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Stochastic homogenization on irregularly perforated

domains
Martin Heida, Benedikt Jahnel, Anh Duc Vu

Abstract

We study stochastic homogenization of a quasilinear parabolic PDE with nonlinear mi-
croscopic Robin conditions on a perforated domain. The focus of our work lies on the un-
derlying geometry that does not allow standard homogenization techniques to be applied
directly. Instead we prove homogenization on a regularized geometry and demonstrate
afterwards that the form of the homogenized equation is independent from the regular-
ization. Then we pass to the regularization limit to obtain the anticipated limit equation.
Furthermore, we show that Boolean models of Poisson point processes are covered by
our approach.
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Introduction

Soon after the groundbreaking introduction of stochastic homogenization by Papanicolaou and
Varadhan [PV81] and Kozlov [Koz79], research developed a natural interest in the homogeniza-
tion on randomly perforated domains. A good summary over the existing methods up to 1994
can be found in [KOZ94]. By the same time, Zhikov [Zhi93] provided a homogenization result
for linear parabolic equations on stationary randomly perforated domains. It then became silent
for a decade. In [ZP06], Zhikov and Piatnitsky reopened the case by introducing the stochastic
two-scale convergence as a generalization of [Ngu89, IAll92] [Zhi0Q] to the stochastic setting, par-
ticularly to random measures that comprise random perforations and random lower-dimensional
structures in a natural way. The method was generalized to various applications in discrete and
continuous homogenization [MPQ7, [Fag08| IFHS19] and recently also to an unfolding method
[NV18, HNV21].

Concerning the homogenization on randomly perforated domains, there seem to be few results
in the literature, with [GK15! [FHL20, IPP20] being the closest related work from the PDE point
of view. We emphasize that there is a further discipline in stochastic homogenization, studying
critical regimes of scaling for holes in a perforated domain of the stokes equation, see [GH20]
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Stochastic homogenization on irregularly perforated domains 3

and references therein.

In this work, we focus on the geometric aspects in the homogenization of quasilinear parabolic
equations and go beyond any recent assumptions on the random geometry. Given € > 0, we
consider for a bounded domain (Q C IR? perforated by a random set G and write Q¢ := Q\G®.
Typically, G* = G where G is a stationary random set and G* is additionally regularized close
to 0Q) [GK15l [FHL20, [PP20]. We then study the following PDE on ()¢ for the time interval
I=10,T7:

ou = V- (A[w) Vu) = f inI x Q°
AW ) Vo' v = onl x 0Q 1
AW ) Vu - v =h(u®) onl x 0Q°\0Q )

u®(0,2) = up(x) inQ°.

In case of a fully linear PDE, i.e. h(-) = const and A(-) = const, this problem was homoge-
nized already in the aforementioned [£hi93]. In this linear case one benefits from the regularity
of the limit solution and the weak convergence of the e-solutions that is given a priori.

The nonlinear case is, however, more difficult. Weak convergence of solutions is no longer
enough and one needs to establish strong convergence of the u®. Typical assumptions in the
literature, such as minimal smoothness (see Definition of G and uniform boundedness of
the holes, ensure the existence of uniformly bounded extension operators U, o : W2(Q¢) —
W2(Q) (IGKT5]). This in turn implies weak compactness of U. ou® in W'2(Q), a property
of uttermost importance to pass to the homogenization limit in the nonlinear terms. Other ap-
proaches are thinkable, e.g. exploiting the Frechet—Riesz—Kolmogorov compactness theorem,
but in application the prerequisites are hard to prove.

If all limit passages go through, the homogenized limit as € — 0 reads for some positive definite
matrix .A(G) as

CL(G)&u — div (A(U)A(G) VU) — Cg&c)h(U) = Cly(g)f inl xQ
A(u)AeyVu-v =0 onl x0Q (2
u(0,2) = Cy gyuo(x) in@,

which represents the macroscopic behavior of our object. We note at this point that positivity of
A(G) is in general non-trivial but can be shown for minimally smooth domains [GK15] and other
examples (see Sections [6|and[7).

Unfortunately, canonical perforation models are neither minimally smooth nor do they come up
with uniformly bounded holes. Our toy model of choice will be the Boolean model =X ,,; :=

Uxexpoi]B%r(a:) (see Definition [1) driven by a Poisson point process X,,;. It clearly reveals the
following general issues for the homogenization analysis:
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1 EXpoiB = Rd\EXpoi is not connected. This happens due to areas that are encircled.

2 Two distinct balls can lie arbitrarily close to each other or — in case they intersect — have
arbitrary small overlap. This implies that

M the connected components in ZX,,,; develop arbitrarily large local Lipschitz con-
stants: Two balls of equal radius intersecting at an angle « have the Lipschitz con-
stant tan (752) at the points of intersection, and

B there is no 6 > 0 such that for every p € 8EXpoiC the surface Bs(p) N GEXpoiC
is a graph of a function: If z,y € X0 with |z —y| = 2r + pand [p — z| = r,
Ip —y| =71 +mn, Bs(p) NO=X,; can be a graph only if & < 7.

The first issue can be fixed by considering a "filled-up model” HX,; in Definition The second
issue poses an actual problem though. In a recent work [Hei21], one of the authors has shown
that in some cases an extension operator U, , : WH?(Q°) — W' (Q), 1 < r < p, can be
constructed for some geometries including the Boolean model (strictly speaking this was shown
for an extension from the balls to the complement in the percolation case). However, [Hei21]
also suggests that the Boolean model for the Poisson point process requires p > 2 for U, , to
be properly defined for some r > 0.

Due to these severe analytical difficulties, we are in need to try other approaches to the problem.
Our approach includes the following steps:

1 Given a general stationary ergodic (admissible) random point process X, we construct
a regularization X := F,X (see Definition [3) such that the set BX( is uniformly
minimally smooth for given n. € N.

2 Given n € N, we perform homogenization for the smoothed geometry BX(™ instead of
BX (see Lemmal6).

3 We pass to the limit n — oo to obtain the anticipated homogenized limit problem (see
Theorem . This happens under the assumption that BxC s statistically connected
(see Definition[11).

4 We show that the Poisson point process in the subcritical regime is a valid example for
our general homogenization result (see Section|[7).

We are thus in a position to prove an indirect homogenization result. This seems to us an appro-
priate intermediate step on the way to a full homogenization result, which may be achieved in
the future using further developed homogenization techniques based on a better understanding
of the interaction of geometry and homogenization.

This paper is structured in the following way:
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Stochastic homogenization on irregularly perforated domains 5

B In Section [1} we introduce the core objects and state the main result. This includes the
thinned point processes X(™ and its filled-up Boolean model EX ().

B In Section [2| we prove relevant properties of the thinning map and the thinned point
processes, most importantly minimal smoothness of EX (%) (Theorem and BX(™ —
BXin a certain sense (Theorem [23).

B Section[3|deals with the cell solutions and the definition of the effective conductivity .A.

B The homogenization theory for minimally smooth holes is sketched in Section [4] on the
basis of stochastic two-scale convergence. Due to the considerations in Section |3} the
underlying probability space is a compact separable metric space.

B In Section |5, we show that the homogenized solutions to Equation () for G = BX™
converge and that their limit is a solution to the anticipated limit problem for G = BHX.

B Section [f] establishes a criterion for statistical connectedness (non-degeneracy of the
effective conductivity .A) using percolation channels. This follows the ideas in [KOZ94,
Chapter 9] where a discrete model was considered.

B In Section |7, we show that the Poisson point process X,; is indeed admissible which

follows from readily available percolation results. Showing statistical connectedness of
Exgoi is much harder. We do so using the criterion established in Section@and aversion
of [Kes82, Theorem 11.1]. As the original [Kes82, Theorem 11.1] is a statement about
percolation channels on the Z2-lattice, we need to fit the statement and proof to our

setting.
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Notation

General notation

M(Rd): Space of Radon measures on R? equipped with the vague topology
S(R%) c M(RR%): Space of boundedly finite point clouds/point measures in R?
AL: Complement of a set A

B(X): Borel-o-algebra of the topological space X

L% d-dimensional Lebesgue-measure

H?: d-dimensional Hausdorff-measure

H,: Restriction of H% to A, i.e. H,(B) := HY(B N A)

0 := Oga € R%: Origin in R?

1 4: Indicator/characteristic function of a set A

Specific notation introduced later

B, (A): Open r-neighborhood around A. (Definition [1)

=x and Hx: Boolean model of x and its filled version (Definition [1)
Cy(7): Cluster of 7 in x € S(R?) (Definition 3]

x(™ for x € S(R?): x(™ = F,x with thinning map F,, (Definition {3)

()= and J¢(Q,x): Perforated domain and index set generating perforations (Defini-
tion [4)

7o+ M(R?) — M(R?): Shift-operator in M (R?) (Definition 7)

A(1): Intensity of random measure 1 (Definition 7)

f1xc: H L restricted to & B x (Definition

A and a4: Effective conductivity and smallest eigenvalue of A (Definition [31)
U and T : Extension and trace operators (Theorem[37]and Theorem [45)

(5 Scaled measure (Assumption

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021




Stochastic homogenization on irregularly perforated domains 7

Figure 1: Initial Boolean model =x vs filled-up Boolean model Hx.

1 Setting and main resulit

1.1 Generating minimally smooth perforations

We start by introducing some concepts from the theory of point processes. We will not formulate
the concepts in full generality but only as general as needed for our purpose. Let d > 2 and let
S(]Rd) be the space of boundedly finite point clouds in R (i.e. point clouds without accumu-
lation points) with the Fell topology and M(Rd) the space of Radon measures with the vague
topology. Every x € S(Rd) can be identified with a Borel measure through the measurable
correspondence

x(A) = 5,(A).

TEX

Hence we identify S(RY) € M (R?).

Our perforation model of interest is the Boolean model driven by a point cloud x € S(R?).
While it is a natural way to generate perforations, we need to fill it up so that its complement is
connected for suitable x.

Definition 1 (Boolean model = of a point cloud and filled-up model 5 (see Figure|i)).
Let x € S(R?). The Boolean model of x for a radius r > 0 is

Ex = U B,.(z) = B,(x),

where B, (x) is the open ball of radius r around = and B, (A4) := U,ecaB, ().
We define the filled-up Boolean model Hx of x for radius 7 through its complement, i.e.

Bx" = {z € R?| Ty : [0, 00) — Ex’ continuous and v(0) = z, limsup |y(t)] = oo}
t—00

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021
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Remark 2. We observe that
Ex+2)=Z2(x)+z, Hx+z)=Hkx)+=x.

As discussed in the introduction, we need to “smoothen” the geometry in order to be able to
apply standard homogenization methods. Given a Lipschitz domain P C R¢, we define for

p € OP
1
d(p) := = sup { OP is Lipschitz-graph in By (p)} ,
6’>0

and because ¢ : P — R is continuous [Hei21], we can define for bounded P

d(P) := min o(p) .

pEIP
Definition 3 (Thinning maps F,,(see Figure [2)).
Letx € S(R?) be a point cloud. We denote the cluster of x in x by
Cx(z) := {y € x| Jpath from z to y inside =x}.

