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ABSTRACT. We investigate a control problem for the heat equation. The goal is to find an op-
timal heat transfer coefficient in the Robin boundary condition such that a desired temperature
distribution at the boundary is adhered. To this end we consider a function space setting in which
the heat flux across the boundary is forced to be an LP function with respect to the surface mea-
sure, which in turn implies higher regularity for the time derivative of temperature. We show that
the corresponding elliptic operator generates a strongly continuous semigroup of contractions
and apply the concept of maximal parabolic regularity. This allows to show the existence of an
optimal control and the derivation of necessary and sufficient optimality conditions.

1. INTRODUCTION

The usual function space for the study of linear parabolic optimal control problems is
W(0,T) = {u € L*(0,T; X) | u; € L*(0,T; X*)},

where X is a Banach space with its dual X*, see, e.g., [49]. However, for the case of non-
Dirichlet boundary control problems this choice is somewhat unsatisfactory. From physical point
of view it would be desirable to interpret the controls in terms of measurable functions on the
boundary, but this is impossible if the solution is considered only in (0, 7). In other words the
control space and the state space are not consistent. Hence, the goal of this paper it to present
a new approach, where the boundary flux is forced to be a measurable function.

As a model problem we discuss the optimal control of an active heat sink device, where thermal
energy, generated by a heat source f(¢) and transported by conduction inside the domain €2
has to be transferred through the boundary I'. To this end, the boundary heat flux is controlled in
such a way that a desired temperature w4 is adhered on I'. Typically, technical cooling devices
only allow for a change of the amount of coolant or the coolant pressure, corresponding to a
spatial and temporal change in the heat transfer coefficient g, which will serve as our control
variable.
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FIGURE 1. Boundary control of a time dependent heat source.

This corresponds to the minimization of the cost functional
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(1.1) J(u,q) = %//(u — ug)?dx dt + %//q(w,t)Zdop dt
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subject to the parabolic equation

(1.2) u' —V-uVu=f u(0)=u,
combined with mixed Dirichlet/Robin boundary conditions

(1.3) u=0 on Jx(0Q\TI)

and

(1.4) v uNVu(t) + q(t)u(t) = g(t) on JxT.

Here g and g are bounded, measurable functions on the interval J =]0, T'|, taking their values
in the space of functions on I" which are bounded and measurable with respect to the surface
measure.

It is well known that the question how to treat parabolic equations with inhomogeneous Neu-
mann conditions in case of non smooth data of the problem is a delicate one. There are ap-
proaches in the literature ([34], [30], see also [35]) where the Banach space under consideration
is a negatively indexed Sobolev space of type H % ora Sobolev-Morrey space. The serious
disadvantage of this, however, is that one does not know in the end that for any time point the
divergence of the current is sufficiently regular; one only obtains that it is a distribution. But it
would be highly satisfactory to know that the normal flux v/ - pVu(t) over any part of the bound-
ary is well defined by Gauss’ theorem. The continuity of the normal flux component plays an
essential role in connecting and embedding of potential flow systems, as well as in electronic
device simulations, where the normal flux on the boundary is often coupled to an electric current
which stems from a discrete circuit model [17, 23].

In order to motivate our choice of the Banach space, let us recall the following distributional
version of Gauss’ theorem

(1.5) /Q,quo -Vipdx = — /Q div(uV ) Ydx + (v - pV, tr())s.

Here (-, -)5 denotes the duality between H 2-2(9€2) and H ~22(82), see [50, Ch. 1.1] for further
details. This shows the following: if one intends to define the operator —V - 4V via the form
on the left hand side of (1.5) and aims at the inclusion of inhomogeneous Neumann conditions,
one must choose the corresponding Banach space in a way, such that it includes distributions,
which live on the corresponding boundary part, see [24, Ch. 11.2] or [12, Ch. 1.2] for a detailed
discussion. In this spirit, we take — following [3], [31], [51], [20] — the Banach space X as LP =
LP(QUT; dx+dor), where dx is the Lebesgue measure on €2 and ot is the induced boundary
measure on the boundary part I'. This has — in comparison with the concepts in [30, 34] — the
advantage, that the distribution v - 11V is forced to be a L?(I"; dor)- function. Consequently, the
equation may be tested by indicator functions, and then again Gauss’ theorem may be applied.
This enables local flux balances, which are crucial for the foundation of Finite Volume methods
for the numerical solution of such problems,[5], [21] and [22]. B

