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Abstract
We consider the stochastic differential equation on R given by

dX; =b(t, X;)dt + dB;,

where B is a Brownian motion and b is considered to be a distribution of regularity > —%.
We show that the martingale solution of the SDE has a transition kernel I'; and prove upper
and lower heat-kernel estimates for I; with explicit dependence on ¢ and the norm of b.
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1 Introduction and Main Results

In this paper we consider the stochastic differential equation on R¢ given by
dX; = b(t, X;)dt + dB;, (1

where B is a Brownian motion and b is a distribution of regularity > —%. Such singular
diffusions (diffusions with distributional drift) appear as models for stochastic processes in
random media (then b would also be random, but independent of B), for example in [4—
6]. They also appear as “stochastic characteristics” in Feynman-Kac type representations of
singular SPDEs, for example in [5, 13, 17]. In non-singular SPDEs, the stochastic charac-
teristics would be formulated in terms of the Brownian motion, and they may be useful tools
to infer information about the long-time behavior of the SPDE. For example, the asymp-
totic behavior of the total mass of the parabolic Anderson model is typically derived via
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the Feynman-Kac formula [16], and for that purpose it is important that we understand the
Brownian motion and its transition probabilities very well. When studying singular vari-
ants of the parabolic Anderson model, where the Brownian motion in the Feynman-Kac
representation is replaced by a singular diffusion, we thus need to understand the transition
probabilities of this singular diffusion. Moreover, since we are interested in the long-time
behavior, we need quantitative control of the transition probabilities on arbitrarily long time
intervals. This motivates our present work.

We show that the solution to Eq. 1 possesses a transition kernel I : R x R¢ — R for all
¢ > 0. This means that under the measure P, such that Xo = x we have for all ¢ € Cp(R?)

E.[p(X,)] = /Rﬂ’(””(x’ ) dy.

The following theorem represents the main result of our paper, in which we show that
the above transition Kernel satisfies heat-kernel estimates.

For any Banach space X and ¢ > 0 we write || - ||c,x for the norm on C ([0, 7], X), which
is defined for f € C([0, t], X) by

Ifllcx = sup [1F(s)llx.

s€[0,1]

A_1b denotes the first Littlewood-Payley block and Asob the sum of the positive
Littlewood-Payley blocks (see Section 1.2). B}, , denotes a Besov space, see [2].

Theorem 1.1 Ler o € (0, %) and ¢ > 1. There exist a C > 1 and a k € (0, 1) such that
forall b = (b;);=0 € C([0,00), BL*|(RY, RY)), 1 € N§ with || < 1, and for all t > 0,
x,y e R4:

2
T —
0L T3 (. )| = Cexp (Cr[nA_lbnéLm+||Azob||g“_al]> (™5 v Dpletx =), @

1

2
Ny = gep (—Cr[nAﬂbné,m + ||Azob||g§7al]> Pt x =), 3

where p(t, x) = (2nt)_%e_‘x|2/2’ is the standard Gaussian kernel.

As a corollary, we obtain the following estimate on the escape probability of the diffusion
X to leave a ball.

Corollary 1.2 Let ¢« € (O, %). There exists a C > 0 such that for all b €
C([0, 00), Bgo‘i‘l(Rd,Rd)), x € R, K > Oand T > 1, and for X solving (1) with
Py(Xo = x) = 1:

IP’X( sup |X; — x| > K)
tel0,T]

KZ

2
< Coxp (CT[IA1bIZ, 1 + 142061 7% ) exp (= 1) o

Remark 1.3 At least for constant b the heat-kernel estimates are sharp: If A € R?
and b = A, then I;(x,y) = p(t,y — x — At) and a simple computation shows that

_ 1 42 d _ 1 2
ptx—r) _ 4 st . ptx—A) 4 —sath . .
SUPyeRd iy = ¢2eX D andinfy ga -5 = k2e 207077 . Since in that case

Asob = 0, this corresponds exactly to our bounds Egs. 2 and 3 (for 1 = 0).
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Remark 1.4 As we consider a time inhomogeneous drift, we could have also formulated
the heat-kernel estimates for Iy ; (with O < s < ¢), which is the transition kernel from time
s to time t: If Ps  is the probability measure under which X; = x and Eq. 1 holds (for
t > s), then E; «[p(X,)] = f]Rd ¢o(y) T (x,y)dy. However, to simplify notation we only
consider the case s = 0 and we write I; for I ;. The heat-kernel estimates for I ; follow
by applying Theorem 1.1 with b, = b, 1, t > 0.

1.1 Literature

Diffusions with a distributional drift were first considered by Bass and Chen [3] and Flan-
doli, Russo and Wolf [8], both in the one-dimensional time-homogeneous setting. More
recently, Delarue and Diel [6] used Hairer’s rough path approach to singular SPDEs [14,
15] to extend the results of [8] to the time-inhomogeneous case, and they applied this to
construct a random directed polymer measure. Flandoli, Issoglio and Russo [7] were the
first to consider multidimensional singular diffusions, but they require more regularity than
in the previous works on the one-dimensional case (they consider the “Young regime”, i.e.,
the distributional drift has regularity better than —1/2). Zhang and Zhao [22] study the
ergodicity and they derive heat-kernel estimates for singular diffusions in the Young regime.
Cannizzaro and Chouk [5] use paracontrolled distributions to extend the approach of [6] to
higher dimensions and the results of [7] to more singular drifts. They apply this to construct
a random polymer measure that is closely related to the parabolic Anderson model.

In this paper we follow the approach of Cannizzaro and Chouk, although we restrict our
attention to the more regular Young regime. This is crucial for our arguments.

As already mentioned, Zhang and Zhao [22] also prove heat-kernel estimates for SDEs
with distributional drifts in the Young regime. More precisely, they prove that there exist
¢, C > 1 suchthat forall r € (0, T]and x, y € R?

Lpt,x —y) < L (x, y)| < Cplet, x — y).

Moreover, they give an upper bound on the gradient of the transition kernel, VI;. Here, the
constant C implicitly depends on T and ||b|| .

If b is the gradient of a function that does not dependent on time, then there is classical
heat-kernel estimates for I", see for example Stroock [20, Theorem 4.3.9]. In that theorem
we have b = VU for a smooth and bounded function U, but the estimate only depends on
max U —min U, so by an approximation argument it extends to continuous and bounded U.
This result is uniform in time, but also here the dependence of the constants on max U —
min U is implicit.