We set

Fi,x = {xenyEx: d(x,y) ¢ (0,%)U(2r—%7 27=_|_l>}

n

Fonx = {x € x| #Cx(x) < n, (B, (Cx(x))) > l}

n

and define the thinning map F,,

Fn : SGRd) — S(Rd> ) X(n) = an = (FQ,n o Fl,n)X .

F,, can be understood as a generalization of the classical MatAlrn construction [Mat86, [SKM87].
For an arbitrary x € S(R?), we have that (Hx™)C is always minimally smooth (see Defini-
tion[17). Furthermore, if X is a stationary point process (as defined later), then the same holds
for X(") = F,X. We note that F,, is in general not monotone in n, i.e. F,,x ¢ F,x for m < n.

Given a scale € > 0, we define the perforation domain ()¢ such that the perforations have some
minimal distance from the boundary JQ):

Definition 4 (Perforation of domain ()°).
Let x € S(RY). We set

JE(x,Q) = {x € x| dist (acx(x), QC> > 257“} ., GL=eBH(J(x,Q))

as well as the perforated domain
Q= Q\G.
One quickly verifies that Q% ,,, is minimally smooth (Definition , see Theorem

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



Stochastic homogenization on irregularly perforated domains 9

Figure 2: Thinning of point clouds under F,, pictured via the Boolean model =. From left to right
are x, x(? and x®.

1.2 Homogenization for minimally smooth perforations

We make the following parameter assumptions on our partial differential equation (Equation (1)).

Assumption 5 (Parameters of PDE).
Let] =[0,T] C RandQ C R? be a bounded, connected open domain. We assume that

[ IS WLQ(Q)
W fe LY 1*(Q))
B h: R — R s Lipschitz continuous with Lipschitz constant L,

B A: R — Riscontinuous with 0 < inf(A) andsup(A) < oo.

Generalized time derivatives will always be considered under the evolution triple W12(Q) —
L*(Q) — Wh(Q)* or Wh2( Cy) L3( C) WLQ(Q;(H))* in the case of a
perforated domain Q< ,,,.

Lemma 6 (Solution to PDE for minimally smooth holes).
Letx € S(R%) andn € N. Under Assumption@,we have on Q% :
There exists a weak solutionu® € L*(1; W'2(Q%,,,)) with generalized time derivative Oyu® €
L*(1; WH(Q%.))*) to Equation ().
This u® satisfies for some C' > 0 depending only on ), n, f and uy but not on €
esE.ES}lp HuE(t)HLZ(Qi(n)) + HUEHB(I;WL?(Q;M)) <C

£
Hatu HL?(I;WLQ(QE

<cC.
X(m))_

The proof is given in Section [4] (Theorem [47).

The next step is passing to the limit ¢ — 0. We do so in the case that x is the realization of a
stationary ergodic point process X as defined below:

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021
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Definition 7 (Random measure and shift-operator 7,.).
A random measure Ji, is a random variable with values in M (IR%). It induces a probability
distribution P on M (IR?). Given the continuous map

7o 0 M(RY) = M(R?), 7.£(A) = (A + 1), (3)

a random measure is stationary iff P(F) = P(7,F) for every ' € B(M(R?)) and every
z € R% In line with the above setting, a random point process X is a random measure with
P(S(R?)) = 1 and one quickly verifies that X is stationary iff for every N € N, z € R¢ and
bounded open A C R? it holds

P(xeSRY: x(4)=N)=P(xeSRY): x(A+z)=N).

We call a stationary random measure i, ergodic iff the o-algebra of T-invariant sets is trivial
under its distribution PP.

Remark 8 (Compatibility of thinning with shifts).
The thinning map F,, is compatible with the shift 7, i.e. on S(R?)

F,om, =71,0F,.

Lemma 9 (Homogenized PDE for minimally smooth domains).

Let X be a stationary ergodic point process and n. € N fixed. For almost every realization x of
X, we have under Assumption|[5:

Fore > 0, letu® € L*(I; W"*(Q<,,,)) be a solution to Equation (f). For a subsequence, there
exist i € L*(I; W12(Q)) with |qs,, = u° such that i — w,, strongly in LA(I; L*(Q))
for some u,, € L*(I; W'2(Q)) with generalized time derivative Ju, € L2(I; Wh2(Q)*).
This u,, is a weak solution to

Cypn Opn, — V - (A(u) AV u,) — Cy pony h(uy) = Cpn f inI x Q
Aluy)A™Vu, v =0 onl x0Q (4)
un<07 SL’) = Cl,P(")UO('r) in Q

with constants C; py > 0 depending on the distribution P™ of X and A™ being a sym-
metric positive semi-definite matrix — the so called effective conductivity based on the event that
the origin is not covered by HX(™) (see Definition|31).

This is shown in Section |4] (Theorem [49) using two-scale convergence.

1.3 Homogenization for irregular perforations

When it comes to the final homogenization result, we will need the following assumptions on the
point process X.

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



Stochastic homogenization on irregularly perforated domains 11

Definition 10 (Admissible point process).
We call a point cloud xx € S(R?) admissible iff the following holds (with > 0 from Definition:

1 Equidistance Property: Vz,y € x : |z — y| # 2r.

2 Finite Clusters: For every = € x, we have that #Cy (z) < oo.

A stationary ergodic boundedly finite point process X is called admissible if its realizations are
almost surely admissible.

Definition 11 (Statistical connectedness).
The random set EXC is statistically connected iff the effective conductivity A (Definition i
based on the event that the origin is covered by BxCis strictly positive definite.

Remark 12 (Sufficient condition for statistical connectedness).

A criterion for statistical connectedness is given in Section[6], namely the existence of sufficiently
many so called percolation channels. It also turns out that HxCis statistically connected if and
only if the same holds for =XC.

We may now state the main theorem of this work.

Theorem 13 (Homogenized limit for admissible point processes).

Let X be an admissible point process and Bx°t statistically connected. Under Assumption @
we have for almost every realization x of X:

For every n € N, let u,, be a homogenized limit from Lemma|[9 Then, there exists a u €
L*(I; WH2(Q)) with generalized time-derivative Oyu € L*(I; W2(Q)*) such that for a sub-
sequence

L2(L;wh2(Q)) L2 (LWH2(Q)%)

Uy ———————— U and O, Oy
n—o0 n—oo
and u is a weak solution to
CipOu — V - (A(w)AVu) — Coph(u) = Cipf inl x Q
A(w)AVu-v =0 onl x 0Q
u(0, ) = C} pup(x) inQ

with constants C;p > 0 only depending on the distribution P of X and A being a symmetric
positive definite matrix — the so called effective conductivity A based on the event that the origin
is not covered by EX (Definition[31)). In particular, the system does not depend on the chosen
thinning procedure.

Proof. This main theorem is proven in Theorem O

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021
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Remark 14 (Random radii).
Out of convenience, we have chosen the Boolean model with fixed radius 7 as our underlying
model. One can easily generalize the procedure to random independent radii 7 < 7,ax-

Remark 15 (Homogenization procedure).

For fixed & > 0, solutions u° = £, to Equation () exist for admissible x € S(R?) as Q% ,, =
()%, for n large enough (Theorem . If x is a realization of some admissible point process
X, then this is still not sufficient to pass to the limit ¢ — 0. The missing regularity of HX still
prevents us from establishing a priori estimates.

All in all, our procedure yields the following diagram:

5 ?
U=~ "5~ 7U
n—o0 n—oo
€
un E—0Q ’LLn

Statistical connectedness of X is crucial to establish W'2(Q)-estimates for w,,. This indi-
cates that the direct limit passing u® — u might only rely on the statistical connectedness, but
we cannot answer that as of yet.

1.4 Example: Poisson point processes

In order to demonstrate that the class of point process satisfying our assumptions is not empty,
we show in Sectionthat the Poisson point process X,.; is indeed suitable for our framework.
We obtain the following.

Theorem 16 (Admissibility and statistical connectedness for X,;).
In the subcritical regime (see Assumption , we have for the Poisson point process X,.; that

B X,.i is an admissible point process.

m Boxt

poi IS statistically connected.

While admissibility is easily proven, the statistical connectedness is much harder to deal with.
Most of Section [7]is dedicated to this proof. It also builds up on Section[6]in which we show that
so called percolation channels yield statistical

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



Stochastic homogenization on irregularly perforated domains 13

2 Thinning properties, surface measure and convergence of
intensities

We first establish some properties of F,, : S(R?) — S(R?), most importantly the minimal
smoothness of Bx (™.

Definition 17 (Minimal smoothness [Ste16]).
An open set P C R% s called minimally smooth with constants (5, N, M) if we may cover 9P
by a countable sequence of open sets (U;); such that

1 Vo e RY: #{U; |z € U;} < N.

3 For every i, OP N U; agrees (in some Cartesian system of coordinates) with the graph
of a Lipschitz function whose Lipschitz semi-norm is at most M.

Lemma 18 (Uniform ¢ on individual clusters).
Letx € S(R?) be an admissible point cloud. Then, for every x € x

5(Z(Cu(x))) > 0.

Proof. Let x € S(R?) and assume 6(Z(Cx())) = 0 for some = € x. Then, there must be
some p € 0= with §(p) = 0. This together with bounded finiteness gives z,, 3, € x such
that p € B,(z,) N B,(y,), in particular |z, — y,| = 2r. This contradicts the equidistance
property of x. O

The thinning maps F,, have been constructed just to yield the following theorem:

Theorem 19 (Minimal smoothness of thinned point clouds).

For every x € S(R?), both (Ex()t and (Bx™)C are minimally smooth with § = LM =
vV 2nr. Furthermore, every connected component of =x( or Bx™ has diameter less than
2nr.

Proof. It remains to verify the estimate on M. Letz = 0 = Ogaandy = (2r —n=',0...,0).
Then the Lipschitz constant at the intersection of the two balls B,.(z) and B,.(y) is less than

\V2nr. O

Theorem 20 (Further properties of F,).

The setS A(Rd) of admissible point clouds is measurable in the vague o -algebra. Givenn € N,
it holds that F,, : S(RY) — S(RY) is measurable, S™ := F,,S(R?) is compact in the vague
topology and the following three properties of x € S (Rd) are equivalent:

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021
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1F,x=x
2xeS™W
3 [B)~{@) hold:
Ve,yex,x #y: d(x,y)¢(O,%)U(2r—%,2r+%), (5)

Ve e x: #Cx(x) <n, 6(B,(Cx(z))) >

S|

. (6)

Proof. F,x = ximplies x € S™ since F,;x € S(™ and vice versax € S implies F,,x = x
by definition of F,,. By construction of F,, it follows that —(@ hold if and only if x € S

Consider the space of (non-simple) counting measures ' (R?) € M(R9), i.e.

NR?Y) :={pe MR | pu= Z ax6y, such that ay € Nand z;, € R?}.

keICN

We see, e.g. in [DVJ0O8], that

B S(R?) and N (R?) are both measurable w.r.t. the Borel-o-algebra of M (IR?).