The outline of the paper is as follows. In Section 2 we study properties of elliptic operators on L”.
Since the treatment in [20] is restricted to constellations of high regularity for the data and the
treatment in [51] is a very abstract setting in terms of Dirichlet forms, we present here another
approach which is, firstly, selfcontained and, secondly, avoids any smoothness assumption on
the data, in particular, on the domain. This largely extends the applicability of the theory to
real-world problems. In doing so, the construction of the operators on the spaces L” and the
investigation of their properties become very transparent. This is based on the assumption that
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() is a Lipschitz domain and I is a suitable part of the boundary (2 U I" has to be regular in the
sense of Groger [32], see details below). We exploit a C'“-regularity result of Griepentrog and
Recke [28] in order to define the corresponding operators A, as the maximal restrictions from
H;LQ to X := LP(Q U I';dx + dor). Due to a recent result of Cialdea/Maz'ya [11] we are
then able to show that the divergence operators are accretive on the above introduced Lebesgue
spaces. Let us mention that we require only boundedness/ellipticity of the coefficient function 1
— not its symmetry. This leads, via the Lumer-Phillips theorem, to the generator property of a
contraction semigroup on every such L? space.

In Section 3 we apply the results to the parabolic equation. In contrast to the papers [51], [20]
we aim here at maximal parabolic L (]0, T']; X )-regularity, c.f. Theorem 3.2 and Theorem 3.7,
in order to get the possibility of the treatment of equations with discontinuous in time bound-
ary conditions. This is achieved by an application of the pioneering result of Lamberton [39,
Cor. 1.1]. Choosing the integrability index 7 sufficiently large, one can show that the solution in
fact is Holder continuous simultaneously in space and time. Using this, a perturbation argument,
preserving maximal parabolic regularity, allows to include also inhomogeneous boundary con-
ditions. Afterwards we derive a priori estimates in terms of the data — even uniform for bounded
sets of functions q.

In Section 4 we finally study the optimal control problem. The regularity results of the previous
section allow to prove the existence of an optimal control and the derivation of necessary and
sufficient optimality conditions. Optimality conditions for optimal control problems governed by
semilinear partial differential equations have been addressed by numerous contributions in the
recent past. Regarding elliptic optimal control problems we mention [7, 8, 9, 10] and the refer-
ences therein. In particular we refer to [36], where a semilinear elliptic boundary control problem
with mixed boundary conditions and non smooth data is considered. Second order optimality
conditions for control problems governed by instationary equations have been discussed e.g. in
[26] and [44]. In comparison to the very general and abstract setting of the latter contribution the
main novelty of this paper is that we can allow for mixed boundary conditions and the control of
parameter function, e.g. the heat transfer coefficient function.

2. ELLIPTIC OPERATORS ON Ep

2.1. Notations, definitions. Throughout this paper £(.X;Y") denotes the space of bounded
linear operators from X to Y, where X and Y are Banach spaces. If X = Y, then we abbre-
viate L(X).

In the sequel € will always be a bounded Lipschitz domain in R? and I" a part of its bound-
ary, which may be empty. If p is from [1, 00[, then LP = LP() is the space of complex,
Lebesgue measurable, p—integrable functions on €2, and H? = H“’(Q) are the usual spaces
of Bessel potentials, see [47, Ch. 4.2.1] or [46, Ch. V.3]. Note that the space H Y is identical
with the Sobolev space W4, L>® = L[>°(Q) is the space of Lebesgue measurable, essen-
tially bounded functions on €2, and C® = C*(1Q) the space of up to the boundary a—Hélder
continuous functions on €.

We assume that 2 U I is a regular set in the following sense:

Definition 2.1. Let 2 C R? be a bounded domainand I' C 9 be an open part of its boundary.
Q U T is a regular set if for every point x € S there exist two open sets Uy, V, C R?
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and a bi-Lipschitz transformation ¢, from U, onto Vy such that, x € Uy, ¢x(x) = 0, and
Ox (Z/IX Nn(QuU F)) coincides with one of the three model sets

El = {yeRd:yla"wyde]_lvl[ayd<0}a
(2.1) Ey, = {yeRY:y,...,ys €] —1,1], yg < 0},
Ey = {yGEQ:yd<Oory1>0}.