In another work by the authors together with W. Konig [17], our heat-kernel estimates
are applied to derive the asymptotic behavior of the total mass of the parabolic Anderson
model. In that application it is crucial to understand how the constant grows with ¢ and the
norm of b. Therefore, we need our “quantitative version” of the heat-kernel estimates.

1.2 Notation and Conventions

We write N = {1,2,...},Np = {0} UN and N_; = {—1} U Ny. For the whole paper, d
is an element of N and will denote the dimension of the space. For families (a;);cr, (bi)ier
in R for an index set I, we write a; < b; to denote the existence of a C > 0 such that
a;i < Cb; for alli € I. We write Cy, for the space of continuous bounded functions and
Cye for the space of C* functions for which all their derivatives are bounded functions.
We abbreviate function spaces and Besov spaces by omitting “(R¢)” in the notation, for
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example we abbreviate BE,q(Rd) to ngq. Moreover, we write €# for Bgoyoo and ‘Kf for

Bﬁ,oo- We write u © v for the paraproduct between 1 and v (with the low frequencies of u
and the high frequencies of v), and u ® v for the resonance product; we adopt the notation
from [19] and refer to [2] as background material.

In the rest of the paper (p;)ien_, is a dyadic partition of unity, meaning that p_p is
supported in a ball around 0, py is supported in an annulus, p;(x) = po(27ix) for i € Ny,
Dien, Pi = ]l,% < Dien, ,oi2 < 1 and supp p; Nsuppp; = Pif [i — j| > 2. Fori €
N_; we write A; for the corresponding Littlewood-Payley blocks (% denotes the Fourier
transform)

Aif =pi@)Vf =F T () =F i) * f.
Moreover, we define Axq f to be the sum of all the positive Littlewood-Payley blocks:

Asof = Z Aif.

ieNy

2 Diffusions with Distributional Drift and Their Heat-Kernel Estimates

Throughout this section we fix 7 > 0. Let « € (0, 3). For b € C([0, T], B} (RY, RY))
we consider the stochastic differential equation
dX; =b(t, X;)dt + dB;. Q)
For t > 0 let .Z be the operator
L=1A+b, V. (6)

We consider the following Cauchy problem for u : [0, T]xR? — R with terminal condition

¢:

@)

u+ Lu=0 on[0,7) x R,
u(T,)=4¢ on R,

The solution theory for the Cauchy problem will be given in Proposition 2.4. We write 1®
for the solution to Eq. 7. But let us first discuss how to interpret (5) in terms of a martingale
problem.

Definition 2.1 We say that a stochastic process X = (X/)/¢[0,7] On a probability space
(2, P) is a solution to the SDE (5) on [0, T| with initial condition Xo = x if it sat-
isfies the martingale problem for ((-%}):e(0,77], 8x), i.e., if P(Xg = x) = 1 and for all
f e C(0,T], L>°(RY)), all ¢ € CX°(R?) and for u = u? being the solution to the Cauchy
problem (7), the process

t
t, X;) — , X d)
(ue %0 /Of(s ods)
is a martingale.

The martingale problem has a unique solution:

Theorem 2.2 [5, Theorem 1.2] Let ¢ € (0, %). For all x € RY and b €
C([0, T1, € *(R?,RY)) there exists a unique solution to the martingale problem for
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((LDrie©.11, 8x), in the sense that there is a unique probability measure Py on Q =
C ([0, T1, R?) such that the coordinate process X;(w) = w(t) satisfies the martingale prob-
lem for (£})te0, 11> 8x)- Moreover, X is a strong Markov process under Py and the measure
P, depends (weakly) continuously on the drift b.

Remark 2.3 The continuity of the solution P in terms of the drift is not mentioned in
[5, Theorem 1.2], but it can be extracted from their proof.

Observe that Theorem 2.2 also implies that there exists a unique probability measure
P x on C([s, T], R4 ) such that the coordinate process satisfies the martingale problem for
((ZDtes. 7- 8x)- This can be obtained by applying Theorem 2.2 to a shift of the drift, as is
mentioned in Remark 1.4.

Next, our aim is to show that X admits a transition density Iy, for 0 < s <t < T
(Proposition 2.9), which means that for ¢ € C.(RY and x € RY and with P x as in
Remark 2.3

Es x[o(X))] = /Rd o) (x, y)dy. (®)

We do this by showing that I 7(x, y) = u®» (¢, x) for the solution u% to Eq. 7 with terminal
condition u(T, -) = §y.

In order to construct the solution % we have to slightly extend the results of [5]. Indeed,
in [5, Theorem 3.1 and 3.2] the well-posedness of the Cauchy problem is shown for ¢ € €
with B € (1 + o, 2 — @), and §; is not in this space. The solution theory in [5] is formulated
in terms of mild solutions: A mild solution of Eq. 7 is a fixed point u of &, i.e., du = u,
where ® is defined on C([0, T'], ) N [Upe[l’oo] C([0,T), cKf(]Rd))] for 8 > 1 +a by

T
(@u)s = PT7S¢ - / Prfs(br : Vur) dl’, (9)

where Pr¢p := p(t,-) x ¢ fort > 0 and Pyp¢ = ¢ (that @ is well-defined follows by 2.6).

In order to allow 8, as a terminal condition, we will consider a different space that
“allows a blowup as r 1 T”. However, for notational elegance, we instead consider a space
with “a blowup at 0” and mention that u is a fixed point of @ if and only if v given by
v(t,-) =u(T —t,-) is a fixed point of @, given by

N
(@U)s = Pr(p +/ Psfr(ber : er)dn (10)
0
so that we call v a mild solution of
v —Lr_v=0 on (0, T] x R4, (11)
v(0,)=¢ on RY.

