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Abstract

We study the existence and well-posedness of rate-independent systems (or hys-
teresis operators) with a dissipation potential that oscillates in time with period e.
In particular, for the case of quadratic energies in a Hilbert space, we study the
averaging limit ¢ — 0 and show that the effective dissipation potential is given by
the minimum of all friction thresholds in one period, more precisely as the intersec-
tion of all the characteristic domains. We show that the rates of the process do not
converge weakly, hence our analysis uses the notion of energetic solutions and relies
on a detailed estimates to obtain a suitable equi-continuity of the solutions in the
limit € — 0.

1 Introduction

In most applications of hysteresis or rate-independent systems the hysteresis operator
or the dissipation potential is time-independent while the system is driven by a time-
dependent external loading, see [Vis94, BrS96, Kre99, MiR15]. However, there are also
systems where the internal dissipative mechanism depends on time in a prescribed man-
ner, see [Mor77, KrL09, AlK11] and the references below for mathematical treatments
of this case. Moreover, there are mechanical devices where friction is modulated time-
periodically by using a rotating unbalance, as in a vibratory plate compactor used in
construction areas, see Figure 1.1.

In this paper we are interested in cases where the dissipation processes is oscillating
periodically on a much faster time scale than the driving of the system by an external
loading. Similar, time-dependent friction mechanisms occur during walking or crawling
of animals or mechanical devices. Typically, there is a periodic gait, where the contact
pressure of the different extremities oscillates periodically, and only those legs are moved
for which the normal pressure is minimal. Simple mechanical toys, where this interplay
can easily be studied, are so-called the descending woodpecker, the toy ramp walkers, and
the rocking toy animals, see Figure 1.2. We refer to [GND14, DGN15, GiD16b, GiD16a|
for models on locomotion for micro-machines or animals and to |[RaN14| for the slip-
stick dynamics of polymers on inhomogeneous surfaces. Application to time-dependent
hysteresis in piezo-ceramic actuators are given in [AIK11, Al13].

Another application arises by moving an elastic body like a rubber over a flat surface,
where the surface is prepared such that the friction coefficient changes periodically. Then,
the system under consideration might serve as a model how microstructures on surfaces
give rise to kinetic friction which is smaller than the static friction (also called stiction).
Of course, this model does not account for the true microstructure of the surface, being
in general of a stochastic nature.

Figure 1.1: Because of the in-built unbalance, the plate compactor vibrates vertically
leading to an oscillatory normal pressure. When pushing the plate compactor horizontally
it will move only when the normal pressure is very low.
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Figure 1.2: (A) In rest, the woodpecker sticks to the metal rod by dry friction, when
oscillating the reduction in friction allows for a slow sliding downwards, cf. [Pfe84]. (B)
Toy ramp walker: the frog walks down only, when alternating the weight between the
rigid downhill leg and the hinged uphill leg. (C) Rocking animal: A weight beyond the
table edge pulls the cow forward, while the perpendicular rocking motions allows the
lifted legs to swing forward because of the reduced normal pressure.

In the present work, we will not investigate how the periodic oscillation is generated
by the system itself. Instead, we will assume the friction is induced by a given time-
periodic dissipation mechanism. More precisely, we consider a rate-independent system
(Y,E,R.), where Y is a reflexive Banach space. The energy £ : [0,7]xY — R is the
energy functional, where the Gateaux differential DE(t,y) € Y* is the static restoring
force and 0,E(t,y) € R is the power of the external loadings. In this introduction we
restrict ourself to the quadratic case, where Y is a Hilbert space and

(t,y) = 3 (Ay.y) — (00).0) (1.1

for a positive definite, symmetric, bounded operator A : Y — Y* and £ € WY2(0,7;Y*).
Then, DE(t,y) = Ay — £(t) € Y*.

For each ¢ € [0, T, the functional R.(¢,-) : Y — [0, o0 is a 1-homogeneous dissipation
potential, i.e.

R.(t,-) : Y — [0,00] is convex and lower semi-continuous,
Vy>0,veY: R(yv) =Rt ).

The dissipation forces are given by the set-valued subdifferential OR.(t,v) C Y* of the
convex function R.(¢,-). We are interested in the case where the temporal behavior is
characterized by the microscopic period 2me > 0 through a functional ® : [0, T]xRXY —
[0, 00] via

R.(t,v) = O(t, t/e, v), (1.2)

where now ®(¢,s,-) is a 1-homogeneous dissipation potential, and ®(t,-,v) is periodic
with period 27 on the real line.
In Section 4 we provide a general existence result for the Cauchy-problem

0 € OR(t,y) + DE(t,y(t)) fora.a. t €|0,7], y(0) = 1o . (1.3)

Indeed, we establish the existence of energetic solutions for general rate-independent
systems with non-convex energies in Section 4. This part is a suitable generalization of the
general existence theory based on incremental minimization developed in [Mie05, MiR15].



For this we develop a suitable calculus to generalize the definition

Dissg_ (y, [t1,12]) := / Re(t,y(t)
t1

from functions in W(]0,7],Y) to all functions of bounded variation, see Section 3.
Section 5 then provides the main result concerning the limit of fast oscillatory dissi-
pation structures, i.e. € \, 0 where R. is given in the form (1.2). This result states that
the solutions y° : [0,7] — Y of (1.3) converge uniformly to a function y° : [0,7] — Y,
which is again a solution to a rate-independent system (Y, &, Req), where the effective
dissipation potential is given by an infinite-dimensional inf-convolution, namely

2

Reg(t,v) = inf {%/ﬂ D(t,s,9(s)) ds |y € WH([0,27];Y),

y(0) = 0, y(27) = v }

In fact, using the 1-homogeneity of the dissipation potential ®(t, s, -) we see that the dual
dissipation potential has the form ®*(¢,s,&) = xk.)(§), where K(t,s) = 0®(t,s,0) C
Y* is a convex set containing 0 € Y*. Here xa(§) = 0 for £ € A and xa(&§) = oo for
¢ ¢ A. Under suitable assumptions we show (see Proposition 3.6) that

St €) = Xip(€)  with Keg(t) := ﬂsemﬂf((t,s). (1.5)

(1.4)

This can be understood in the sense that the effective dissipation potential is given

in terms of the minimum of all the possible friction thresholds. Because of the rate-

independent nature, the system can take immediate advantage of a low threshold and

move as far as necessary, see e.g. the solution y° in Figure 2.1, which moves with fast

velocity O(1/¢) on tiny intervals of length O(g?), or the zigzag pattern of the solution
— (y1(t), y2(t)) in Figure 2.2, where 3, (¢)ya(t) = 0.

To be more precise, we that Y = FxZ for Hilbert spaces F and Z, where the compo-
nent ¢ € F acts as a “purely elastic part” of the state y = (¢, z), while z is the “dissipative
part”. Consequently, we will assume that the dissipation potential ®(¢, s, (qb, 2)) is inde-
pendent of ¢. Moreover, we assume that there exists a convex, lower semi-continuous
positive 1-homogeneous functional 1)y on Z such that the following holds

30, >0 :VzeZ, Y(z) <oo: to(z) <Cyll2lly (1.6a)
Jwi, ws € C([0,00)) wi(0) = w2(0) =0 : Vi1, bt €[0,T] Vsy1,80 € RV EZ:
(1.6b)
|D(t1, 51,0)=P(t2, 52,v)] < <w1(|t1—t2|) +w2(|31—$2|)>¢0(0),
Ja>a>0V(ts,v) €[0,T]x[0,2r]|xZ : apy(v) < D(t,s,v) < @y(v), (1.6¢)

where w; and wy are moduli of continuity, i.e. continuous, nondecreasing functions with
CUj(O) = 0.