B S(RY) c N(R?) and N'(R?) is closed in M(R?). In particular, N (R?) is also com-
plete under the Prohorov metric.

Now S is precompact because of the characterization of precompact sets in the vague topol-
ogy: For every bounded open A C R it holds that sup, g x(A4) < C (diam A)? with
C' depending only on n. It remains to show that S™ is closed as a subset of N(Rd). Let
(%) jen C S™ be a converging sequence with limit x € N (R?). One checks that Equa-
tion B) (namely d(z, y) ¢ (0, 1)) ensures x € S(R?), e.g. in a procedure similar to the proof
of [DVJ08, Lemma 9.1.V]. We observe that for every =,y € x, there exist z;, y; € x; such that
x; — x,y; — yasj — oo. This implies by a limit in (5) that x still satisfies .

For z € x, one checks that Equation &) (namely d(z,y) ¢ (2r — ,2r 4+ 1)) implies
#Cy () <.

Letp € 9=(x) andlet {z, ... )} = By, (p)Nx with sequences 7k

J
Givenn > 0, let J € N suchthatforallj > Jandk = 1,... K it holds ‘x(k) — xgk)‘ <.
Then there exists p; € 0=(x;) such that [p; — p| < 1 and 0=(x;) is a Lipschitz graph in the
ball Bys(p;) for every § < <. Hence 9=(x;) is a Lipschitz graph in the ball Bys_,, (p). Because
the Lipschitz regularity of 8E(xj) changes continuously under slight shifts of the balls, there
exists 7o such that for 7 < 7 and 0=(x) is Lipschitz graph in Bos_s,(p). Since 1) is arbitrary,
we find O=(x) is Lipschitz graph in Bos(p) for every § < n™", implying §(p) > . Since this
holds for every p, we conclude @ and S™ is compact.

— x(k), wgk) € X;j.
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Stochastic homogenization on irregularly perforated domains 15

To see that S 4(RY) is measurable, consider for x € S(RY)
1 1 1
i = B d(z, 0, —)U(2r — —, 2r + —)V :
i i= { €] ¢ Brlo)or de,p) ¢ (0 5) U (2r = - 20+ )Wy €x)

Xo R = {x ex |z ¢ Bgr(o)or #Cx(x) <, §(B,(Cx(x))) > l} ,

l
and define
Fl,m,Rx = X1,m,R 8(17m7R) = FLm,RS(Rd)
Fo 1, RX 1= X21R - SE™I = Fy  rS(R?) .

We check that S0 %) is a closed subset inside S(Rd) (repeat the arguments above), i.e.

SUm.R) N S(R?) = SO In particular, SU"™ ) is measurable w.r.t. the vague topology of
M(R?). Similarly, one shows that S(R%)\S@™ ) is closed as a subset inside S(R?). Again,
this shows that S(>) is measurable. Consider now the measurable sets

S(l,oo,oo) — ﬂ U S(l,m,R) and S(Z,oo,oo) — ﬂ U S(Z,m,R).

ReNmeN ReNmeN

We see that

1 x € S>> if and only if for all z, y € x, it holds d(z,y) # 7.

2 x € §(2°9%) if and only if for every = € x, it holds that #Cy (2) < oo and
(B, (C(2))) > 0.

Therefore,
SA(Rd) _ 8(1,00,00) N S(Z,oo,oo)
is measurable.

To see that F,, : S(RY) — S(R?) is measurable, recall F,, = Fy,, o Fy,, from Definition It
therefore suffices to show that the following maps are measurable:

Fin: S(RY) = F,SRY) C S(RY) and  Fy,: F1,,S(RY) — S(RY).
For f € C.(R%), consider the evaluation by f, i.e.
M;: S(RY) =R, x~ dfdx.
R
If f > 0, we observe the upper semi-continuity of
M;oFy,: S(RY) =R and M;oF,,: F,S(RY) = R.

We have lower semi continuity for f < 0 since M_; = —Mjy. Therefore My o F; ,, with
i € {1,2} is measurable in the cases f > 0 and f < 0 and hence in general. Since the vague

topology is generated by (Mf)fec (Ra)» W€ conclude that Fy ,, and F» ,, are measurable. O
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Remark 21 (Fine details of Theorem [20).
B For S := F,(S(R?)), we have that

() d i - d (n) = N(R?
L%s C Sa(RY) € {x] lim F,x X}QS(R)QLEJNS N(RY).

B M/ oFy, is not upper semi-continuous on S(R?) (in contrast to Fy ,,S(R?)): The con-
dition that d(z,y) ¢ (2r — L, 2r + 1) Va,y € Fy,x s crucial to ensure that clusters
do not change sizes.

Definition 22. We define the events that the origin is not covered by the filled-up Boolean
model, i.e.

G={xeSRY|o¢Bx} ad G,:=F, (G)={xeSR|o¢Bx™}.

This gives us for 7 € R? that
Ige(z) = la(Tex) .

We will later consider the effective conductivities based on these events.

Theorem 23 (Approximation properties).
Letx € S(R?) be an admissible point cloud.

1 For every bounded domain A, there exists an N(x,A) € N such that for every n >
N(x,A)
x™NA=xnNA, in particular  x = U x(™ .
neN

2 For every bounded domain A, there exists an N(x,A) € N such that for every n >
N(x,A)

Bx™NA=8BxnNA, in particular Hx = U Hx™.

neN

3 There exists an N = N (x) € N such that for everyn > N:
0¢ Bx™ «— o¢Bx.

In particular, (,,cy G \G only consists of non-admissible point clouds.

Proof.
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Stochastic homogenization on irregularly perforated domains 17

1 Boundedness of A implies that there are only finitely many mutually disjoint clusters
Cx(z;), 7 = 1,..., N¢ that intersect with A. Furthermore, because # (x N B,.(A)) <
oo and because of Property 1 of admissible point clouds, we know

min{||z —y| —2r|: z,y e xNB,(A), z #y} >0
and Lemma([18]yields
min {§(=Cx(z;)) : Cx(x;)) NA#0} > 0.
This implies the first statement.

2 By making A larger, we may assume A = [—k, k]? for some k € N. We have, for
n > N(B,([—k, k),

[—k, k] \Ex™ = [k, k]N\Ex.

[—k, k]*\=x only has finitely many connected components C;. Take one of these con-
nected components C; and suppose it lies in Hx. Then, it has to be encircled by finitely
many balls B,.(x) in Zx. Let n; large enough such that all these x lie in x(™). Then,
C;  Bx(). We may do so for every C;. Take

N(x, A) := max {ni, NB,([—k, k]"))}.

For every n > N(x, A), the connected components C; of [k, k]*\=x(™ and

[k, k]"\Ex are identical since [k, k]*\Ex™ = [k, k]?\Ex. Therefore, we get the
claim
SN REERE (S GC R N
C;cBx(m)
_ ([—k:, k:]d\Ex>\ U & =[-kK"\Bx.
C;CBx

3 This is a direct consequence of Point 2. If x € ), .y G\ G, then o ¢ Bx™ for every
n but o € Hx. Therefore, x cannot be admissible by Point 2.

Definition 24 (Surface measure of Hx).
We define the surface measure for x € S(R?)

pr(A) = HEL (A) = HTH (ANOBx).

Note that 115 ([0, 1]7) < H*(B,(0)) - x(B,([0,1]%)).
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Remark 25 (Distributions of X he)-

Given a point process X, we can consider X™ and Lx. Both come with their own distributions,
but they are still driven by X in a 7-compatible way. Therefore, we can express their distribu-
tions and all relevant quantities in terms of the distribution P of X. For example, the distribution
of XM s PoF, L.

Definition 26 (Intensity of random measure).
Given a stationary random measure ji, we define its intensity to be

M) :=E[a(0,1)D] .

Lemma 27 (Convergence of intensities).
Let X be an admissible point process with finite intensity A\(X). Then,

lim A(X™) =X\(X) and  lim Apge) = Mux) -
n—oo

n—oo

Proof. “Almost surely” is to be understood w.r.t. the distribution IP of X.

1 By Theorem 23] we have almost surely X ([0, 1]¢) — X([0, 1]%) as n — co. Domi-
nated convergence with majorant X([O, 1]d) yields

AX™) = B ([0, 1])] — Efx((0,1])] = A(X).

2 Again, by Theorem [23| we have almost surely BX™ N [0,1]? — BX N [0, 1]¢, in
particular

Hx ([0’ Hd) = Hilgalx(n) ([07 1]d) - Hngllx([Q 1]d) = NX([Ov 1]d)'

Dominated convergence yields again convergence of intensities.

Remark 28 (Local convergence).

The convergence in Theorem is much stronger than what is actually needed to prove the
convergence of intensities. Indeed, we could prove convergence even for so called tame and
local functions f : M (R?) — R for which the intensity \ is just one special case f(x) :=

x([(), 1]d).

3 Effective conductivity and cell solutions

The structure (M (R?), B(M(R%)), P, 7) as in Definition|7|is a so called dynamical system:
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Stochastic homogenization on irregularly perforated domains 19

Definition 29 (Dynamical system, stationarity, ergodicity).
Let (€2, F,P) be a separable metric probability space. A dynamical system T = (T, ),cpra is @
family of measurable mappings 7, : 2 — (2 satisfying

B Group property:
To = idg and 7,4, = T, 0 T, forany z, y € R%.

B Measure preserving:
Forany € R and any F' € F, we have P (7,(F)) = P (F).

B Continuity:
Themap 7 : Q x RY — €, (w, ) — 7,(w) is continuous w.r.t. the product topology
on Q x R

T is called ergodic if the o-algebra of T-invariant sets is trivial under P.

Our practical setting will always be some 2 C M (R?), but we will still work with abstract
dynamical systems in Section[3and

3.1 Potentials and solenoidals
Let (Q, B(Q2),P,7) be a dynamical system. We write L?(Q2) := L*(Q, P). The dynami-
cal system 7 introduces a strongly continuous group action on L*(Q2) — L?*() through
T, f(w) := f(r,w) with the d independent generators
o1
Dif ==lim =~ (f = f(e,®))

with domain D; where (e;),_, , C R%is the canonical Euclidean basis. Introducing

1=

H'(Q):=(]D; C L*(Q)

and the gradient V, f := (D1 f, ..., Ddf)T, we can define the space of potential vector fields
V2,(Q) = {Vaf| f € H'() and / Vol dP(w) = Oge}
Q

Defining L2,(Q) := V2., (Q)*, we find with u,,(z) := u(T,w)

sol pot

Lf)ot(Q) = {U < LQ(Q7Rd) SRS Liot,loc(Rd) forP —ae w € Q} )

Lzol(Q) = {u € L2(Q; Rd) DU, € Lfol,lOC(Rd) forP —ae w€ Q} , (7)
V2, (Q) = {ue L2,.(Q) : /QudP =0},
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because (2 is separable metric and where

L i0e®RY) == {u € L} (R%RY) | VU bounded domain 3 € WH*(U) : u =V} ,

pot,loc

Lsol,lOC(Rd> = {U € L2 (Rd7Rd) ’ / u - VQO =0 VQO S Ccl<Rd)} .
R4

loc

For A C 2 measurable, we define

Vgot(AKz) = Cle(A)d {U‘A |U € Vﬁot(ﬂ)} .

