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Evolution of Gaussians in the
Hellinger—Kantorovich—Boltzmann gradient flow

Matthias Liero, Alexander Mielke, Oliver Tse, Jia-Jie Zhu

Abstract

This study leverages the basic insight that the gradient-flow equation associated with the relative
Boltzmann entropy, in relation to a Gaussian reference measure within the Hellinger—Kantorovich
(HK) geometry, preserves the class of Gaussian measures. This invariance serves as the founda-
tion for constructing a reduced gradient structure on the parameter space characterizing Gaussian
densities. We derive explicit ordinary differential equations that govern the evolution of mean, co-
variance, and mass under the HK-Boltzmann gradient flow. The reduced structure retains the
additive form of the HK metric, facilitating a comprehensive analysis of the dynamics involved.

We explore the geodesic convexity of the reduced system, revealing that global convexity is
confined to the pure transport scenario, while a variant of sublevel semi-convexity is observed in
the general case. Furthermore, we demonstrate exponential convergence to equilibrium through
Polyak—tojasiewicz-type inequalities, applicable both globally and on sublevel sets. By monitoring
the evolution of covariance eigenvalues, we refine the decay rates associated with convergence.
Additionally, we extend our analysis to non-Gaussian targets exhibiting strong log-A-concavity,
corroborating our theoretical results with numerical experiments that encompass a Gaussian-
target gradient flow and a Bayesian logistic regression application.
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1 Introduction

Many computational problems in applied mathematics and statistics can be formulated as minimizing
the relative Boltzmann entropy g over a subset 2 C M(IR?) of finite measures on R¢:

min Hp (y1|). (1.1)

When 1 and 7t are probability measures in P(R?), then Hp(14|7r) is known as the Kulloack-Leibler
(KL) divergence between the measure p and some target measure 7t.

For example, in the standard Bayesian inference framework [Zel88], one considers a parametric model
p(Datal|@) with prior p(6). The objective is then to infer the posterior distribution 7t(#) := p(f|Data)
based on the data we have observed. Except for the trivial cases, such as linear regression, the
posterior 7t cannot be computed analytically and one must resort to computational approaches for
solving the variational inference problem as formulated in (1.1). The variational inference framework
[JG*99, WaJ08, BKM17] is based on the idea of restricting to measures i to a specific class 2l of
probability measures, such as Gaussian probability measures, allowing one to approximate the target
measure 7T in a tractable manner.

Using the seminal work by [Ott01], one can view solving the variational problem (1.1) over the space
of probability measures T(Rd) as an Otto-Wasserstein gradient flow of the relative Boltzmann entropy
[Wib18]. The associated gradient-flow equation is given by

p=Ap— div(pV log 7'[). (1.2)
For the aforementioned Gaussian variational inference, one often restricts the gradient flow equa-

tion (1.2) to a submanifold of T(Rd), e.g., to the submanifold of Gaussian probability measures
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Evolution of Gaussians in the Hellinger—Kantorovich—Boltzmann gradient flow 3

&, C T(Rd). Riemannian structures on @, induced by the 2-Wasserstein distance and the Fisher-
Rao distance (also called Hellinger distance), respectively, have been extensively studied in [Mod17],
where the author further provided connections to entropy gradient flows and matrix decomposition
problems. Other works of similar nature include [Tak11, LC*22], which investigated the restriction of
(1.2) to the family of Gaussian measures, and [AmMNOO, Ama21, CH*23] that focused on Fisher-Rao
gradient flows. In this work, we apply our findings from the Hellinger-Kantorovich (HK) gradient flow
of Gaussian measures, combining both the Bures-Wasserstein (Otto-Wasserstein but restricted to
Gaussian measures) and Fisher-Rao (Hellinger restricted to Gaussian measures) structures, to solve
the variational problem (1.1). As such, this manuscript provides a survey and original research from
a perspective different from that of other works currently available. In particular, we derive reduced
Onsager operators for the HK-Gaussian to streamline the derivation of the reduced gradient flows over
the Gaussian manifold.

HK, s-Boltzmann gradient system over Gaussian measures We consider the grad-

ient-flow equation for the gradient system (M(R?), &, H, 5), where M(R?) is the set of all non-
negative, finite measures on R? and the driving energy & = Hg(-|7) is the Boltzmann entropy
relative to an equilibrium measure T, i.e.,

dp
Hp(p|m) := /]Rd b (dﬂ(z)) (de) ifp < with Ag(r) =rlogr —r + 1.
+00 otherwise,

Following [LMS16, LMS18], the («v, 3)-Hellinger-Kantorovich distance HK,, s is defined in terms of the
(formal) Onsager operator given by

K5 (0)¢ = aKowo(p)€ + BKue(p)€ := —adiv(pVE) + Bp€.
Here, v and 3 are two non-negative parameters measuring the strength of the Wasserstein-Kantorovich
part (o« = 1, 8 = 0) and the Hellinger part (o« = 0, 5 = 4).
The gradient-flow equation is given by p = —K,, s(p)DE(p) and takes the explicit form

p= OédiV(pV log(g)) — Bplog (7—’1) (1.3)

We emphasize that p — Hg(p|7) is not geodesically A\-convex in (M(R?), K, 5) whenever 3 > 0,
see [LMS23]. Hence, the theory of evolutionary variational inequalities in the sense of [AGS05, LaM23]
is not available.

Instead, this paper focuses on a special subclass of solutions, namely that of scaled Gaussian distri-
butions on R?. Namely, we consider the family of scaled Gaussian distributions on R? given by

=K m)(x) wi m;x) = exp(—5(—m) X7 z—m))
Y(X,m,k)(z) == kG(E,m)(x) with G(X,m;z):= o) ,

where r is the total mass, m the mean value, and & € R := {A € R4 | A = AT A > 0} the

covariance of the normalized Gaussian G(3, m), namely

n—/ Y(X,m,k)de, sm= [ z¥(X,m,k)dz, HZ_/ @z ¥ (X, m,k)dz.
Rd Rd

Rd
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We denote the manifold of all scaled and normalized Gaussians by
& :={kG(X,m;) | S eRLY meRY k>0} C MR?),
&= {G(Z,m;) | L eREY, meRY} C P(RY).

spd ?

Setting P := RIIxRIx(0,00) and Py := RETXR?, we see that the maps ¥: P — 6,
G: Py — &, are smooth parametrizations of & and &, respectively. Therefore, & is a smooth
manifold of dimension Ny := 1 + d + d(d+1)/2 = (d+2)(d+1)/2, and &; a smooth manifold of

dimension N; — 1.

The main observation is that if the equilibrium measure 7t is a scaled Gaussian, then the manifold of
scaled Gaussians & is invariant under the evolution (1.3). More precisely, suppose that 1 € & and
p(0) € &. Then, the unique solution ¢ — p(t) to the gradient-flow equation (1.3) satisfies p(t) € &
for all ¢ > 0 (cf. Proposition 2.1). This invariance allows us to derive a reduced gradient system
(B, E, Kf%) on the parameter space ‘B by restricting the gradient structure (M(R?), &, K, 5) to
the Gaussian manifold & (cf. Theorems 3.1 and 3.2).

Overview of the paper In Section 2, we first derive the ODE systems for the parameters p =
(32, m, k) when the target 7t is a scaled Gaussian. This derivation can be done by simply matching
coefficients when using the fact that all scaled Gaussians are given as the exponential of a quadratic
function in = € R<. A first observation is that the vector field defining the ODE is still linear in the two
parameters v and 3 cf. (2.4).

In Section 3, we derive the gradient structure for the ODE system. While the reduced energy functional
is simply obtained by evaluation of J{g on Gaussians, the reduction of the explicitly given Onsager
operator is nontrivial, and we follow the approach of [MaM20, Sec. 6.1]. We obtain the useful formula
for the reduced Onsager operator in the form of

K4 (p) = aKisa, (p) + SKis (p), where
2Ox+x0) 0 0

K4 (2, m, k) = 0 100 |,
0 0 0 (1.4)
Zyox 0 0
K4S, m, k) = 0 10 o0
0 0 kO

This crucial formula allows us to easily make various calculations for the rest of the paper.

In Section 3.4, we consider the gradient systems
(T(Rd)? :H:B('|7T)v S-KOé7,B)7

where P(R?) denotes the set of all probability measures on R<. The spherical Hellinger-Kantorovich
distance 3K, s is given in terms of the Onsager operator

K3 (p)n = —adiv(pVn) + Bp(n — [ga pndz),

which leads to the associated gradient-flow equation

p= adiV(Vp + %Vﬂ) — Bp (log (Tﬁt) — /Rd plog (7£t> d:z:). (1.5)
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Evolution of Gaussians in the Hellinger—Kantorovich—Boltzmann gradient flow 5

The solutions of this equation are closely related to the gradient-flow equation (1.3) for the gradient
system (M(R?), Hp(+|7), K, 5), see [MiZ25]: If t — u(t) solves (1.3), then t — p(t) = ﬁu(t)
with 2(t) = [p.u(t,x) dz solves (1.5). Moreover, if ¢ — p(t) solves (1.5), then ¢t — u(t) =

k(t)p(t) solves (1.3) for suitable functions ¢ +— k(t).

This relation shows that (1.5) also preserves the Gaussian form. The reduced evolution for (3, m)
directly corresponds to the evolution of scaled Gaussians.

In Section 4, we investigate geodesic A-convexity for the finite-dimensional gradient system
(‘Bl,El,Kgﬁ%) associated with normalized Gaussian measures and relative Boltzmann entropy
Ei(p) = H(p|I",n), where p = (X, m). Geodesic convexity is characterized via the metric Hes-
sian Hessg F, with the key condition

(€, Hessg F(q) §) = A(§, K(q) £),

expressing A-convexity along geodesics. We show that global geodesic convexity holds if and only
if 6 = 0and A < az/min(F‘l), i.e., the case of pure Otto-Wasserstein. For 3 > 0, we show
that geodesic convexity fails for the Gaussian probability measures. However, sublevel geodesic semi-
convexity (4.6) still holds for the relative Boltzmann entropy E; (p).