Remark 2.2. The above concept coincides with Grdger’s definition of regular sets, cf. [32],
which is well adjusted to mixed boundary value problems. We can identify I" with the Neumann
and 02 \ T with the Dirichlet part of the boundary JS). An essential point is that one can
prove the existence of a continuous extension operator £ : H7(Q) — H9(R?) which also
continuously extends all L spaces, see [25, Thm. 7.25]. Thus one obtains the usual embedding
theorems H 19 «— LP.

In two and three space dimensions one can give the following simplifying characterization for a
set (2 U I to be regular in the sense of Groger, see [36]:

If Q C R?is a bounded Lipschitz domain and I' C 92 is relatively open, then 2 U I is regular
in the sense of Gréger iff 92 \ I is the finite union of (non-degenerate) closed arc pieces.

In R? the following characterization can be proved: If @ C R? is a Lipschitz domain and I" C 92
is relatively open, then €2 U I" is regular in the sense of Groger iff the following two conditions
are satisfied:

) 0Q\Tis the closure of its interior (within 09).
i) forany x € T’ ﬁ_(&Q \ T') there is an open neighborhood &/ > x and a bi-Lipschitz
mapping x : UNTN(OQ\T) — |-1,1].

Definition 2.3. We define Hfl’q as the closure in H% of the set

(2.2) () {ulo : w e CF(RY), supp(u) N (92\T) = 0},

and H " as the space of continuous antilinear forms on H.”', where 1/p + 1/p/ = 1. We

will always denote the (anti-) dual pairing between H%’q and FIF_I"]/ by (-, ) and note that this
pairing extends the scalar product in L? (compare [6, Ch. 1] or [42, Ch. 1.4.2]).

As the boundary measure o on 92 we take the (d — 1)-dimensional Hausdorff measure H% !,
restricted to 0€). (Due to the property of {2 of being a Lipschitz domain, the measure o can
be constructed explicitly in terms of the local bi-Lipschitz charts around the boundary points,
(compare [19, Ch. 3.3.4 C] and [33]).

2.2. Prerequisites. In this section we introduce our notations and collect several important
ingredients that are necessary for the establishment of the main results.

Lemma 2.4. i) o may be viewed as bounded, positive Radon measure on Q, which addi-
tionally satisfies

(2.3) sup sup o(B(x,r)NQ)r ™ < oo,
xeR4 r€]0,1]



where B(x, ) denotes the ball centered at x with radius r.
i) If0 €]2,1], then H** continuously embeds into L(9%, do).

Proof. i) is proved in [33]. Basing on i), ii) is proved in [34, Thm. 3.6]. 0

Definition 2.5. We define the measure o on I" as the restriction of o to I'. Further, we define,
for any p € [1, 00|, the space L? as the usual Lebesgue space LP(Q U T, dx + dor).

Remark 2.6. L7 is topologically isomorphic to the direct sum LP(Q) @ LP(T; dor).

Lemma 2.7. i) Assume d = 2. Then H\” continuously embeds into L"(0S; do) —
L™(T;dor) forallr € [1,00].
i) Assumeq < dandr < q;’%;. Then H%’q — H"1 continuously embeds into L™ (0S2; do) —
L™(T; dor).
iy Assumeq < dandr < qj%é. Then HI{"’ — H19 continuously embeds into L.

Proof. i) Sobolev embedding gives H> < HIZ%’T for every r €]1, co[; thus Lemma 2.4 ap-
plies.

i) The supposition and Sobolev embedding give H 9 — HY" for some 6 > % Hence, one
may apply Lemma 2.4.

iii) In view of Remark 2.6 and ii) it remains to show that /79 continuously embeds into L". But,
due to Sobolev embedding H !¢ continuously embeds into L*, whenever s < %}. [

Definition 2.8. Let ;1 = {'ukvl}kl : ) — B(R? R?), be a measurable mapping into the set
of real d x d matrices, satisfying the relations
d

d
(2.4) 114(x) || cresray < p® and Z e (%) Ek & > o Zfi
pt

kl=1
forallx € Q,allé = (&, ...,&) € R% and two strictly positive constants /1, and z°.
Let t be the following sesquilinear form on H” x H}*

def

(2.5) tj, ] = /(,ugradzb,grad ©)ca dx.
Q

t defines an operator —V - iV : H? — ﬁ;l’z by putting (—V - uVb, ) == t[1), p].