3.2 Cell solutions and effective conductivity

Definition 30 (Cell solutions).

Let (€2, B(2),P) be a separable metric probability space with dynamical system 7 and let
Q € B(Q). The i-th cell solution w; € V2, (Q|Q) is the unique solution (after the Riesz
representation theorem) of

Vo e V2, (9) /[w,- e vdP(w) = 0.
Q

The cell solutions satisfy

<V/P(Q) <1,

HwiHLQ(Q)d =

and can be grouped in the matrix
Wo == (wy,...,wyg) .

Definition 31 (Effective conductivity A).
Let w; the cell solution on Q € B(f). The effective conductivity A based on the event Q is
defined as

A= / (]d + Wg)t([d + WQ) dP(w) . (8)
Q

with 1 being the identity matrix. We observe for the entries (A, ;) _, of Athat

ij=1,.

A= /Q le; +w;i(w)] - [e; + w;(w)] dP(w) = /Q le; + wi(w)] - e;dP(w).  (9)

We write avy > 0 for its smallest eigenvalue.

Theorem 32 (Convergence of cell solutions).

Let (Qn),en C B(2) and Q € B(L2) such that 1o, — 1o P-almost surely and Q,, D Q for
(n)

everyn € N. The sequence of cell solutions w; "’ to the cell problem on Q,, satisfies

w = w;  asn— oo,
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where w; € V?

ot (QI€2) is the i-th cell solution on Q

Vo e V2 (Q) / w; + €] - vdP(w) = 0.
Q

Proof. We first check that the limit satisfies [, [w; +¢;] - vdP(w) = 0 and then w; €
Vot (QIE).
1. The a priori estimate yields a L?-weakly convergent subsequence of wz(") — w; € L3(Q)?

after extending w™ to the whole of €2 via 0. Let v € V2 (). We have 1o, — 1o P-almost

7 pot
surely, so dominated convergence yields

n—oo

lim e -vdP(w) = / e; - vdP(w)
On Q

while weak convergence yields

lim wl(n) -vdP(w) = / w; - vdP(w)

We also have

L2(Q
g, uf™ = u® 2y,
n—oo
which implies
]lei = W;.

Therefore, with w; € L?(Q)%:

0= lim [w§”) +e)-vdP(w) = / [w; + €;] - vdP(w).
2. V2,
weakly converging sequence in V2, (Q|Q) that converges to w;. Since wz(n) € V2, (Qa]9),
we find v € V2 () such that

(Q|Q) C L*(Q)%is closed and convex, so it is also weakly closed. We construct a

1

(n) >
! n

[Jw; " — ]lQnU(n)HLQ(Q)d <

(n)

Since w; ~ — w;, we get

2 d
1o, o™ L w; .

n—oo
Note that (1o, — 1g) v(™ is a bounded sequence that is point-wise convergent to 0 because
of the weak convergence above and Q,, O Q. Therefore, it is weakly convergent to 0 and we
obtain

1 g™ E@%
n—oo
Lov™ € V2, (Q|02), so we get that w; € V2, (Q[Q). =
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Corollary 33 (Convergence of effective conductivities).
Let (Qn),en C B(2) and Q € B(R2) such that 1o, — 1o P-almost surely and Q,, O Q for
everyn € N. Let A™ pe the effective conductivity of Q,, and A be the effective conductivity
of Q. Then,

A 17 4

(n)

Proof. This follows from Equation (9) and weak convergence w; = — w;. O

Remark 34 (Variational formulation).
There is another way to define A: For € R%, Won (see Definition 30) is the unique minimizer
to

min / 0+ o[ dP(w)
Q

L,OEV}-Q,O'; (Q)
and therefore

ntAn_/Qy(Jd+WQ)n\2dP(w)_ min /Q|n+go\2d73(w).

(ﬂEVgot(Q)

This equality is related to Theorem 51|

3.3 Pull-back for thinning maps

In Section |4, we will use two-scale convergence to homogenize Equation (1) for fixed n. This
process is more convenient to handle if the underlying probability space is compact. Here we
show that we may take F,,S(R?) as the underlying probability space instead of S(IR%).

Theorem 35.

Let P be a distribution on S(RY) and let S™ := F,S(R?) with the push-forward measure
P, :=PoF, . Recall G, = {x € S(RY) : 0o ¢ Bx™} andletG, == {x € S™ : 0 ¢
Ex} =F,G,. Let w§"> be the cell solutions on G,, and w§”) the cell solutions on Gn for their
respective dynamical systems. Then, foreveryi,j € {1,...,d}, it holds that

/ [w§") +e]-e;dP = /~ [wz(n) +ei] e dPy. (10)
Gn

n

Lemma 36 (Properties of pull-back functions). B
Let (2, F,P,7), (2, F,P,7) be dynamical systems, ¢ : € — () measurable such that
P =P o ¢! and such that for every x € R?

QSOTac:%moQb' (11)
Then, the fqllowing hglds: ~ ~
I-:or every]j € L*(Q)¢, we have f~:: f oqi € L*(Q)¢ with HfHLQ(Q)d = HfHLQ(Q)d. If
f eV (), then f € V2, (Q). If f € L2,(Q), then f € LZ(Q). f is called the pull-back
off.
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Proof. Dueto P = P o ¢~ !, we immediately obtain for arbitrary measurable f € Ll(Q)d and
its pull-back f

/Qfdﬁ_/gfwd??_/ﬂfdﬂ (12)

Therefore HfHLQ(Q)d = HfHLQ(Q)d and Equation (1) yields f € V2, (Q) = f € V2, ().
For f € L2,(Q), f € L2 () follows from ¢ o 7, = 7, o ¢ and checking

sol sol

/Af(Tgcw) -Vep(r)dr = /Af(%xw) -Vp(zr)de =0

for PP-almost every w and every ¢ € C}(A) on a bounded domain A C R O

Proof of Theorem[34 Letw; be the pull-back of w§”) according to Lemma WeseeF,, 1G, =
G, so W; has support in G,. Let 7 € V2, (S™) with H@Dl(") — ﬁkHLQ(é o < +. The pull-
— kaLQ(Gh)d < + and hence W; € V2, (G,|S(RY)).
We observe (@™ + ei)lg, € L2,(S™) with the pull-back (w; + ¢;)1g, € L2, (S(R?)).

This implies w; = w§”). Equation yields Equation (10). O

back vj, € V2, () of 0, satisfies ||w;

4 Proof of Lemmal6and

We first collect all the tools needed to prove the homogenization result for minimally smooth
domains (Lemma/9).

4.1 Extensions and traces for thinned point clouds

Theorem 37 (Extending beyond holes and trace operator).

There exists a constant C' > 0 depending only onn € N and M, > 1 such that the following
holds:

Assume that ) C R? is a bounded Lipschitz domain with Lipschitz constant My, x € F,S(R?)
and xg C x such that for every x € x¢ it holds Bo,.(z) C Q. Then there exists an extension
operator

Us, » WH(Q\ Bxg) = WH(Q)

such that (U, u)|\ax, = © and

HZ/{XQU“”H(Q) <C HUHL?(Q\EIXQ) ) HVUXQUHL2(Q) <C “vUHL?(Q\BXQ) : (13)
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Furthermore, there exists a trace operator
T : WHH(Q\ Bixg) — L*(0Bxq) :== L*(08xq, H" ")

such that Ty, = u|ogx,, foreveryu € C(Q) and
| Teotll o) < € (10l 2@ + 17l g ) (14)

Proof. For every xg C x with x € F,S(RY), the set Q \ Blx¢ is minimally smooth with
§ =min {1 7} and, M = max {v/2nr, My }. Furthermore, the connected components of
Hxg have diameter less than 2nr. The existence of Z/{XQ satisfying follows from [GK15,
Proposition 3.3]. The existence of 7;Q satisfying is provided in [Hei21]. O

4.2 Stochastic two-scale convergence

Definition 38 (Stationary and ergodic random measures).
A random measure p, : © — M(R?) with underlying dynamical system (2, F, P, 7) is
called stationary iff

MTwW(A) = Nw(A + I)

for every measurable A C R?, = € R? and PP-almost every w € . 1, is called ergodic iff it is
stationary and 7 is ergodic.

Definition is compatible with Definition [7]| given in Section (1| by considering the canonical
underlying probability space (M (R?), B(M(R?), P, 7) with P,, being the distribution of /.

Theorem 39 (Palm theorem (for finite intensity) [Mec67]).

Let 114 be a stationary random measure with underlying dynamical system (2, F, P, T) of finite
intensity A(ite).

Then, there exists a unique finite measure yip on (2, F) such that forevery g : RY x Q — R
measurable and either g > 0 org € L' (R? x Q, L @ pip):

// (x, Tpw) dpg, () dP(w // (x,w)dpp(w)de.
Rd Rd

For arbitrary f € L'(R?) with [, f dz = 1, we have that

o) = [ [ f@)a(r) dus () aP).

in particular j1p(Q) = \(u). Furthermore, for every ¢ € C.(R?) and g € L'(Q; up) the

ergodic limit
lim/ o(z) g( Tew dx—/ /925 @) dpp (@) da (15)
e—0 R R4

holds for P-almost every w. We call j1p the Palm measure of [i,.
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For the rest of this subsection, we use the following assumptions.

Assumption 40.

Q) is a compact metric space with a probability measure P and continuous dynamical system
(Ta) yepa- Furthermore, pie = Q — M(R?) is a stationary ergodic random measure with Palm
measure (ip. We define piS,(A) := ey, (e 71 A).

According to [ZP06] (by an application of Equation (15)) almost every w € (2 is typical, i.e. for
such an w, it holds for every ¢ € C'(2) that

lim gzﬁ(rfw) dr = / odP.
Q

e—0 Q

Definition 41 (Two-scale convergence).
Let Assumption hoId and let w € 2 be typical. Let (u°)
and letu € L*(Q; L*(Q, up)) such that

.~ be asequence u € L*(Q, 115

€
sup 14l 2 ey < 00
and such that for every ¢ € C°(Q), ¥ € C(Q)

iy [ v (@)e@(rze) @) = [ [ uir D)o@ dun(@ dr. 10

e—0 Q

L . 2
Then u° is said to be (weakly) two-scale convergent to u, written u® =

Remark 42 (Extending the space of test functions).

W If x € L™(, up), then we can extend the class of test functions from ¢ € C(Q2) to x
since X(Téw) dg, is again a random measure with Palm measure xdip.