Our main result is the following convergence result that states that the solutions
v : [0,7] — Y converge to the unique solution y : [0,7] — Y of the effective rate-
independent system (FXZ, &, Reg).

Theorem 1.1. Let the rate-independent system (FxZ,E,R.) satisfy (1.1), (1.2), and
(1.6). Moreover, assume that the initial condition yo € Y satisfies

0 € 09(0,5,0)+DE(0,y9) for all s € [0,27]. (1.7)

3



Then, for every ¢ > 0 there exists a unique energetic solution y* € C([0,T];Y) to
(1.3) in the sense of (4.6)—(4.7).

Moreover, for e \, 0 we have y°(t) — y(t) for all t € [0,T], where y € C([0,T];Y) is
the unique energetic solution of the effective rate-independent system (FxY,E, Reg) with
y(0) = yo. In particular, if ® is Lipschitz in the first variable, we have

0 € ORur(t,i(1)) + DE(ty(t)) for a.e. t € (0.7,
where Reg is defined in (1.4) and characterized in (1.5).

The proof of this result strongly uses the theory of energetic rate-independent systems
as developed in [Mie05, MiR15]. The main point that we cannot pass to the limit £ N\, 0
in the equation (1.3) is that the derivatives §° do not exist in the sense of L7(0,7;Y)
and even if they exists, they do not converge weakly in any L? space. The problem of the
very weak convergence is already seen in the simple scalar model

0 € (2+ cos(t/e)) Sign(y°) +y° — (1),

which is studied in Section 2.1 for illustrative purposes, see Figure 2.1. In Section 2.2 we
study a two-dimensional case (i.e. Y = R?) which can be seen as a strongly simplified
model for a two-leg walker, where the weight of the body is periodically relocated from
one leg to the other such that their motion occurs alternatingly.

Instead of weak convergence of the solutions of ¢° we will rather rely on equicontinuity
properties of the family (y°).c(,1), see Proposition 5.2. Thus, the derivative-free notion
of energetic solutions is ideally suited for the limit passage in the proof of Theorem 1.1.

Despite the fact that hysteresis operators and rate-independent systems have been
studied by many works (e.g. [Vis94, BrS96, Kre99, MiR15|), there seems to be only
few work on time-dependent dissipation potentials, even though a first result for time
dependent R was already obtained by Moreau in 1977, see [Mor77| and the follow up
paper [KuM98g|.

The conceptually closest existence result to our work has been obtained by Krej¢i and
Liero in [KrL09], who combined the framework of Kurzweil-integrals with the concept
of energetic solutions. Instead of assuming continuity of R(t,-) with respect to t, they
consider R*(t,) = Xk (@) and assume Lipschitz continuity of v — K(v) C Y* in the
Hausdorff distance, where v lies in a Banach space V. They then obtain existence and
uniqueness of solutions for data ¢ € BV([0,7],Y*) and v € BV([0,7], V). Note that
in that case the mapping ¢ — R*({,-) = Xk () may even have jumps. More recent
generalizations are given in [Recll, KrR11, Roc12, KKR15].

Our work uses similar ideas for establishing continuous dependence on the data, but
restricts to the continuous case. Note that the time-periodic setting with £ \, 0 does not
allow for uniform bounds in BV, since even Lipschitz continuity of (¢, s) — ®(t, s, ) will
give a BV bound for ¢t — R.(t,-) = ®(¢,t/e,-) of order O(1/e). So, we will explicitly
exploit the periodicity of s +— ®(¢,s,-) to prove the equicontinuity in Proposition 5.2.

2 Two low-dimensional examples

Before we give a general theory, we provide a two examples that illustrate the concept
and the question of convergence.



Figure 2.1: The red curve is the solution of 0 € p(t/e)Sign(y(t)) + y(t) — 5t + t* with
y(0) = 0 for € = 0.04. The blue, wavy area indicates the stable regions

2.1 A scalar hysteresis operator

In the simplest setting we choose Y = Z = R and define the rate-independent system in
the form

1 . .
Et,y) = §y2 —((t)y and ®(t,s,9) = p(s)]yl,

where we choose for definiteness ¢(t) = 5t — t* and p(s) = 2 + cos(s).
This leads to the simple equation

0 € p(t/e)Sign(y°) +y° — L),  y(0) = yo, (2.1)

which implies that the solution y°(¢) has to lie in [((t)—p(t/e), £(t)+p(t/)]. The unique
solution for this hysteresis model with initial condition y(0) = yo = 0 is shown in Figure
2.1. We see that for t € [0,4] the solution is nondecreasing and hence it is given by the
explicit formula y*(¢) = max { max{0, {(7)—p(7/e)}|s € [0,¢] }.

In particular, y° uniformly converges to the unique solution y° of the limit system

0€ Prmin Slgn(y) + Yy — €<t)7 y(O) = 07

which is given by y°(¢) = min {5¢—t*+1, max{0, 5t—t?—1} }.

Moreover, we see that the derivative ¥ : [0,4] — R is either 0 (namely on flat parts) or
0(t) — Lsin(t/e). On each interval [km/e, (k+2)7/e] the solution has one increasing region
whose length is O(g?), while ¢° is of order O(1/¢). We observe the basic principle that y°
waits until p(t/e) = 2+ cos(t/e) gets very close to pmm = 1 and then moves very quickly.
Thus, the flat regions dominate and y¢ is not bounded in L?([0,7]) for any p > 1. We
only have g° M 1/° (convergence in measure when testing with continuous test functions).
More precisely, the sequence ¢° is bounded L'([0, T]) but not weakly convergent.

Nevertheless, one can establish an asymptotic equicontinuity estimate in the form

dC >0Ve e [0, 1] th,tg € [O,T] . |y‘5(t1) — ya(t2)| S C<€+ |t2—t1|).

Below, we will derive similar estimates in the general setting, see Proposition 5.2.

2.2 A two-dimensional model for walking

We now consider Y = Z = R? where y = (y1,%2) contains the coordinates of the two
legs walking on a one-dimensional line. This may serve as a model for a toy ramp walker
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Figure 2.2: Plots for the solution of (2.2). (A) The positions y;(t) of the two legs move
by alternating between plateaus (sticking phase) and fast motion. (B) The derivatives
y;(t) show that the motion is alternating, i.e. at most one of the legs moves at a time.
(C) The path ¢ — y(t) = (y1(¢),y2()) € R? shows a microscopic zigzag pattern.

as well as for a rocking animal, if one restricts to the only relevant case where the two
left and the two right legs always move together. We take

R

5 (ya—11)> = L)y1  and  D(t,5,9) = pi(s)|g1]| + p2(8)]ge]-

1 1

E(ty) = Syt + 505+
For a walker with symmetric legs one would assume p;(s+3) = pa(s) and p;(s) + pa(s) =
const. = p., where p, is the constant normal pressure induced by the total weight.
However, this is not important for our purpose, we only need that p;ni“ = min{p,(s)|s €
R} > a > 0. (Note that for a walker, when moving the free leg, there is always some
small friction in the joints.) Moreover, we want to impose that the two minima are not
attained for the same phase s € [0, 27].

The associated differential inclusion takes the form

0 pi(t/e) Sigﬂ@l)) (1+/<: —/f) (%) (Hﬂ) 0,0
€ o + = , 0) = (v1,9s)- 2.2
<0> (pz(t/e) Sign () —k 1+R) \ye 0 v0) =) 22
In Figure 2.2 we display a numerical simulation for the solution with ¢ = 0.01 for the

case k = 1, £(t) = 5t—t?, and p;(s) =2+ (—1)’ cos s.
Here the effective equation for € \ 0 is obtained with

Rea(9) = o™ |9n] + o5 g].
This is most easily seen by using the dual characterization via

O (t,5,6) = Xk(5)(§), where K(s) = [=pi(s), p1(5)] x [=pa(s), pa(s)] C R”.