Remark 2.9. It is easy to check that the form t is sectorial; precisely: its numerical range is
contained in the sector S := {z € C : |Jz| < I’j—%z}

In the sequel we maintain the notation —V - 1V for the restriction of the operator —V - 'V to
any of the spaces Flfl’q, if g > 2.

The following regularity result for elliptic boundary value problems is one essential ingredient in
our subsequent proofs.

Proposition 2.10. Let 2 U I' be a regular set in the sense of Definition 2.1, and 0 < pe <
1® < oo be the constants from (2.4). For every number ¢ > d there exist a constant o« =
a(q, pe, u*,Q,T) €]0, 1] such thatdOmﬁl:Lq(V - pV) — C*.
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Proposition 2.10 was proved in [28, 29] within the scale of Sobolev-Campanato spaces. A sim-
pler proof, only in the H “I_scale, is given in [36], but limited to the cases d = 2, 3, 4.

Proposition 2.11. If¢ > d and 6 €]0, 1| is sufficiently close to 1, then even the interpolation
space [Hy b4 dom b (V - uV)]y continuously embeds into a suitable Hélder space C”.

Proof. We know from Proposition 2.10 the continuous injection dOmHF—I,q(v - uV) — C*.

Using the reiteration theorem for complex interpolation (c.f. [47, Ch.1.9.3]), one gets for 6 €
5,1
[H M, dom—1.4(V - iV)]p = (A ydomj—1.4(V - pV)]1, domy-1a(V - V)],
— [[H"? domH_lz(V uV)]s, domy-1a(V - pV)]
= [[H:", Hy?), ;dom-1a(V - V)]
= [L2, domﬁgl,q (V : ,U/V)}

Forthcoming [Lz, domgrfl,q(v ’ Mv)}ze_l

sition 2.10, and this last interpolation space is known to embed into a suitable space C?, if 8 is
sufficiently close to 1 (see [27, Ch. 7] for details, compare also [48]). ]

20—1
20—1

20—1°

continuously embeds into [L?, C'“]5y_; by Propo-

In order to define the maximal restriction of —V - 1V to LP we must first explain in which way
LP(QUT, dx + dor) embeds into Hy. "

Definition 2.12. We define the embedding operator & : L*(Q UT, dx + dop) — I:IF_1 2

(2.6) (€f,9) = [ fRP(x)dx+dor, € Hp?.

Qur
We recall that this is justified because every ¢ € H} 12 s square mtegrable with respect to

dx + dor. Thus, for p > 2, LP(Q U T, dx + dor) is embedded into H 12 Via the natural
injection LP(QUT, dx + dor) — LQ(Q UT,dx + dor) and €.

Remark 2.13. i) & is a continuous injection, because the scalar products with all H%Q-
functions determine an element f € L*(Q U T, dx + dor) uniquely.
ii) Itis essential to observe that the embedding & extends the usual embedding of L?(2) —
]5[;1’2 in the following manner: identifying any element f € L?(£2) with its extension to
QUT by 0, one has for all ¢ € H}-

€)= [ f&B)dx + doy = / F()T(x)dx

Qur

Lemma 2.14. Ifp > d, then LP continuously embeds into a space H: VY with e = €(d) > 0.

Proof. Obviously, it suffices to show the claim for p = d. One has the continuous embedding

= o T_d_
L — Hp L for some ¢ > d if HI{’S continuously embeds into L -1 for some s € |1, d%[.

1
Putting ¢ := -4 one obtains qj%}l = 921 what is larger than - Hence, taking s € [1, 7%[
sufficiently close to 7%= it remains 7% < s%=1, and one may apply ii) of Lemma 2.7. O

Lemma 2.15. i) Thereisap = p(d) > 2, such that (—V - uV + 1)~ continuously maps
L? into L.
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ii) Thereisana > 0, such that foreveryp > d, (—V-uV+1)"t € L(LP; C*) — L(LP).
1 R
iii) Definingr = r(0) = (% + g) and s = s(0) = {£; one has (—=V - uV + 1)1 €
L(L"; L*). The function § — s(8) — r(f) is positive and strictly increasing on [0, 1].
Proof. i) In the case d = 2 the assertion follows directly from Lemma 2.14 and Proposition 2.10.

