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2 Summary

Many real life applications lead to parabolic optimal control problems. In particular, the control
often comes in form of a finite set of switches which can be operated within a given continuous
time horizon and admit only a finite number of states. In this project, we have concentrated on
binary switches that have bounded variation and possibly need to satisfy further combinatorial
constraints. While many approaches presented in the literature for solving control problems with
binary switches are heuristic and depend on a predetermined discretization, the project aimed at
developing a branch-and-bound algorithm for solving the problems globally in function space.

The major difficulty to design such an exact solution approach is the computation of tight dual
bounds. For this purpose, we have investigated the closed convex hull of all feasible switching
patterns and derived an outer description by linear inequalities based on finite-dimensional pro-
jections. For the resulting convex relaxation, we have designed an outer approximation algorithm
whose iterates converge strongly to the global minimizer of the relaxation. The overall approach is
of general nature and the outer approximation algorithm is applicable to convex control problems
whenever an efficient separation algorithm for the control constraints is known. To compute dual
bounds numerically, the control problems have to be discretized using finite element methods, so
that the obtained bounds depend on the discretization and are not necessarily valid in function
space. To overcome this issue, we used an a posteriori error estimator.

Finally, our branching strategy to fix the right-sided limit at appropriate time points of the switches
guarantees that an increasing number of branching decisions leads to a unique solution of the
subproblems in the limit. Our branch-and-bound algorithm thus converges to the global minimizer
of the binary control problems. The performance of the algorithm now essentially depends on
the quality and fast computation of the dual bounds. Numerical results for the case of bounded
variation (without any further constraints) indicated that our dual bounds are rather tight, so that
relatively few subproblems need to be inspected and refined within the branch-and-bound algo-
rithm. Moreover, numerical tests verified that our tailored convexification can significantly improve
the dual bounds given by the straightforward continuous relaxation, which are obtained by relaxing
the binarity constraints of the controls.

Throughout the report dates are written as DD/MM/YYYY or MM/YYYY.



3 Progress Report

Optimal control problems with controls that are given by a finite set of switches u; ..., u,, n € N,
which can be operated within a given continuous time horizon and admit only a finite number of
states, have various applications and have thus become an increasing focus of research. Ex-
amples include gear-switches in automotive engineering (Gerdts, 2005; Kirches et al., 2010) or
valves and compressors in gas networks (Hante, 2020). Optimal control problems with discrete
switches are challenging due to their combinatorial, nonlinear and dynamic complexity. Conse-
qguently, many numerical solution methods have been discussed in the literature. We exemplarily
refer to (Sager et al., 2011, 2012; Belotti et al., 2013; Manns, 2019; Garmatter et al., 2022) and
the references therein. Most of the approaches, however, produce only heuristic solutions without
any quality guarantee and cannot deal with further natural combinatorial switching constraints,
such as an explicit bound on the total variation of the switches.

In our project, we have focused on linear quadratic parabolic optimal control problems with binary
switches and combinatorial switching constraints modeled by sets of the form

D C {ueBV(T;R"): u(t) € {0,1}" fa.a.t € (0,T)}

of feasible switching patterns. We have developed a branch-and-bound algorithm to solve these
problems to global optimality in function space, i.e., without considering any predetermined dis-
cretization of the problems. The natural branching strategy, which fixes the value of the switches
in finitely many points, combined with the bounded variation of the switches, guarantees that the
non-fixed part of the switching pattern vanishes. Moreover, tight dual bounds are computed by
completely describing the closed convex hull conv (D) of the set D of feasible switching patterns in
LP(0,T;R"), p € (1, 0], by linear inequalities in function space. The outer description of conv(D)
is built by cutting planes lifted from finite-dimensional projections of D, where the projections
result from local averages of the switches over certain intervals. The convexified problems are
solved by means of outer approximation. In this way, safe dual bounds for the binary control prob-
lems are computed in each node of the branch-and-bound tree, as long as the discretization error
is not taken into account. By combining the results from Meidner and Vexler (2007) and Vexler
and Wollner (2008), we have estimated the discretization error of the dual bounds and specified
an adaptive refinement strategy for the case when the discretization independent dual bound is
too weak to cut off a node, but the discretization dependent bound already exceeds the primal
bound. To evaluate the strength of the dual bounds and of the proposed branch-and-bound al-
gorithm, the entire algorithm was implemented in C++ using the DUNE-library (Sander, 2021) for
the discretization of the PDE.