Then, our formula (1.5) and the assumption p* = p;(s;) for s; # s5 give

(6) = Xk (§)  with Keg = (1) K(s) = [=p™, o] x [=p5™, p5™].

seR

3 Functions of bounded variation

For a Banach space Z, we consider functions u : [0,7] — Z. For an interval [s,t] C [0, 7]
and a convex, positive, lower semi-continuous and 1-homogeneous functional ¢ : X —
[0, 0], we define the (pointwise) variation

N-1

var(u; ¥; s, t) —Stlp{Z@/} (tiv1) —u(ty)) : N >2, s§t1<t2<~--<tN§t}.

We remind at this point, that convex 1-homogeneous functionals automatically fulfill a
triangle inequality. We denote by BV, (0,7"; X) the set of all functions v with finite varia-
tion var(u; ¥;0,T). In case ¢(-) = ||-|| ., we simply write BV(0,7; X) := BV (0, T; X).

In what follows, we say that a sequence of functions (u), .y C BV(0,T;Z) converges
weakly to u € BV(0,T; Z) if sup,, var(u,; ¥;0,T) + ||u, |1 < 0o and u,(t) — u(t) for all
t € [0,77.

Definition 3.1 (¢y-regular dissipation potentials). Let 1o : Z — R be a convex, lower-
semicontinuous and positive 1-homogeneous functional. A map ¥ : [0,7] X Z — R is
called a vg-regular dissipation potential if the following holds: For all ¢ € [0,T], the
functional W(¢, ) is convex, lower semi-continuous, positive 1-homogeneous and

Ja > a > 0 such that V¢ € [0, 7], z € Z holds aiho(2) < U(t,z) <ano(z),  (3.1)
Jw € ([0, +00)) with w(0) = 0 s.t.
Vi to €10,T]:  sup |U(t z) — U(ty,2)| < w(|t —to])to(2).
z€Z\{0}

The proof of the following results is postponed to Appendix A.

Lemma 3.2 (Definition of total dissipation). Let ¢y : Z — R be a convez, positive, lower
semi-continuous 1-homogeneous functional and let W : [0, T] x Z — R be a 1pg-regular
dissipatz’on potential. For every K € N, let T C [0,T] be a finite set of isolated points,

= {ti 1, R, } where 0 < tff <t < - < tR_ < T with the property
T 1= Squ;e{o,NK} (sz,Jrl tk K) =0 as K — oo. Then, writing Tx[s,t) :== Tx N [s,8] U {s}
for all w € BV (0,T;Z), the limit

Dissy (u; s,t) = [}lm Z var(u, ¥ (;), ti, tis1)
7% LT ls )

is independent from the choice of Tx and

tit1
Dissy (u; s,t) = I;lm Z U (r,u(tig) —u(t;)) dr,
ias ETi[s,t) ” b
ti €Tk [s,t)



The quantity Dissy (u; s, t) is the total dissipation of the function v with respect to W
over the time-interval [s, t].

Lemma 3.3 (Properties of total dissipation). Let vy : Z — R be a convex, positive, lower
semi-continuous 1-homogeneous functional and let Uy, Wy : [0,T] X Z — R be 1pg-regular
dissipation potentials. Assume Uy(t,u) < Wo(t,u) for allt € [0,T], u € Z. Then,

Dissy, (u; s,t) < Dissg, (u; s,t) .

If W(t,u) = 1ho(u) for all s,t € [0,T] and u € Z, we find

Ny—1

Dissy (u; s,t) = var(u; ¢o; 0,T) hm Z Yo (ultpy,) —ulty)) - (3.4)

If Uy (t,u) — Wa(t,u)| < Brbo(u) for all t € [0,T], then
Vs, t€[0,T]: |Dissg,(u;s,t) — Dissy,(u; s, t)) < 3 Dissy, (u; s,t).

Corollary 3.4. If Dissy(u;0,T) < oo, then for all0 <t <7 < T and s € [0,T] we have
U(s,u(r)—u(t)) < oc.

Proof. We have W(t, u(r)—u(t)) < anpo(u(r)—u(t)) < aDissy,(ust, 7) < 2Dissy(us;t,7),
which gives the desired result. a O]

Lemma 3.5 (Lower semi-continuity of total dissipation). Let ¢y : Z — R be a convez,
positive, lower semi-continuous 1-homogeneous functional and let ¥ : [0,T] x Z — R
be a o-regular dissipation potential. Let u,, € BVy (0,T;Z), n € N, be a sequence with
u, = u € BV, (0,T;Z) as n — oo in the sense that u,(t) — u(t) weakly in Z for all
t € [0,T]. Then, for all s,t € [0,T] it holds

Dissy (u; s,t) < liminf Dissy (uy; s, 1) . (3.5)

n—oo
We now consider R.(t,2) = ®(t,%, %) and recall the definition of Res in (1.4) and
provide the useful characterization (1.5), which will be proved in Appendix A.4.

Proposition 3.6 (Characterization of effective dissipation). Let vy and ® satisfy (1.6a)—
(1.6¢). Then, for allt € [0,T], s € R, and all z € Z we have

Re(t,2) < O(t,s,2), and ORe(t,0)= [ 0B(t (3.6)

5€(0,27]

4 Existence of Energetic Solutions

In this section, we will provide two existence results. Theorem 4.1 is more general than
needed for the proof of Theorem 1.1, but it could also be useful in other contexts. It
can also be proved in a metric setting. This can be achieved by replacing ||z — 22|,
by d(zi, z2), the weak convergence with a topology 7z that is weaker than d(-,-) and
W(t, 21, z9) is lower semi-continuous with respect to 7z in the proof below. Theorem 4.7
deals with the special case of quadratic energies in a Hilbert space, which is the basis of
the proof of Theorem 1.1.



4.1 The general case

We assume that F and Z are separable and reflexive Banach spaces and consider Y =
F x Z equipped with the product norm. We write y € Y as y = (¢, z). Assume we are
given a functional € : [0,7] x Y — R continuous in the first and lower semicontinuous in
the second variable. We furthermore assume that

There exist c(El), C(EO) > 0 such that for all y, € YV :

Elt) < 0 — E(,y.) € WH([0,T1) and (4.1)
7y* &Y

O yo)| < e’ (£ 9 + ) 5
Vtel0,T]: E(t,-): Y — Ry has bounded sublevels. (4.2)

Gronwall’s inequality applied to Assumption (4.1) yields
E(t,y) + cg) < (5(3 y) + (0)> och lt=s| VyeY. (4.3)
Given 0 € [0,1] and yo, 11 € Y, we define
o, lo :={y €Y : [ly —wolly =0llvr —wolly and [ly —ully = 1 =0) Iy — wolly } -
The functional £ is called A-convex if there exists A > 0 such that
Vyo, 11 €Y VO € (0,1) Vit €[0,T] Jy € [yo, y1e :

E(t,y) < (1= 0)E(t,y0) +0E[,31) — %9(1 =)y —wolly - (44)

Clearly, the sum of a A-convex functional and a convex functional is A-convex.
Finally, in order to prove continuity of solutions, we will also need Lipschitz continuity
of the power 0,£(t, -), namely

There exists C’S) > 0 such that |0,E(t,y0) — KE(t,y1)| < CS) llvr — volly

(4.5)
for all t € [0,7] and all yo, 91 € Y.