B Using a standard approximation argument, we can extend the class of test functions from
© € C*(Q) to p € L*(Q), provided p, is uniformly continuous w.r.t the Lebesgue
measure. Then, strong L2(Q)-convergence implies two-scale convergence for y,, = L2

Lemma 43 ([ZP06, Lemma 5.1]).
Let Assumption [40 hold. Let 1 < p < oo, w €  be typical and v € LP(Q, i) be a
sequence of functions such that ||u|| ., (g ) < C for some C' > 0 independent of €. Then

there exists a subsequence of (u¥').r_o andu € LP(Q; LP(S, up)) such thatu® 22 u and

1l @iz ey < MR ik |0 (17)

e’'—0

LP(Qus)
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Theorem 44 (Two-scale convergence in W12(Q) [ZP08)).
Under Assumption for every typical w € €2 the following holds:
Ifuf € WL2(Q; R?) for all e and if

e (el 2y + IVl 2y ) < 00,

then there exists a u € W'2(Q) with u* — u weakly in W'?(Q) and there exists v €

L*(Q; V2,1 (92)) such that Vs 22 Vu + v weakly in two scales.

4.3 Two-scale convergence on perforated domains

Due to Theorem [20 the set F,,S(R?) C M (RRY) is compact, hence the above two-scale
convergence method can be applied for the stationary ergodic point process X taking values
in FnS(]Rd) only. To be more precise, we consider the compact metric probability space 2 =
F,S(RY) and a random variable X" : © — S(R?) such that X" and X(™ have the same
distribution. By the considerations made in Subsection they will both result in the same
partial differential equation.

Theorem 45 (Extension and trace estimates on ()%, for x € FnS(Rd)).

Let ) C R? be a bounded domain, n € N be fixed. Let X be an admissible point process with
values in F,,S(R?). For almost every realization x of X, we have:

Let Q, and G<, be defined according to Definition[4

1 There exists a C' > (0 depending only on () and n and a family of extension and trace
operators

Ui : WHHQZ) = WH(Q),  Tox: WHHQ5) — L*(0GY)
such that for every u € W12(Q<) it holds
||ue,quW1,2(Q) <C ||u||W1*2(Q§) ;
2 2 2
9 ||7;Xu||L2(6G§) < C <||u||L2(Q§) + 52 ||Vu||L2(Q§)> :

2 Ifu® € Wh(Q%) is a sequence satisfying sup, ||uf ||y 1.2 (@) < 00, then there exists

au € W'?(Q) and a subsequence still indexed by ¢ such that U ,u® — u weakly in
W12(Q) and there exists v € L*(Q; L? . (Q)) such that

pot
VU, u® R Vu+u, v 2 1g, (Vu+v),

with the event G,, := {x € F,S(R") | o ¢ Bx}. Furthermore, for some C' > 0 de-
pending only on () andn

2 2 2
Tt = 0)|2pse, < C (||u5,xu€ 2+ VU quLQ(Q)) .
(18)
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Proof. 1. follows from using Theorem on £~1G¢ and rescaling the inequalities —.

2. is a bit more lengthy. The existence of a subsequence, u € W'?(Q) andv € L*(Q; L2, (2))

such that U, xu® — u and VU, u® v + v follows from Theorem We observe that

la, (T.x) = Igec(z) and I g0 (%) = 1 g0 (). Therefore, 1 g, 0 VU 5 u° 2 1g, (Vu+v)
(Remark [42| (1)). Furthermore, we observe with @7, . := {z € Q : dist(z,0Q) < enr} that
(eBxNQ)\G; C Q;,, and

< 1g: <=5 0 pointwise a.e.

‘]IEElX - ]lex

Therefore, 1.gx — 1. — 0 strongly in LP(Q), p € [1,00) and hence taking ¢ € C(£2),

Y e C(Q), we find

/Q(legx—ﬂgi)vugvxusqﬁ(T;X)lﬁ

< ||]LEEX - ﬂG;

oo IV Ue st 20 1911 19— 0.

In particular, 1.5,VU, xu® and Vu® = 1g: VU, zu® have the same two-scale limit (Re-

mark[42] (2))
Vu LO la(Vu+v).
e—

Due to the absolutely bounded diameter of the connected components of Hx, there exists a
domain B D () big enough such that, with the notation of Definition

QNeB(J.(x,B)=QnNeBx Vee(0,1).
Now let Uy : W1?(Q) — W'?(B) be the canonical extension operator satisfying
||MQU||L2(B) <C ||UQU||L2(Q) and ||VUQU||L2(B) <C ||Vu||L2(Q) :

Reapplying Theorem [37]to the trace on e ' (B\e B (J.(x, B))), we find for some constant C
independent from £ and X but depending on (), B and n and varying from line to line:

2 2
| 7o (w* =) agos S € 1T Ualhemts™ = Uiz coma. 3y
<C <||Z/{Qua,xua _ Z/{QuHi?(B) —+ 52 ||VZ/{QZ/{5,XU£ — VZ/{QU||§/2(B)>

<C (Hus,xus — ) | VUeru® Vu]\i2(Q)> .

4.4 Existence of solution on perforated domains (Lemma 6)
Due to the perforations, 0;u° cannot be embedded in a common space in a convenient way for

the application of the Aubin—Lions theorem. Hence we use the following general characterization
of compact sets.
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Theorem 46 (Characterization of compact sets in LP([; V') [Sim86), Theorem 1]).
Let V' be a Banach space, p € [1,00) and A C LP(I;V'). A is relatively compact in L*(1; V)
if and only if

to
{/ v(t)dt|v e A} is relatively compactin V' ¥ 0 < t; <ty < T, (19)

t1
sup Hsh[v] — UHLP(O T_hyy Oash — 0, (20)
’UE@ 9 9

where sp[v(-)] :=v(- + h) isthe shift by h € (0, T).

We can now establish the existence of a solution for fixed € > 0 to our partial differential
equation.

Theorem 47 (Existence of solution on perforated domains and a priori estimate).

Letx € F,S(R?). Under Assumption|8 and with Q. as defined in Definition[d, we have:
There exists a solution u® € L*(I; W12(Q<)) with generalized time derivative

Owf € L*(I; WhH2(Q%)*) to Equation (T), i.e.

ou® =V - (A(w®)Vu®) = f inl x Q%
AW )Vu®-v=0 onl x 0Q o1
A(W®)Vus - v =ch(u®) onl x 0QL\0Q 1)

ut(0,x) =

~—

= Ug (m ) in Qig )
which satisfies the following a priori estimates for € small enough

< exp(Ch) [

esssup ||u(t) 2 + o]

s HLQ(QE ‘UOHLQ(Q)
1
inf(A)

HatuEHig(I;Wl,g(Qi)*) < é,

HVu6||i2(1;L2(Q§)) = (1+ Crexp(Ch)) [HUOHi2(Q) + (] (22)

where

2
Cy:=T(1+3CLy) and Cy:= Tth(O)QEd(Q) + HfHLl(I;L2(Q)) )
C'is from Theorem depending only on () and n and where C>0is independent of .

Proof. We will only sketch the proof. There are 3 main steps: Deriving a priori estimates, exis-
tence of Galerkin solutions and the limit passing.
1. Testing Equation with 4° and using

1d
(O, w)wrz(gz) wizgs) = 5@““ HLQ(QQ

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



Stochastic homogenization on irregularly perforated domains 29

yields

1d
5&“““8”?2(62;) + A(u) HVMH;(Q;) —e(h(u), ua)m(aG;) = (f, u%) r2(02) -

The a priori estimate then follows from the Gronwall inequality and the trace estimate in Theo-
rem
For the a priori estimate in J;u°, one simply uses

(0, o) = (A(w®) Vs, V) 12(gz) + e (h(u), ©) r20ae) + (f5 ) r2qz) -

2. Let (V,,)men be a family of finite-dimensional vector spaces, V,,, ,* W2(Q). One can
show that solutions to Equation exist in V,,,, e.g. via fixed point arguments. These solutions
ug ) also satisfy the a priori estimate in Equation and

(m

S}épN Hatu?m)HLQ(I;VT;) < 00. (23)

3. The a priori estimates yield a L?(I; L?(Q<))-weakly convergent subsequence to some
u® € L*(I; L*(Q%)). Theorem [46{and Equation imply pre-compactness of (u(,, )men C
L*(I; L*(Q%)) as well as pre-compactness of (7 xuf,, )men C L*(I; L*(9GY)), see Re-
mark Testing with functions in L?(I;V},) and passing to the limit m — oo finishes the
proof since |,y Vin is dense in W2 (Q5). O

Remark 48 (Procedure of Simon’s theorem).

We will use Simon’s theorem (Theorem on multiple occasions. The general procedure will
always be the same. We will exemplary prove the following result:

Let I = [0,7T], U C R be some bounded Lipschitz-domain and 7 : W12(U) — L?*(0U)
the trace operator. For each k € N, let u;, € L?(I; W42(U)) with generalized time-derivative
Ouy, € L*(L; WH2(U)*) via Wh2(U) — L*(U) — Wh2(U)*. Assume that

C:= 2212 HukHLZ(I;Wlﬂ(U)) <co and (= igg HatukHLm;V,j) <

for either the situation that W*(U) C Vi, C L2(U) with [|-[ly, < ||l yyr1.2(1ry @nd uniformly
continuous injective maps Uy, : Vi, — WH2(U) or for the situation that Vj, C WH2(U). We
further claim uy(t) € Vj, for almost every t € I. Then,

(Ukuk)keN C LQ(U) resp. (uk:)keN C LQ(U) and (Tuk)keN C L2(6U)

are relatively compact.

Exemplary proof for the procedure of Simon’s theorem. We need to show Condition and
Condition from Theorem
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1 Condition usually relies on compactness results for the stationary setting. Since
to \/_
sup / updtl|, . < sup VT||ug — < 00
up | [ty < 80 VT < o

compactness of 7 yields pre-compactness of ( fttf Tuy dt) heN = (T fttf U dt)

keN &
L*(dU), so we have shown Condition (19).

2 Condition will additionally require some a-priori-estimate on 0,u;. We have
to
ug(te) = ug(ty) + / Oyuy, ds
t1

as elements of W12(U)*. Using the Cauchy—Schwarz inequality twice, we get for i €
(0,7):

T—h
2
Hsh[uk] — ukHLZ((O,T—h);LQ(U)) = /0 (Uk(t + h) — Uk(t), uk(t + h) — uk(t))L2(U) dt

T—h t+h
= [ ) s, ) = D)y
0 t

T—h t+h
<[ [ s,
0 t

< hHafuka(I;Vk*) 2HukHL2(I;W1v2(U)) < 2hCC.

‘Ukuk(t -+ h) — Ukuk(t) HWLQ(U) dt

Compactness of T implies that for every § > 0, there exists a C5 > 0 such that

HTU ) §C’(gHvHiQ(U)+(5HVUH;(U) Yo e WH(U).

2
2200

Therefore,

||5h[T“k] - Tuk”i?((O,T—h);L?(aU)) = HT[shuk' — ] HiQ((O,T—h);LQ(aU))
<Cs||snux — “kHiZ(aU) + 0| Vsnux — V“kH;(U)
<2hCs5CC +25C.

The estimate is independent of the chosen uy, Condition holds.

We have shown both conditions and conclude. O

4.5 Homogenization for minimally smooth domains (Lemma|9)
We can now pass to the limit € — 0 for the homogenized system. Some extra care has to

be taken since Q% # Q\e H x, especially in the boundary term. However, we show that the
difference becomes negligible for the two-scale convergence as ¢ — 0.