The results of the project are explained in more detail in the following based on the work packages
defined in the project proposal.

WP 1-2 Existence of solutions and convexification

By requiring a uniform upper bound ¢ on the total variation of all feasible switches in D and the
closedness of D in L?, the standard direct method of the calculus of variations along with the
compact embedding BV (0, T;R") —¢ LF(0, T;R") immediately yields the existence of optimal
solutions. For instance, the set of switches with bounded variation that need to satisfy additional
combinatorial constraints of the form u(¢t) € U C {0,1}" at almost each time point, or the so-called
minimum dwell time constraints that impose a minimum time span between two flips of a switch,
satisfy the assumptions thanks to the lower semi-continuity of the total variation with respect
to the Ll-norm. In contrast to the project proposal, we did not fix the traces of the switches
at t = 0 to zero, since the latter does not represent a closed condition in L. However, the
condition that the switches are turned off at the beginning can be incorporated into our framework
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by defining BVy(0, T;R") := {u € BV(—1,T;R"): u = 0a.e.in (—1,0)} and considering D a
subset of {u € BVy(0, T;R"): u(t) € {0,1}" f.a.a. t € (0,T)}; see (Buchheim, 2024).

For a branch-and-bound scheme, it is crucial to understand the convex hull conv(D) in order to
obtain tight dual bounds. A straightforward approach to reduce the investigation of conv(D) to
finite dimensions is to discretize the control functions. However, this approach restricts the set
of feasible switching patterns, so that we would just obtain an inner description which does not
provide valid dual bounds for the control problem in function space. In (Buchheim et al., 20244,
Section 3), we thus reduced the task to find an outer description of conv (D) to finite dimensions by
considering local averages of the switches 14, ..., u, over certainintervals I; C (0,T),i=1,...,N
with N € IN. We then obtain

HOTED € (o € 17(0, T, R"): TI(0) € conv(TI(D))} ()

conv(D)
where T1(v)(j_1)n+i = ﬁfh vjdtforj =1,...,nandi = 1,...,N, and A(l;) denotes the
Lebesgue measure of I;. The above inclusion holds since the general assumptions on D ensure
that Cp 1 := conv(I1(D)) is closed. Indeed, the linearity of I'T directly implies Cp 11 = I1(conv (D))
and the latter set coincides with IT(conv (D)) thanks to its closedness and the continuity of IT. The
convex hull Cp 17 of the projection vectors is thus given by the projection of conv(D) onto finite
dimensions. With the help of a sequence of intervals I¥ ...,I}‘\,k, k € N and N; € N, that covers
the whole time horizon and has a vanishing mesh size, i.e., max;—;,__n, A(I;) — 0 for k — oo, we
have even derived a complete description of conv(D). This result is independent on the type of
switching constraints under consideration.

The outer description of Cp 11 now strongly depends both on the chosen projections IT and on the
switching constraints. Our aim was to employ pointwise evaluations of switches u € D by means
of the unique right-continuous representative in BV (0, T; IR") and to show that Cp 17 coincides with
the 0/1-polytope

conv({uy(t1), ..., u1(tn), ... un(t1), ..., un(ty) " :u € D}),

where t; € I; denote suitably chosen time points. This approach already failed for the minimum
dwell time constraint and we could not specify general assumptions on D and the intervals I; to
guarantee this result. However, only the existence of an efficient separation algorithm for the finite-
dimensional projection set Cp 17 is crucial for our approach and can be guaranteed for prominent
examples of switching constraints, as reported below.

WP 3 Finite-dimensional outer description for switching constraints

In (Buchheim et al., 2024a, Section 3), we have investigated the projection sets for two practically
relevant classes of constraints, namely the set D2, (U) of switches with bounded variation that
satisfy pointwise combinatorial constraints of the form u € U C {0,1}" a.e. in (0,T) and the
set D(P) of a single switch whose switching points belong to a polytope P C R“. The discrete
set U is used, for example, to model conflicts between switches, and the polytope P imposes
affine linear constraints on the switching points, such as minimum dwell time constrains. For both
classes of constraints, the resulting projection sets are polytopes and for DZ._, (U), the projection
set is even a 0/1-polytope. For a general set U, or polytope P, it is clear that the separation
problem for Cpx (7)1 @and Cpp) 11, respectively, is not tractable. For the special case n = 1 and
U = {0,1}, Buchheim and Hiigging (2023) have derived a complete description of Cpz_ ({01}),1T
by an exponential number of linear inequalities as well a linear-time separation algorithm. In
the case of minimum dwell time constraints, the existence of an efficient separation algorithm
was shown by specifying an efficient linear optimization algorithm. Under additional assumptions

on the length of the projection intervals and the minimum dwell time, the projection set of the
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minimum dwell time constraints even coincides with the min-up/min-down polytope investigated
by Lee et al. (2004), so that the their linear-time separation algorithm can be used in this case.