We will show that ® has a fixed point in the following space (for suitable 8, §). For
8>0,8 €Randt > 0 we define

8
= sup s°|lus]|

leell 508
My 5€(0,1]

G
M{EP ={ueC0.1,%F): ltll g < 0O

The following proposition is a slight extension of [5, Theorem 3.1 and 3.2].
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Proposition 2.4 Let « € (0,%), p € [l,o0land y > a — 1. For ¢ € €}, b €
c(o, ], B;o‘fl), B € (1+4+ a2 —«a)and e > 0 the Cauchy problem (7) has a unique
mild solution u®? in C([0, T1,6y """P)y 0 C (10, T), €% such that u*(t) € €* for
all t € [0, T). Moreover, for all t > 0 the map Cﬁpy x C([0,T], B}") — €P given by
(@, b) — u®P@, ) is locally Lipschitz. '

Another difference with [5] is that we consider b € C([0, T], B;O‘f‘l) instead of b €
C([0,T], €™%). Since B;O‘Tl CE*C B;O"‘f ¢ (as continuous embeddings), this does not
make much of a difference. But our heat-kernel estimates depend on the B;o‘f‘l-norm and for

their derivation it is more convenient to work with B;o‘f‘l.
Before we prove Proposition 2.4 we present two auxiliary facts, Lemma 2.5 and 2.6.
We write B for the beta function (see e.g. [1, Section 1.1]), which is the function B :
(0, 00)? — (0, 00) given by

1
BB, y) :/ Pl =P ar. (12)
0

Lemma 2.5 Let p e [l,00],k >0, €[0,1),a,y e Rand B € [—,2 — ).
There exists a C > 0 such that for all t € (0, 1],

s — Ps¢IIM§<€y+K = Cli¢llgy I Prp — ¢|Icgg—zs <cr ol (13)
t P
s 17@
s |—>/ Ps_,w, dr <Ct 2 ||u)||M;s<§[;a. (14)
0 mish

Proof In [12, Lemma A.7] it is proven (for p = oo, but can be caried on mutatis mutandis
for general p € [1, oo] that for all k > 0 and y € R there exists a C > 0 such that for all
te(0,1]

IPilgpse < Cr3 1Bl (15)
which implies the first bound in Eq. 13. The second bound in Eq. 14 follows by Eq. 15 as
1P.§ = Bll g2 = 1| fg0s P dsll 25 < [§I Py APl -2 ds
_2-2%
S Jos™ 2 dsll A2 S t5||¢||<gpv~

The bound in Eq. 14 is also proven in [12, Lemma A.9], we give the proof to be self-
contained. By applying Eq. 15 we obtain for ¢ € (0, 1]
a+p

t
/P,,Swsds
0
—5+1-5F atp
<t PB (1= = 6) lwlyg e (16)

This proves Eq. 14. O

! _atp s
S| @t—s)""7s ds||w||M%(€p7a
74 0

2.6 Leta > 0andlet 8 > 1 + o and ¢ > 0 be such that 1 + o + ¢ < 8. Then we have by
Theorem A.1 together with Bernstein’s inequality ([2, Lemma 2.1 or 2.78]):

. W < _ < -
lla-Vwliga, S llallipe IVwilipgse S llallpe lwlgs
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Proof of Proposition 2.4 If y > f, then the statement follows directly from [5, Theorem
3.2]. Therefore, we assume that y < f$ and it is sufficient to show that the statement holds
for “tp” instead of “T”, where fy will be chosen small, as we can extend the solution to
[0, T] by [5, Theorem 3.2].

As mentioned before, it is sufficient to consider the fixed point problem for ® as in
Eq. 10 instead of ®. Let us write @f’ for ® as in Eq. 10 but with “T” replaced by “t”. We
will show that there exists a 7y such that

(a) @‘b has a unique fixed point in M, a %ﬂ
(b) G)d) has a unique fixed point in C([O, to] ‘57/76)

(c) ®¢ maps C((0, to] ‘g ) and thus M, T ‘51’,3 into C ([0, to] ‘5}’ %), so that the fixed

point in C([0, tg], G, ) agrees with the fixed pomt in M, 5 ‘5'3
(d) forall 7 > 0 the map ‘Kg x C([0, T1, B;o‘f‘l) — Cﬁp given by (¢, b) — u®l(z, ) is
locally Lipschitz,

(e) the fixed point v satisfies v(¢) € &P fort € (0, 1] and the continuity in d can be
shown for p = oo, by showing that we can “increase the integrability parameter p to

”

oo .

First, we assume that y > —a and show (a)—(e). After that we show how one can treat
y € (¢ — 1, —«] too.

(a) By combining the observation in 2.6 with Lemma 2.5 withk = 8 —y and § = ﬁ%y
(observe that by assumption « > O and é € (0, 1), because 0 < 8 —y < 2 — a + «); for
t e (0,1]

N
O8] s, SWllgg + s = [ Pty Vo arl oy

A M,
1_atb
Slollgr +17 2 lls = bi—s - Vg sy
p M, 2 (gp—a
1—oth
S @llgy +177 2 IIbII(;”_Lral ol s 5 (17)
o M, 2 6,
and, moreover
0% — 0?3 < 1= - 18
10, v (Ol sy 5 St I ”ClB_” lv—"2l s . (18)
M, T, M, 6

That @?v forms an element of C((0, 7], ‘Kf ) follows by Lemma 2.5. Therefore, with Eq. 17
B=y
it follows that ®¢ maps M, * (fﬁ to itself. By Eq. 18 then follows that for sufficiently small

to the map ® is a contraction on the Banach space M, 5 ‘5 and it has a unique fixed
point in that space

(b) When 1y is as above, then @?g has a unique fixed point in C([O0, #o], ‘52,/ ~%) which
follows from the following estimates which follow similarly as the above ones (use that
y > B and Eq. 14 with 8 = —« and § = 0)

b
”@t U”C([O,t]fgg_g) 5 ||¢||<g[3;_5 + t”b“CIB;fl ”v”C([U,t],%K_g) P

é < -
1©;v Nt”b”ClBo—o‘fl lv

¢) ~
= OVl o7 Vlleqo.n.677-
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(¢) That @Z’) maps C((0, to], %}f) into C ([0, 101, ‘5};_8), which means that ®ff) (v)(¢) con-

verges to ¢ in ‘511’ “Fast J Oforany v € C((0, 1], CK,’,B ), follows from the second bound in
Eq. 13 and the following estimate (by 2.6, which follows similarly to Eq. 17)

¢ 1— o8
18500 — Bllgys < 19— Dllggme 41 F bl g, 10l p 68y

(d) Let us write v?-? for the solution of Eq. 11 (with .Z; as in Eq. 6). To see the continuity
of the solution with respect to b and ¢, let by, by € C([0, 0], Bo_o‘f‘l) and ¢1, ¢y € %;/ Let

v; = v?P fori e {1, 2}. By Lemma 2.5 and by 2.6 we have

1—otB
lvi—vall sy S NP1 —dallgr +177 2 |billg, g llvi —v2ll gy
M2 e ! ool M2 e
_atB
+t172 by = boll g pa 02l 5y -
1Po01 2 B
: M, 2 &