In Section 5, we analyze the long-time decay behavior of solutions to the HK,, 3-Boltzmann gradient
flow over Gaussian measures. Our first key tool is the Polyak—tojasiewicz (Pt) functional inequal-
ity, which enables exponential convergence rates even in the absence of geodesic sublevel semi-
convexity.

In Section 5.1, we establish both global and sublevel Pt inequalities for the gradient flow energy
functional E;, using a decomposition into covariance and mean parts. This yields exponential decay
estimates of the form:

Ei(p(t)) < e7“"Heoy (3(0)) + ™" Hun (m(0)),

with rates ¢.ov, ¢, that depend explicitly on «, /3, and the energy level E; (p(0)) < E.

A refined analysis follows, where the decay is sharpened by tracking the evolution of eigenvalues of
the normalized covariance matrix B = I'~'/2XT'~ /2. This leads to improved decay rates:

Heoo (3(1)) < Ce o' Hy(m(t)) < Ce ¥

with rates Veoy = 200min(I71) + B and vy, = 2av,,;,(I1) + 23, which are independent of
the energy level (initial condition) £. Here, « is again the scaling parameter of the Otto-Wasserstein
geometry and (3 that of the Hellinger (Fisher-Rao) geometry. We see that while the Otto-Wasserstein
part of the decay rate is affected by I/min(F_l), the Hellinger part is not.

Finally, the results are generalized to log-A-concave target measures Tt, which are not necessarily
scaled Gaussians. In this case, exponential decay is still achieved via energy-dissipation inequalities
involving the metric slope and Gronwall’s lemma, yielding an exponential decay result, which matches
standard results for the pure Wasserstein and Hellinger settings in the literature [CH*23, LC*22].

In Section 6, we introduce a discrete-time gradient descent algorithm tailored to the HK,, g-Boltzmann
gradient flow on Gaussian measures. This method approximates the continuous-time evolution given
by equation (3.9) by interleaving three key updates: (i) a Fisher-Rao step (spherical Hellinger over
Gaussian probability measures), which updates the covariance and mean using Euler discretization of
system (6.1); (ii) a Bures-Wasserstein step (Otto-Wasserstein over Gaussian probability measures),
which discretizes the Bures-Wasserstein ODE (6.2); and (iii) a mass update step induced by the
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M. Liero, A. Mielke, O. Tse, J.J. Zhu 6

Hellinger dissipation. The resulting Algorithm 1 incorporates Monte Carlo estimation to handle non-
Gaussian target measures and is applied to both Gaussian target flow and Bayesian logistic regres-
sion. Numerical results show interesting convergence behavior when compared to pure Wasserstein
or Fisher—Rao flows. For example, when the initial measure is far away from the target, the Bures-
Wasserstein iterations make quick progress, while the Fisher-Rao iterations stagnate due to inaccu-
rate covariance estimation. However, asymptotically, Fisher-Rao iterations enjoy faster convergence
near equilibrium.

2 ODE system for (3, m, k)

2.1 Working with a simpler parametrization

We begin our discussion with a simpler parametrization for & that avoids the inversion of the covari-
ance matrix. Observe that scaled Gaussians can be alternatively expressed as

p(z) = O(A,b,c)(x) := exp(By(z)), where By(zx)=c+b-z— %x - Azx.

Note that by using the simple coordinates q = (A, b,c) € Q := Rg;ddede instead of I3, we are

no longer using the usual variables (X, m, k) € P for parametrizing Gaussians. Nevertheless, the
parametrization @ : Q — & is still a diffeomorphism.

To returnto (X, m, k) € B, we have the transformation T : Q — B with
B (27T)d/2
 (det A)1/2

The parametrization (—3A4,b) = (—3X7, £ 7'm) is also referred to as the natural parametrization

1
Y=A"1 m=A", exp (c + §b . A’lb). (2.1)

of the (normalized) Gaussian measures [AmNOO]. Applying the transformation p(t,x) = eBt2) 1o
(1.3) with 7t(z) = e®(®), we obtain
B=a(A(B-B)+VB-V(B-B)) - 3(B - B). (2.2)

We can easily see that for bilinear B and bilinear initial condition B(0, -), there is a bilinear solution
given explicitly by

B(t, 2) = By() = e{t) + b(t) -« — %x A,

where t — q(t) = (A(t),b(t), c(t)) € Q satisfies the following system of ODEs:
A =a(AA+ AA - 2A%) + B(A-A), (2.3a)
b= a(Ab+ Ab—24b) + B (b —b), (2.3b)
=a(tr(A-A)+b-(b=b)) + B (c—c) (2.3c)

subject to the initial condition q(0) = qo = (Ao, bo, co) € Q.

The global existence of the system (2.3) follows from the standard theory of nonlinear differential
equations. For completeness, a discussion on the well-posedness of (2.3) is performed in Appendix B.
We summarize the current findings in the following.

Proposition 2.1 (Gaussian solutions for (1.3)) The unique solutiont — p(t) of equation (1.3) with

t
initial condition p(0, -) = ®(qp) € & C M(R?) is givenby p(t,-) = ®(q(t)), wheret — q(t) € Q
is the unique solution of (2.3) with q(0) = qo € Q.

DOI 10.20347/WIAS.PREPRINT.3198 Berlin 2025
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2.2 Returning to standard coordinates

We now use the transformation (2.1) to generate the ODEs in the parameter space 3.

Proposition 2.2 (Induced GFE on ‘J3) The Gaussian solutions for (1.3) are uniquely determined in
the form p(t) = k(t)G(X(t), m(t)), wheret — p(t) = (3(t), m(t), (t)) € B solves the following
system of ODEs:

S=a2] -T7'E-XT7) + 8(5-XT7'%), (2.42)

m=al(n—m)+ B3I (n—m), (2.4b)
. _phk -1 1 K det X

k=0 B (tr(]—F Y) —(n—m)-I'"(n—m) — 2log <%> + 10g<detF>> : (2.4c)

where T = »G(I', n) is the target measure.

Note that in the equation for %, the contribution proportional to a: vanishes as the transport term is
mass preserving.

Proof. The equations for 3> and 7 follow by straightforward substitution. The equation for ~ is obtained
by observing the relation £ = y/det(27Y) exp(c + 5b - m) and D(det)(X)[A] = tr (cof (X)A) =
(det X) tr (X' A), giving

K . .
i= 5 (r (Z7E) et (bom+ b)),
Inserting the established relations gives the desired result. ]

Several remarks are in order.

Remark 2.3 (Explicit solutions) [t turns out that it is possible to solve equation (2.3a) and, conse-
quently, (2.4a) explicitly.

Indeed, consider the transformation A(t) = A + e"“'B(t)e~C* with C = oA + 51, which yields
the equation B = —2aBe™?°'B for B. Setting D = B~ leads to D = 2ce™2“*. Solving for D
then gives

D(t) = D(0) + aC Y (I—e%") = D(0) + aC™' — ae™“'Cte .
From this, we obtain the explicit solution A to (2.3a) in the form
Aty =A+ e_Ct((Ao—z)_l-l-oéc'_l—ae_CtC_le_Ct)71e_0t with C = oA + g[,

and therefore also an explicit form for ¥ = A~

When o8 = 0, the expressions simplify: In the pure transport case (f = 0), we have
_ _ — - — - -\ 1
D) =T +e () —D)e " A(t) = A(A +e M (AATA - A)e—a“‘) A.
While in the pure growth case (o = 0), we have

Aty =A+eP(Ay—A) or X(t) = P(F +e ISy 'T — r))lr.
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Remark 2.4 (Long-time asymptotics) Observe that A(t) converges to A with
Aty = A+e Y B.e ™ +O(le ") fort — <.

In the later sections, we are interested in the long-time asymptotics for ¥ = A~ with A = T'"~'.
Hence, we find the expansion

S(t)=T-Te “"Be T +0(le ") fort - 0o, with C=al ' +51.  (25)

In particular, we have the decay estimate |X(t)—I'| < Ce™"*r'* with the optimal decay rate Vop, =
B+ 200min (™) > 0 given as smallest eigenvalue of 2aT '+ 1.

3 Reduced gradient system

3.1 General reduction of gradient structures

Reducing a gradient system to an invariant submanifold is trivial when the Riemannian tensor is given.
We summarize the result in the following statement.

Theorem 3.1 (Reduction of Riemannian GS) Let the gradient system (M, €, G) be given in terms
of a family of symmetric and positive definite Riemannian operators G(u) : T, M — T*M. Assume
that the smooth submanifold N C M is invariant under the gradient flow G(u)i = —DE(u) € TEM
(where DE denotes the classical Fréchet derivative).

Then, the restricted flow on N is again a gradient system, and it is given by the reduced gradient
system (N, € |x, G™4), where G™ is simply the restriction of G to N, namely

VweN, Vo€ T,N: (G w)v,v)r,n = (G(w)v,v)r, .

To clarify the situation with the next result, it is helpful to introduce a notation for the embedding of N
into M, namely j : N — M. Now, Dj(w) : TuN — Tju)Mand Dj(w)* : Tj,, M — TN
(again D denotes Fréchet derivatives). With this, G™ can be expressed more explicitly in the form

G™(w) = Dj(w)*G(j(w))Dj(w) : TuN — TEN.

The situation is slightly more involved if the Onsager operators K(u) = G(u) ! are given instead, and
the inversion is not desirable. On the formal level, the reduction means taking a Schur complement,
see Remark 3.4.

Theorem 3.2 (Reduction of Onsager GS) Let the gradient system (M, €, K) be given in terms of a
family of symmetric and positive definite Onsager operators K(u) : T:M — T, M. Assume that the
smooth submanifold N C M is invariant under the gradient flow it = —K(u)DE (u).