Assume now d > 3. Exploiting Lemma 2.7 and duality, one gets L2 < 1{[1:1’2. This implies the
continuity of

(2.7) (=V - uV +1)"1: L HY? — TP,
witha p = p(d) > 2, see Lemma 2.7.
ii) is implied by the embedding L? — Hlfl’dJre (e > 0) and Proposition 2.10.

iii) The first assertion follows from i) and ii) by Riesz-Thorin. The second is a straightforward
calculation. O

2.3. The operators A,. We will start with the definition of the operator A,,. Furthermore, we
elaborate important properties of the operator.
Definition 2.16. For p > 2, we define A,, as the maximal restriction of =V - 1V to P,

Lemma 2.17. Assume p € [2, 0.

i) The domain of A, is contained in LP. Hence, A, can be understood as an operator on

Ep, which is, additionally, a closed one.
iy Ifp > d and @ €)0, 1] is sufficiently close to 1, then there is a (3 > 0 such that even
[LP, domz,(Ap)]g — CP.

Proof. i) It suffices to prove (—V - uV + 1)_1 € L(LP), which is implied by Lemma 2.15.

i) follows from Proposition 2.11 by means of the continuous embedding P L[4 I:IF_I"HG,
c.f. Lemma 2.14. ]
Remark 2.18. i) Inthe spirit of Lemma 2.17 we will only write dom(A,,) instead of domz,(A,)

in the sequel.

i) A,+1is a fortiori a surjection onto LP because it is the maximal restriction of —V-uV+1
to LP,and —V - 1V + 1 is a surjection onto ﬁr_m by Lax-Milgram.

iii) Lemma 2.17 shows that an element ¢» € H}” belongs to dom/(A,) iff the antilinear form
H? 5 ¢ — [, ¢] is continuous, when H}-” is equipped only with the L¥ norm.

Let us conclude some basic properties of As:

Lemma 2.19. i) Ao generates an analytic semigroup of contractions.
iy Ay = Ay, where A is the operator which corresponds to the adjoint coefficient function
.
i) Let v be the Hélder exponent from Proposition 2.10.
There is a positive integer j such that the mapping

(2.8) (Ag + 1)7j TL2—— C% s [

is well defined and continuous. If d = 2, then j = 1 works.



iv) Further, each semigroup operator e t2 ¢t >0, maps L2 continuously into C'* — L.

Proof. i) The form t is sectorial (compare Remark 2.9); hence one has the estimate ||(As —
1

z)—lHﬁ(Zg) < TS’ since Ay + 1 is a surjection, c.f. [38, Ch. V.3.1]. In particular, one has
(A2 + )Yl g2y < +fort > 0 and may apply the Hille-Yosida theorem in order to obtain
the contraction property of the semigroup.

ii) To the coefficient function ;1* there corresponds the adjoint form t* and to this the adjoint
operator A, see [38, Ch. VI.2.1].

iii) The assertion follows from Lemma 2.17 (ii): when applying (A + 1)_1 several times, starting
in Zz, the integrability index in the target spaces improves in every step more as in the previous
one. Thus, one ends up after finitely many steps in L. Then applying (A, + 1)~! a last time,
Lemma 2.17 gives the assertion.

iv) Let j as above. There is

e HL(ZQ;CQ) < H(AZ + 1)7j||z:(i2;ca) H<A2 + 1>j€7tA2 Hc(i?;i?)'

The first factor on the right hand side is finite according to the foregoing assertion. The second
one is finite due to the fact that A, — as a maximal sectorial operator on a Hilbert space — admits
a bounded holomorphic calculus, see [13, Ch. 2.10]. [

le

The next result contains the essential step towards maximal parabolic regularity of A,, on LP.
Theorem 2.20. For every p € [2, 0], A, generates a strongly continuous semigroup of con-
tractions on LP.

The proof will follow from several subsequent lemmas.

Lemma 2.21. Let1) € H\” be bounded and r > 0. Then there is sequence {1y}, from
C5°(RY) such that supp(1,) N (O \ T') = 0 and the sequence { (V| || Vnla) }n con-
verges in H'? x H"? to (1, [)|")). In particular, |1|"p € H>.