. atp

Hence there exists a § € (0, #9) (small enough, e.g., st=-=" 161 ||Canoz1 < %) such that
— _ < — by —b —a - . 19
llvi szIM:Ty(g;)3 S ller = dallgy + 11y = balle, pe ||U2”M,§Ty<gf 19)
Sofort € (0, §] we obtain the desired continuity. By an iteration argument we can obtain the

continuity for all ¢ € (0, fp], as for example for ¢ € (8, 28] we have v; (t) = v¥ @b — §).
(e) It remains to show that we can increase the integrability from p to oo, i.e., that v; €
&P for all t > 0 and that also as an element of € the solution v; for fixed f > 0 depends
continuously on b and ¢. First we show thatif # > 0, then vy € €’ forall s > . To simplify
notation we only consider the most extreme case p = 1, but the argument for general p is

essentially the same. Let n € Ny be such that

ng—y)<d, n+DHB-y)=d.
Write po = 1 and fori € {1, ...,n}

Di € (1, 00).

d
T d—iB-)
Then 8 — % >y and B — d(pil_1 — i) =y foralli € {1,...,n — 1}, hence the Besov
embedding theorem [2, Proposition 2.71] gives %ﬁ_l C CKIZ foralli € {1,...,n — 1}, and

‘51/,3” C €Y. We have vi € ‘Klﬂ C %, By considering the Eq. 11 with initial condition vt

we obtain that vy is in %”/,31 fors > %, in particular v 2 € ‘KPVZ Repeating the argument we

obtain v;, € ¢y foralli e {l,...,n—1}and v, € €*, so indeed vy € €P forall s > 1.

As t was arbitrary, we have shown that v; € %P forall t > 0. As all the inclusions C above
are given by continuous embeddings, the continuity of the solution with respect to ¢ and b
follows from the continuity shown in (d).

We are left to show that we can also treat y € (¢ — 1, —«]. Let 4 be as such. We choose
B € (1+«, 2 — ) such that ,5 —y < 2. Then we have,g > y and ﬂ%y € (0, 1), so that the
conditions of observation 2.6 and Lemma 2.5 are satisfied. Hence we obtain also Eq. 17 and
Eq. 18 with ,3 instead of “B”. So then we find a #y € (0, #) such that @g has a fixed point
2 B-F

By & . B—
v in Mfoz %ﬁ . Let w be the fixed point of @Z)(i’;o in Mtoit.o, which exists by (a) because

B > —a. Then v(?) := 9(z) fort € (0, 7] and v(r) := w(t — to) for ¢ € (fy, 1] is a fixed
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point of CD?(’) such that (fp, o] — &P ,t = v(t) is continuous. As fj can be taken arbitrarily

small, we conclude that v € C((0, o], %,’,S ). Similarly, we can obtain the continuity of the
solution by using Eq. 19 with “(8, y)” replaced by “(8, B)” and using Eq. 19 with “(8, y)”
replaced by “(8, y)”. O

2.7 A direct computation using that A;8,(x) = l(p(z IN(x—z) =24.F 1 p)(2 (x—

z)) fori > 0 shows that the Dirac delta §; is in ‘5 4= " forall p € [1, 0o], so in particular
8; € CKO. Moreover, %~ 1,0 is a Schwartz function for fixed i > —1, and therefore R? >
7 A,-(SZ € L7 is continuous. This easily yields that for € > 0 themap R? 5 z > 8, €
%, € is continuous.

Corollary 2.8 (of Proposition 2.4) Leta € (0, ) and b € C([0, T, B (R4, RY)).
Fort € [0, T) andn € N let b(”) S Aiby € CORY,RY) and let Ty 7 (x, y) =

ubl(t, x) and F (x y) = ud v b (t x) (notation as in Proposition 2.4). Then I'y t and

FI("T) are continuous onR? x R? and we have forallt € [0, T) and . € Ng with |u| < 1:

sup |8, 7(x, y) = T\ (x, M1 =25 0.

x,yeRd

Proof The continuity follows from Proposition 2.4.
Because there exists a C > 0 such that || — b poe = Clbs—by|pa foralln €N,

(n)

s,r € [0,00)and ||by * — by ||lrlx1 — Oforall s € [0, c0) we obtain by a “3€ argument” that

”b(n) _ b”CtB;OO_‘] -0

As moreover sup,cga [|8y [l g0 < 1, Proposition 2.4 yields
1,00

sup ITr7C.y) = TG ) lloge — O,
yeRd

forall <2 —«. O

Proposition 2.9 Let o« € (0, %) and b € C([0, T1, BJ*,(RY,RY)). For t € [0,T) let

Iyr: R?xR? — R be definedby 'y 7 (x,y) = ud (@, x). Let P; x be the unique probability
measure on C([t, T], R?) such that the coordinate process X is a solution to the SDE Eq. 5
on [t, T] with initial condition X; = x. Then I'; 7 (x, -) is the density of X1 under P; y, i.e.,
Ey [¢(X1)] = fra d0)T07(x, y)dy for all ¢ € Co(RY),

Proof For b with values in Cgo this is classical, see for example [10, Theorem 6.5.4]. So
let b™ and l“t(”T) be as in Corollary 2.8 and for x € R¥ let IP’;"; be the unique probability
measure on C([z, T], Rd) such that the coordinate process X is a solution to the martingale
problem for ((Z" )Se(, 71, 8x), where L 1A+ b(n) - V. Using that IP’(") weakly
converges to P;  (Theorem 2.2) and the unlform convergence in Corollary 2.8 we obtain
for ¢ € Cc(RY):

Er.[¢(X7)]= lim E{"[¢(X7)]= lim f P (x, y)dy= / dTr7r(x, y)dy.
O
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3 Heat-Kernel Upper Bounds

Here we prove the upper bound (2) of the heat-kernel estimates. We follow the “parametrix”
approach from Friedman’s book [9] to prove the heat-kernel estimates presented in Theo-
rem 1.1. This means that we write I'; as a series (see Lemma 3.3) and bound each term in
that series to obtain a bound for the whole series and thus for I';. Usually the point of the
parametrix is to deal with non-constant diffusion coefficients, but the approach is still useful
for us despite the fact that we deal with constant diffusion coefficients.

Because of Corollary 2.8 we can restrict our attention to b in C([0, T], Cgo (R?, RYY)
and then extend the bounds to b in C([0, T], B;o‘?‘l (R9, RYY) by a limiting argument.