Then, the restricted flow on N is again a gradient system, and it is given by the reduced gradient
system (N, €|, Kred), where the reduced Onsager operator is given by

VweN, Vpe TN (K (w)n)r,n = inf { (€, K(j(w))€)r,., | Di(w)" € =n},

where j : N — M is the embedding mapping.

DOI 10.20347/WIAS.PREPRINT.3198 Berlin 2025



Evolution of Gaussians in the Hellinger—Kantorovich—Boltzmann gradient flow 9

Proof. The result is the content of the theory developed in [MaM20, Sec. 6.1]. ]

In both results above, we can use a parameter manifold 33 instead of the submanifold N, i.e., we
have an invertible map ¥ : 8 — N C M. We can then define the reduced gradient system with the
parameter manifolds 3 as the state space. The reduced energy functional is givenby E = EoVW; p —

E(Y(p))-
In the Riemannian case, we obtain the reduced gradient system

(B.E.G™) with G™(p) = D¥(p)*G(¥(p))D¥(p) : T, — TP
For the Onsager case, we obtain the corresponding reduced gradient system in the form

(B, E, K with (n, K (p)n) r,p = inf { (£, K(¥(p))&)ry,m | D¥(p)"E =1 }.

The calculation of K™ can be performed using the standard Lagrange theory for constraint minimiza-
tion: For fixed p € ‘B and ) € T3, one defines the Lagrange function

1 *
’8(57 >‘) = §<§7 K<\y(p))£>qu(p)M + <D\y(p) 5_777 /\>qu3~
The optimal & can be found as the critical point of £, i.e., by solving the reduction equation
KW¥(p))§¢ =D¥(p)A € TypyM and D¥(p)*{ =n e TP (3.1)
for (§,\) € T\’j,(p)Mpr&B, where A € T, is the Lagrange multiplier.

In summary, we obtain the following result, which will be used to derive the reduced gradient structure
on the parameter space ‘B.

Proposition 3.3 (Formula for reduced Onsager operator) Under the above notations and assump-
tions, the reduced Onsager operator K™ s given by

(. K" (p)n) = (n,A) = (&, K(¥(p))E), (3.22)
where (€, )\) € Ty Mx TP is a solution of

< E{]()‘i((l;)))* —D‘OP(p) ) @ - (_077) (3.2b)

Remark 3.4 (Reduction in terms of the Schur complement) As a special case of formula (3.2), we
consider the simplified case of X = X;x X, with X,x{0} being an invariant subspace for the
gradient system (X, €, K), where

Kii(u) Kia(u)
Ko (u) Koo(u)

Writing u = (u1, u2) and DE(u) = (D1E(u), D2€(u)), the gradient-flow equation reads
Uy = — (K11 (u)D1&(u)+ Ki2(u)Da&(u)), 1t = —(Ka1(u)D1&(w)+ Koz (u)Da&(u)).
The invariance condition of X1 x{0} means
Uy =0 = Ko (ug, 0)D1E(uq, 0) + Kag(uy, 0)Da&(uy, 0),

which gives Do&(uy,0) = —Kao(uy,0) 1Ko (ug,0)D1E(uy, 0). Inserting this relation into the
equation for ; and writing E(u;) = &(uy,0), we obtain 1t; = —K™4(u;)DE(uy) with

K™ (u;) = Ky (ur,0) — Kiz(ug, 0)(Koo(us, 0))71K21(U17 0),

ie., Kred (uy) is the Schur complement of K (uy,0) when eliminating the X component.

X =X xXy and K(U) = ( )XTXX; — X1 xXs.
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3.2 Reduced Onsager operators

If we apply the abstract theory from above to the Gaussian family W(3, m, k) = kG(X, m), we can
again take advantage of the property that the Onsager operator K, s(p) is the linear combination
aKoo(p) + fKue(p), where both operators Kowo(p) and Kye(p) are linear in p. Moreover, the
Gaussian family has the property that DW(p)[p] is always the product of a Gaussian and a quadratic
polynomial in 2 € R. This characteristic is exactly mirrored in the Onsager operator K, g inthe sense
that K, 3(W(p))¢ is again a product of a Gaussian and a quadratic polynomial if £ is a quadratic
polynomial. These two facts will lead to the surprising result that the reduced Onsager operator is
again a linear combination, namely

K™d(p) = o KI(p) + BKE(p),

see Theorem 3.8 below.

Before doing the calculation, we provide some details on the derivative DV in the following remark,
which will also be useful in Section 3.5, where we consider non-Gaussian target measures 7T &€
M(RY).

Remark 3.5 Recall the map WY (X, m, k) = kG(X, m). Simple computations yield
~ 1 ~ ~
DsG(S,m)[E] = 5 [tr SE @ -m) oS (z—m))] —tr [zz—lﬂ G(Z,m),
D,,G(3, m)[m] = (m, X" (z —m)) G(Z,m),
which, due to the identities

V.G(Z,m;z) = =Xz —m)G(X,m),
V2G(Z,miz) = |S oz —m)@X H(z —m) — 2_1] G(X,m),

may be equivalently expressed as
~ 1 .~
DsG(X,m)[X] = 5tr[zvics(z,m)]
D G(S, m)[] = — (M, V.G(Z, m)).

Consequently, we obtain
o~ . 1 -~ R R
DY (X, m, k)X, m, K| = 5 tr[SVIY(S, m)| — (M, V,¥(S, m)) + RG(Z, m).
We now return to the derivation of the reduced Onsager operator K™ and use formula (3.2) provided
by Proposition 3.3, which takes the specific form
Kos (KG(S,m))€ = DY(S,m, k)(E, 7, %), DY(S,m,r)"¢ = (S, pu, k) € TLP,

where p = (X, m, k) € P, A = (i?’ﬁ,ﬁ), andn = (S, i, k).

We will show that it is possible to find a solution E that is a quadratic polynomial. Hence, it lies in a
finite-dimensional set with exactly the same dimension as T3, namely +d(d+1) + d + 1. Hence,
we can reduce the analysis to an algebraic calculation for finding the coefficients.
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More precisely, the equation D¥(p)*¢ = 7 means
<§7 Dq](p)6>T‘y(p)L2(Rd) = <T]7/p\>Tp‘B for all E S Tp%?
and the equation K, 5(¥(p))¢ = D¥(p)\ implies that £ is quadratic, allowing us to use the ansatz
E(x) = Eape(z) = (x—m)-A(z—m) + b-(x—m) + c.

Using the explicit form of DW(p)p with p = (i m, k), we have to satisfy

Eape(®) [2 + e D z—m) + g((a:—m)-z—liz—l(x_m)_z-l;i)} G(2,m)dx
R4

=SS 4 i+ kR forall (S,m,7) € T,R.

Substituting z = m + X2y and using the Gaussian integrals (A.1b) and (A.1c), we obtain the
following linear system for determining (A, b, ¢), and hence £ = 4.

R(tr(AD)4¢) + - (k) + K tr(AD) = S8 + i + kR

Thus, we have found the unique solution & = Zg,, x = a4 With

1 1 1
A=-5 b=—-u,  c=k——tr(SY).
K K

K

Using (3.2a), the reduced Onsager operator K*? is now defined via

S red S - =
< IZ K (p) /kj; >qu3 = <‘:S,u,k’aKo¢,ﬂ (‘y(p))*:S,,u,k>Tw(p>L2(Rd)'

Since the linear mappings (S, i1, k) — (A, b, c) — Ea.c are completely independent of a and f3,
we can construct K™ by doing the reduction for Koo and Ky independently, and then combining
the result.

Lemma 3.6 Forp = (X, m, k) € B, the reduced Onsager operator Kif%(p) is given by

K% (p) = oKgao(p) + 8K (p)

2O2+x0) 0 0 208 0 0 (3.3)
=« 0 100 | +p 0 <0 0
0 0 0 0 0 O

Proof. The calculation is straightforward. Let n = (.5, , k)T. Then, for the Otto-Onsager operator,
we deduce

(1, Ko (PIN) 1w = (S ks Kowo (8 G(Zm)) sk )y (o 1amay

://iG(Z,m;x)|VES%k(:c)|2dx:/-@/ G(2,0;y)|2Ay + b|* dy
R Rd

d
= ﬁ/ G(3,0;y) (4y-A%y + 4Ab-y + [b]*) dy = r(4tr(ZY2ATSH2) + |b]?)
Rd

4 1
= 2 (5°%) + |,
K KR
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from which we obtain K&, (p). Similarly, we compute
(0 Ko (PIn)rym = (Zspiks Kine (KG(E,m)) Zs ) 1oy
= /deaG(E, m; m)(Eg%k(x))de = n/ﬂ@f(E, 0;9)(y-Ay + by + c)2dx
= 5(2 21 2AS 2P 4[24 (1(AD) +0))
= 2SR S R, = (S, R),

where we used the matrix norm notation | - |? := || - ||% for the Frobenius norm. This gives the reduced
Hellinger-Onsager operator Kﬁg as asserted. ]

A remarkable fact is that Kff% is again of the additive form with coefficients o and (3. For general
Schur complements as in Remark 3.4, it cannot be expected that K™Y retains an additive structure.

Remark 3.7 From the reduced Onsager operators K&, and Ki%¢, one obtains dynamical transport
costs taking the following form for j € {Otto, He}:

1
2%(po, p1) = inf {/ (n, K (p)n)rep ds = p =K (p)n, p(0) = po, p(1) = pl}.
0

(p:m)

Those represent the dynamical counterparts of the 2-Wasserstein and Hellinger distances restricted
to the parameter space ‘B3, respectively.

3.3 Reduced gradient system

Based on the Lemma 3.6, we are now left to derive the reduced driving energy, which we denote by E.
To do so, we simply evaluate the relative Boltzmann entropy in terms of the parametrization variables
p= (3, m, k) € P to obtain

E(p) = Hp (5G(S, m)|#G(T, n)) = £ H(S, m|T,n) + Ap (g) x, (3.4)

with

1 ) 1 1. (detD
H(3, m|l,n) = §(m n)-I'(m—n)+ §tr (r's-1) Elog (detF) :
Note that H is simply the relative Boltzmann entropy 3 (G(3,m)|G(I", n)) between two normalized
Gaussians, and hence H(X, m|T",n) > 0 with equality if and only if > = I" and m = n (see also
[FIS24, Eqn. (F59)]). Moreover, due to the strict concavity of the map R%d 5 ¥ — logdet X3, we find
that
(3, m) — H(Z,m|[',n) is strictly (jointly) convex.