The functional vy : Z — R is a convex, non-negative, lower semi-continuous 1-homogeneous
functional and ¥ : [0,7] x Z — R is a tpg-regular dissipation potential. Similar to
[MiR15, MiT04] it can be shown that a suitable weak formulation of the inclusion

0 € DU(t,j) + DE(t, y(1))
is given by the notion of energetic solutions defined via
VieY:  E(tylt) <ERY) + V(g —y(t)), (4.6)

E(t,y(t)) + Dissy_(y, [0,]) / 0.E (5,15 (4.7)

Inequality (4.6) is called the stability condition, while (4.7) is the energy balance equation.
According to (4.6) we define the sets

St)={y €Y : E(t,y) < E(L,§) +U(t.§—y) Vi € Y}

and the set of stable points Spr) 1= Uepor{t} x S(2).

9



Theorem 4.1. Let Assumptions (4.1)—(4.2) hold. Furthermore, assume either one of
the following three conditions:

o Z — R is weakly continuous. (4.8a)
The set Sy, of stable states is closed in [0,T] x Y and (4.8b)
VE,>0: 0. :{(t,y) : E(t,y) < Ey} — R is weakly continuous. '

th >t and y, =y = DE(t,,yn) = DE(t,y) and
(4.8¢)

VE,>0: 0 :{(t,y) : E(t,y) < Ev} — R is weakly continuous.

Then there exists a solution y = (¢,z) € C([0,T];Y) with z € BV,,(0,T;Z) to (4.6)-
(4.7). Furthermore, if € is A-convez, if there ezists C’l(bl) < 00 such that

Yo(2) <00 = o(2) G0, 2]y (4.9)
and if (4.5) holds, then for all t,T € [0,T] it holds

20® 2
(“;E |T—t’+%w(‘7—ﬂ), (4.10)

ly(m) =y <

with o and @ from (3.1). In particular, y € C([0,T);Y) with modulus of continuity
o C(o+w(0)).

In case that ¥ does not depend on time, we obtain the well-known result that the
solution is Lipschitz continuous in time. Thus, we suppose that our result is optimal with
regard to the regularity of the solution.

Preliminary results. The following lemma will turn out to be very useful in the proof
of Theorem 4.1 and Proposition 5.2.

Lemma 4.2. Let £ : [0,T] x Y — R be continuous in the first variable, lower semi-
continuous in the second variable and \-convex such that (4.5) holds and let VU be a
Wo-regular dissipation potential. Then every solution y to (4.6)-(4.7) satisfies for every
t,7€[0,7]:

o) = w1 < [ e ot - o)l s+ =Pz 0.

Proof. Since £ is A\-convex, we obtain that f;(y) := E(t,y) + V(t, z — 2(t)) is A-convex for
every t € [0,T]. In particular, for any minimizer y, of f; there holds

YyeY: A2 )+ 5 ly—ul? (4.11)

Let 7 > t. From (3.2) we conclude that ¥(7, z) > (1 - @) U(t, z). Hence

w(|r

T_t‘)) (t, (1) — 2(t)) .
(4.12)

—t
Dissy(z;t,7) > (1 — w(Ir |)) Dissg(y)(2;t,7) > (1 —
a

10



Estimates (4.11)—(4.12) together with stability of y(¢) (cf. (4.6)) imply:

% ly(r) = y(0)I* < E(ty(r)) + W(t, 2(7) — (1) — E(ty(t)
< E(ry(r) — (L y(t)) — /tT 0uE(s,y(7)) ds + V¢, (1) — 2(1))

7 / (0. (s, y(s)) — 0. (s, y(r))) ds + U(t, 2(7) — 2(t)) — Disse(z:,7)

s[”@g@y@»—@a&Mﬂ»d&+ﬂﬁlﬂ%wn4ﬂ—z@»

a
Applying (4.5) gives the assertion of the lemma. O
The following Lemma will be used to prove continuity of solutions.

Lemma 4.3. Let o > 0, p1: (0,7) — R be measurable and € C([0,00)). If

VEO.T):  u(rf <a [ p(s)ds+ A
then, for every T € (0,T) it holds
0 <p(r) <ar+sup{f(s)]se[0,7]}.

Proof. Assume p is a simple function. Let 7(t) := sup {u(s) | s € [0,¢]} be the essential
maximum of p over [0,t] and let s, := argmaxyi(t). Then

szzu@VSaA“M@@+ﬁ@m@>
< off(t) + sup {B(s) | s € 0.4} T(t).

Hence, we have
u(t) < Tilt) < ot + sup {A(s) | s € [0,4]}

The general statement follows from approximating p pointwise by simple functions. [
Proof of Theorem 4.1. We follow the approach of [Mie05, MiR15].

Discretization scheme. We first consider the case that (4.8a) holds and afterwards
discuss how the proof has to be modified if, instead, (4.8b) or (4.8c) hold. Remark,
that continuity of vy implies boundedness of 1y on bounded subsets of Z since v, is
1-homogeneous. This in turn implies continuity of z — W(¢, z) for all ¢ € [0, T].

We consider the following sequence of partitions of the interval [0,7]. For every
KEN,WesettszzziKT,nggQKanddeﬁneforkzl

K
by

DE:ZxZ—R, D (2, 2) :][ U(s,2—2)ds.
s
Clearly, DX (2, 2) is weakly lower semicontinuous (respectively continuous if ¢y is contin-
uous). We will use DX in the discretization scheme (4.13) in order to be able to apply

Lemma 3.5 in the limit K — oo in (4.20).

11



Lemma 4.4. Let 1y be weakly continuous. Let t € [0,T], z € Z and zx — z weakly as
K — oo. For K € N choose k(K,t) such that t € [tf(K’t),tf(K’t) +275). Then, we have

VieZ: lim Df (2, 2) = V(t,2—z).
K—oo ’
Proof. Due to (3.2) there holds for all s € [0,7] and all 2 € Z that
|W(s, 2 —z2x) —W(t, 2 — 2zk)| Sw (|t —s|) o (2 — 2K) .

Therefore, we find

Uk (K t)+1
lim D,f(K’t)(zK,,%) = lim ][ U(s, 2z — zk)

K—oo ¢
k(K,t)

< Jim (Wt 2 = 2) +w (277) Yo (2 = 2x))

< lim (W2 = 2(0) + W (t,2(0) — 2x) +w (275) v (2 — 2x0))
< lim (W(E 2 = (1)) + @ ((1) — 2x) +w (275) o (2 — 2x))
= U(t, 2 — 2(t))

Similarly, we obtain limg D,f(Ki)(zK, Z) > W(t,z—2(t)). This concludes the proof. [
Given the initial value yo € Y and K € N, we look for X, .. yé% €Y such that
yr € Argmin {E(t,y) + D (21, 2) [y € V} . (4.13)

The existence of the minimizers y follows from (4.2) and the lower semicontinuity of £
and .

Step 1: A priori estimates To simplify the notation in this step, we fix K and write
ty = t5, (dn, 21) = yr = y~ and Di(-,-) = DE(-,-). We use (4.13) and the triangle
inequality to find in a first step:

S(tka Z)) + Dk(zlw 2) = S(tlwg) + Dk(zk—b 2) + Dk(zka 2) - Dk(zk—la 2)
> E(tk, Yr) + Di(2k-1, 2k) + Di(2k, 2) — D(2k-1, 2)
> E(tk, i) - (4.14)

Using again the minimization property (4.13) of yx, we obtain the upper energy inequality

E(tr, ye) — E(tk—1, yu—1) + Dr(21—1, 2)

ty
< E(tr, Yo-1) — E(tu—1, Yo-1) + Di(2k—1, 26-1) = / 0sE(s, yk—1)ds. (4.15)
tk—1

Like on page 52-53 in [MiR15] or page 489 in [Mie05], we find

Cg) + E(tk, yr) < (ng)) +&(0,0)) of ) (4.16)
k
(1)
N D21, 2) < () + E(0,90)) e (417)
j=1

12



We finally observe that a combination of (4.1) and (4.3) yields

Dt ye)| < e (£t ) + )
<y (5(tk-1,yk_1) + c(bi))) e =il e ) (4.18)

In what follows, let

denote the right-continuous piecewise constant interpolation of y = (¢, 2X) defined by
(4.13) and let Zx denote the piecewise linear interpolation of zX. Furthermore, we define

@K t— (%S’(t, YK(t)) .