Proof. Due to the definition of H.', there is a sequence {1}, of C5°(R?)-functions with
supp(h,) N (ON\T) = 0 and ,,|q — 1 in H'? for n — oco. Let ¢ be a bound for |¢|. Let us
put @, := max(—c, min(c, R),)) and ¢,, := max(—c, min(c, I, )). By a classical result
of [41] we have:

(29)  ¢nlo = max(—c, min(c, Rip,|q)) — max(—c, min(c, Rp)) = Ry in H?

and

(210)  ¢n|o = max(—c, min(c, Stnlq)) — max(—c, min(c, $v)) = S in HY2.

Obviously, ©,,, (;Bn are no more C'™ functions, but uniformly bounded, and their supports do not
intersect O \ T'. By a usual mollifier argument, we obtain functions ,,, ¢, € C>(R%) with
the properties |, | < ¢, [¢n| < ¢, supp(pn) N (OQ\T) = supp(é,) N (02 \T) = 0 and

) R 1
(2.11) 16n = @nllimz@e) + 6n = ullm 2@ <

Finally, one estimates

llon +ignl"(on +idn)la — [ |12 <



(2.12) |||90n + i¢n|r(90n + Zgbn) - |¢n + Zgbnr(@n + Z.an)HHl»?(]Rd)'f‘

(2.13) 1|@n + idn|"(Pn + in)la — [ Y[ 2
and observes that both, (2.12) and (2.13), tend to 0, due to (2.9), (2.10), (2.11) and the uniform
boundedness of the functions ©,,, On, P, On- O

Lemma 2.22. /fp € [d, o], then the operator — A, is dissipative, cf. [43, 1.4 Def. 4.1].

Proof. According to Lemma 2.15, every ¢ € dom(A,) C Hp* is a bounded function on €. In
view of Lemma 2.21 we thus have (1, |1)|P~21) € dom t. This implies by the definition of A,,

| 615 do o+ dov = s ol 2.
ur

Hence, one has only to show that

(2.14) —Rt[, [Y 2] < 0

for every ¢ € dom(A,) (whatis called in [11] the LP-dissipativity of the form t). We show (2.14)
first for functions 1 € C2°(2) (c.f. (2.2)), thereby proceeding as in the proof of Lemma 1 from

[11]: putting ¢ := WJI%w one obtains
s t[W?ﬂW’p*Q] = §R/<Mvw, V(’w‘p72w)>(cdd)(
Q

. / 1 (10170), V(10|57 o) )eudx
Q

(2.15)

) _
3“%( (HV @, Vo)cadx — (1 - 5) /<(u — 1)Vlel, %V@@dx
Q

<1 - 1_9) Q/<W|90| V|90|><cddx>

Again following [11], we put ® := %(TZ—'V@) and ¥ := %(%Vgp). Recalling that /2 was a
real coefficient matrix, one calculates

§R/ uNV o, Vip)cadx = ?R/ Vgp, ch)cddx

||

Q

Q
</L(I), @)Cddx' + /(,LL\IJ, q’)(cddx
Q

o)

ein R / (1 — 1)V gl 2
Q |80‘

219 R [ (el Vieleuds = [ (1, @)cad.
Q Q

Josds = [ (3(u = )2, W)cudx =0,
Q
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Inserting this into (2.15), one obtains (2.14) for all ©» € C°(£2). Let now 1) be any element
from dom(A,). Since ¢ is bounded, there is a sequence {t, },, from C§°(R?) such that the

sequence {(Vn|q, [Un| " Unla)}n C C°(Q) converges in H? x H'? to (¢, [1|"), c.f
Lemma 2.21. Thus, (2.14) extends from C°(€2) to dom(A,,) by the continuity of t. O

Lemma 2.23. Assume p € [d, 0|.

i) dom(A,) is dense in L.
iy —A, is the generator of a strongly continuous semigroup of contractions.

Proof. i) The density follows from the dissipativity of —A,,, proven in Lemma 2.22, the surjectivity

of A, + 1 and a well known theorem, heavily resting on the reflexivity of L» (cf. Pazy [43, 1.4
Th. 4.6]).
i) follows from i), Lemma 2.22 and the Lumer—Phillips theorem [43, 1.4 Th. 4.3]. (]

Lemma 2.24. If p is any number from [2, oo| then dom(A,) is dense in LP.