Its differential is given by

DsE(Z, m, k) srt-xh
DE(p) = | D,E(X,m,k) | = kT~ (m—n) : (3.5)
DHE(E,TI’L,/{) H(Z7m|ran) +10g(’%/%)

This leads to the following main result concerning the reduced gradient structure.
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Theorem 3.8 The system of ODEs (2.4) is the gradient-flow equation of the gradient system
(B, E, Ki9).

The proof can be done in two ways: We can insert the given formulas for K% (p) and for DE(p) and
observe that (2.4) has the form p = —K1*%(p)DE(p), which reads

S=a2l -T7'E-XT7) +8(Z - 50y, (3.62)
= —(a+ pX)T " (m—n), (3.6b)
i = —Br(log(k/>) + H(Z, m|l, n)). (3.6c)

Alternatively, it is a consequence of the general Theorem 3.2 applied to our specific case.

In Theorem 3.12 below, we will establish the system of ODEs for cases where the target measure may
not be Gaussian.

Remark 3.9 The solution k to (3.6¢) can be explicitly computed to obtain

) = (52) e (- AN (), m(s)[T ) ).

0

In view of Remark 3.9, it suffices to study the system of equations (3.6a)—(3.6b) for (X, m). It turns out
that this system can be derived as a reduced gradient flow from the evolution of normalized Gaussians
in P(IR?) as described in the following.

3.4 Reduction to normalized Gaussians

In the preceding sections, we analyzed gradient flows in the space of Gaussian measures with variable
mass. For normalized Gaussians in ; = ®(B;) C P(RY), we consider the gradient structure
(P(RY), &, 9K, g) instead, where 3K, 5 is the spherical Hellinger-Kantorovich distance induced by
the Onsager operator

K35 ()¢ = aKouo(p)€ + BKaue(p)§ = —adiv(pVE) + Bp (f — Jpa p§d$>-

The associated gradient-flow equation then reads

p= adiV(V,o + pV log 7'[) — Bp (log <£{) — /Rd plog (%) dx) ) (3.7)

In [MiZ25], it was observed that the solutions to the HK, g-flow (1.3) and the 3K, s-flow (3.7) are
closely related as given in the following statement.

Lemma 3.10 /ft — u(t) solves (1.3), thent — p(t) = u(t)/z(t) with z(t) = [pau(t,z) dz
solves (3.7). Conversely, if t — p(t) solves (3.7), then t — u(t) = k(t)p(t) solves (1.3) for a
suitable function t — k().

This observation allows us to separately analyze the evolution of the shape (normalized measure p)
and the mass (z) of the solution to HK flow (1.3), where the shape evolution is governed by the 3K
flow and does not depend on the mass.

Since the manifold &; C P(R?) is invariant under the 3K, s-flow whenever T € &, a gradient
structure on PB; = Rggdded can be derived from (P(R?), & FK, 5) using the same approach as
before to obtain the following result.
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Theorem 3.11 (Gaussian 3K, 3-GFE) The reduced gradient system on {3, takes the form
(P, E1, Kgx), where i (p) = H(p|T', n), p = (X, m), and

2(02+x0) 0 2X0% 0

red _ red red _

K5(0) = alsia(p) + o5 0) o (PN L) s (BT ).
The associated equations are obtained from (3.6) by dropping the last equation:

S=a2l -T7'E-XT7) +8(Z - 50y, (3.82)
m=al ' (n—m)+ X" (n—m), (3.8b)

3.5 Extension to non-Gaussian target measure 7t

In the previous sections, we have considered the driving energy Hg( - |7) for a Gaussian target mea-
sure 7. We now consider the general case when the target measure 7t is not necessarily Gaussian,
which is the case in various applications. We first show a simple formal calculation to provide the ODE
for the HK,, s-flow for a general target measure 7 € M(Rd). Note that the formal gradient-flow equa-
tions have been derived for the pure Wasserstein case in [LC*22] and for the pure Fisher-Rao (i.e.,
spherical Hellinger) case in [CH*23]. Using our reduced Onsager structure on the parameter space,
we can easily write down the ODE for the reduced Gaussian HK,, s-flow.

For a general target measure 7t € M(IR?), the reduced relative Boltzmann entropy takes the following
form: For p = (X, m, k) € B,

E(p) = Hp (kG(S, m)|m) = |7t\)\3<%> + ok (G(E,m) ) ’—;“)

For target measures 7t with Lebesgue density, the differential DE can be computed using Remark 3.5
to obtain

DsE(X,m, k) = —g (Z_l +/ VZlogm G(X,m) dz) :
R4
D,.E(X,m, k) = —/1/ V. logm G(X,m)dz,
R4
K

D.E(S, m, &) = log <W) + 3 (6(2,m) ) |—;‘|)

Compared with the differentials for the Gaussian target measure in (3.5), the differentials for the gen-
eral target measure can be obtained by replacing the quantity (I'™*, T~!(m — n)) with the quantity
(= [ V2logm G(2,m)dz, — [ V,logm G(,m)dz). For ease of notation, we set

' =T7"%,m):=— [ Vilogn G(X,m)dz.

R4

The evolution for p = (X, m, ) can be deduced from p = —K*}(p)DE(p), yielding

DOI 10.20347/WIAS.PREPRINT.3198 Berlin 2025



Evolution of Gaussians in the Hellinger—Kantorovich—Boltzmann gradient flow 15

Theorem 3.12 (HK-Gaussian shape-mass ODE) Let7t € M(Rd) be a target measure with Lebesgue
density. Then the ODE for the reduced Gaussian KK, 3-gradient flow onp = (X, m, k) € P with driv-
ing energy E is given by

S=a2l -TT'E-XT7) +8(Z - 50y, (3.92)
m= [ (a+pX) V,logn G(X,m)dx, (3.90)
R4
= o T
k= —P0K <log <‘T[|> + Hp (G(Z,m) ’ ‘7T|>) . (3.9¢)

Furthermore, the mass ODE (3.9c) admits the explicit solution (cf. Remark 3.9)

k(t) = |7 (%)emexp <— /Ot e A9 gy <G(E(s), m(s)) ’ %)ds) :

Similarly, for the SHK,, s-flow one obtains the reduced coupled system (3.9a)—(3.9b) on ; with the
driving energy E;(p) = Hg(G(3, m)|m). The gradient system (3.9) with &« = 0 or 5 = 0 have
appeared in the context of Kalman filtering and state estimation, variational Gaussian approximations
and information geometry (cf. [OpA09, PiR23, Sar07] and references therein).

4 Geodesic convexity of the reduced gradient system

Geodesic convexity is a powerful geometric tool, provided it is applicable. For the pure transport
case, i.e., the Otto-Wasserstein geometry, where it is also called displacement convexity according
to [McC97], there is a large amount of literature (see, e.g., [OtV00, Vil03, AGS05]) concerning the
related functional inequalities. The corresponding theory for the Hellinger-Kantorovich geometry was
only recently developed in [LMS23].

Here, we investigate how the concept of geodesic A-convexity applies in the reduced setting of the
Gaussian family and the relative Boltzmann entropy with a Gaussian target measure 7t. We will restrict
to the case of normalized Gaussians &, because in the case with varying mass, global geodesic A-
convexity cannot be expected, see Remark 4.6.

4.1 Geodesic convexity and the metric Hessian

Working with the finite-dimensional gradient system (°3, E, Kfj%), we can define the metric Hessian

without the technical difficulties arising in the full Hellinger-Kantorovich setting for (M(R?), &, HK,, 5)
or (P(R?), &, HK, ).

For any smooth finite-dimensional gradient system (£, F, K), the metric Hessian (in its co-variant
form) is a symmetric tensor Hessk F(q) : T3 — T4 defined in terms of the quadratic form

(&, Hessg F(q)¢) := (¢, K(q)D*F(q)K(q)¢)

+ (¢ DR(@K(DF(@) - »(¢ DK@K@DF@le).
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where DK (q)[v] is the directional derivative lim,_, 1 (K(q+sv)—K(q)) (in local coordinates). Of-
ten it is advantageous to define the vector field V(q) = K(q)DF(q), then one has the slightly simpler
formula

(& Hesse F(a)€) = (€ DV (@)[K(a)g]) — 5(& DE@[V(@)8) 42

Its relation to convexity along geodesics is immediate; we refer to [OtV00, OtW05, DaS08, LiM13] for
details. For this, we recall the geodesic equations for constant-speed geodesics s — g, € 2

gs = K(gs)gsa Ss = _%<€sa DK(gs)[ ]£5>a (4.3)

which are Hamilton’s equation for the Hamiltonian H(q, &) = (£, K(q)¢).

Remark 4.1 Although we will not use them explicitly, we state the equations for the constant-speed
geodesics, considering the general case of scaled Gaussians parameterized by the set*3 = [0, 00);.
Using ps = (X, msg, ks) and & = (S, s, ks) with s € [0, 1] being the arclength parameter, we
find

.9 2

5 = 2208,5,45,5) + D5.8.5,, (4.42)
Rg Rs

iy = L+ Lo fis = 0+ Brishs, (4.45)
Kg Ks

.2 2 1

Ss = _a SsSs - /8<_SZSSS + s & ,U5>, [Ls = O’ (440)
K s Kg 2"18

[ — (2 tr[S25,] + 1\u5|2> L (usEsus + 2tr[5s2s5s2s]> PR g

: ’ 2 2553 2"

The equations on 3 are obtained by setting ks = 1 and dropping the equations for k.

