q
(vi) for a.e. 0 <ty <ty <T:

ae(ta)) + [

ta
a(z:(t1) — z:(t2)) dx + / / B0y ze |2 + |Vpe|* + €l0sce|* dedt — E-(qe(t1))
Q t1 Q

< /tz / 0Wai(e(ue), ce, z¢) : e(0:b) dadt + s/tz/ |Vue|*Vu, : VO,bdaxdt (59)
t JO t Jo

Lemma 6.12 (A-priori estimates) The following estimates hold (C > 0 is independent of
e>0):

(i) MuellLoe o s (ummy) < €

(i1) /el L (o ryw s(eummy) < C

(iii) |lce|l Lo o,y (02)) < C

(v) |lzell Lo o rwrr () < C

(v) 2| 0pccl|L2(r) < C

(vi) 10vzellp2(0p) < C

(vii) (el z2o,rm1(0)) < C
for all e € (0,1].
Proof. According to Lemma 6.3 the discretization gas . of ¢. fulfills

d (t)

Elanc)+ [ R

R dn(t) € . ) 1 ) 0
(OrZnr,e) ds +/ / §|5th75| + §|VuM,E| dzds < C(&:(¢) + 1).
0 0 Q

(60)
where C is independent of M,t,e. By the minimizing property of ¢° we also obtain &.(¢°) <

E(qY) < &1(¢Y) for all € € (0,1]. Therefore, the left hand side of (60) is bounded with respect
to M € N, t €[0,7] and ¢ € (0,1]. This leads to the boundedness of

t t
E-(q: (1)) +/ R(0sz:) ds Jr/ / g|8tce\2 + %|Vu5|2 dxds < C (61)
0 0 Jo

for a.e. t € [0,7] and for all £ € (0,1]. We immediately obtain (iv), (v) and (vi). Due to
J ¢<(t) dz = const and the boundedness of ||Vece(t)||12(q), Poincaré’s inequality yields (iii). Now
using (61), growth conditions (11b) and Korn’s inequality we attain the desired a-priori estimates
(i) and (ii). Using (54) and (53) show boundedness of [, pic(t) dz. Since ||V (t)||L2(0,) is also
bounded, Poincaré’s inequality yields (vii). [ |

Lemma 6.13 (Weak convergence of the viscous solutions) There exists a subsequence of
{q:} (which is also denoted by {q.}) and an element (u,c,z) = q € Q with 2(0) = 2° such that:
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(i) 2 = = in L((0,T); W'»(Q),
2 (t) = z(t) in WEP(Q) for a.e. t € [0,T],
ze — 2 a.e. in Qp and
ze — z in HY([0,T); L*(Q))

(i) cc = ¢ in L=([0,T); HY(Q)),
c(t) — c(t) in HY(Q) for a.e. t €[0,T] and
ce — ¢ a.e. in Qr

(iii) ue = w in L°([0,T); H'(Q;R™))
(iv) pe — pin L*([0,T); H'(Q))
as e\, 0.
Proof.

(i) This property follows from the boundedness of {z.} in L*([0,7];W!P(Q)) and in
HY([0,T]; L*(2)) (see proof of Lemma 6.12). The function z obtained in this way is mono-
tonically decreasing with respect to .

(i) We know from the boundedness of {Vyu.} in L?*(Qr) that {d;c.} is also bounded in
L2([0,T); (H'(£2))*) with respect to & by using equation (53). This and the boundedness of
{e.} in L2([0,T); H*(Q)) (see Lemma 6.12) shows that c. converges strongly to an element
cin L?(Qr) as € \, 0 for a subsequence by a compactness results from J. P. Aubin and J.
L. Lions (see [Sim86]). Thus we can extract a subsequence such that c.(t) — ¢(t) in H(Q)

for a.e. t € [0,7] and ¢. — c a.e. in Qp as well as c. = ¢ in L>([0,T]; H*(Q)) by the
boundedness of {c.} in L>=([0,T]; H'(£2)).

(iii) This property follows from the boundedness of {u.} in L>([0,T]; H(£;R™)).