Due to (4.16) and (4.18), we find that O is uniformly bounded in L*(0,7"). Since
U is a Yp-regular dissipation potential and since Zj are piecewise constant in time, we
obtain from estimate (4.17) and property (3.1) that

var(Zg;00;0,T) = var(Zg; 10;0,T) = Z@bg ~ —z ")

K

o
<a') Di(y5,%) <a” (C(E(])+8(an0)> T
1

[\

<.
Il

Furthermore, from (4.16) and (4.3) we obtain that
2D
E(0,Yie(t) + ) < (£(0,90) + ) 2"

and hence ||Yx ||z 7;v) is bounded by (4.2).
Summing up (4.15) over k, we obtain

~ tk
E(tk, yr) + Dissy(Zk; 0, ;) < E(0,y0) + / 0,E(s,Yk(s))ds (4.19)
0

Step 2: Selection of subsequence and passing to the limit From the generalized
Helly selection principle in [Mie05, Thm.5.1] and Step 1 we infer that there exists z €
BV, (0,7 Z) and a subsequence of Zx (still indexed by K) such that Zx(t) — z(t) and

Z(t) — z(t) pointwise for all ¢ € [0,7]. From Lemma 3.5 we obtain that

Dissy (2 s, ¢) < liminf Dissy (Zx: s, t) . (4.20)

n—oo

Furthermore, there exists 6 € L>°(0,T) such that for a further subsequence (still indexed
by K) it holds
O —" 0 weakly™ in L>°(0,7).

We furthermore define the function 6y, : ¢ — limsupy_,. Ox(t), for which we find
Osup € L>°(0,T) by Fatou’s Lemma. For a fixed ¢t € [0,7] we chose a subsequence K/’
such that for some ¢(t) € F it holds

Okp(t) = Osup(?) and Pgn(t) = o(t) €F as n — 00.

Hence, z(t) and ¢(t) are defined for all ¢ € [0, 7.

13



Step 3: Stability of the limit function Given ¢ € [0,7] and y(t) = (2(t), ¢(t)), let
k' = max {k eN: th < t}. Since £ is continuous in the first and lower semicontinuous
in the second variable, from (4.14) and Lemma 4.4 we obtain

E(t,y(1)) < liminf E(t, Viep (1) < limsup E(1, Yiep (1))
{1 —00 t t t t

K} —o0

< limsup (£, 9) + D (Zip (1), )
K} —o0 ¢ t

< E(t, )+ V(L 2 —2(1)). (4.21)

where we have used that Zgn(t) — z(t) as K" — oo.

Step 4: Upper energy estimate The choice § = y(¢) in (4.21) yields E(¢,y(t)) =
limcp o0 £ty Yicp (£)). Since O is uniformly bounded, this yields

E(t.y(t) = Jim E(t Yiep(1)). (4.22)

Therefore, we can apply [Mie05] Proposition 5.6 and obtain that

esup(t) = g{.lo @Kt" (t) = 8t5(t7 y(t)) : (423)

n

Taking together (4.19) and (4.20)—(4.23) and Lemma 3.5, we obtain for all ¢ € [0, T
t t

E(t,y(t)) + Dissy(z; [s,t]) < £(0,y(0)) —I—/ (s) ds < £(0,y(0)) +/ Osup(s) ds
0 0

< £(0,4(0)) + / O, (5. y(s)) ds

Step 5: Lower energy estimate Let ¢t € [0,7]. We follow the proof of [MiR15,
Prop.2.1.23]. Since 0 : t — 0,E(t,y(t)) is integrable, we can apply the methods from
[DETO05, Sec. 4.4] and obtain a sequence of partitions 0 < ¢l < tI < ... <t =T with
K1yt — 5 — 0 as K — oo such that

-----

s K-1
/ o)t = tim S 0(H) (S, — 1)
r =0

K—o00 4

We use (4.21) and observe that for all K € Nand j =1,..., K we have
E(t 1, y(t5)) < L, y(t]) + Ty, () — 2(620))

or

S )+ [ s ) ds < L ple)) + 1 200 — 2(E).

J

Summing j over 1,..., K, letting K — oo and using (3.3) we obtain

E(t, y(t)) + Dissy (2; [s,1]) = £(0,y(0)) +/0 Oi€(s,y(s)) ds.

This finishes the proof of existence of energetic solutions.
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Step 6: Continuity Properties Lemma 4.2 yields for 0 <7<t <T

2l w0l < [ 1uts) =l ds + X=Dwge ) - 200,

From Corollary 3.4, we infer that W(t, z(7) — 2(¢)) < co. Hence

W(t, 2(1) — 2(1) < Cypa|lz(7) = 2(t)]l5 < Cually(r) —y(D)lly -

Therefore, using Lemma 4.3 we obtain (4.10).

The case of (4.8b) Steps 1,2 and 56 work the same way as above. In Step 4, the
identity Oy (t) = 0,E(t, y(t)) can be obtained directly from the continuity of 0,€ assumed
in (4.8b). Step 3 is a consequence of the first assumption in (4.8b).

The case of (4.8c) It only remains to prove Step 3. We will use that if 11,15 : Z —
[0, T] are convex, positive and 1-homogeneous, then

U1 <Py = 0Yi(0) C Oa(0).

Let ¢t € [0,7] and for K € N choose tx, = 5T such that t € [tx,,tx, +275). We define

the 1-homogeneous functional W (t,2) = :;QJFTK U(s, z) ds.

Due to Assumptions (3.1)—(3.2) there holds |V (t, z) — U(t,2)| < o 'w (275) U(t, 2).
This in particular implies that 9 (t,0) C (14 a 'w (275)) 0U(£,0). Now, we rewrite
(4.14) as

—DE(tr, + 275, yx,) € OV (t,0) C (14 a 'w (275)) 0U(¢,0). (4.24)

In the limit K — oo, we find that tx, + 275 — ¢, yx, — y(t) and o 'w (2’K) — 0. By
Assumption (4.8c¢), this implies DE(tx, +275, yx,) — DE(t, y(t)) and hence by convexity
of 0¥(t,0) we conclude

—DE(t, y(t)) € 0¥ (¢,0).

This is equivalent to the stability condition (4.6). This finishes the proof of our main
existence Theorem 4.1.

4.2 The case of a quadratic energy

In this section, we make the following assumptions.

Assumption 4.5. The spaces F, Z and Y = F ® Z are Hilbert spaces, and the energy
has the form

£(ty) = A}y — 1(0). )y (1.25)

where A : 'Y — Y* is positive definite, symmetric and bounded, and where [ € W12(0,T;Y).
The positive definiteness of A implies that £(t,-) is A-convex with A independent from

t. We write ||y||4 := (Ay,y). Concerning vy and ¥, we assume ¢ : Z — R is a lower
semi-continuous, convex, and positively 1-homogeneous functional satisfying (4.9) and
U: [0,7] x Z — R is a tp-regular dissipation potential.
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We start with a result on the dependence of the solutions on the right-hand side and
the dissipation potential. This result is close to the continuous dependence result in
|[KrL.09, Thm. 2.3|, which is more general as it allows for more general uniformly convex
energies as well as for temporal jumps which are treated by the Kurzweil integral. Our
result is slightly more general in a different direction, because we do not need any a priori
bounds on the temporal BV norm of ¢ — W(t,-). This generalization is crucial for our
application to dissipations R.(t,-) = V(t,t/e, ) where no uniform bound is available.