For the rest of this section we fix o € (0, %), and ¢ > 1 as in Theorem 1.1 and b €
C ([0, 00), Cgo (R4, R%)Y). (Instead of [0, T'] we consider [0, 0o) for notational convenience.)

31 Letg € L'(RY, RY) and a € Cgo(Rd, RY). Let (pi)ien_, be another dyadic partition
of unity, but such that supp p—1 N supp p; = ¥ for i € Ny so that
/d(Aia)(z)(Aqg)(z) dz = [pa F Hpid)().F 1 (p-18)(2) dz
R

= fpa @(=2)pi (2)p-1(2)§(z) dz = 0,
and thus

f(Azoa)(z)g(z)dzzf (A500)(2)(A208)(2) dz.
R4 R4

By duality and Bernstein’s inequality, see [2, Proposition 2.76 and Lemma 2.1], we have

+

‘/ a(z) g(z)dz‘S/ A_qa(z) - g(z)dz / Asoa(z) - g(z)dz
Rd Rd Rd

S llA-aliz=liglipr + 1A>0all g« 1A>08 e

S lAcialz=lighp + 1 As0al e (sup[ndjgn;l“(zf ||A,g||L1)“]>
= \jz0

S llA-aliz=liglip + 1Ax0all g el T IVels,. (20)

We will apply the above bound for functions g that are Gaussian, therefore we will need
estimates for derivatives of Gaussian functions. So we recall the following bound:

32 Let p(t.x) = Qrt)"2e~ %" for (1,x) € (0, 00) x R¢ be the standard Gaussian
kernel. For the space derivatives d* p we have the following estimate:

|

Ve N9 3C > 0V(1,x) € (0,00) x RY : |8 p(t, x)| < Ct™ 7 p(ct,x), (21
The proof of the upper bound (2) essentially follows by iterating the previous two obser-
vations. To carry out the argument we need the following result, which allows us to write I”

as an infinite series.

Lemma 3.3 Lett > Oand y € R%. Fors € [0, 1) and x € R we define

¥ (x) = —b(t —5,x) - Vp(s, x — y). (22)
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Then for all k € N the map s — \I/;}k is in L'([0, 1), L' (R%)), where
W ) = =[S faa bt — 5,%) - V(s — 1, x — 95 (2) dz dr. 23)
Moreover, (with I's ; as in Proposition 2.9)

S t—s
Fu =pe-sx=n+3 [ [ pe-s—rx-nutoee. o
=170 JR

Proof By Eq. 21 we know that ||ws{';1||L1(Rd) S VPG piwey S s~% and therefore

~

S llls’f;l isin L1([0, ), L' (R?)). Observe that lI/S’Y;kH equals the inner product of —b(t —
s, x) with a convolution in space and time. Therefore, by applying the L! inequality for
convolutions (Young’s inequality) for the space as well for the time convolution, we obtain

K
Jk+1 ),k
”q/s‘jt ”Ll(]Rd) S/ ||VP(S -r ) *lpftt ”Ll(Rd) d}"
0

s _1 § )k 1 ! k
5/ (s —r) 2dr/ 19, | L1 ey dr gsz/ 197 1 ey dr,
0 0 0
. t v,k . s .o 143k
from which we conclude that fo 1% |l L1 rey dr is finite (actually it is < t72) for all
k eN.

It remains to show Eq. 24. As I ;(x,y) = u% (s, x) where u® being the fixed point of
the map @ as in Eq. 9 with ¢ = §,, that is, with u = udy,

t
(®u), = Pr_y8y — / Pys(by - Vi) dg

t—s
= Pt—s(gy - / Py (by—y - Vu,—y)dr.
0

From a Picard iteration it follows that I is the limit of the sequence F? =0,
rie.y
=5
= p(t—s,x—y) — / /d pt —s—r,x — )bt —r,2) - V.5, (2, y) dz dr.
0 R
Therefore, I“slyt (x,y) = p(t—s, x —y) and we obtain recursively (see also [9, Chapter 1.4])
k
Ff"}'l(x, y) =plt—s,x—y)+ f(;_x Jga p(t —s —r,x — z)\IJr},’tZ(z) dzdr.
(=1

This proves (24). O
3.4 Now let us get back to Remark 1.4. Observe that in the right-hand side in Eq. 24 the
dependence on ¢ is in the WY functions, and we see that the rest is a function of ¢ — s. This
allows us to take the first time variable, s, equal to zero, and proof the heat-kernel bounds

as in Theorem 1.1. From now on we write “I';”” for “T"o ;.

Note that the first term appearing in the right-hand side of Eq. 24 is already bounded by
the right-hand side of Eq. 2. Therefore, we will recursively estimate

t
/0 /Rd plt—s,x— z)‘lff,}k(z) dzds.
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This will be done with the help of some auxiliary lemmas, which follow below.

35 Letu € N t>0,ke N,x,y e R4 and g € LY(RY). As we write Pg=pit,)*xg
(see Eq. 9), we have 04 P,g = 0H p(t,-) * g.

For any given norm || - || we will write |V f| = Z?:l [I10; f1I and ||V2f|| =
i 190, £
Lemma 3.6 There exists a C > 0 (independent of b) such that for all u € Ng with |u] < 2,
y € R and t,s,r € (0,00) witht > s > r and all f e LY(RY), with 8rsr(2) =
b(t —5,2) - [ga Vp(s —r, 2 — w) f(w)dw
lul -
0% Py @] < €= )75 pler,x =) (1Aibis i | B |
1—a 2 o
-4 VP f VP, f VP, f
+||A50btfx||3;°)‘l [(l —5) 2 H @ =) HLOO + H s || oo | P9 || poo ]) 25)

Proof We abbreviate g; s by g. Observe that g(z) = b(t — s, z) - VPs—, f(2). Then, with
h:RY—RY h(z) = 0" p(t —s,x — 2)VPs_, f(2), by Eq. 20

[0 Pr—sg(x)| = ‘/d plt—s,x —2)b(t —5,2) - VP f(2) dz
R

S HA-1br—sliz= Al + 1 A>0bi—sll g Rl T IV RS,

We estimate both ||2]| ;1 and || VA ;1. We use Eq. 21 and fRd plc(t—s),x—27)p(cs,z—
y)dz = p(c(t —s), ) * p(cs, -)(x —y) = p(ct, x — y) to obtain