The situation may even get more complicated within the branch-and-bound scheme since point-
wise fixings may destroy the polyhedricity of the projection sets and the tractability of their separa-
tion problem. However, for the case of bounded variation and the minimum dwell time constraints,
we showed that the separation problem is still tractable.

WP 4-5 Outer approximation algorithm and separation problem in function space

Within the branch-and-bound algorithm, the outer description of conv(D) in (1) from WP 2 is used
to compute dual bounds. Due to the intricate structure of the closure of the convex hull, we have
developed an outer approximation algorithm for solving the convexified problems that uses the
complete descriptions of the sets Cp 11; see (Buchheim et al., 2024b, Section 3).

More specifically, we first solve the optimal control problem without the switching constraints un-
der consideration, but keep the box constraints, to obtain a control u. If the control u does not
belong to conv (D), we fix an operator IT such that IT(u) ¢ Cpyy holds. Since we know u from
a practical point of view only subject to a given discretization, the obvious approach is to choose
the projection intervals exactly as given by this discretization. This is a feasible approach pro-
vided that the finite-dimensional separation algorithm for Cp 11 is fast enough to deal with prob-
lems of large dimension, as for the case of bounded variation. Otherwise, it may be necessary
to choose a smaller number of projection intervals, e.g., by considering unions of intervals of
the current discretization. But our approach also allows us to choose the projection intervals
completely independent from the current discretization of the problem. Given a control u and
set Cp 11, the question whether a fixed (small) number of intervals is enough to construct I1 such
that I'T(u) ¢ Cp 11 holds may not be efficiently decidable.

In the next step, we find a linear inequality 2" w < b that is valid for Cp; and represents the
most violated inequality for IT(#). Choosing the most violated inequality here is crucial for the
convergence of the outer approximation algorithm. For the latter, further assumptions on the
intervals defining the projections are needed. Despite the fact that they cover the whole time
horizon and the mesh size vanishes, as in WP 2, only subdivisions of former intervals can be
considered and the ratio between the minimal and maximal interval length defining a projection
has to be bounded. In this case, every accumulation point with respect to the weak-* topology
of L*(0, T;R") is a global minimizer. Furthermore, the whole sequence of iterates converges
strongly in L2(0, T; R") when a Tikhonov regularization term is added to the objective function.

WP6 Embedding into a branch-and-bound scheme

The branching strategy is critical for enforcing the binarity of the switches and to determine (or
approximate) the optimal switching structure of the problem. The most natural branching strategy
for finite-dimensional binary problems consists of picking a binary variable having a fractional
value in the optimal solution for the convex relaxation and then fixing this variable to zero in the
first child node and to one in the other. In our infinite dimensional setting, we needed to deal with
infinite dimensional variables, suggesting that an infinite number of function values has to be fixed
to uniquely determine a solution. However, thanks to the upper bound ¢ on the total number of
switchings, the natural branching strategy to pick appropriate time points T € (0, T) and switches
j € {1,...,n}, and to fix limy . uj(t) = 0 in the first subproblem and limy . u;(t) = 1 in the
second, guarantees that the non-fixed part of the feasible switches vanishes, see (Buchheim et al.,
2025, Theorem 3.1). An increasing number of fixing decisions, taken along a path in the branch-
and-bound tree, thus leads to a unique solution in the subproblems and their convexifications in
the limit. As a result, the dual bounds converge to the primal optimal values of the subproblems.
The latter is necessary for the convergence of the branch-and-bound algorithm.
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The resulting restrictions in a given node of the branch-and-bound tree are a joint consequence
of the finitely many fixing decisions taken so far and of the constraint u € D. On the one hand,
the finite-dimensional projection sets Cp 11 change due to the fixings so that the restrictions can
implicitly be modeled through cutting planes, as described in WP 4-5. On the other hand, the
fixings may determine significant parts of the switching pattern directly, in such a way that a
certain switch has to be constant on some intervals. In our branch-and-bound algorithm, it is
much more efficient to deal with the latter constraints explicitly, instead of modeling them implicitly
by appropriate cutting planes.