Under the additional assumption that the solutions are differentiable almost every-
where the following result would be easily derived, however it still holds in the general
case, see Appendix B for a discussion and the full proof, which is done within the concept
of energetic solutions.

Proposition 4.6 (Dependence of solutions on data). Let Y = F ® Z be a Hilbert space.
Let 1o : Z — R be a conver, positive 1-homogeneous functional satisfying (4.9) and let
Uy, Wy : [0,T] X Z — R be tg-regular dissipation potentials with a modulus of continuity
w. Let A:Y — Y be positive definite, symmetric and bounded, ly,lo € WH2(0,T;Y) and
let & have the form (4.25) for | = l; respectively. For j = 1,2 let y; : [0,T] — Y be a
solution for the rate-independent system (Y, E;,V;), i.e. (4.6)—(4.7) hold for parameters
(L, W) = (1;,V;). Then, for allt € [0,T] we have the estimate

3 1 OO < 5 10O + [ (h(s)ale).(s)=om(s) ds

+ (L) =la(t), y1.(8) =ya (1)) — (1(0)=12(0), 42 (0)=12(0))

2
+y (Diss%_]. (y3:0,t) — Dissy, (y;: 0, t)). (4.26)

j=1
As an application of this proposition, we first obtain the following well-posedness and
Lipschitz continuity result.

Theorem 4.7. Let A : Y — Y* be as above, consider | € WH>([0,T];Y*) and
yo € Y satisfying (4.6). Then there exists a unique energetic solution y : [0,T] — Y
for (4.6)-(4.7) with y(0) = yo. Furthermore, for any two solutions y, and y, we have
Nlyr () =2 () lla < llya(s)—ya(s)||la for allt > s >0, i.e. we have a contraction semigroup.

Proof. Existence and continuity properties of solutions follow from Theorem 4.1 observing
that (4.8c) is satisfied. The uniqueness of solutions and the contraction property are a
direct consequence of (4.26) with [ =1[; =1y and ¥ = V| = U,. O

A second result is obtained if we give a specific estimate between the two dissipation
potentials, namely

J0>0Vte[0,T], z€Z: |VUi(t,z) — Ua(t, 2)| < dho(2). (4.27)
For the difference of the loadings /1 —I, we use the adapted norm

112(6) =L (B) ] = [|[ AT (L (O)~(1)) ||,
and similarly for the derivative. We obtain the following explicit estimate.

Corollary 4.8. Consider the situation of Proposition 4.6 and assume additionally (4.27)
and y1(0) = y2(0), then for all t > 0 we obtain the estimate

lr ()=l < 2e ([li—ball g gey + 11—l gy + A7), (4.28)

where A = (5(Diss¢0 (y1;0,t) 4+ Dissy, (y2; 0, t))
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. . Yy
and n(t) = i ()~ (t)||%. Using u(0) = 0 we find p(t) < [; (
$u(t) + A. This leads us to

u(t) < /O Cou(s)ds + K (1) with K(f) = A /0 Cp(s)ds 4 sup A(s) + A).

s€0,t]

Since K (t) is non-decreasing in ¢, Gronwall’s lemma gives u(t) < 4e** K (t) and taking the
square root gives the result. O]

5 Proof of Theorem 1.1

We now return back to the case that R. is given in the oscillatory form R.(t,v) =
O(t,t/e,v). We first show that it is easy to pass to the limit in the energetic formulation
if we are able to extract a weakly convergent subsequence. While in previous evolutionary
I'-convergence results for rate-independent systems (cf. [MRS08| or [MiR15, Sec2.4]|)
it was sufficient to use a uniform a priori bound for the dissipation and apply Helly’s
selection principle, this is not enough in the present case, since the oscillatory behavior
of the dissipation potential destroys the usual arguments.

5.1 Convergence to the effective equation

Due to Theorem 4.7, for every £ > 0 there exists a unique solution y* € C([0,7];Y) to
(1.3) satisfying the following stability condition and energy equality:

VigeY: &ty (1) <& ) +Re(t,y -y (1), (5.1)

t
(1,57 (1)) + Dissr (17,0.0) = £0.30) + | 80547 (3))ds. (52)
0
We now postulate the asymptotic equicontinuity which will be established in the next
section in Proposition 5.2:

Jmodulus of continuity wequ Ve € (0,1)

Ve[0T OOl < wan(it=7]) + hau(e).

Recall that a modulus of continuity is a continuous, nondecreasing function w : [0, 00) —
0, 00) with w(0) = 0.

Using y°(0) = yo which is independent of e, we also have a uniform bound and may
apply the Arzela-Ascoli theorem in the weak topology of Y restricted to a large ball.
Thus, we find a sequence g, — 0 such that

Ve [0,7]:  y(t) — y(t) (5.4)

for a limit function y : [0,7] — Y. The aim is now to show that this limit y is indeed
a solution of the effective rate-independent system (Y,&, Req) with y(0) = yo. Since
this solution is unique, we know that the whole family y* converges (without selecting a
subsequence).

From the weak lower semi-continuity of the norm we obtain ||y(t)—y(7)|| < Wequi(|t—7])
as well as the continuous convergence

te st =y () — y(t). (5.5)
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This is easily seen using y** (tx) — y(t.) = (v (te)—y™ (t.)) + (v (t.)—y(t.)), where the
first term converges in norm like wequi(|tx—1.|) while the second converges weakly.

To show that the limit y € C([0,7],Y) is an energetic solution, we have to establish
the stability (4.6) and the energy balance (4.7), but now with R.g instead of W.

Stability condition. Before establishing the result, we recall Proposition 3.6 where
Rem(t, ) is characterized via

ORe(t,) = () 02(ts,0) CY".

s€[0,27]

Inequality (5.1) is equivalent with Ay®(¢t) — I(t) € OR.(t,0) = 0P(t,1t/e,0).

For a fixed t, € [0,7] and a fixed s € [0,27) we choose a sequence ty with tp — ¢,
by setting ¢y := e (27|t./(2mex)] + s). By (5.5) we have y(tx) — y(t) and R.(ty, ) =
O(tx, s,-). Moreover, the stability of y° at time ) gives Ay (tx) — l(tx) € OP(ty, s,0).
Calculations similar to (4.24) yield that

Ay (t) — U(t) € 0D(t, 5,0) C (1 + wy(|tr—t.])) DB (¢, 5, 0),

and hence the limit k& — oo (first on the left-hand side, and then on the right-hand
side) gives Ay(t.) — l(t.) € 0P(t.,s,0). Since s € [0,27) was arbitrary, we conclude
Ay(ty) — U(ts) € ORest(t«,0), which is the stability of y since t, € [0,T] was arbitrary as
well.

Upper energy inequality. By the first relation in (3.6) we have the lower estimate
Dissg, (y%;0,T) > Dissg_,(y%;0,T)

for all e > 0 and all ¢ € (0,7]. Using the lower semicontinuity of the total dissipation
as stated in Lemma 3.5 and the weak lower semi-continuity of the energy £(t,-), we can
pass to the limit g, — 0 in (5.2) to obtain

g(tv y(t)) + DiSSReﬁ' (yv Oa t) < 8<07 yO) + /0 855(3, y(S)) ds.

Note that for the power integral on the right-hand side we can use the linearity of
- fg(l(s), y°*+(s)) ds, the weak convergence and Lebesgue’s dominated convergence theo-
rem.

Lower energy inequality. This can be obtained from the stability like in Step 5 of
the proof of Theorem 4.1.

Taking the above three points together we have shown that the limit y : [0,7] — Y
is an energetic solution for the effective rate-independent system.