The global A-convexity of € in the space (2, K) means that for all (constant-speed) geodesics the
function s — F(gs) is A-convex, i.e., its second derivative is bounded from below by A. However, we

compute
£ Fg.) = (DF(g.). &) = (DF(&.). K(g.)6) = (&, V(e.))

Thus, taking another derivative with respect to s gives

2
ds?

Thus, (global) geodesic A-convexity reduces to the condition

F(gs) = (£, DV (gs)[&s]) + (s, Vigs)) = (&, Hessk F(g,) &)

Ve, VEEe Ty (€ Hesse F(a) €) > A K(a)E). (4.5)
The last estimate can also be written in short as Hessg F(q) > AK(q), which is meant in the sense
of quadratic forms.

We will also use the notion of sublevel geodesic semi-convexity, which is defined as follows:

VE eR, IA(E) € R, Vg e Qwith F(q) < E: Hessg F(q) > A(E)K(q). (4.6)

The latter condition can be used to control the expansion/contraction properties between two solutions
of the gradient-flow equations starting in the same sublevel, see [MST25].
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4.2 The Hessian for the Gaussian family

We now return to the normalized Gaussian gradient system (31, E;, Kzf%) with driving energy E; (p) =
H(p|T',n), p = (X, m), and introduce the shorthand

Ha,5(p) = Hessyrea Ei(p).
From the definition (4.1), we know that I, s is linear in E; and quadratic in Kf% Hence, we can write

Ha s = &’Howo + SHumix + 87 Hgre.
For the explicit calculation, we recall from Theorem 3.11 the reduced operators
re ‘e ‘e 20X +>0) 0 2X0% 0
Ka,%<p) = aKOSto([)) + 6KSH(i(p) = ( ( 0 ) ] ) + 5 ( 0 S ) )
The driving forces DE; and the vector field V = Kf’%DEl take the form

DE(p) = <2I(£1(lﬂfn;)> and V(p) = O‘(Fll“zj(g—;)_2]> +5<EZPF—12_—2))'

A direct calculation using formula (4.2) leads to the following results:

(n, Howo(p)n) = 4tr(ST™1SY) + 4|S|* + p- Tty (4.7a)
(7, Homix (p)1)) = 2 tr (2r—1(2525+5252+2552) - 5252)
+ 2 - (BS+SET Y m—n) + p - (BT 41, (4.7b)

(0, Hgre(p)n) = 2t1(STSET'E) + 2 - RSET ™ (m—n)
1
+gp (BT, = (S (4.7¢)

With these results, we can now make our first statement on geodesic A-convexity. For 5 > 0 there is
no A-convexity, whereas for 3 = 0 we have the well-known result that A = apy,;, (I'™1), cf. [BaE85].

Proposition 4.2 (Geodesic A-convexity for (31, E, Krj’%)) For (%P1, Eq, K;e%) we have geodesic
A-convexity if and only if
B=0 and A< avy,(T).

Proof. We first consider the case 3 > 0, then we observe that H,, g contains the term

21 (aB(ES45%) 4+ BLSE)T ! (m—n). (4.8)

whereas m does not appear elsewhere in I, 5 or ng% Thus, keeping 2, S, and 1 fixed, the above

term, and hence the left-hand side in (4.5), can be made arbitrarily small by choosing m suitably.
Hence, there is no geodesic A-convexity.

In the case 5 = 0, we are left with the estimate
o?(4tr(D1S%S)) + 4[SP + T ') > aA(4tx(STS) + |ul?),

and the result follows by standard estimates. ]
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Remark 4.3 (Centered Gaussians) A more positive result can be obtained by restricting the analysis
to centered Gaussians, namely

ml,cent - {P: (E;m> eml ‘ m = 0}

With the target measure 1 = G(I", 0), the disturbing term in (4.8) disappears and it should be possible
to show that there is global geodesic A-convexity for some A = Acent (v, 5,17) € R.

Indeed, for B = 0 we have A..ry > 0 by Proposition 4.2. For o« = 0 one easily obtains A = 0, but in
the case a5 > 0 one expects Acens (v, B, 1) < 0.

4.3 Sublevel geodesic semi-convexity and scaled Gaussians

As shown above, we have a Hessian Haﬁ that is well-defined on all of 3;. To establish sublevel
geodesic semi-convexity, it is hence sufficient to show that the sublevels define suitably compact sets
bounding H, s from below and ng’% from above.

Lemma 4.4 (Sublevels of E;) For fixed (I',n) € P4,

VE >0,3rg>0,Vp=(X,m)withE,(p) < E: |m—n|, |Z|, |S7"| < rg. (4.9)

Proof. The additive structure of E; implies that 5 (m—n) - I'"*(m—n) < E which gives |m—n| <
(2Umax (D) E)Y2 =: 1y,

Setting F(B) = tr(B—I) — logdetB > 0 for symmetric matrices B, we find
F(B) = 30, (b;—1—logb;), where (b;); are the eigenvalues of B. Using B = ['~/25.T1/2
and E;(X,m) < E, we have b;—1—1logb; < 2FE for all j, implying the estimate e~ (142B) < b; <

1+ log4 + 4F. Thus, we conclude
3] < 0|(1 +logd +4E) =1y and |[S7 < D7 el t2E =11,
and the assertion is proved with 1 := max{ry, o, 73} n

Note that, in the proof, the use of the auxiliary matrix B = I'"1/2XT'~1/2 can also be viewed through
the lens of a coordinate transformation: x + T'~1/2(x — n). Additionally, define the notation 7 :=
I'=Y/2(m — n). Under this transformation, we can simplify the relative Boltzmann entropy to have the
standard Gaussian target measure

_ 1~
Ei(p) = H(X, m|l',n) = H(B,m|I,0) = 3 m|* + tr(B — I) — log | B|

F(B)

With this result, we can now establish the desired sublevel geodesic semi-convexity.

Proposition 4.5 (Sublevel geodesic semi-convexity) The gradient system (‘,Bb = ng‘é) is sub-
level geodesically semi-convex as defined in (4.6).
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Proof. We fix F/ > 0 and restrict to p = (3, m) with E;(p) < E. Then, Lemma 4.4 provides a lower
bound X > 7“}51[. With this, we obtain the lower bound

(n, KeG(P)n) = cu(|SP +|ul?)  foralin=(S,u)"

for some small cg > 0. Using the upper bounds for 3 and (m—n) from Lemma 4.4, we also find the
lower bound

(1, Hop(p)) > —Hp (ISP + [u?) foralin = (S,)",

for some large Hg > 0. This implies
Haﬂ(p) Z }\KI;%([)), with A = _HE/CE7

which is the desired assertion. [

Remark 4.6 (No geodesic A-convexity for scaled Gaussians) If we consider scaled Gaussians para-
metrized by B instead of normalized Gaussians in *}31, we can use the well-known fact that the
geodesic curves in (M(R?), KK, 3) connecting any measure 11 = ju; with the trivial measure iy = 0
is given by the Hellinger geodesic s — s = 52 w1 (cf. [LMS16]). If uy is a (scaled) Gaussian measure,
then so are all 5. Hence, in the parameter space 3 we have the explicit geodesic vs = (X, m, 325).

Considering now the reduced Boltzmann entropy E(~s), we find

%K

e(s) := E(vs) = H(X, m|[',n) + %)\B(7).

Since é(s) = 4k + 2xlog (s%k/3¢) — —o0 for s \, 0, we see that geodesic \-convexity fails.
g

We may still have a restricted version of sublevel A-convexity if we only consider sublevels that do not
contain the trivial measure (1 = 0. More precisely, if 1 = »G(I",n), then Hy(0|1t) = ¢, and it can
be shown that for E € (0, »), there exists \(E) such that forp = (X, m, ) € B with E(p) < E,
we have Hessyrea E(p) > A(E)K™(p).

5 Long-time asymptotic decay estimates

In this section, we investigate the long-time behavior of solutions to the KK, 3-Boltzmann gradient flow
over the Gaussian measures.

5.1 Polyak-Lojasiewicz estimate for Gaussian target measures
As seen above, there is little hope of obtaining good long-time asymptotic decay estimates for the
(2]31, E, Kgﬁ%)-gradient flow solutions based on geodesic A-convexity, since we rarely have A = 0.

However, exponential decay can be derived already from the weaker Polyak-tojasiewicz estimate—
also called the PL or gradient dominance condition (see [KNS20, CC*24]). Its global form reads:

(DE;(p), KiG(p)DE1(p)) > cpLEi(p) forallp € Py, (5.1)

where cpr, > 0 is the Polyak-tojasiewicz constant. Note that in our case inf,cq;, Ei(p) =0.
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Often, it is also useful to use a sublevel version of Pt, namely

\V/E>OE|CPL( )>0‘v’p€‘}31wnh El( )<

(DEi(p), K54 (p)DE1(p)) > cpL(E) E1(p). ©2)

Here, we may assume that £ +— cpp,(F) is non-decreasing. The long-time asymptotics can then
be deduced by a simple application of Grénwall’s lemma to the energy-dissipation relation, giving the
decay estimate

Ei(p(0)) < E = Ei(p(t)) < e tBE (p(0)) forallt > 0.
To apply the theory in the present case, we use the decomposition into the covariance and the mean
part:

detZ)
detT"/’

tr(D'8—1) — —1og(
E1(X,m) = Heoy(2) + H(m)  with
) - T (m—n).

wlb—wlr—t
i
3

Correspondingly, the dissipation D(p) := (DE; (p), K% (p)DE1(p)) has the splitting

D(p) = Deov(E) + Dim(p) (5.3)

D () = atr (T 172 4 2 (i1

Du(p) = a|T " (m—n)]* + B (m—n) - T7'ST " (m—n).

with

Remark 5.1 The functional H.., may be expressed fully in terms of the eigenvalues of the symmetric
positive definite matrix B = I'~1/2XT—1/2 ¢ Rg;dd. Indeed, denoting by (b;)i1...a its eigenvalues,
we obtain

Hooo(S) = = (b)) with $(b) =b—1—logh = bAs(1/b). (5.5)

Notice that ¢ : [0, +00) — [0, +00] is a convex and lower semicontinuous function with

0<dy) <Py —1) =" —y?)?=Cly) forally € (0,+00).