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



Stochastic homogenization on irregularly perforated domains 31

Theorem 49 (Homogenized system for EX ().
Let X be a stationary ergodic point process with values inF,S (]Rd). Recall the surface measure
[tx from Definition[24]

HLBEX :
Under Assumption @, we have for almost every realization x of X and with ()%, as defined in
Definition[4):
Let u® be a solution to Equation and let U 5 be given as in Theorem There exists a
u, € L*(I; W2(Q)) with generalized time derivative Oyu,, € L*(I; W2(Q)*) such that for
a subsequence

2
U L*(I;L*(Q)) u
e—0

2
B’ L2IWR2Q)7) P(G,)dsuy
e—0

and u,, is a (not necessarily unique) solution to
P(G,)0u, — V - (A(u,)AVu,) — Mux)h(u,) = P(G,) f inl x Q
Alun)A™ Y, - v =0 onl x9Q (24)
n(0,2) = P(G)uglw)  inQ

with A" being the effective conductivity based on the event G, = {x € F,S(R?) | o ¢ Bx}
defined in Definition[31] Furthermore, w,, satisfies the following a priori estimates

essup (1) 23 < (O [ + O8]

Iz20)

P(Gn)

(n)
[ (LL2(@) = 20 4 inf(A) o

HVun (1+ C’(n exp(C'(n) )|

) ol 2

for

oM =T(1+ Mitz) () 2Ly))

P(Gn)
Apx) 2
o = 27 h(0)|.
2 HfHL2(I;L2(Q)) + P Gn)’ ( )‘
Proof. The a priori estimates in Equation and Theorem [45]tell us that
U, xu° 2 Uy, , VU, xu® = 2 Vu, + v,
us R lg, un, Vs & 1g,Vu, +v,

for some u,, € L*(I; WH*(Q)) and v € L*(I; L*(Q; L3, (€2))) where the two-scale conver-
gence is with respect to the Lebesgue measure £%. The uniform bound for O, in Equation (22)
together with Theorem |46|yields (for yet another subsequence)

2
Ue L*(I;L*(Q)) Uy, (25)
e—0
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compare to, e.g., Remark [48|

For ¢1,0 € CY([0,T] x Q) with ¢1(T,-) = 0 and ¢ € H'(Q), we use ©°(t,x) =
p1(t,x) + epa(t, x)1(T2x) as a test function and pass to the limit using two-scale conver-
gence. Furthermore, we use

AWV 2 Au)lg, (Vup +v)  and  h(u®) 2225 h(w,)), (26)

which we will prove below. We then obtain the two equations

_/OT/QunatgolJr/QuosﬁlJr/oT/Q/GWVSOI.A(%)(V%JFU)
+/0T/Qh(“n)%01/§2dup:/:/@fgol,
/OT/Q/R‘PQVW'A(%) (Vu, +v) =0.

The second equation holds true for every choice of ¢ and 1/ as above if we make the standard
ansatz v = Zle 5’iunw§n), where w§n) are the cell solutions from Definition [30| for {2 =
F,S(R?) and P = IP being the distribution of X. Plugging this information into the first equation
yields Equation (24). The a priori estimate follows from testing Equation (24) with w,, and the
Gronwall inequality (see e.g. the proof of Theorem[47). It only remains to prove Equation (26).

Now, we show the first part of Equation (26). By Remark[42] we know that

Alu,) Ve =2 1, Alun) (Vg +v) .

e—0

Using dominated convergence and Equation yields a subsequence such that A_(UE,XUE) —
A(uy) in LP(0,T; LP(Q)) for every 1 < p < oo. Using test functions ¢ € C(Q) and ¢ €
C(Q) we observe that (AU xuf) — Alu,)) Vue 220,50 A(u) 2 1, A(un) (Vg + v).
The second part of Equation (26) is more difficult. Given » € C'(Q) and ¢ € C(), we set
Y=*(x) := ¢(72x) and find

. /GGJ(“W) () () AH (1 / | (@) (@) 006 dpp() do

< e / h(u®(z))p(x)™* (2)dH (z) — & / h(un(2)) ()™ (2)dH" (z)
e oGS
+ 6/ h(un () p(z)p™ (z)dH " (z) — ¢ h(un(2)) ()9 (2)dH" (z)
oG QNedBx
&% = 1 U X x)dzx
Tl /Q b (@) @ / | (@) (o) () dnp(x)
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We will show that all these terms go to 0 as ¢ — (. Due to the Lipschitz continuity of A and
Stampaccias lemma we find

I9h0 ) s2igey < Ihllcon 190 oy » 10 aiqey < Illeon (1672 +1) -

198wl 2y < Whllcos IVl oy - 1) lzagy < hloos (llnllagy +1)

Furthermore, U. xu® — wu,, strongly in L?(I; L*(Q)) and weakly in L?(I; W'2(Q)) implies
h (U xu®) — h(uy) in the same topologies. G% as in Definition [4] fulfills 0G5 = 0Q5\0Q.
Equation together with the strong convergence of U, ;.u® tell us

e | (Temu®) — h(Texun) Hi?([;L?(aG;)) < Ly || Te(u® = wn)llz2z,z2005y) = 0

which already shows convergence in the first summand. Similar considerations to the proof of
Equation tell us that 72 . : W(Q%) — L*(e0 Hx N Q) is a bounded linear operator,
so we can consider the trace not only on G, but even for clusters close to the boundary. We
have, with C' > 0 changing from line to line but independent of ¢,

= [ (= o) hluypue dpet- af
1J7Q

< Cg||h(us>Hi2(I;L2((56EIx)\8G;)) ' 6”1||i2(];L2((saEx)\6G§))

< O{llas, (0 [ 2120y + s, VRO ar 2} - £4(@0),

where

fw = {x € Q| dist(z,0Q) < Enr} )

We observe that L4(Q5,,) — 0ase — 0,i.e. 1. — 0 point-wise £?-almost everywhere.
We know that i(u®) — h(u) strongly in L*(I; L*(Q)), so dominated convergence yields that

the second summand also converges to 0.

. . 2 b X
The third summand follows from two-scale convergence, i.e. h(u,) —-~ h(u,) for almost

every X. O

5 Proof of main theorem (Theorem 13)

Theorem|[13]is a consequence of the following.

Theorem 50 (Main theorem: homogenized limit of admissible point processes).

Let X be a stationary ergodic admissible point process with distribution P such that BxXC js
statistically connected. Under Assumption @ let u, € L*(I;W2(Q)) be a homogenized
solution from Theorem for the thinned point process X,
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Then, a subsequence of (u,,) e converges toau € L*(I; W2(Q)) that is a (not necessarily
unique) weak solution to the initial value problem
P(G)owu —V - (A(u)AVu) — AMux)h(u) = P(G) f inl xQ,
A(u)AVu-v =0 onl x 0Q),
u(0,2) = P(G)up(z) in@ .
Here A is the effective conductivity defined in Definition [31 based on the event Q = G =
{x € S(RY) |0 ¢ Bx}, 2 =S(R?), P =P and \(ux) is the intensity of px := H .
Furthermore, with oy > 0 being the smallest eigenvalue of A and L, being the Lipschitz
constant of h

ess sup Hu(t)H;(Q) < exp(Ch) [HuoHiz(Q) + Cg]

tel
P(G)
HVUH;(I;LQ(Q)) < Sainf(A) (1 + exp(Ch)) [HUOHi2(Q) + (],

where

Apix)

C = T(l + P(G)

2 Apx) 2
(1+2Ly) and Cyi= HfHLQ(I;LQ(Q))jL2T]P<é) 1h(0)]".

Proof. We note that .A™ from Theorem [49|is defined with cell solutions on §2 = F,,(R?) and
the push-forward measure IP o F,;*. We use the pull-back result from Theorem 35| to obtain a
representation of A in terms of 2 = S(R?) and the original probability distribution.

Lemma[27] Theorem[23]and Corollary [33] yield respectively
Mpgm) = M), P(Gp) = P(G) >0, A™M 5 A, aym —ay >0

for G, := {x|o ¢ Bx"} and G := {x|o ¢ Bx}. From the a priori estimates in Theo-
rem[49] we furthermore find

lim sup <Hun<t>|’%"°(0,T;L2(Q)) + HVUTLH%P(I;L%Q))) <00,

n—oo

lim sup Hatun < 00,
n—oo

laraary

and Aubin-Lions (or more general Theorem[46) yields pre-compactness. These uniform bounds
together with compactness arguments yield the existence of u € L?(I; W12(Q)) with gener-
alized time derivative O;u € L?(I; WW'2(Q))* such that for a subsequence

2(7.7471,2 2(7.171,2 *
U, L2 (I;WH2(Q)) u, O, LA (LW H2(Q)) B,
n—oo n—oo
2 T2 2 T2
as well as -
A(up) AV, L @), A(u)AVu .
n—oo
From here we conclude. O
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6 Criterion for non-degeneracy of effective conductivity

In this chapter, we will establish a criterion for BXC to be statistically connected (Definition ,
that is Theorem[54] To be precise, we will show that

et Ae; >0

as all other directions 7 € R? can be shown analogously via rotation. The procedure will be
based on [KOZ94, Chapter 9]. The matrix .4 corresponds to the matrix .4° there. We will also
see that X is statistically connected iff ZXC is statistically connected.

Notation. Given a fixed admissible point process X, we write in this section

BH=8B8X =.==2X.

Most arguments work for more general random perforations = and their filled-up versions as
long as = has no infinite connected component (Theorem needs additionally that almost
surely, the bounded connected components of Rd\E have non-zero distance to the infinite
connected components). We refrain from doing so since we would need to introduce the notion
of stationary random sets and the main focus here lies on point processes.

6.1 Variational formulation

The following theorem gives us a different point of view on the effective conductivity .A:

Theorem 51 (Variational formulation [KOZ94, Theorem 9.1]).
For every ergodic admissible point process we have almost surely and for every 1) € R¢:

n'An = lim n=¢  inf / {7] - Vv’z dz
[0,n]N\E

n—00 veC§ ([0,n])

where A is the effective conductivity based on the event {o ¢ Z}.

The first observation we can make is that the effective conductivity depends monotonously
on the domain: The larger the set of holes, the lower the effective conductivity. The question
arises in which cases this term becomes 0. This should only happen if ]Rd\E is “insufficiently
connected”. Intuitively, we want v =~ —n - x + const but at the same time, v needs to be 0 at
the boundaries. If our region is badly connected, we can hide large gradients inside the holes,
see, e.g., Figure[3] As in [KOZ94], we will see that the existence of sufficiently many “channels”
connecting the left to the right side of a box [0, n]¢ will ensure e{.Ae; > 0. Before we do that,
we establish an important fact:
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Figure 3: High vs low conductivity. The balls represent =. The white area cor2responds tov =
—1n - x 4 const. Black lines indicate large contributions to f[o nJd\E ‘7] + VU‘ dx.