(iv) This property follows from the boundedness of {u.} in L2([0,7]; H(2)). |

Lemma 6.14 (Strong convergence of the viscous solutions) The following convergence
properties are satisfied:

(i) ue — w in L2([0,T); HY(Q;R™))
(ii) c. — c in L*([0,T); HY(Q))
(iii) z. — z in LP([0,T]; WLP(Q))
as e \, 0 for a subsequence of {q.}.
Proof.
(i) We consider an approximation sequence {ts}se(0,1) € L*([0,T]; WH4(Q)) with
@5 — win L2([0,T); H'(R2)) as 6 \, 0, (62a)
is — b e L*([0, T); Wp*(Q)) for all § > 0. (62b)
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Since € and 0 are independent, we consider a sequence {J. }.¢(0,1] With
V4| Vs, L4y — 0 and 5. \, 0 as € \, 0. (63)

Testing (55) with ¢ = u. — s, (possible due to (62b)) and applying uniform monotonicity
of 0. W (assumption (GC1)) and Lemma A.1 (compare with (38)):

n
§He(u€) - e(U)H%z(QT)
< nlle(u) = e(@s )72 qp + nlle(ue) — e(ts,) |72 + eC ey || Ve — Viis, [

< nlle(w) = e(@s.) 720

+/ (0eWear(e(ue), Cey 2e) — OeWear(e(ts, )y cey 2e)) = (e(ue) — e(ts,)) dadt
Qr
+ e/ (|Vu:?Vue — |Vis, |*Viis,) : (Vue — Viig, ) dadt

Qr

= nlle(u) — e(@s,) 172 )

+ 0War(e(ue), ey z2) : (e(ue) — e(is.)) + | Vue|*Vue : (Vue — Viis, ) dadt
Qr

=0 by (55)

— A OcWei(e(ts, )y ey 2e) = (e(ue) — e(ts,)) dedt

e / Viis. [2Vils, : (Ve — Viiy, ) dadt (64)
Qr

()
Finally

(%) < el Vs, |71 (o) Ve = Vi, || La(ar)

3
< <sl/4||vaas||mﬂ) (s“nws|L4<QT>+61/4|va5£||mﬂ>-

—0 as e\,0 by (63) <C by Lemma 6.12 —0 as e\,0 by (63)

From growth condition (11a), Lemma 6.13 and Lebesgue’s generalized convergence theo-
rem, we obtain

OWai(e(ts,), Ce, ze) — 0 War(e(u), ¢, z) in L2(QT)

for a subsequence £ \, 0. By u. = u in L=([0,T]; H*(Q;R")) for a subsequence € \, 0
(Lemma 6.13 (iii)) as well as (62a) we also have

e(us) — e(tis,) — 0 in L*(Qr)

as € \, 0 for a subsequence. Therefore every term on the right hand side of (64) converges
to 0 as € \, 0 for a subsequence. This shows u. — u in L?([0,T]; H*(Q;R")) as € \, 0 for
a subsequence.

Testing (54) with ¢. and ¢ and passing to € \, 0 for a subsequence eventually shows strong
convergence c. — c in L2([0,T]; H'(Q2)) (see the argumentation in Lemma 6.7 and notice
that fQT E(atCE)CE dzdt < EHatCE||L2(QT)||CEHL2(QT) — 0 ase \ 0)
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(iii) According to Lemma 4.2 with f = ( = z and fa; = z.,, (here we choose ey = 1/M) we
find an approximation sequence {(;,} € LP([0,T1; Wip(Q)) N L (Qr) with e, N\, 0 and
the properties:

(e, — 2z in LP([0,T); WHP(Q)) as k — oo, (65a)
0 <, <z, ae. in Qp for all k € N. (65Db)
We denote the subsequences also with {z.} and {(.}, respectively. The desired property
ze — z in LP([0, T); WHP(Q)) as € \, 0 follows with the same estimate as in the proof of