Our first result provides a Polyak-tojasiewicz (PL) estimate for the covariance functions only (i.e., it
works for centered Gaussians). It is based on the function

C
(04 By)2 fory #£1,

hs, 8 J) == inf H(6, Bry) with H(,5;y) := {2(5+5) fory = 1

for any open interval J = (J_, J;) C (0, +00). For better intuition, we plot the auxiliary function H
in Figure 5.1.
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_ 2

— H(O,l;y)=%

251 :
o ly=1)

—== H(L,0;y) =5 s

204

Function Value

= =
o (6,
L

Figure 5.1: Plot of the auxiliary function H (9, 5;y) in Lemma 5.2.

Lemma5.2 LetJ = (J_,J;) C (0,4+00) with J_ <1 < J, then

A(1,0;.7) = lim 3;‘%) €[1,2), h(0,1;)) = lim yi"zg‘j) €[0,2).

In particular, we have h(9, 3; J) > 6h(1,0; J) + Bh(0,1; J) for65 > 0.

Moreover, if J = (0, +00), then we have h(1,0;J) =1, h(0,1; J) = 0, and
h(6,58;J) > min{dH(1,0;y.),0+5H(0,1;y.)} wherey, > 0 is arbitrary.

Proof. From Remark 5.1, we have that (y(y) > ¢(y) forall y € (0, 400). Moreover, it is not difficult
to see that y — Cy(y)/P(y) is a decreasing function, which gives the first expression. As for the
second, we similarly check that y — yC4(y)/$(y) is an increasing function with

vGo(y) _ )

im
=0 ly) T vt G(y)
The second last estimate follows straightforwardly from the fact that inf(f + g) > inf f + inf g.

= +00.

For the final estimate, we use the monotonicity of y — H(1,0;y) and y — H (0, 1; y) and obtain
H(6,B;y) = 0H(1,0;y) + BH(0,1;y) > 0H(1,0;y.) + B0 fory <y,
H(6, Byy) = 0H(1,0;y) + BH(0,1;y) > 01+ BH(0, 1;y.) fory > y..

This gives the final estimate. u

Based on Lemma 5.2, our next proposition shows that a global Pt-inequality holds if and only if
ar = avpn(I'™1) > 0. However, the sublevel Pt-inequality holds even when ar = 0.

Proposition 5.3 (PL-estimates for the covariance) Set ar := avp,(I'™!), then forall > € Rg’;dd
we have the Pt-estimate

h(2061“,ﬁ; (07 OO)) fOfOéFﬂ > Oa
Dcov(zj) > ccov(a7ﬁ> Hcov<2) with CCOV<a7 5) = 205I‘ fOI’ﬁ = 07

0 forar = 0.
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In particular, c.oy (v, B) € [2ar, 4ar+20). Furthermore, ¢.oy(cv, B) > 0 if and only if ar > 0.
On the sublevel H.., (X)) < E < oo, the Pt estimate above holds with

ccov(a>ﬁ; E) = 2@Fh<17 O; JE) + ﬂh(0> 1; JE)>

where Jp = (e"U+2E) 1 4 logd + 4F).

Proof. We recall the auxiliary symmetric positive definite matrix B = ['~1/2x0—1/2 ¢ R q and
denote by (b;);=1....q its eigenvalues. Then,

-----

Deov(E) = atr (B—I1)’B'T) +

d
> =) (8/bi + B)(
=1

tr ((B=1)?)

—

d
=) (64 Bb:)Cp(bi), 6= 20r.

=1

(\V]

For the inequality above, we used a tr ((B—1)2B~'T") > ar 3.0, (bi—1)?/b;. The last equality
follows from the definition (g, (b;) = (b2 — b, 7%)2 = (b;—1)2/b; for all b; € (0, +00).

Recalling the properties of h, H provided in Lemma 5.2, we obtain:

d
1
> 0 o — . . .
Deoe(%) 2 3 (b“éf H( ,ﬁ,bn) ;M) h(3, B: J)Heow (%) (5.6)
Using 1(d, 3; (0, 00)) > min{dH (1,0;1),5+8H(0,1;1)} > dand h(d, 8; (0,00)) < H(J, 5;1) =
2(6+), we obtain the desired statement in the first part of the proposition after checking the cases
ofar =0,8 =0, and arf > 0.

As for the sublevel Pt-inequality, we exploit the analysis from the proof of Lemma 4.4, and replace the
matrix 22, I by B, I. Then, we use the argument of the last two estimates from the proof of Lemma 4.4,
obtaining

Hoo(Z) < E = b €MD 1 flogd +4F) = Jg, j=1,...,d

Applying Lemma 5.2 then yields the last assertion. |

Remark 5.4 If aI'~! > [I, the constant Ceov(Q, 3) is comparable to the smallest eigenvalue of
2a1'~! + BI, which corresponds to the optimal decay rate as given by the explicit solution X(t) =
A(t)™! (cf (2.5) in Remark 2.4). For very small ar, the Pt-coefficient does not reflect the decay of
the long-time asymptotics anymore, because the Hellinger geometry dominates. Starting with a highly
localized Gaussian (i.e. 3. has very small eigenvalues) the Hellinger gradient flow allows the solution to
stay localized and hence far away from some target Gaussian with covariance I' > 0. Hence, diffusion
generated from the Otto-Wasserstein geometry is necessary for widening the Gaussian.

Indeed, the lower bound c¢.o(c, 3) > 2ar in Proposition 5.3 can be significantly improved for ar <
(. To see this, we make the choice y. = 2ar/f < 1 in the last assertion of Lemma 5.2. We
find h(0, B;J) > min{dH (1,0;y.),0+LH(0,1;y.)} ~ [/log(2ar/B). Since we have yx >
log(1/y.) fory. < 1, we find the desired estimate

Cov(@, B) = (0, 5; (0, 00)) ~ 5/ log(2ar /) > 2ar.
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The treatment of the functionals controlling the mean is simpler due to their quadratic nature. Note
that we cannot take advantage of the Hellinger part for a global Pt-estimate because of the factor X2
in the dissipation (5.4) term D, (p), which does not have a lower bound. However, as in the previous
case, the PL-coefficient improves when restricted to suitable sublevels of H .

Proposition 5.5 (PL-estimates for the mean) The global Pt-estimate
D (3, m) > (e, B)Hm(m) with ¢y (e, ) = 2ar.
If, in addition, H.oy (X) < E, then the Pt-estimate above holds with

tm(a, B; E) = 2ar + 23e(1+2E),

Proof. The proof is similar to that of Proposition 5.3: The lower bound on the Hellinger part holds since
the eigenvalues (b;)i=1... 4 of B = I 71/2X1~1/2 satisfy b; > e~(172E)_ Hence, the second term in
the expression of D,,,(p) in (5.4) satisfies

B(m—n) - T80 m—n) > Be 2B (m—n) - T~ (m—n) = 28e"1+2EH_ (D).

The remaining part of the proof is straightforward and similar to that of Proposition 5.3, and is thus
omitted. ]

In summary, we obtain the following decay estimate based on the PL estimates.

Theorem 5.6 (Sublevel PL for HK-Boltzmann flow with Gaussian target) Let
= G(I', n) be a Gaussian target measure. Then, the solutiont — p(t) = (3(t), m(t)) to the HKK-
Boltzmann Gaussian gradient system (31, E;, Kred) with E1(p(0)) < E enjoys the decay estimate

Ei(p(t)) < e v (@B (53(0)) + e =@BEY (m(0))  forallt >0,

with the decay rates ¢, and ¢y, given in Propositions 5.3 and 5.5, respectively.

Based on the asymptotics of the explicit solution given in Remark 2.4, one expects that the decay rate
in the case ar = 0 to be 5 > 0 and independent of the initial data. Clearly, the rates we obtained
above is slower than /3, especially when E > 0. In the next section, we see how the expected decay
rate can be obtained by a further analysis on the evolution of the eigenvalues of '~ 1/2X~1/2,

5.2 Refined decay estimate for Gaussian target measures

As in the previous section, we begin our exposition by studying the long-time asymptotics for the
covariance .. We recall that

d

d 1

aHCOV(E) - _Dcov = E 20-T + Bb Cd)( )
=1

l\D

where (b;);—1.._4 are the eigenvalues of the matrix B = I'~1/2X['"1/2 ¢ Rggdd. Therefore, one way
of improving the decay rate is to understand the evolution of the eigenvalues b;.
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From the evolution for 32 (cf. (3.8)), we deduce the evolution for 5:

d
B=—a('B+BI - )+ B(B-B%),  B(0)= [=28(0)r 2,
Using the Hellmann-Feynman theorem [Hel15], we then obtain an equation for the eigenpairs (b;, v;);=1
of B, given by

Lemma 5.7 The evolution of eigenvalues (b;);—1..._q for B satisfy the estimates

-----

LAbTY(E) <bi(t) STV bi(t),  bi(t) := 1+ (b(0) — 1) e Yeor(@At, (5.8)

With Veoy (@t B) := 2apmin (1) + B.

Proof. Notice that b = 1 is a stationary state for (5.7). Splitting the initial values into two sets A™ :=
{i:b;(0) > 1}and A~ := {i : 0 < b;(0) < 1}, we easily deduce that the evolution leaves these
sets invariant. Hence, for i € AT, we obtain

L 1) =~ @o{ulI ) + A5~ 1) < Ve (0 9) (5~ 1),

and consequently
bi(t) < 1+ (b;(0) —1) e verl@®t —p,(t)  foralli € A*.