1Al =fRd|a“p(t—s,x—z>VPs_rf(z)| az
VPS_rf

5/ (t—s)_%p(c(t—s),x—z)p(cs,z—y) H dz
RY ples, - = y) | peo
_lnl ’ VP, f
=@—s) zplct,x—y)| 70— .
pes, - —¥) ||

Similarly, in combination with Leibniz’s rule, we obtain

VAl = |V (8" p(t =5, x = )VPs_, f)
d
<Y |9"0ipt — s, x = IVP f |+ 0" pt — 5. x = IV P, f

i=1

[

VP V2P
-9 perx—y) [(r _gyh | S H VP ] ] .
ples,- =y llpe I p@es, =y |1
Using the above and that (@ + b)* < a* + b® for a, b > 0 we obtain Eq. 25. O

3.7 Now we apply the above lemma to our setting. But first, let us introduce some notation.
Fork e N,t >0,i € {0, 1}, and 8 € {0, o} we write

v,k 1-8 B

VP[]
plct,-—y)

i ),k
Vi P[]
plct,-—y)

ds.
LOC

t
Ih(0) = sup /
yeR4 JO

Lo
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We are interested in the bounds for fiok only. But in order to describe a recursive relation
for them, as we will see in the next lemma, we also need the %‘f‘k’s.

Lemma 3.8 Let C > 0 be as in Lemma 3.6. Forallk e N, t > 0,i € {0, 1} and B € {0, a}

! i+p
ffkﬂ(t) < C/O (t—s)"2 (IIA—lbllc,wafk(S)

1 Az0bll¢,p o [0 = )7 70 (5) + I )] ds. (26)

Proof We claim that the following holds. Forallk e N, y € RYandi e {0, 1,2}

yk+1

ViP_ (W _i s VPs—rl‘Py,’kl
— SC@—=s5)"2(1A-1blic,L> fo | —rm— dr
plct,—y) 1o ( ! fO ples,-—y) Lo
_a s | VR 1w
HAsble pz [0 =972 | TS| o
1— 1
ve e | | v e ||

+/5

plcs,-—y) p(cs,-—y)

. dr]). 7

From this Eq. 26 follows by definition of Jkﬂ . Now let us prove Eq. 27. Let g; 5 be as in
Lemma 3.6 with f = ¥} **_Observe that by definition of v, #+1 Bq. 23 we can write

L L

N

N
)Mo = / b(t —s,2) - VP (¥ () dr = / g (2)dr,
0 0

so that (one can verify the interchange of integrals by Fubini’s theorem and using
Lemma 3.3)

. . L
IV P [95001 < [ IV P gr5r (6)] dr.

With this, Eq. 27 follows from Eq. 25. O

In the proof of Lemma 3.10 we will use the following bound for the beta function (see
Eq. 12).

Lemma 3.9 Let § € (0, 1]. Then M;s := sup{B(8, y)yﬁ :(B,y) €[6,1] x [§,00)} < 0.
Hence, for all (B,y) € [8, 1] x [8, 00),

B(B.y) = B(y.B) < Msy .

Proof By [1, Theorem 1.1.4 and Theorem 1.4.1] we have for y, 8 > 0

_TOEB 4 dim ()

= , — -,
T+ P> Jamy?—ter

B(B.vy)
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From this we deduce the following. Let 8, — S for some g < [§, 1] and y,, — oo. Then
B(Bn, v)vn"

_1
. . 2y e Ty
lim ——————— = lim ;
= T(By) 1= /27 (yn + )P o= Ot B

lim (1 + @)—(Vn-i-ﬂn—%)eﬂn
n—0o0 )/n

lim (1 + &)*Vneﬁn — e*ﬂneﬂn = 1.
y—>00 yn

Therefore
lim BBy, yu)y," = T'(B),
n—0o0

so that from the continuity of I" it follows that (8, y) — B(8, »)y# is a bounded function
on [§, 1] x [8, 00). O

Let us now use the recursive relation for (fiﬂ  and the bounds on the beta function to

obtain estimates for fiﬁ e

Lemma 3.10 Let C > 0be as in Lemma 3.6 and let M = 8M% _g With M as in Lemma 3.9.

There exists a K > 0 (independent of b) such that for allk € N, t > 0, 8 € {0, o} and
i €{0,1}

l—a
: Lom (CM || Asobll g o t'7°)"
s (CM||A_ybl|c,100t3)" =0bll¢, g
%ék(t)gl( E t~ 2 17; H}:fﬁ,l
m,neNp: (m!) ™2 (nh 2
m-+n=k

(28)

Proof We give a proof by induction. Instead of “||A_1b||c,.=" and “HAzob”C,B‘“l” we

will write “X” and “Y”, respectively.
e The induction start, k = 1:
We have for 1 € Ng with |u| <2

aﬂpt,s[wg;l](x)zf aﬂp(r—s,x—z)wg;l(z)dpf b(z) - gu(2) dz
R4 R4

with g,,(z) = Vp(s,z — y)o¥* p(t — s, x — z). By Eq. 21 there exists a K > 0 such that for
all u, v € Nd with || <2and |v| < I:
el 1
lgn()| <K@ —5)" 2s 2p(cs,z—y)plc(t —s),x —2),

9V gu() < K(t =)™ s 3 — )2 + 5 Fples, 2 — »plelt — 5), x — 2).

Therefore, by Eq. 20, for j € {0, 1,2}

; 1
VP[]

plct,-—y) =< K(t_s)7%57%<x+y[(t_s)*% +Si%]>,

Lo©
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so that fori € {0, 1}

4 i+, o o
s < K/ (t—s)—%s—%()url/[(t—s)—7 +S_7]) ds

<t +ﬁ (3(2 i— ’%)Xt%_’_[3(%7%)+B(2—;—ﬁ,1—7a)]yt177”)‘

Hence, for k = 1, the inequality (28) follows by applying Lemma 3.9 for the beta functions
and using that § — Mj is decreasing:

o 1 _2-ip
BOETH D) SMupa(m)™ 7 <2My <M.
L I—a—p

BOEFE ) S Moy 2T <M,
i - 1-8 1

B 15 S Mo (5977 =My 47 =M.

e The induction step, from & to k + 1:
Let k € N and assume that Eq. 28 holds. Then by Lemma 3.8

t .
I < c/ -5 (Xffk(s) F Y[ =972 I () + fﬁk(s)]) ds
(CMX)’" (CMY)”

<KC

mneNo (m‘) 2 (n')
m-+n=

/ (t—s)" = s_f+ it (X—l—Y[(t—s)_*—i—s %]) ds.
We bound the latter integral, for which we have the following identity:

Ji—s)~H sty (X+Y[(z—s)—% +s—%]) ds

i+

m l—a 1 _ —
— % t7+nT<Xl§B(12ﬁ’m+l+;(l a))

+Yt = [B(l o— ﬁ m+1+n(1 a))+B(l ,s m+(n+1)(1 a))]).