Proof. The assertion is already proved for p > d. Let now p be from [2, d[; then dom(A4) C
dom(4,). Hence, as dom(A) is dense in L% and L% is dense in L?, dom(A,) must be
dense in L. m

In order to prove Theorem 2.20, it remains to show that A, also generates a continuous semi-

group of contraction on L, if p € [2,d[. This is proved for p = 2 in Lemma 2.19 i), what, in
particular, finishes the case d = 2. If d > 2 and p €]2, d[ one obtains by Riesz-Thorin

< ez <1

el ) < Tle™ A4 2

with 0 = dp 2 Further, for ¢ € L%, limy, g [le™ %) — |7, < climy o [|le 40 — |70 =
0. But, by the density of L% in LP, the equality limy, .o ||e~4re) — Y|z, = 0 extends to all
i € L, due to the property [le 47| . 7,y < 1.

Theorem 2.20 justifies the following definition, supplementing Definition 2.16:

Definition 2.25. For p € [1, 2], A, is the adjoint of ;1;/, where ;1;/ is again the operator which
corresponds to the adjoint coefficient function z* on the space L” with p = p/(p — 1).

Remark 2.26. Due to Lemma 2.19, the restriction of A,, to L2 equals As, if p € [1, 2[. In other
words: A,, is an extension of A, and an extension of A, if ¢ > 2.

With the help of classical duality results one easily reproduces the statements on A, for the
case p €|1,2[:

Theorem 2.27. Suppose p €1, 2].

i) A, is closed and densely defined.
iy A, generates a strongly continuous contraction semigroup on L”.
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Proof. i) See [38, 111.§5 Th. 5.29].

i) In view of
-1 —_ -1\ *
(2.19) (Ap+p) = ((A% +p) )
(see [38, 111.§5 Th. 5.30]) the assertion follows from i) and the Hille-Yosida theorem. O

Lemma 2.28. The semigroup e t2 t > 0 induces semigroups of contractions on L and L',

Proof. From Lemma 2.17 i) we know that e =42 € £(L>, L*); and {e~ tA?} obviously

forms a semigroup on L. It remains to show the contractivity of e*”‘2 on L™, Indeed due to
the contractivity of e =42 on L? for all p € [2, 0], there is for all ) € L

le™ ¢z = [le™ ]z, < IWllz = W]z

N.B. If o € L, then lollzee = limyoo|l@||7,- Let us turn to the L* case: by Lebesgue
dominance and the contractivity of e =47 on L” (p # 1) one has for every ¢ € L?

le= 20|z <= e 9|z, < Il 2= W1l

Thus, e*4? is a contraction operator on LQ,E this space is equipped with the L' norm. Obvi-
ously, it extends to a contraction operator on L. O]

OO‘*p pﬂoo

1(—p

3. THE PARABOLIC EQUATION

In this section we will draw conclusions for parabolic equations. Throughout this section J al-
ways denotes a bounded interval |0, 7’| and X a Banach space. Let us first define two further
function spaces: by W1*(.J; X) we denote the subspace of functions from L*(.J; X) which
have a distributional derivative, also belonging to L*(J; X) (see [2, Ch II.1]). By Wol’s((]; X)
we mean the subspace of W1¥(.J; X) whose elements take the value 0 € X in the point
0€eJ.

Definition 3.1. Let 1 < s < oo and D be a dense subspace of the Banach space X . Assume
that A : J € t — A(t) € L(D; X) is a bounded, strongly (Lebesgue) measurable mapping,
where each A(t) is a closed operator with D as its domain. We say that .4 satisfies maximal
parabolic L*(.J; X )-regularity, if for any f € L°(J; X) there exists a unique function u €
Wy *(J; X) N L*(J; D) satisfying

(3.1) w4+ A(u = f,

where the time derivative is taken in the sense of X -valued distributions on J (see [2, Ch III.1]).