Since we have at most ¢ switchings for each switch by assumption, a related branching strat-
egy would be to produce ¢ + 1 subproblems by selecting an interval and limiting the number of
switchings to 6 in the first half of the interval and to ¢ — 6 in the second half, for 6 € {0,...,c}.
This branching strategy explicitly reduces the bounds on the number of switchings on subinter-
vals rather than implicitly. However, it turned out that it does not guarantee the convergence of the
primal and dual bounds for every selection of intervals, as it can already be seen in the case of a
single switch with a total variation of at most . The switch u = 1 or u = 0 is feasible for all sub-
problems in which the branching decisions did not enforce the switch to be zero or one in t = 0.
In this case, u = 5 is feasible for any convex relaxation of the subproblems and consequently, the
dual bound may remain strictly below the value of the subproblems.

Another crucial ingredient in the branch-and-bound framework are primal heuristics, i.e., algo-
rithms for computing good feasible solutions of the original problem, which yield tight primal
bounds. At this point, we could apply problem-specific rounding strategies from the literature
to the solution u of the convexified problem being solved for obtaining a dual bound. Moreover, in
the case of an efficient linear optimization algorithm for Cp 17, we have defined a linear objective
function based on the distance of u to % over the intervals I; of the projection I, and used the
resulting minimizer v € Cpyy to construct a control v’ € D with TI(#') = v. The construction,
however, may be hard, since v must not be integer in general, so that u;. cannot simply be set
constantly to V(j-1)N+i OVer I;; 1 <i < N,forj=1...,n. On the other hand, the intervals
Ly, ..., Ix do not necessarily cover the whole time horizon (0, T), so that it may be unclear how u’
is given on the uncovered part of (0, T). However, for bounded variation and minimum dwell time
constraints, the construction is efficient, see (Buchheim et al., 2025, Examples 5.1 and 5.2).

WP7-8 Implementation and numerical results

To compute dual bounds by means of outer approximation, as described in WP 4-5, we need to
solve parabolic optimal control problems with box constraints and finitely many linear inequalities.
For these problems, in (Buchheim et al., 2024a, Section 4) we have derived KKT-conditions that
are suited to a semi-smooth Newton method, as long as the matrix of the cutting planes is regular.
However, with an increasing number of cutting planes and branching decisions, the matrix became
rank deficient. To overcome these numerical issues, we have employed an alternating direction
method of multipliers (ADMM) approach (Buchheim et al., 2025, Section 5.1), in which we solve
the parabolic control problems with respect to the unfixed part of the controls only. Even when
we stopped the ADMM algorithm before finding the optimal solution to the problems, we could
derive a safe dual bound for the problems by estimating the sub-optimality of the solution using
the primary and dual residuals.

For the implementation of the branch-and-bound algorithm, we discretized the PDE contained in
our problems as well as the controls. A standard Galerkin method with continuous and piecewise
linear functionals was used for the spatial discretization, while piecewise constant functionals
in time were used for the temporal discretization of the controls and states. The numerically
computed primal and dual bounds initially depend on the discretization of the problems, as shown
in (Buchheim et al., 2024b). To overcome this, we estimated the discretization error contained
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in these bounds using the dual weighted residual (DWR) method, which has already achieved
good results in practice, and combined the results by Meidner and Vexler (2007) and Vexler and
Wollner (2008) to obtain an error analysis for the suproblems occurring in our branch-and-bound
tree. Since the switches can only vary over time and the novelty of our approach lies mainly in
the determination of the finite number of switching points, we have concentrated on the temporal
discretization error only and neglected the error induced by the spatial discretization of the state
equation. The incorporation of the spatial discretization error is subject to future research. The
source code of our implementation is available at https://github. com/agruetering/dune-bnb.

The numerical results in (Buchheim et al., 2025, Section 7) have shown that our branch-and-
bound method is an effective and robust algorithm to globally solve binary control problems with
combinatorial switching constrains. The average number of subproblems remained relatively
small in our experiments, showing that the dual bounds computed by the outer approximation
algorithm are rather tight, and that the main challenge in terms of running times is the fast compu-
tation of these dual bounds. Moreover, thanks to the computation of tight dual bounds, relatively
few subproblems had to be inspected and refined within the branch-and-bound algorithm.