Lemma 6.8 by using Lemma A.1 and the integral inequality (56) with ¢ := (. — z. (note
that (r., (. — z-) = 0 holds by (57) and (65b)). Indeed, we obtain

Cinaa / |Vze — Vz|P dadt
Qr

<0 Wearle(ue), ez, 2e) — a + B0sze || L2 (jo,17:1 () [ICe — 2ellL2(j0,7):2¢ ()

bounded —0
+ ”VZEHZL);(le) V¢ — Vel v —/ |V2|P~2V 2 - V(2. — 2) dadt.
~—— Qr
bounded —0 0

as £ \, 0 for a subsequence. We used here z. — z and (. — z in L2([0,T]; L>(Q2)) as £ \, 0
for a subsequence due to Lemma 6.13 and the compact embedding W1?(Q2) — L>(Q2). R

Corollary 6.15 The following convergence properties are fulfilled:
(i) ze — z in LP([0, T]; W'P(92)),
2. (t) — z(t) in WHP(Q) for a.e. t € [0,T],
Ze — 2 a.e. in Qr and
ze — z in HY([0,T]; L*(Q2))
fii) . — c in L* ([0, T]; H()),
c.(t) — c(t) in HY(Q) for a.e. t € [0,T] and
ce — ¢ a.e. in Qr
(iii) ue — w in L2([0,T); HH(Q; R™)),
ue(t) — u(t) in HY(Q;R™) for a.e. t € [0,T) and
U — U a.e. in Qp
(i) e = i L2([0, T); H'(9))
(v) OWen(ce) — 0Wen(c) in L?(Qr)
as e \, 0 for a subsequence of {q.}.

Now we are well prepared to prove the main result of this work.

Proof of Theorem 5.6. We can pass to € \, 0 in (54) and (55) by the already known conver-
gence features (see Corollary 6.15) noticing that |, e|Vue|*Vu, : V¢ dzdt and Ja, €(0ce)¢ dadt
converge to 0 as € \, 0. We get

; OeWa(e(u), ¢, 2) : e(¢)dadt =0 (66)
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for all ¢ € L*([0,T); Wr* (4 R™)). A density argument shows that (66) also holds for all ¢ €
L2([0,T]; HE(;R™)). Writing (53) in the form

/ (ce — c®)0y¢ dadt = Ve - V¢ dzdt,
SZT gZT
by only allowing test-functions ¢ € L?([0,T]; H*(2)) with 8,¢ € L?*(Qr) and ((T) = 0, we can
also pass to € N\, 0 by using Corollary 6.15.
To obtain a limit equation in (56) and (58), observe that

[0.Wale(ue),ce, z:)]" — [0.Wal(e(u), ¢, 2)] " in Ll(QT),
X{z=0} = X in L (Qr)

for a subsequence € \, 0 and an element y € L™= (Q7). Set r := —x[0.Wa(e(u),c, 2)]*. Keeping
(57) into account we find for all ¢ € L>°(Qr):

/ re¢ dzdt — r¢ dadt (67)
QT QT

for a subsequence € \, 0. Thus we can also pass to € \, 0 for a subsequence in (56) by using
Lebesgue’s generalized convergence theorem, growth condition (GC5) and Corollary 6.15 and
(67). Let & € L*°([0,T]) with £ > 0 a.e. on [0,T] be a further test-function. Then (58) and (57)
imply

0> /OT (/Q r(1)(C — z5<t))dw> (1) dt = /Q re(C — 22)E dadt
. . r(¢ — 2)édadt = /OT (/Q r(t)(¢ — 2(1)) dw) £(t) dt.