Uniqueness. Since the uniqueness of the solution with the initial value y(0) = yo
follows from Theorem 4.7, we see that this solution is the only possible accumulation
point of the family (y°).c(o,1). Hence we conclude the convergence as stated in Theorem
1.1. In particular, the only missing point in the proof of the theorem is the equicontinuity
stated in (5.3).
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5.2 Uniform equicontinuity of solutions

In what follows, we write ||y||% = (y, Ay) and ||y|loc := ||yl|z=(r:v). The first result is
a basic lemma showing that we have a uniform L* bound for all ¢ € (0, 1).

Lemma 5.1. Let y° € C([0,T];Y) be the unique solution to (1.3) for a given initial data
Yo and a forcing l € W1>(0,T;Y). Then, there exists a constant C, = C(yo,l(+)) such
that

Vee (0,1): |ly°(:)|leeeo,rv) + Dissy, (250, T) < C, .

Proof. We want to use the a priori estimates (4.16) and (4.17). For this we choose the

constant ¢ =1+ 1711Z (0.7:y+) Which implies

0 1 0 1
£(t,y) + 2 = Slolls — W lolla + 2 > Tl +1 il
Hence, we find the power control
; ; 1 0y .- 1 ;
0ty = i, )] < N DIllylla < e (€ y) + ) with ¢ = [li]lzmorive)
Now, (4.16) and (4.17) imply the desired result. O

The next result is the fundamental equicontinuity result, the proof of which is delicate,
since there cannot be any uniform a priori bounds for the derivatives ¢° in any LP space
for p > 1, see the examples in Section 2. The idea of the proof is to use the microscopic
periodicity which provides good bounds if we shift compare a solution with itself but
shifted by integer multiples of the period 2me. For this we can use the continuous data
dependence derived in Proposition 4.6. In a second step we then control the maximal
oscillations in intervals of length 27e.

Proposition 5.2 (Asymptotic equicontinuity of ). For e € (0,1) let y* € C([0,T];Y)
be the unique solution to (1.3) with initial datum y*(0) = yo and loading | € Wh>(0,T;Y)
where yo satisfies (1.7). Then, there exists a modulus of continuity Wequ such that the
asymptotic equicontinuity (5.3) holds.

Proof. Since we want to compare y° with shifted version of ¢, we extend [ and ® to the
larger interval [T, 2T constantly, i.e.

®(0,s,:) forte[-T,0],

- [1O foree =10,
O(T,s, ) forte|T,2T).

= and  ®(t,s,-) = {
I(T) fortelTl,2T];

Hence, E(t,y) is now defined for t € [T, 2T] as well. Extending each y° by y°(t) = yo
for t € [-T,0] and using (1.7), we see that y° is the unique solution to (4.6)—(4.7) on
[—T,T] with initial value y*(—T) = vo.

We now consider 7 and ¢ with 0 < 7 < ¢t < T and want to estimate ||y*(t)—y°(7)[|a
uniformly in € € (0,1). There are unique k € Ny and 0 € [0, 27re) with

t =171+ 2mwek + 6.

By v{ : [-T1,7] — Y we denote the shifted function y°(t—27ke) such that y;(t) =
y°(7+0). Hence, we can estimate our equicontinuity term via

15" (1) =y (T[4 < Ny (8) = vk @l a + ly"(7+0) =y (7)]] 4 - (5.6)
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Since y° and y; both are energetic solutions with the same initial datum y, at ¢t = =T,
we can compare them with our estimate from Corollary 4.8. Note that y; is obtained with
the shifted loading [ (t) = [(t—27ke) and the shifted dissipation potential ®(t—2wke, s, -).
Using the a priori bound for the dissipation from Lemma 5.1 we obtain

Iy (8) = wi(®)lla < 267 (li=lillzz ey + W=tz rasye) + (w1 27ke)2C.) 7)),

where w; is the modulus of continuity of ®(-, s, v).
Clearly, we have ||l(s) — l;(s)|| < 27ke||l|| Lo (0,r;y+)- Moreover, for p > 0 we set

W (p)? = / i) = (s s

and see that w' is continuous with w!(0) = 0. Hence, &(s) = sup ¢ 4 w'(p) is a modulus
of continuity and we find

ly=(t) — ()]l < Ci (@(27rke) + 2mhe + w1(27r/<:5)> = w,(21ke) < w.(t—7), (5.7

where w, is still a modulus of continuity.

Now we want to estimate the second term on the right-hand side in (5.6), namely
lye (T+60)—y°(7)|| 4, where 6 € [0,27e]. We will not be able to show equicontinuity, but
we will obtain a uniform bound that vanishes for € N\, 0. To achieve this we first show
that the dissipation in intervals of the length 27e is uniformly bounded. Indeed, using
the energy balance (5.2) we have

t+2me
Dissg, (2% t, t4+2me) = E(t,y°(t)) — E(t+2me, y© (t+27¢)) — / 0sE(s,y°(s))ds
t

t+2me .
< ly*(8) =y (t+2me) [ (11971 + 10 ) + 211971 / [(s)]] ds
t

< O (w*(27r5) + 2m) , (5.8)

where we used the uniform a priori bound from Lemma 5.1, [ € W1*°([0,7];Y*), and
the fact that we already have control over shifts by integer multiples of 27e.

Finally we exploit the A-convexity estimate from Lemma 4.2, where we can use A = 1,
if we use the norm ||-|| 4. Indeed, since R.(t,-) = ®(¢, /e, -) has the modulus of continuity
W) (1) = wi(r) + wa(r/e) we obtain, for 0 < 7 < 7460 < T with § < 27e, the estimate

T+0 W(e
S r+0) I < [ IO 1) — Ol ds + 22, r40) - #7)

. [ .
< 02[|l]|o0 197 o, + (w1(9)+w2(9/5))5D1ssR5(z 7, T+0)

< de)illoo 1y° ]l + (w1(27r8)+w2(27r))gDissRE(ze; T, T42me) .

Combining this with (5.8) we arrive at

1y (7+0) — v ()] 4 < Co (2me + wa(2me)) " =: wo(e),

where w, is again a modulus of continuity.
Now letting wequi(r) = max{w.(r),ws(r)} we see that the last estimate together with
(5.6) and (5.7) give the desired assertion. O
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A  Proofs

Let ¢p : X — R be a convex, positive 1-homogeneous functional and let ¥ : [0,7]x X —
R be a tg-regular dissipation potential. Then, by definition of the variation and by (3.2),
we make the following general observations for u € BV, (0,73 X), 0 <ty <t; < T

var(u; W(t); to, t1) = var(u; W(t); to, t) + var(u; W(t);t,t1) vVt el0,T], (A1)
|var(u; W(s);to, t1) — var(u; W(t); to, t1)| < w (|s — t|) var(u; ¥o; t, t1)V s, t € [0,T]. (A.2)

A.1 Proof of Lemma 3.2
Recalling the notation Tx[s,t) := Tx N [s,t) U {s} ,we define

D(u;V; Tg; s,t) == Z var(u, U(t;), ti, tiv1) -

tiETK[s,t)
If we define T := J;_, Tx, inequality (A.2) implies
D(u; W Te: s, t) — D(u; U; T S,t)’ < w(7g) var(u, ¥y, s, t) .

Since 7 — 0 for K — 0, we obtain that

lim D(u; V; Tg; s,t) = hm D(u U: Ti: s, t) (A.3)

K—o0

provided one of these limits exists. However, given K, Ko € N, we observe
D(u; W; Trey; 8,1) — D(w; O3 Treys 5,8) | < (w(Tre,) + w(Tr,)) var(u, o, s, 1)

and thus the limits (A.3) exist. Given two families of partitions T and 72 with 75 — 0
and 73 — 0 as K — oo, we can follow the above lines and obtain for Tx := T4 U T2

lim D(u;¥; Tg;s,t) = hm D(u; U; Tre; s,t) = lim D(u; W; T2:s,1).