The typical behavior of the branch-and-bound algorithm is shown in Figure 1. Whenever a node
has a single child node in the illustration, the discretization of the subproblem has been refined.
The branch-and-bound tree shows that a large part of the generated subproblems can already
be pruned without any refinement. Moreover, in relatively few branches the subproblems need
to be refined multiple times in order to decide whether a solution of desired quality can be found
in these branches. To be more precise, whenever the maximal number of refinements of a grid
cell within the branch-and-bound algorithm was larger than 4 in our experiments, the number of
subproblems with grid cells that were refined this often was less than 10 %.

Figure 1: Example of a complete branch-and-bound tree. The path of the optimal solution is marked in
bold and the branching decisions along the optimal path are listed. In the case of a single child node, the
temporal discretization of the subproblem has been refined.

WP 9-11 Extensions of the framework

We have focused our investigation on switches that only admit two different states. However,
extending the branch-and-bound scheme from WP 6 to problems whose switches allow finitely
many different states is straightforward. Furthermore, so far, we have concentrated on constraints
on the feasible switching patterns in control problems, e.g., by bounding the number of switchings
by some integer o. A natural variation of this approach is to enforce the switching structure
through penalization terms in the objective function, as frequently done in the literature. In this
case, we would consider ¢ an additional optimization variable rather than a constant, and add a
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penalty term g(o) to the objective, where the function g : R — R should be convex and coercive
to preserve the global solvability of the control problems appearing in the outer approximation
algorithm. Then ¢ becomes a part of the finite-dimensional projection sets. More specifically, the
binary switches u are projected to the finite-dimensional space by local averaging operators as in
WP 2 and ¢ is added to the projection vector. The resulting projection sets then coincide with the
simpler penalization variant of bounded variation discussed in (Buchheim and Hilgging, 2023), for
which a complete description and separation algorithm with linear run time is known.

Another topic of the proposal concerns the extension of the framework to switching functions
in multiple spatial dimensions. This is a delicate issue, since, in general, it is not possible to
approximate a function in BV (Q);{0,1}) via local averaging without violating a bound on the TV-
seminorm. For that reason, the complete characterization of conv(D) by means of local averaging
as in WP 2, which was the basis for the overall algorithmic framework in one dimension, seems to
be impossible in higher dimensions. Yet, a computation of dual bounds is of course still possible
by the naive relaxation of the binarity constraints on the control, i.e., by replacing {0, 1} with [0, 1].
Nonetheless, the relaxed problems are still challenging to solve, since they represent optimal con-
trol problems in BV (Q)), where Q) is a bounded domain in R, d > 1. In the literature, algorithmic
approaches for problems of this type are common that are based on a regularization of the control
space in combination with a smoothing of the TV-seminorm, see, e.g., (Hafemeyer and Mannel,
2022; Natemeyer and Wachsmuth, 2022) and the references therein. For the computation of dual
bounds however, this approach is not suited, since it reduces the set of feasible controls.

Therefore, we developed a novel dual regularization of the TV-seminorm in (Meyer and Schie-
mann, 2025), which involves an outer approximation of the set of feasible controls and in this way
enlarges the latter to obtain safe dual bounds. The resulting regularized problems can again be
solved by means of an outer approximation algorithm with linear cutting planes. In each itera-
tion of that algorithm, two standard problems in form of a “classical” optimal control problem with
finitely many control constraints and an obstacle-type problem have to be solved. Our numerical
experiments presented in (Meyer and Schiemann, 2025) indicate that this is a promising algorith-
mic approach, even for general optimal control problems in BV (Q)), i.e., beyond the computation
of safe dual bounds. The numerical results are substantiated by our theoretical findings, including
the strong convergence of the controls in L2(Q) in the convex case for both the dual regulariza-
tion and the outer approximation algorithm. Moreover, under additional assumptions on the dual
regularization, one can even prove a convergence rate for the latter by means of Fenchel duality.