We have defined statistical connectedness (Definition [11) via the filled-up Boolean model H.
Unfortunately, filling up holes is non-local (depending on the size of holes) which is troublesome
on the stochastic side. However, an analogue of [KOZ94, Lemma 9.7] tells us that the effective
conductivity of both the Boolean model = and its filled-up version H are the same.

Theorem 52 (Filling up holes preserves the effective conductivity).
For every ergodic admissible point process we have almost surely

n—00 veCE ([0,n])

n'An = lim n=¢  inf / ‘77 - VU}Q
[0,7]\B

= lim n=¢  inf / ‘U—va-
N300 veCEe([0,m]4) J{o,n)d\=

Proof. As mentioned before, this is a variation of [KOZ94, Lemma 9.7] fitted to our purpose. Let

B K be the set of islands (i.e. connected components in R\ = of finite diameter) that
intersect but do not lie inside [0, n]¢ and that are encircled by a =-cluster of size at most
s.

B [} be the set of islands that do not completely lie inside [0, n]d and that are encircled by
a =-cluster of size larger than s.

All the islands in K¢ and L¢ belong to connected components of R%\ = different from =L (the
unigue unbounded connected component). Since X is admissible, almost surely they all have
non-zero distance to EL. Therefore, the following infimum decomposes, with all the infima being
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over v € C5°([0,n])

inf/ ‘n—Vv‘innf/ |77—Vv|2+inf/ ‘n—Vv|2
v Jlond\E Y J([0,n] NN\ (K UL3) v JKRUL;,
:inf/ ’n—VU‘Q—i-inf |77—VU’2
Y J(0.nNB)\(KRULS) Y JKRUL,

:inf/ |17—Vv|2+6’,
v JonN\B
with
[C] < [nf [£7(K3) + £°(L;)]

and where the second equality comes from the fact that filling up islands that lie completely
inside [0, n]¢ does not change the value of the infimum. Now, the claim follows from

B LYKE) ~ O(n?1) for fixed s, so lim,, oo n 4L (K?) = 0 and

B lim, . n 9L%Ls) = density(L*) where L* denotes islands encircled by clusters of

size greater than s. But
Ne=o

seN

so lim,_,., density(L*) = 0. Choosing s sufficiently large finishes the proof.

O
6.2 Percolation channels
Definition 53 (Percolation channels (see Figure [4)).
Fix a kscale € N. We consider the lattice Z¢ C Z< and the cube with corner z = (21, ..., z4) €
Zd
d
Z¢:=7n00,n)" and K. := X[z, 2 + 1]
i=1
and call two vertices z, 2’ neighbors if their [!-distance is equal to 1.
We call z open iff
= -1
=N kscalelcz = @
An open left-right crossing v = (21, ..., 2()) of Z< is called a percolation channel in Z¢, i.e.

1 all the 2 are open and

2 zgl) = 0 and zil) =n-—1
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Figure 4: Percolation channels for different kgcale

We define the quantity (depending on the random = and on kca1c)

N(n) : = max {j|v,...~; are disjoint percolation channels in Z¢ }

= maximal number of disjoint percolation channels in ZZ

and the tube L () corresponding to the path v = (z(V), ..., 2) as

L(y) := U kb o

1<l

Statistical connectedness of R%\ = then reads as follows:

Theorem 54 (Percolation channels imply conductivity).
For almost every realization x of an ergodic admissible point process, we have for = = =x

N(n)

2
. _ . 2 .
lim n ¢ inf / ’el—Vv| dx2hmsup( y 1) .
n—oo weCE([0m]4) J(on)d\2 n—oo NI
In particular, the effective conductivity is strictly positive if almost surely

N(n)

d—1

lim sup
n—oo N

>0. (27)

Proof. This is an analogue of [KOZ94, Theorem 9.11] and relies on defining a suitable vector
field ?7 . [0,k L n]¢ — R?inside channels v = (2, ... 2") on Z<. We want F'., to

satisfy the following
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[ |? ] = 1 for every x inside the tube L(~y) and F = 0 outside.

[ | ?7 is orthogonal to OL(v) except on OL(7y)_ = K,y N{z1 = 0} and OL(7)4 :=
K:z(l) N {xl scale }

B E () =e forz € OL(7)_ UDL(Y)s.

B For the standard normal vector v to OL(7):

/L(w)(el — Vo) - ?7 dr = /E9L('y)(x1 _ U)?7 vdr.

Figureillustrates how ?7 can be chosen to satisfy these properties.

The rest is simple. Take 71, . . . YN(n) disjoint non-self-intersecting channels in Z‘fb. Set

U L 71 07kscile ]d7 ? Z ?'Yz

i<N(n) 1<N(n)

Then,

/ }el—Vv‘zde/‘el—Vvlzde/‘(el—vv)-?fdx
[0k} n]I\E T T
1 2 kgcae 2

For a fixed tube L = L(~;), we have

/L(e1 Vo) Fde = /M(a;l ) F - vdH T (@)
_ /8 - U8L+(x1—v)?.ydﬂd—l(x) _ /8 | Keune s @)

= k‘sca}tle Hd_l(aL+) = kscgle
Therefore,
kgcale d 2
| VU} d]} > (kscale N(n))
[0 kscélen] \E) n
and so )
_ N(n
(kscelxle ) d/ ‘61 —VU‘2dZE Z (%) :
[0 kscale }d\E n
Passing to the lim sup finishes the proof. O

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



M. Heida, B. Jahnel, A.D. Vu 40

P e T

O e S S B

A8 P e
B

B [
== et

e

Figure 5: Using the GauA§ divergence theorem on the parts where the vector field is constant
only yields contributions from the “starting” surface and the “ending” surface. Whenever the tube
makes a left or right turn, we see that the contributions on the diagonal surface cancel out (we
have a positive contribution from the incoming part of the tube and a negative contribution from
the outgoing one).

Remark 55 (d = 2 and bottom-top crossings).
Let L(n) be the minimal number of open vertices that a [*°-bottom-top crossing of Z2 must
have. It turns out that in d = 2

L(n) = N(n)

(see Lemma. We will use this to show Equation for the Poisson point process X,;.

7 Example: Poisson point processes

The driving force behind this work has been a stationary Poisson point process X,.;. It is known
that the Poisson point process is ergodic (even mixing) and its high spatial independence makes
it the canonical random point process. As pointed out before though, =X,; gives rise to numer-
ous analytical issues which prevent the usage of the usual homogenization tools.

The main theorem (Theorem[50) tells us that homogenization is still reasonable for highly irreg-
ular filled-up Boolean models HX driven by admissible point processes X.

It is known for X,.; that there exists some critical radius 7. := r.[A(X,0:)] € (0, 00) such that

B X, only consists of finite clusters for 7 < . (subcritical regime) and

B EX,; has a unique infinite cluster for > 7. (supercritical regime).

The behavior at criticality r = r is still a point of research. For details, we refer to [LP17] for
the Poisson point process X,,; and [MR96, Chapter 3] for the Boolean model =X,;.

We will see in the subcritical regime that

1 Xpoi is an ergodic admissible point process and
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2 EXpoiB is statistically connected which is equivalent to EXpoiE being statistically con-
nected (see Theorem [52).

We therefore make the following assumption for the rest of this section:

Assumption 56 (subcritical regime).
We assume that

r<Te.

Remark 57 (Scaling relation).
. has the following scaling relation

relk®  A(Xpoi)] = e[ AR Xpoi)] = 5[ A(Xpoi)]

7.1 Admissibility of Poisson point processes

The Mecke-Slivnyak theorem tells us that the Palm probability measure (Theorem of a
stationary Poisson point process is just a Poisson point process with a point added in the origin.
This gives us the following lemma:

Lemma 58 (Equidistance property).
The stationary Poisson point process X,.; satisfies the equidistance property for arbitrary r >
0, ie.

P(3z,y € Xpoi | d(x,y) =2r) =0.

Proof. This follows from using the Palm theorem (Theorem[39) on

flz,x) = Z 1{d(z,x;) = 2r}

T;EX
and the Mecke—Slivnyak theorem ([LP17, Theorem 9.4]). O

Corollary 59 (X,; is admissible).
Under Assumption Xpoi is an admissible point process.

Proof. X,,; is not just ergodic, but even mixing ([LP17, Theorem 8.13]). The equidistance prop-
erty has been proven in Corollary [58] Finiteness of clusters follows from the subcritical regime
(Assumption [56). O

DOI 10.20347/WIAS.PREPRINT.2880 Berlin 2021



M. Heida, B. Jahnel, A.D. Vu 42

7.2 Statistical connectedness for Poisson point processes

Proving the statistical connectedness of EXpin (Definition is much harder and does not
immediately follow from readily available results. Our procedure is as follows:

1 We employ the criterion from Section[6] Therefore, we will check that there are sufficiently
many percolation channels for ZX,;.

2 Using the spatial independence of the Poisson point process X,.;, we show that it is
sufficient to only consider 2-dimensional slices.

3 We show the statement in d = 2 using ideas in [Kes82, Chapter 11]. There, the result
has been proven for certain iid fields on planar graphs, including Z2.

Additionally to Assumption [56, we need sufficient discretization for the percolation channels:

Assumption 60 (Sufficient scaling).
Let kg1 € N large enough such that for the critical radius r..
1
5(re—7) > vk}

scale ?

e.g. kscale := [Qﬁ] + 1.

Te—T
Definition 61 (Recap and random field (X ),cza4).
Recall Definition [53] most importantly
d
Z, :=7Z'N[0,n) and K, := X[z, 2z +1]

i=1

as well as the notion of percolation channels for k... and
N(n) : = "maximal number of disjoint percolation channels in Zi".

We define the random field
(X2)zeza 1= (1{EXKpor N Kb Ke = 0}) ez

We say that = € Z? is blocked iff X, = 0 and open iff X, = 1. (This is consistent with
Definition[53])

Theorem 62 (Percolation channels of the Poisson point process).
Under Assumption|56 and Assumption|60, there is a C' > 0 such that Equation holds, i.e.

P(lim sup N(n) > C’) =1.

n—00 nd-1

In particular, EXpoiC is statistically connected (see Theorem .

The rest of the section deals with the proof of Theorem It will follow as a direct consequence
of Theorem [64| (reduction to d = 2) and Theorem [68| (main result for d = 2) which are given
later.
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7.2.1 Spatial independence and moving to d = 2
For disjoint Uy, Us,... C R? and events A; only depending on Xpoi inside U;, we know

that (A;); is an independent family. This is one of the striking properties of a Poisson point
process and we will heavily make use of it. The Boolean model =X,; for radius r still retains

this property in a slightly weaker form and correspondingly the random field (X, ), cza:

Lemma 63 (Independence in large distances).
Let A, B C 7% such that

D)= s 2 )

Then, (X.).ca and (X,).cp are independent.

Proof. (X.).c4 is only affected by points of X,,; inside

Uaim B (LK)

zEA
The same holds for (X ).cp and we check that Equation implies Uy N Up = 0.

Theorem 64 (2-dimensional percolation channels imply channel property for d > 2).
For % € 7.2, we define (compare to Definition[53)

N(;) (n) : = "maximal number of disjoint percolation channels in 7.2 x Z".