This shows that the power of ¢ is the right one. We bound the beta function terms to finish
the proof. By Lemma 3.9 we have

_ _ —a)\ "~ 1-8
B(¥’m+l+£l(l a)) SM# <m+1+£t(1 a)) 7 <aM,_ m+ D) E

_l-a-p —ap
BUSGE, Moy < gy (MOS0 T amy ik )T
2

1-p

— - l—a—f
#(W) Po<aMy i+ 1)

1— _
B(Tﬁ’ m+(n+21)(1 a)) <M

Remark 3.11 The restriction « € (0, %) in Lemma 3.10 is necessary since M = 4M%_a

diverges as o 1 % (see see the definition of M; in Lemma 3.9). This is not unexpected,

since for o > % we are no longer in the Young regime and we would need techniques like
paracontrolled distributions or regularity structures to solve the equation for I".
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Lemma 3.10 together with the following basic inequality constitutes the proof of
Theorem 1.1.

Lemma 3.12 Let B € (0, 1). Then there exists an L > 0 such that for z > 0

o0 Zk 1
B
kz_o )P < Lexp(Lz?).

Proof Let$ > 0. By writing z¥ = ((1 + 8)2)*(1 4 8) 7 we get with Holder’s inequality

k

o~ < X (400t | F = _ e\ 11
Z (kP = (kZO (T)ﬁz) ) (kzo(l +4) H’) ~ exp(B(1 4 8)F zF).
k=0 " = =

O

Lemma 3.13 There exists a C > 0 (independent of b) such that for all u € Ng with
lul < 1, andforallt >0, x,y € RY,

o t

o ==+ Y [ [ ape s owt @ @)
k=170 /R

|04 T (x, y) — 3t p(t, x — y)

el 1 loa
= €17 plet, x = U A-1ble ot V |1 Azobllg, pe t 7

2
X exp (Cr[uA_lbn%,Loo + ||A20b||g§o—oa]]> : (30)

Proof To show both Egs. 29 and 30 it is sufficient to estimate the series with the modulus
of each term in the series in the right-hand side of Eq. 29 by the right-hand side of Eq. 30.

Let K, C, M be as in Lemma 3.10. Again, we will write “X” and “Y” instead of
“NA-1bllc, 1" and | A>0bllc, p-e 7. With i = |

/Rl MWpt—s,x— Z)Wﬁ;k(z) dz

ds < (Z J/,f’km) plet,x —y)
k=1

l—a

(CMX13y" (CMYt 3"y

)

< Kt™2p(ct,x —y) Z i o
m,neNy: (m’)7 (n‘)T
m+n>1

< Kt~ 2 pet, x — y)CM(Xt? + Y1)

—a

1 1
(CMXtz)™ (CMYt 2 )"
L X

1 I—a
meNy (m‘)z neNy (l’l') 2
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Indeed, fora, b > 0
Z am™ b Z am+] b Z a

1 1—a E 1 1—a + 1 1—
maeNy: (MH2 ()2 N (m+DY2 ()2 ey, (m)2 (n+ DY)

m bn+1

m—+n>1
<@+b) )
iy (mb? ()3
Now by applying Lemma 3.12 we obtain the desired bound. O

Proof of the heat-kernel upper bound (2) of Theorem 1.1 This is a direct consequence of
Lemma 3.13, as there exists a K > 0 such that for all t > 0

Cr(Xt2 v yra® )<exp(Kt[X2+Y1 a]).

4 Heat-Kernel Lower Bounds

The lower bound follows from Lemma 3.13 together with the next result, which is a small
variation of [20, Lemma 4.3.8].

Lemma 4.1 Let g, : R? x R? — [0, 00) for all t € [0, 00). Suppose that (q:)1e[0.00)
satisfies the Chapman-Kolmogorov equations Le, qrys(x,y) = fRd q:(x, 2)qs(z, y) dz. Let

a, b > 0. Suppose that q;(x,y) > bt~ g forallt € (0,a] and x, y € R with |x — y| < /1.
Then there exist a k € (0, 1) and an M > 1, which only depends on b and d, such that for
allt € [0,00) and x,y € R4

1t
q(x,y) = M ""ap(xt, x — y).

Proof By following the first step of the proof of [20, Lemma 4.3.8] we find a « € (0, 1)
and a M > 1 which depend only on b and d such that for all # € (0, a] and x, y € R?

qr(x,y) > Mﬁlp(Kt,x —y).
Let7 > aandn = [L]. Thenforall x, y € R4

qr(x,y) :/Rz ]qL(X,Zl)CIL(Zl,Zz)-"CIL(Zn—l,y)dz
(Rdyn— n n n
2/ M pck, x —z)pk, z1 —22) -+ plk L, zp 1 — y)dz
(Rd)nl

> M_l_ﬁp(/ct, X —y).

Now we can prove the heat-kernel lower bounds:

Proof of the heat-kernel lower bound (3) of Theorem 1.1 We want to apply Lemma 4.1.
Therefore we will find an a such that the condition is satisfied. Once more we will
write “X” and “Y” instead of “||A_1b|c,L=” and “||A20b||c,3*“1”~ Let us also take
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X = 1A-1bllc,po and ¥ = ||A20b||ct370(1. Let @ € (0, %), ¢ > land C > 0 be asin
Lemma 3.13. Then Eq. 30 gives fora > 0,7 € (0,a] and x, y € R? with |x — y| < /1
[, y) 2 plt,x = y) = CXe2 v Y1 Ty exp (CHIX + YT ) plet, x = v)
1

_d _1 2 (1 2 1= 2 2 _d _d
> Qrn)~Semt — C((X2a)t v (YTaa) )exp(Ca[X +Y1—a])c 3 )5,

Therefore, it holds that I (x, y) > 1(2x1)~%e~7 if

C(X%a)? v (YT2a)' 2" ) exp (Ca[X2 n Y%]) 5 < %

D=

Hence there exists a K € (0, 1) (which only depends on ¢, C and «) such that the choice

= K[X? + Yﬁ]*l works. So by Lemma 4.1 there exista k € (0, 1) and a M > 1 such
that for all € [0,00) and x, y € R4,

Iix,y) > M’l’ép(m,x -y = ﬁexl) ( - t]‘”gTM[X2 + Yﬁ])p(fct,x -y).