Similarly, one obtains fori € A,

d
dt

and therefore,

(b = 1) = = (20T v)b* + B) (0" = 1) < —Veor (e, B)(b; ' — 1),

bi(t) >

.= b'(t) foralliec A,

thus concluding the proof. [ ]

Recalling from Remark 5.1 that ¢ (b) < () for all b > 0, we have that

4
dt

and from which we obtain

HCOV(E) = _DCOV(E) = _(QQF + Bbmin) HCOV(E)a

1 if buin (0) > 1,

Hoor(3(1)) < P Hean (5(0) -4 (ﬂ /Otu—bmm(s))dS) it bain(0) < 1,

where b,,;, is the minimal eigenvalue of B. The integral term on the right-hand side may be further
estimated using Lemma 5.7,

(b (0) — 1) v
1+ (b;1(0) — 1) e Veor(B)t

7

1 — buin(s) <1 —b;"(s) =
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Let:

L 1 ) . —Veov(a,[)t
G(t) .——mlog(1+<bmm<o> e @)t),

we can verify that

Thus, we obtain

! 1 —Veov(a,3)t
A (1 — bmin(s))ds S —m 10g<bmin<0) + (1 - bmin(o))e (,8) >

Since (1 — byin(0))eYeor (@At > 0, the above estimate yields

exp <5 /Ot(l — bmm(s))ds> < (bmm(o))‘ﬁw.

From these estimates, we conclude that the solution ¢ — (¢) to the covariance equation (3.8) enjoys
the decay estimate

5
Heov(2(2)) < (min{1, byin(0)})  Yer@m e Yeer( @M 4 (53(0)), (5.9)
with the decay rate Vo, (@, 3) = 200min(T71) + .

The decay of the mean can be easily established from the differential inequality

%Hm(m) = =Dn(3,m) < =2(Wiin (I + Bbmin ) Hn (m).

Repeating the approach used for the decay of the covariance, we find the decay estimate
—__28
Hu(m(t)) < (min{1, byin(0)}) "= e Ym@AH (m(0)), (5.10)
with the decay rate vy, (v, 8) = 2(Wpmin(T71) + ).

We summarize our discussion in this section with the following statement.

Theorem 5.8 (Refined estimate: HK-Boltzmann with Gaussian target) Lett = G(I", n) be a Gauss-
ian target measure. Then the solution t +— p(t) = (3(t), m(t)) to the Gaussian gradient system
(PB4, Eq, ]ng%) enjoys the decay estimate

Ev(p(t)) < e Yeor @A, (2(0)) + e ¥=(@AH (m(0))  foralit > 0,

with the decay rates v.o, and vy, given as in (5.9) and (5.10), respectively.

The refined estimate from Theorem 5.8 is sharper than the one from Theorem 5.6 as it no longer
depends on the initial condition E for the sublevels.
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5.3 Generalization to strongly log-A-concave target measures

We now consider a sufficiently regular log-A-concave target measure m = e Vdz € fP(Rd), i.e.,
there exists A > 0 such that V : R? — R is A-convex:

A
x— V(x)— §|x|2 is convex. (5.11)

We recall that for p = (3, m) € Py,

1 d d
Ei(p) = Hp(G(p)|m) = —élog det ¥ — Elog 21 — 5 + /]Rd VG(p)dz.

Remark 5.9 Since Tt is log-A-concave, the driving energy & = Hg(:|m) is geodesically A-convex
w.r.t. the W -distance [AGS05], i.e., for any W-geodesic [0, 1] > 7 +— p, € P(R?),

() < (1-T)E(m) + 7€) — (=T Wi(pos 1), 7€ 0,1]

In particular, it is A-convex w.r.t. the W, -distance restricted to Gaussian measures (also known as
the Bures-Wasserstein distance [LC*22]), which is equivalent to the distance induced by K&3,, (cf.
Remark). In this case, we find

1 2
oo, ﬁ|80ttoE1‘ (P)> (5.12)

where |JowoE1| is the metric slope of Ey w.r.t. the Bures-Wasserstein distance.

The existence of unique minimizers for E; on 3, is known. Nevertheless, we provide a direct proof of
this while also providing insights into the sublevels of E;.

Proposition 5.10 Assume condition (5.11). Then for any EE > 0, there exists an vy > 0 such that
forevery p = (3, m) withE;(p) < E,

1 <o <rp foralli=1,....d, |m|<rg,

with (0;)i=1....a being the eigenvalues of ¥..

In particular, the functional E; : 31 — [0, +o00] admits a unique minimizer, which satisfies the Euler-
Lagrange equations

Y= /ViVG(E,m)dac, 0= /VIVG(XLm)dx.

Proof. Clearly E; is continuous on ‘J3;. We now prove the coercivity of E;.

Consider the sublevel set L := {p € B : E1(p) < E}. Since V is A-convex,

V() e V@) 2 WV (@) (- 7) 2 V@I - Ll A,
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there exists a constant cg > 0 such that

1 A
Ei(p) > —=logdetX + = [ |2|*G(p)dx — cg
2 4 Jo

1 A
=3 log det 3 + Z(tr[z} +|ml?) = cp

d d
1 B A A 1 A
=3 E <log0i1+§ai>+z|m|2—c]3— 3 E Z\mlg—cE,
=1 —

with (0;)i=1, 4 being the eigenvalues of X. It is easy to check that 8(r) = log ™ + Ar /2 is convex
and has the properties (1) 0(r) > 1 —log 2 + log A, (2) lim,_,0 0(r) = 400 and lim,_, , o, 0(r) =
+00. In particular, this implies the existence of some constant rz > 0 such that for every p =
(E, m) € LEZ

g <o <rp foralli=1,....d, im| < rg,

from which we deduce the coercivity of E;. The direct method of Calculus of Variations then gives the
existence of a minimizer of E;.

The uniqueness of minimizers easily follows from the Ws-geodesic A-convexity of €. Indeed, let
Po, P1 € P1 be minimizers of E; and consider a Wy-geodesic [0, 1] > 7 — p, with py = G(po),
p1 = G(p1). Since Wy-geodesics preserve Gaussianity, we have that p, = G(p,) for some p, € B,
forall 7 € (0, 1). The Wy-geodesic A-convexity of € yields

E(p A

) = €(G(py)) < min E(q) — 2W3(G(po), G(p1)) < min E(q),
which leads to a contradiction unless G(po) = G(p1), or equivalently py = p;.

p:
2

1
P q€P1 8 g€

The Euler-Lagrange equations can be easily computed and are left to the reader. (]

One way of obtaining exponential decay of the SHe-flow is to use the energy-dissipation inequal-
ity (5.12)—this approach appeared in [CH*23, LC*22]—which we now outline. Taking the temporal
derivative of E; along (3.9) gives

d
el 1(p) = —a|douoE1[*(p) — 510s1eEr[*(p),
where the slopes are given by
|OowoEr|*(p) = tr[(I — T7'%)? </VVG )da /VVG dx>

|0g1eE1*(p) = tr[( — T7')?] </VVG )dz, E/VVG dx>

In particular, we see that |0ottoE1|>(P) < Oumin|OsHeE1|*(P), where oy is the minimal eigenvalue of
.. Applying the energy-dissipation inequality (5.12), we obtain

d
—E1(p) = —|8ottoE1|*(p) — BlOsmeE1[*(p) < — (a4 o) [OouoEr|* (p)

dt
<=2\ (a+ o) (E1< ) — inf Ei(q >) < A2+ rg") (Ealp) — inf Ei(@)).

q€P1 qeP1

where r > 0 is the constant provided by Proposition 5.10 with £ = E;(p(0)).

A direct application of Gronwall’s inequality provides the overall decay estimate, as summarized in the
following theorem.
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Theorem 5.11 (Decay estimate: HK-Boltzmann with log-A-concave target) Let

Tt be a log-A-concave target measure satisfying (5.11). Then the solution t — p(t) = (X(t), m(t))

to the Gaussian gradient system (P31, E;, K;e%) enjoys the decay estimate

Ei(p(t)) < e Y@HEIE, (p(0)) + (1 — e Y@ inf E(q),

qeP1

with the decay rate y(a, B; E) = A(2a + Bry").

Notice that the decay rate corresponding to the Hellinger term depends on A, which contrasts with
the case of Gaussian target measures. We leave more refined analysis than Theorem 5.11 for future
work.

6 Numerical algorithms and experiments

6.1 A discrete-time HK-Gaussian gradient descent algorithm

We now consider a discrete-time scheme for simulating the HK-Gaussian gradient flow over Gaus-
sian measures. In essence, our approach corresponds to a gradient descent scheme discretizing the
flow equation (3.9) by interleaving the following Fisher-Rao [AmNO0O0], Bures-Wasserstein [LC*22], and
mass update steps.

Fisher-Rao step We first derive the discrete-time update algorithm by discretizing the Fisher-Rao-
Gaussian system for a target measure 7 o< e~V dz, which we recall here:

Y =8(Z-2r7'y), (6.12)
m=—0 Y VVG(p)dez, (6.1b)
R4
where we use the notation '™ := [-, V2V G(p) dz. It can be interpreted as the inverse of the target
covariance matrix. Using an explicit Euler discretization, we derive the following update scheme:
S < =785 + 780
M1 = My + 75219/ VVG(pr)dz,  pr = (Zg, mu),
Rd
where we use the notation I';! := Jza V2V G(pi) dz; 7 > 0 is the step size of the discrete-time

scheme. Note that, in numerical implementation, we only need to keep track of the precision matrix
¥~ ! instead of the covariance.

Bures-Wasserstein step The Bures-Wasserstein ODE takes the form
S=a(2l -8 417y, (6.2a)
m=—« , VVG(p)dz. (6.2b)
R
Then, the discrete-time update scheme is given by

Sp1 — ([ +7a(E = T7)) S (I +ma (S = T0Y),

Mpy1 My — Ta/ VVG(p)de,

Rd
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Mass update The discrete-time mass update step can also be straightforwardly derived from the
mass ODE (3.9c¢), yielding the scheme

i1 < K — PRk (H(pr|m) + log ki) -

Estimating the integrals When the target measure 7t is a general non-Gaussian measure, the
estimation of the integrals [, VV G(p) dz and [,, V2V G(p) dz can be done via Monte Carlo
sampling by generating n samples X,i ~ G(pg) fori = 1,...,n. Then, the Monte Carlo estimate of
the integrals is given by

VIV G( VAV (X)) f 0,1,2.
/Rd pk Z ors =

We outline the concrete update scheme in Algorithm 1. For simplicity, we omit the superscript ¢ for
the i-th sample in the algorithm box. As this paper is not concerned with numerics and computational
efficiency, we use small constant step sizes for 7 throughout the experiments.