If there are C' . po > 0 such that for some z € 7972

lim supIP(Ng)(n) > én) >po >0,

n—oo

then there exists a C' > (0 such that

limsupP(N(n) > Cn®') = P(limsup N(n) >C>0)=1.

(28)

(This proof heavily relies on the independence structure of the Poisson point process, i.e.

Lemmal63)
Proof. X,,.; is stationary, so for distinct z;, 23 € 7.2

p(n) = IP’(N(;)(TL) > C~'n> = IP(N(?) (n) > én)
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Let k := [2rkscaic] + 1. By Lemma|[63] the events on Z* x (kZ;) are independent from the
events on Z? x (kz,). Therefore, (IL{N,(fZ)(kn) > C’n})éezdf2 is an iid family of Bernoulli
random variables with parameter p(n). Then,

P(N(kn) > zifg(kn)dl)

1 .
>IP(For at least Poofthe 2 € 242 . NP (kn) > Ckn)

! ~ 1
“P(—o > HNZ(kn) = Cn} = o).
#Ln | i

By Equation and the law of large numbers, we get

C C
liznﬁsolip P(N(n) > 2/@532 n®t) > liinﬁs;ip P(N(kn) > 2k5§2 (kn)*™") =1.
Setting C' = QSd—pEQ, we obtain Equation after checking
N N
P(hfln_}SOlip nd(ill) > C’) = ligl_ilip IP’( nd(i) > C) =1
which finishes the proof. O

Remark 65. Spatial independence is needed to move from d = 2 to d > 3. The strong
independence properties of X,,,; allow far weaker conditions on N® (n) (positive probability)
than on IN(n) (probability 1). Either way, Theorem |68 shows that P(N®)(n) < Cn) drops
exponentially in n.

7.2.2 d = 2: Definitions and preliminary results

As shown before, we may limit ourselves to a fixed lattice Z? x 0ga—2 ~ Z2. Therefore, we will
often suppress the “anchor point” 04— and just act like we are in Z?2. Our random field from
Definition[6]is then by abuse of notation

(X2)2ez2 ~ (XZ)zeWxOZd,g .

Definition 66 (Vertical crossings).

Consider the (Z?,1>°)-lattice, that is z, 2’ are neighbors iff ||z — 2/|| _ = 1.

An [*°-bottom-top crossing in Zfl is called a vertical crossing. We call a path blocked iff all its
vertices are blocked. We define the quantity

L(n) := minimal number of open vertices in a vertical crossing in Zi.

(The percolation channels lie on the [*-graph, while the vertical crossings lie on the [*°-graph.)
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Figure 6: Disjoint percolation channels vs. vertical crossings. On the left side, we see that we
can only have at most two !-channels. The right figure shows that any [>-vertical crossing
must contain at least two open vertices.

We may work with single vertical crossings instead of collections of percolation channels:

Lemma 67 (Percolation channels vs vertical crossings (see Figure|[g)).
It holds that

Proof. See the proof of [Kes82, Theorem 11.1] based on Menger’s Theorem and [Kes82, Propo-
sition 2.2]. O

The main work is proving the following equivalent of [Kes82,, Proposition 11.1]:

Theorem 68 (Open vertices in vertical crossings).
Under Assumption|56 and Assumption|60, there are C; > 0 such that

P(Jo ~ Z x {n} with at most Cyn open vertices) < Cyexp ( — Csn),

in particular
P(N(n) > Cin) > 1 — Cynexp(—Csn).

The proof relies on a reduction scheme of the path v : 0~ Z x {n}. We divide ~ into several
segments which must either contain an open vertex or contain a blocked path of large diameter.
Since we are in the subcritical regime, the probability of such paths decreases exponentially in
their diameter:

Lemma 69 (Diameter of blocked paths).
Letz € Z2. Under Assumption and kyea1e € N as in Assumption@ there are C'; > 0 such
that

PP(3blocked path v, z € v, diam(y) > n) < Ciexp (— Con) ,

where

diam = max ||z1 — 29| .
2
21,22€7
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Proof. Consider the Boolean model for radius R := 3 (r 4+ r.) < 1, i.e.
EDX i 1= Br(Xpoi) -

Let v = (2™, ..., 2()) be a blocked path in Z? containing z with diameter > n. Since  is
blocked and R — r > \/Ek:s_cile (Assumption , we find for every 1 < i < [ some z; € X,
such that

]Cz(i)mkscaleBr(xi> 7é Q)
and therefore
]Cz(i) - kscaleBR<xi) .
Connecting all the 2 by a straight line, we obtain a continuous path inside kscaleE(R)Xpoi. In
particular, they all belong to the same kscaleE(R)Xpoi—cluster. Then,
PP(Sclosed path 7, z € v and diam(y) > n)
< IP(Z lies in a cluster in kscaleE(R)Xpoi of diameter > n)

< Chexp(—Csn)

since the occurrence of large clusters drops exponentially in their diameter (IMR96, Lemma
2.4)). O

7.2.3 Proof of Theorem 68| (open vertices in vertical crossings)

Let n € N. As pointed out before, follow the procedure in [Kes82, Proposition 11.1] but fitted to
the continuum setting. We define A(z, k) for z € Z* and k € N as

A(z, k) := {31°-path z ~ Z x {n} with at most k open vertices }.

The idea is to break up the path o ~ Z x {n} into multiple segments (see Figure . In each
segment, we can either reduce k by 1 or employ Lemma We set
§:=[2rkscae| +1
B(z,8) i ={veZ’||z- UHOO < s}
BX(z,5):={v €Z2|||Z—UHoo < s+5}
D*>(z,s) :

(z,8) :={veZ’||z- ’UHOO = 5+ §+ 1} = "boundary of B5*(z,s)” .

These boxes are defined so that the following holds: For fixed z € Z?2, we have by Lemma
that the random variables (Xv)vero(z,s) and (Xv)vez2\Bg°(z,s) are independent. That means
the state of the vertices in B{°(z, s) is independent from the state of the vertices in Z?\ B5°(z, s)
— B3°(z, s)t. Additionally, we define the probability

9(z,5) :==P(32 ~ B{*(2, 5)" blocked inside B{°(z, 5)).
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The key inequality for the iteration in & is the following

P(A(z,k)) < Z [g(z, s)P(A(v,k)) +P(A(v, k — 1))] (30)

vED>®(2,s)

for z = (21, 29) € Z* whenever 2z < n — (s + 3).

Proof of Equation (30). Consider the event that for some v € D>(z, s), we find a path v ~
Z x {n} that has at most k — 1 open vertices, i.e.

E = U A(v,k—1).

vED>(z,s)

Now assume that the event A(z, k)\E happens. Take a path v = (z,0", ... v()) with

v8) = n and at most k of the v¥ being open. Let i1 be the last index with v € D>(z, s).

This i, exists since 2o < n — (s + §), so 7y has to pass by D*(z, s) to reach Z x {n}. For
this i1, we know that (v, ... v1)) completely lies in B5°(z, s)E. Since E does not happen,
it must have & open vertices. (z, v, ... v()) is a path from z to B®(z, s)E that is blocked
everywhere except its end. Therefore,

A(z,k)\E C U {32 ~ B{*(z,5)" blocked in B(z, s) and

vED>(z,s)

Jv~ Z x {n} in BS(z, s)° with at most k open vertices } .

C

As mentioned before, the events in B°(z, s) and B3°(z, s)* are independent from each other.

This gives us

P(A(z,k)\E) < > P(3z~ B2, )" blocked in B{*(z, s) and
vED>(2,5)
v~ Z x {n} in BS(z, 5)° with at most k open vertices)
= Z P(3z ~ B(z, 5)® blocked in B (z, s))
vED> (2,5)
xP(Jv ~ Z x {n} in B*(z, $)® with at most k open vertices)

< Z 9(z,5)P(A(v, k)).

vED>(z,s)

P(A(z, k) <P(A( \E) +P(E) < Y [g(z, $)P(A(v, k) + P(A(v, k — 1))}

vED>®(z,s)

concludes the proof of Equation (30). O
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Figure 7: B{®, B3°, D> and decomposition of paths (left-right crossing instead of top-bottom)

Observe that the reduction in k can only happen until & = 0, so more g(z, s)-terms have to
show up at some point. Since any path z ~ B{°(z, s)C has diameter of at least s, Lemma @
tells us that g(z, s) < Crexp (— Css) for Cy, Cy > 0 independent of z and s. Choose s

large such that

g(z,8) - #D>(2,5) < Crexp (— Cas) -8(s+5+1) <

For simplicity, we introduce

ify =20
D> :=D>(o,s) and  h(z,y):= 9(z,8) ity
1 ify=1.

and rewrite Equation (30) into

P(A(z, k) < > h(z,y)P(A(z + oWk — 1)) .

vMeD>, y1€{0,1}

| =

We now iteratively use Equation (37) up to [ times as it is only applicable when zo < n—(s+35).
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All the v are summed over D> and all the y; over {0, 1}.

P(A(o, k))
- Z P<A(v(1)+"'+v(1)vk_yl—"'—yl))Hh(U(l)+...+v(m—1),ym)

Z<l ’U( )’yz mgl

(1)+ +U(l><n—(s+s)
ity <k

]P’(A('U(l) 4. ‘),k—yl — =)
+ Z Z X I1,,< (v“ +...+U(m_1)7ym)
e << i<jw® y; <

v ol D <n—(s43)
vél) +---+vé'7) >n—(s+3)
y1+-+y; <k

< Z <#Doo sup h(v,ym)>l+ Z Z (#DOO sup h(v,?/m)>j

2 2
Y10yl vEZ 5 n—(s+3) Y1,--Yj vEZ .
Y1ty <k va<n—(s+3) T SJst yi oty <k va<n—(s+3)

We iterate as long as 0+ vél) +. (j) — (54 8), otherwise we stop for 0+ vél) +. vg)
and land in the second summand. Only y1+ -+y; < k matters since A(z,m) =0 whenever

m < 0. Also observe that v(l) + -+ v( ) > > n — (s + §) can only happen if
_ —(s+3)
)= s+s5+1

since we “gain” at most s 4 5 + 1 to the second component in each v(¥.
Let a > 0 be large enough such that

1 1
6l@):= D s #D*-h(zy) e V< T HDT NS
velo) L, s

Then,
]P’(A(o, k)) < eF Z (#DOO sup  h(v ym> He bi
. veZ? i
<k va<n—(s+3) <!

+e* Z Z (#D‘X’ sup  h(v ym> He i

(s+s)< i<l Y1,---Y5 veZ? i<j
sTatl SIS0y oy i<k v2<n—(s+3)

l
< efgla) we 30 ofay et o).

—(s+3)
j— s+5+1
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Since [ € N was arbitrary, we get

]P’(A(o, k:)) < ook 9~ "L ok [%—1} 2 _ o cok—Cin,

Now we finally make use of k. Setting C'5 := g—; and k := Csn, we obtain the claim

P(A(o,C5n)) < Cyexp (— %Cﬂl) .
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