This shows [, 7(t)(¢ — z(t)) dz < 0 for a.e. t € [0,T].
It remains to show that (59) also yields to a limit inequality. First observe, that (59) implies:

a2 + [

ta
a(z:(t1) — z:(t2)) da + / / ﬁ|(“)tz€|2 + |V,ug|2 dadt — E.(q-(t1))
Q t Jo

to ta
< / / O Wear(e(ue), ce, 2z¢) = €(94b) dadt + 6/ / |Vue |*Vu, : VObdadt. (68)
t1 Q t1 Q

To proceed, we need to prove ¢ [, [Vuc(t)|*dz — 0 as € \, 0 for a.e. ¢ € [0,T]. Indeed, testing
(55) with ¢ 1= u, — b:

{-:/ |Vue|? dedt = 5/ |Vue|*Vau, : Vbdadt — OcWer(e(ue), Ce, ze) = €(ue — b) dedt
Qr Qr Qr

We immediately see that the first term converges to 0 as € N\, 0. The second term also converges
to 0 because of fQT OcWa(e(u),c,z) : e(u —b)dzdt = 0 (equation (66)). This, together with
Corollary 6.15, proves E.(g:(t)) — £(q(t)) for a.e. t € [0,T]. In conclusion, we can pass to € \, 0
in (68) for a.e. 0 < t; < to < T by using Corollary 6.15 together with Lebesgue’s generalized

convergence theorem and growth condition (GC2), (11a) and (GC6) as well as by using a se-
quentially weakly lower semi-continuity argument for [, 8|9,z |* dz and for [, |Vp.|? dz. [ |
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7 Discussion

The existence results in this paper can also be generalized to multi-phase systems. For instance,
instead of (6a)-(6¢) we may consider the system

Orc = div(MVuw),

w = P(=div(T'Ve) + 0. Wen(c) + 0. We(e(u), ¢, z)),

div(o(e(u),c,2)) =0,

0€d.&(u,c,z)+ d;R(0:z),
describing an alloy of N-components, i.e. ¢: [0,7] x @ — RY, with a gradient energy tensor T’
(constant, symmetric and positive mapping from RY*™ into itself) as well as a mobility matrix
M (constant, symmetric, positive definite on T := {z € R" | Z,ivzl x = 0}) with Zf\il My =0
for all k = 1,...,n. The mapping P is the orthogonal projection from R to the subspace T.
Additionally, the constraint E,]Ll cr = 1 is imposed to this system.

The existence proofs in this work, however, cannot directly be generalized to the physically

important exponent case p = 2 due to the lack of the compact embedding WP (Q) «— C%%(Q)

for0<a<l1- % and n > 1, which is an essential feature in Lemma 4.2 and Lemma 4.3.

A Appendix

Lemma A.1 (Uniform convexity) Let n,p € N with p > 2. Then there exists a constant
Cineq > 0 such that

|2 = ylP < Cineq(J2P ™22 = [y[Py) - (@ —y)  for all z,y € R"
and (matriz-version)
@ = yl” < Cineq (2P 7?2 = yI"y) : (x —y)  for all z,y € R™*™.
Proof. Substitution y = = + h leads to the claim:
|h|P < Cinegh - (|x + h|P~2(z + h) — |2|[P~2x) for all z,h € R" (69)

Moreover, it suffices to prove (69) only for z,h € R™ with |h| = 1. Then (69) is equivalent to

<|z+hP 2+ (h-2)(|z+hP2 — |2[P~?) for all z,h € R™ with |h| = 1. (70)

ineq

Now the implications |z + h| < |z| = z-h < —3|h|* as well as |z + b > |2| = z-h > —|h|?
give the estimate:

1
[+ B2 (@) (|4 AP = [2fP7) 2 a4 hP o SRR (] — 4 B

1 1
§|1' +hP2 4 §|5L'|p72

Since |h| = 1, the right hand side is bounded from below by a positive constant and therefore
(70) follows. [
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Lemma A.2 Let n,p € N with p > 2. It holds for every a,b € R"™ and every X\ € [0,1]:

(XD + (1 = NalP"2(A\b + (1 — N)a) — [b|P72b) - (b —a) < 0.

Proof. This can be derived from the convexity of the map = +— |z|P. Alternatively, putting
z: =X+ (1 —Xaand y := b in Lemma A.1 gives

(1 = N)Cineq (X0 + (1 = NalP2(Ab + (1 — N)a) — [b|P72b) - (b—a) < —|Ab+ (1 — N)a — bJ?,

and hence the claim follows. |
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