Algorithm 1 Discrete-time HK-Gaussian Gradient Descent
1: Data: initial mean mg and covariance X, step size 7 > 0, potential function V' from the target
7 o exp(—V') as an oracle
2.fork=1,...,Ndo

3. draw sample X ~ G(py)

4 Dy (T+7a(S7 + VAV(XR) Sk + a0 + VAV (X)) > BW: cov.
5. My Ty - TaVV(Xy) > BW: mean
6:  (optional) re-sample Xk ~ G(pH ) = G(Ek+1 My 1 1)

/A IR 6 g ) ony k+§ + TﬂVQ (X%) > FR: cov.
8 Mgy & My 1 — 7Yk 1 VV (Xg) > FR: mean
9 Riy1 Kk — TOKE (H(pg|m) + log k) > Hellinger: mass
10: end for

6.2 Numerical experiments

For notational convenience, we will use the variable § ¢ R¢ to denote the base space, which is
typically the parameter we wish to estimate in computational problems. We can view the general risk
minimization problem in optimization and machine learning

maln Eg'\/Pdatag(e’ é) (63)

through the lens of the gradient flows in this paper. The random variable £ represents the training data
for the learning problem and the probability distribution Py, represents the data generating process.

A probabilistic perspective of the learning problem is given by lifting the minimization variable 6 to the
probabilistic distribution. This is by considering the risk function E¢.. p,. (6, £) as the potential function
over the decision variable ¢ (also referred to as the learning model). Then, defining the linear energy
functional V(1) = [ Eeopy L8, &)p(df) for pn € P(R?), we can consider the entropy-regularized
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functional

F(p) = %V(u) + /1ogu(9)du(d9) = Hp (u(ﬂ)

140
%exp (_Epdata)\( 75))) ’

where \ is the regularization parameter and z is the normalization constant. In general, we assume
to be absolutely continuous w.r.t. the Lebesgue measure. Then, the target measure satisfies

() o exp (_Mj\(@,f)) and Ep, 0(0,£) = —Xlogm(0) + const

The machine learning risk minimization problem can be cast as the minimization of the Boltzmann-
Shannon entropy functional F), over the space of probability measures. In this paper’'s context, we
can view such optimization dynamics as the (HK-Gaussian) gradient flow of the functional F}, i.e.,
considering the gradient system (P(R?), Hp(+|7), HK, ).

Gaussian target measures In the first experiment, we consider the case when the target measure
7 is a Gaussian measure. Without loss of generality, we set the target mass x, = 1. We apply
Algorithm 1 to simulate the HK-Gaussian gradient flow of the functional Hg(p|7t) over the space of
positive measures. We plot the evolution of the contour of a two-dimensional Gaussian measure iy in
Figure 6.1.

We then consider the gradient flow of Gaussian measures defined on R? with d = 100. In this
case, the target and initial measures have less overlapping mass than the lower-dimensional setting.
Figure 6.2 plots the decay of the functional Hg (14x|7t) and the mass variable ky, for the gradient flow
of probability measures defined on R,

Bayesian logistic regression As an example of a machine learning problem where the target (i.e.
posterior) measure is not Gaussian, we now visit a standard example from the machine learning
literature, namely the Bayesian logistic regression task [Bis06]. In this case, we consider a two-class
classification problem (as a risk minimization problem (6.3)) given training data & = (x,y) where
r € RY is the feature vector and y € {0, 1} is the binary response. For each training data point
(x,y), we can define the loss function using the negative log-likelihood of a Bernoulli random variable
model,

eGTm—l-QO

1 n 69T$+90 - (]' - y) log 1 + eeTI'i'eO

= —y- (HTyc + 90) + log (1 + eeT”‘9°> ,

flogistic(ea [m, y]) =Yy log

where £ = (z,y) is a training data point. Note that the logistic loss function jgisic (6, [, y]) is convex
in 6. The task of Bayesian logistic regression is then to approximate a target posterior distribution 7,
which does not have a closed-form expression and is non-Gaussian. Furthermore, using our insight
of the shape-mass relation of the HK and 3K flows, we omit the mass update step in Algorithm 1 for
the Bayesian logistic regression task.

In machine learning, the true data generating process Py., of the risk minimization problem (6.3) is
unknown in practice and replaced by the empirical distribution of the training data % Z?:l J¢,. Then,
the Bayesian logistic regression problem amounts to the risk minimization problem

ned,

min / % Z €|09i5110(97 [xiv yl]) d,u(é’) + /10g :u(e) d:u(de)7
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Evolution of 2D Gaussian Distribution (BWFR)
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Figure 6.1: (Top) Evolution of the Gaussian probability measure p, (black contours) towards the target
Gaussian measure 7t (blue contour). We simulated the evolution using Algorithm 1 that implements
the HK-Gaussian gradient descent. (Bottom) Evolution of the mass variable ~;, in both log and linear

scale.
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KL Divergence Evolution (Log Scale, dim=100)

KL Divergence Evolution (Linear Scale, dim=100)
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Figure 6.2: (Top) Evolution of the KL divergence Hg(1ux|7t) (blue line) for the three different gradient
flows of probability measures defined on R'%: the Hellinger-Kantorovich-Gaussian gradient flow (blue;
abbreviated as BWFR (Bures-Wasserstein-Fisher-Rao)), the Fisher-Rao gradient flow (green), and
the Bures-Wasserstein gradient flow (orange). We observe that the Fisher-Rao gradient flow has the
most rapid convergence in KL divergence asymptotically, while the Bures-Wasserstein gradient flow is
initially faster. The HK-Gaussian gradient flow is between those two. (Bottom) Evolution of the mass
variable xy, for the gradient flow of probability measures defined on R'%.

DOI 10.20347/WIAS.PREPRINT.3198

Berlin 2025



Evolution of Gaussians in the Hellinger—Kantorovich—Boltzmann gradient flow 33

where z; and y; are the training data pairs. Using the previous notation, we can write the functional as

the Boltzmann entropy functional
— €Xp ( Z glog|st|c $17 yz])> ) .

We now apply Algorithm 1 to simulate the HK-Gaussian gradient flow of the above entropy functional
(without the mass update step). The evolution of the Gaussian probability measure py, is plotted in
Figure 6.3 (Left). In the right plot of Figure 6.3, we generate samples from the optimized Gaussian
measure 07 ~ p* and plot the classification decision boundary associated with the parameter ;. See
the caption for more details.

Hp (/J(Q)

Logistic Regression (BWFR) Bayesian Logistic Regression Decision Boundary

Figure 6.3: (Left) Evolution of the Gaussian probability measure py, (black ellipsoidal contours) for the
Bayesian logistic regression task. The background color represents the log-density of the Gaussian
measure. The darker shade corresponds to higher density. The contours of the true target measure 7t
is not ellipsoidal in the Bayesian logistic regression task. (Right) Samples of the classification decision
boundary from the optimized Gaussian measure.

A Useful formulas for Gaussians

For constants ¢y, ¢, ¢4 € R, vectors a,b € R? and symmetric matrices A, B € Rglyfnd we have the

relations

11,2

-3 3lzl?
2 4 € 2 _ e 2 _
/R(co—l—ch +cyx”) o dr = co+ca+3cy, /Rd )i de =1, (A.1a)
e_%|x|2 e %|x|2
/Rd(aw) (b-x) de = a-b, / AT —— )i dz = tr(A), (A.1b)
~ a2
/ (x-Ax) (z-Bx) éﬂwdx =2A:B + tr(A) tr(B). (A1c)
Rd
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B Well-posedness of (2.3)

Notice that the equation for the precision matrix A is independent of the other variables, allowing us
to analyze (2.3a) independently. To this end, we consider (2.3a) as an evolution on the closed convex
subset Rgl;dd of symmetric and positive semidefinite matrices, and we equip R?*¢ with the scalar
product

(A,B) :=tr[A"B], A, B¢cR¥™

Defining the nonlinear operator

R™ 5 A f(A) = —a{A— A A} — B(A - A),
where {A, B} = AB + BA s the anti-commutator of A and B, (2.3a) then reads A = f(A).
Forany 4, B € R*? we see that

spd *
f(A) = f(B)={A+ B~ A A~ B},
and from which we deduce
(f(A) = f(B),A~ B) = —2a t1[(A+ B — A)(A - B)’] - B tr[(A - B)?].
Since A, B € R, tr[(A + B)(A — B)? > 0, and therefore,

(f(4) = f(B), A= B) < (20[ Al — B)IA = BII* = w]|A - BIP?,

i.e., the nonlinear operator f —w/ is dissipative. An application of [Mar76, Theorem 6.1] then provides
a unique global solution to the initial value problem

A= f(A),  A0) = Ay e R

spd *

Notice that since f(A) = 0, we have that
(f(A) = f(A), A= A) = =20 tr[A(A - A)"] - B tr[(A - A)°] < —p||A - A",
from which we obtain the (coarse) exponential decay estimate
1A() = A* < e[| Ao — AJ%.

Clearly, the decay rate can be improved if a uniform lower bound for the minimal eigenvalue of A(t)
along the flow is provided. This is performed in Section 5.
Remark B.1 There is also a formal gradient structure for (2.3a) with quadratic driving energy. Indeed,
considering the driving energy
&(A) = tr[(A — A)?, Ae R‘j;dd,
and dual dissipation potential
x o 2 s 2 dxd dxd

%’(A,C):§tr[CA]—l—Ztr[C], AG]RSpd,CGR ,

the right-hand side of (2.3a) reads

f(A) = 0,27 (A, =D& (A)).
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