K—oo K—o0 K—oo

Now, choose K € N. For K > Ky and t; € Tx wewrite |t; |, = argmax {t € Tk, : t < t;}.
Then, we obtain

z+1
hKHme Z ][ (ryu(tipr) — u(ty)) dr

ti €Tk [s,t]\{t}

2 lim o U (i) ultin) — u(ti)) — w(Tr )var(u, o, s, 1)
L‘iGTK[S,t)

— Z var(u, Y (tx), tg, tkr1) — w(Tr, )var(u, ¥y, s, t)
t1 €Tk, l5:t)

as K — oo. A similar estimate for the imsupy_, > 7 5.1 f;i“ U (r,u(tipr) — u(t;)) dr

yields the first equality of (3.3). The second follows from the uniform modulus of conti-
nuity.
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A.2 Proof of Lemma 3.3

The first statement is obviously true. The inequality

Ng—1
var(u;; s,t) > lim sup Z O (u(tpy) —ulty))
k=0

K—o0

is an immediate consequence of the definition of var(-). On the other hand, for n € N we
can chose a partition 7, such that 305" ¢ (w(th ) —u(ty)) = var(u; s s,t) — £. Due
to the triangle inequality, we can assume 7, O 7,_1.

The third statement follows from W, (¢, u) < Wy(t, u) + Bivo(u) for all t € [0, 7.

A.3 Proof of Lemma 3.5

Let (Tx)gen be a sequence of partitions of [0,7] such that Tx C Tgi1, ie. 76 N\ 0.
Then we obtain

Nig=1 4o
S [ Wt (t) - ()
i=0 Jt°
Nio—1 .
< Z Z / U (sk, Un(Spr1) — un(sk)) + w(Tk, ) var(u,, Yo; s, t)
=0 SkeTK[tf{O7tfiol) Sk

Passing to the limit K — oo on the right hand side, we obtain
Ny~

1
tit1

Z / U(t;, un(tiz1) — un(t;)) < Dissg(un; s,t) + w(Tk, ) var(uy,, vo; s,t) . (A.4)

i=0 Vi

Since U(t;,-) is lower semicontinuous and convex, it is also weakly lower semicontinuous
and we obtain

NKO_ NKO_

1 tit1 1 tit1
3 / Ut ultin) —u(t) < liminf 3 / Bt (tin) — ()
i=0 Yt i=0 i

n—oo
< Dissy(un; 8, t) + w(7xk, ) var(un, ¢o; s,t) . (A.5)
Passing to the limit Ky — 0, we find from (A.4) and (A.5) that (3.5) holds.

A.4 Proof of Proposition 3.6
Let 1 > § > 0 and define @5 : [f —1/2,¢+ 1/2] — Y through

is(s) = {5%(6—|5—f5‘)y if ‘s—ﬂ <5.

0 else

We continue &5 in a 27-periodic way and define x5(t) := fot ts5(s) ds. For 6 — 0 we find
by continuity of W,(-,y) : £+ ®(t,1,y) and 1-homogeneity of ®(¢, s, -) that

R t+6 1 |S _ tA‘ 27
O(t,t,y) = lim - — O(t,s,y) ds = lim O(t,s,15(s)) ds
) 02 =0 J

6—0 575

= lim Dissy, (24;0,27) > Reg(t,y) .
0—0
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This immediately yields ORz(t,0) C 0®(t,s,0) for all s € [0, 27].
On the other hand, let £ & ORqz(¢,0) but & € 90D(¢, s,0) for all s € [0,27]. Then

O(t,s,2) > (£, 2Z) forall Z€ Z, and Jze€Z: Re(t,z) <(2).

The latter means that there exists « : [0,27] — Z such that z(0) = 0, z(27) = z and
Dissy, (x;0,27) < (£, z). This implies for some finite partition 7x|[0,27] of the interval
0, 27] that

€z2)> Y var(z, Uy(sy), si si1) > Y (Galsin) —a(s:)) = (€2)

5;€Tk [0,2m]\{27} si €Tk [0,2m]\{27}

which is a contradiction.

B Proof of Proposition 4.6

The proof of Proposition 4.6 is quite technical although the idea behind is very simple
and is well-known for proving our result in the case that W; = Wy = 1)3. The case of
time-dependent and different W;(¢, -) is contained in [KrL09| even for cases where ¥; may
jump in time. We motivate the result in the case that the solution are sufficiently smooth.
A function y € Wh>(0,T;Y) is a solution to (4.6)—(4.7) if and only if

Vaat € [0,T] Vv EY : (DE(ty),v—g) + U(t,v) — U(t, () >0,  (B.1)

(see e.g. [Kre99, Mie05, KrL09, MiR15]). Given two loadings [; and [ and two dissipation
potentials ¥; and ¥, we obtain (choosing v = y5_; and adding)

(DEL(t,y1)—DE(t, y2), 1 —12) + Wi (t, 1) — Walt, v1) + Valt, 92) — Vi(t,92) < 0.

Integrating over time and some integration by parts leads us then to the estimate

31 O=m (O < 5 10O+ [ (i)l m(5)=m(5)) s
F (0 ~a(0), 3 (1)~ (6)) — (1 (0)~12(0), 1 (0) 10 (0))
+/0(\1’1(«9,91(8))+‘1’2(8791(3))—‘111(8791(8))—‘1’2(3’(@2(5))) ds,

which is essentially the desired estimate (4.26) as stated in Proposition 4.6. However,
due to the temporal fluctuations of ¥; and the low temporal regularity of y;, we have to
carry out all of these calculations in a time-discrete setting.

Proof of Proposition 4.6. As above we write ||y||% := (Ay,y), and for fixed t € (0, 7] and
N € N we define the partition ¢, = %. For all continuous functions a : [0,7] — X
we let o := a(ty) and aF~1/? := L(a"+d"!). In addition to y; and I; we will also use

Ej(t) = &(t,y;(t)) and 0;(t) = D& (1, y;(t)) = Ay;(t) = 1;(1),
Subsequently using the quadratic structure of £(t,y) and (4.7) we obtain the relation

1 1, _
SR = Sl = B — B (1) — (1)

o,
— <lj,yj> <l§_1,y;?_1> —/ <lj,yj> ds — Dissy, (y;; te—1, tk)-

te—1
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For comparing the two solutions y; and y, we add the above identities and, after some
quadratic rearrangements, we obtain the relation

||y1 yQHA——Hy’“ |

_ |
—§Hy1HA——Hy1 "%+ —Hy’SHi—gHy’J "%

k— — k— _
= (o k) = (k)
2
Z( gy — Gy ) - / J’y]> ds — Dissy, (y;; tr— Mk))

k—1/2  ;k—1/2 k—1/2  k—1/2
—< /Jfl /?/ y2 >_< /+l /y y1 >

We now insert the stability condition (4.6) which takes the form
YoeY: -— <Uf,v> < W, (tg, v),

where we choose v = y§_j — y];:}. This leads us to the estimate

1
§||y’f—y’5||i —||y’“ |

2 e,
<3 (-t ) - Bkl )+ [ (100 u(e)) ds)

j=1 tre—1

2

1 k k— .

+ Z ( (e, ys_ —j —y5~ j) + 2‘1’ (tk—lvy?,_j_y:}—}) — Dissy, (ijtk—htk))-
7=1

Summing this inequality over £k = 1,..., N we see that many terms cancel by the tele-

scoping effect. Moreover, taking the limit N — oo, we use ty =t and tg = 0 and can

employ Lemma 3.2 to obtain the desired estimate (4.26). Hence the proof of Proposition

4.6 is complete. [
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