Work beyond the planned program

Switching point optimization

An alternative approach to tackle optimal control problems with switching constraints is to reformu-
late the problem in terms of the (finitely many) switching times, see, e.g., (Gerdts, 2006; Egerstedt
et al., 2006; FlaBkamp et al., 2013; Ringkamp et al., 2017). The advantage of this approach is that
an optimization problem in function space is turned into a finite-dimensional optimization problem.
However, the approach also comes with an essential drawback, namely that, even in case of a
linear differential equation and a convex objective, the arising nonlinear program in the switching
times will always be non-convex due to the non-convexity of the function mapping the switching
times to a switching function. Thus, the computation of global minimizers is in general hardly pos-
sible with this approach. Nonetheless, for reasons of comparison, we aimed to test this approach
for our test examples, too. Surprisingly, it turned out that this common approach is not completely
understood from a theoretical point of view. To be more precise, to the best of our knowledge, the
differentiability properties of the function mapping the switching times to a switching function have
never been investigated so far although this is an essential question in the optimization context.
It turns out that this function is not Gateaux-differentiable when considered as a mapping into
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Lebesgue spaces. In negative Sobolev spaces, however, it is differentiable, but then the state
equation has to be considered in a very weak sense. In the Master’s thesis of Alimhan Musalatov,
this has been analyzed in detail for the case of an ordinary differential equation in form of an
initial value problem as state equation. Currently, we are transferring these results to the PDE
setting. In a second step, based on the differentiability results, a projected gradient method with
Nesterov acceleration, see (Nesterov, 1983; Beck and Teboulle, 2009), will be implemented and
compared to the results of the branch-and-bound algorithms described above. We expect that
the projected gradient method will hardly be able to compute global minimizers due to the lack of
convexity explained above, unlike the outer approximation approach in function space devised in
(Buchheim et al., 2024a,b, 2025).

Compact extended formulations

The bottleneck of our outer approximation approach is the separation of cutting planes. While the
latter can be performed efficiently for a fixed discretization and a given infeasible control, the total
number of necessary cutting plane iterations is very high in general. To address this drawback,
we came up with the idea of using compact extended formulations in function space. In finite-
dimensional combinatorial optimization, such formulations are a well-known tool for situations in
which problems are tractable, but a polynomial-size formulation in the original space of variables
is not available; it is often possible to obtain such a formulation by adding a polynomial number
of artificial variables; see (Conforti et al., 2013) and the references therein. In (Buchheim, 2024),
we show that the same approach is very promising in function space. More specifically, for the
two important constraints of bounded total variation and minimum dwell times, we could come up
with complete linear formulations of the convex hulls in function space consisting of only linearly
many controls and constraints, leading to very compact linear programs for all reasonable dis-
cretizations, in stark contrast to the exponentially large models in the original variable space. In
particular, this approach completely avoids the separation of cutting planes while leading to the
same dual bounds. Based on the same idea, we propose a much larger class of switching con-
straints in (Buchheim and Merkert, 2024) which still admit such compact extended formulations in
function space. The feasible patterns of a switch are now described in terms of finite automata.
The extended formulation can then be derived from the automaton in a very schematic way. This
approach is particularly handy for controlling complex switching operations, e.g., for traffic control
using coordinated traffic light systems.

Data-driven PDE-constrained optimization

During our literature review at the beginning of the project, we came across an interesting ap-
proach to identify material laws that is strongly related to PDE-constrained optimization with
discrete-valued controls. This so-called data-driven approach is given in terms of the following
optimization problem
inf —z||2
(y2)ezxz ly —zlZ

s.t. yeD, zeé&

where Z is a Hilbert space (usually an L?-type space), D is the so-called material data set, a set
of functions in Z that only take a finite number of values a.e., and £ is the so-called equilibirum
set that reflects physical laws such as first principles and involves differential operators. The idea
behind this approach is that £ reflects basic physical principles except for material laws that do
not originate from physical principles but measurements, while D comprises exactly these mea-
surements given in terms of the pointwise data. We refer to (Kirchdoerfer and Ortiz, 2016; Conti
et al., 2018) for more details on the data-driven approach. However, due to a lack of compact-
ness, the data-driven problem does in general not admit a solution. We therefore studied a finite
element discretization of the problem that is always solvable (as it is finite-dimensional) along with
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its convergence properties in (Schiemann and Meyer, 2024). It turns out that the discretized data-
driven problem is equivalent to a quadratic semi-assignment problem that can be solved to global
optimality, e.g., by the algorithm of Buchheim and Traversi (2018). However, since the problem is
NP-hard, this approach is only feasible for a very limited number of variables, which corresponds
to a discretization that is too coarse for realistic applications. On the other hand, heuristic ap-
proaches such as fixed-point methods, e.g., proximal gradient or Douglas-Rachford algorithms,
frequently converge to stationary points that are no global minimizers and thus produce mean-
ingless solutions in the data-driven context, cf. (Kanno, 2019) and (Schiemann and Meyer, 2024,
Example 8.3). The design of an efficient algorithm yielding global minimizers of the (discretized)
data-driven problem for a sufficiently fine discretization is therefore an open problem and subject
to future research.
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