This proves that Eq. 3 holds for a large enough C. O

5 Proof of Corollary 1.2

As before, we consider b € C([0, T'], Boo 1) forsome a € (0, 2) and we let X = (X/)re[0,7]
be the solution to the martingale problem for ((Z)te(o, 17, 8x). We prove Corollary 1.2,
which means that we estimate the probability that X escapes a box of size K before time
T. The estimate is a consequence of our heat-kernel estimates (Theorem 1.1), Markov’s
inequality and the Garsia-Rademich-Rumsey inequality. By the latter (see [21, Theorem
2.1.3]) we have for x > 0

t=s 4(Fr, —T?
K|Xt_Xx|§4/ u%\/10g<1+(”2)) du, (31)
0 u

X, —X
FTK _/ / exp( <| rn r11|) )dr] drz. (32)
lra —ri]2

In the proof of Corollary 5.2 we will bound the right-hand side of Eq. 31 in terms of a
function ¢. In the next lemma we start by gathering some auxiliary facts about ¢.

where

Lemma 5.1 Let ¢, ¢ : (0, 00) — (0, 00) be given by

::r—%11—21d, = r2./dog(L) v 1).
() /o” (\/og(+u >v) .y = rifdog(h v 1)

There exist m, M > O such that m¢(r) < ¥y (r) < M¢(r) for all v > 0. Moreover, ¥ (rs) <
ﬁlﬁ ()Y (s) forall r, s > 0 and  is strictly increasing.

Proof That  is strictly increasing on (%, 00) will be clear, whereas on [0, %) it follows by
calculating its derivative. Since v and ¢ are continuous and bounded away from 0 and oo
on compact subintervals of (0, 0o), the existence of such m and M follows once we show

@ Springer



Quantitative Heat-Kernel Estimates for Diffusions

that lim, ¢ % and lim,_, i((rr)) exist and are in (0, 0o). By applying L’Hospital’s rule
we obtain

ro_1 )
c@r) — lim Jou~2y/log(l +u=2)du

lim
r1—>0 'gﬁ(}") r—0 I’% /IOg(%)

And also for r — oo we have

lim 1) = lim

r—00 Yr(r) r—o00

€ (0, 00).

«/log(l+u du+fd—u 3 du € (0. 00),

N\

Furthermore

1
W(rs) = (rs)} (\/ (log(}) + log(1)) v 1)
andforallx,y e Rwehave (x +y) V1 <xVv14+yVv1<2(xVI1)(yVl).Therefore,

V(rs) < V2(rs)? (/log(}) Y 1) <\/log<§> v 1) =2y ()Y ().

O

Corollary 5.2 Let  be as in Lemma 5.1 and let C > 0 be as in Theorem 1.1. Then there
exists an M > 0 such that forall T > 1

B =)
P\ M ste[(?T] Y —s)

< Mexp (CT[IA-1b13, 1 + ||A>0b|C - ) (33)

Proof The proof is inspired by [11, Corollary A.5]. Unfortunately we cannot directly apply
that result, because the constant they derive depends on the time interval [0, T'] (even though
this is not explicitly stated).

Letus define Gt := 2,/Fr Vv 4, where Fr , is asin Eq. 32. Let ¢ be as in Lemma 5.1.
By Eq. 31 and using 4(Fr , — T?) < G2 T.. We have by a substitution and by Lemma 5.1
(observe that Gt , > 4 > e) that for T > 1 k >0,s,t € [0, T] withs < t and by writing
G = GT,K

k| X: — Xs| S4ﬁ/cu_%\/]0g(17+ulz)du S\/EC(%)
0
SVGY () SVGY (I — )WL) St — 5)4/1ogG.

Let M > 0 be such that | X; — Xs| < VMy(t —s)/logGr, forall T > 1,k > 0 and
s,t € [0, T]withs < t. Then

2
E K2 1X: — X, <E[Gri]
exp | — = Tkl
! M\ te[O 7] Y —s) * ‘

s<t

As by Jensen’s inequality E,[G7 ] = 2E[\/Fr, V 4] < 2/E;[Fr ]+ 4 we will obtain
abound of E,[G7 ], by estimating E,[Fr ,]. Letc € (0, 1) and « > 0 be such that k < i
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Then for all rp, r{ > 0 with rp # rq
bl Y2 L
plelra = ril, y) exple ))dy = () < oo (34)
R? lry —r1]2

Hence, by Theorem 1.1

T T y— X1\’
E[Fr] = / / E, / O X expte (2200 ) Dy | drydr
0 0 R

lry —r1]2
Lo (T T , '
< et [ [ e (= rif1acibi i 1220005 ]) aran,
The proof is completed by observing that for A > 1

T T T
/ / exp (Alry — r1]) drydry = 2/ / A=) dgdr < 7
0 Jo 0 Jo

O

Proof of Corollary 1.2 As T > 1 > ¢~ we have ¢(T) = V'T. Therefore, by Markov’s
inequality for all M, K > 0 and the fact that i is strictly increasing:

2

1 K
P ( sup |X; — x| ZK) <E [exp(— sup |X —x|2)]exp(——)
Nieor1 * MT o) MmT

1 Xi — Xs|\2 K?

fEx[exp(—( sup 1X0 = X S|> )]exp(——).
M s rero,r) V(T =) MT
s<t
So Eq. 4 follows from Corollary 5.2. O

A Appendix

Theorem A.1 Suppose « < 0 and B > 0 are such that o + B > 0. Let p, p1, p2, 41,92 €
[1, oo] be such that

1
-+ L (35)

<=

Forallr > q1

. <
b vllg, < lullag, , 0l (36)

pr ™~

Proof For the proof see also [18, Corollary 2.1.35]. By slightly adapting [2, Theorem 2.82]
and by using the Holder inequality and [2, Theorem 2.79] (for Eq. 38), we obtain implies
the following two estimates.

<

vl yors < lullsg, , 0l . (37)
< <

e ® vllsg, S vl lulsg,, < Iollye  Nullsg,,, (38)

As [2, Theorem 2.52] implies |lu © U||Bu+/3 < |lull g ||v||B/s , combining the above
P 2.9
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inequalities proves Eq. 36. O
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