We proceed with some comments concerning maximal parabolic regularity:

i) If A satisfies maximal parabolic L*(.J; X') regularity, then the mapping
Wy (J; X)NL*(J; D) 3 u— o'+ Au € L*(J; X) is a continuous bijection. Hence,
the inverse is continuous by the open mapping theorem, and the solution u of (3.1) admits
the estimate
[0l Loy + [lwll e rspy < el fllzarix)-
for some constant ¢, independent from f.
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i) If A = A is the constant mapping, then it is well known that the property of maximal
parabolic regularity of A is independent of s € |1, 00[ and the specific choice of the
interval J (cf. [16]). In this spirit, we then simply say that A satisfies maximal parabolic
regularity on X.

iii) If an operator A satisfies maximal parabolic regularity on a Banach space X, then its
negative generates an analytic semigroup on X (cf. [16]).

iv) If X is a Hilbert space, then the converse is also true: The negative of every generator of
an analytic semigroup on X satisfies maximal parabolic regularity, cf. [15] or [16].

v) Observe that (see [2, Thm. 4.10.2])

(3.2) W (J; X)NL*(J; D) — C(J; (X, D),_1 ).
Theorem 3.2. For any p €]1, co[ the operator A, satisfies maximal parabolic regularity on L.

Proof. For every p € [1, o0] the semigroup operators et are contractions on Z”, according

to Theorem 2.20, Theorem 2.27 and Lemma 2.28. Moreover, the semigroup, generated by Ag
on L2, is analytic, see Lemma 2.19. Thus, the result of Lamberton, cf. [39, Cor. 1.1] gives the
assertion. O

Definition 3.3. Let us fix a bounded, measurable L?(I")-valued function ¢ on J. Then we define
for» € C'(§2) and any t € J the operator B(t; q) : C(2) — LP(T") by

(3.3) B(t;q)¢ = q(t)¢]r-
Furthermore, we introduce B(+;q) : J 3 t — B(t;q).

Theorem 3.4. Assume p > d, s €]1,00] and q as above.

i) Then A, + B(-;q) also satisfies maximal parabolic L*(.J; Zp) regularity.
—1 ,
i) The norms ||( + A, + B(:;9)) ||ﬁ(LS(J;Ep);LS(J;dom(Ap))mW&,s(J;ip)) are uniformly
bounded, if q runs through a bounded subset of L*>°(.J; LP(I")). In particular, for every
f € L*(J; LP), the set of solutions for the equations

u' 4+ Ayu+ B(,qu=f

is bounded in L*(.J; dom(A,)) N Wy*(J; LP)), if g runs through a bounded subset of
Lee(J; LP(T)).

Proof. i) Due to Lemma 2.17 ii) there is a # €]0, 1] which allows the continuous embedding
[LP, dom(A,)]ls — C(Q). Applying the interpolation inequality and Young’s inequality, this
gives for all ) € dom(A,) the estimate

Wl < A iy < STy + 7 (5) ™ 15

for every § > 0. Let us denote the operator which assigns to the function f € L"(J; Ep) the
solution u of

ou

E%—Apu—i-/\u:f, u(0) =0
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-1
by (% +A,+ )\) and show

< for A>0.

(3.4) H(6t+A +A %

-1
) HE(L’“(J;LP

-1
As is well known, <% + A, + )\) acts as

0 -1 !
( o5 T At A) ft) = / e~ =Wt £(5) ds.
0
Due to the contractivity of the semigroup operators e =4

P 0on Ep, one can thus estimate
9 -t " i) Y
(54 t2) O <[ NS ds = e xgpr* 1O (0
pr 0

From this, (3.4) follows by an application of Young’s inequality, see [45, Ch. 1X.4]. Hence, one
can estimate for all ) € dom(A,)

@5) Bt a)¢llze < la@® iz 1vllcm)

< 1oz (Mollaomca + e (5) 10l ) >0

This allows us to estimate for any f € L*(.J; f}p):

‘B( )<§t+A +>\> - /||q g T At A) - (t)||%pdt>1/s

Ls(J;Lr)

9, _
< sup [lg(t)l|ere) ( [ (014G + 40+ ) 10
teJ J

1/s
L /1NTS 0 -1 s
+e(5) TG+ A4+ ) O dt)

0 1,0 0 -1
< Stlel? HQ(t)HLP(F)(SHAp(a + Ap) (E + Ap) (E + Ay + )‘) fHLS(J;iP)

Ls(J;Lp)

>/I>—‘

1yt
+ sup ||q(t) || Lo ryc ™= 0( )
teJ

0 ~1
< sup [|lg()] ol (E + Ap) l2(Ls (g 20)s15 (Tsdom(ap)) 211
teJ

Ls(J;Lp)

1
s laOllere™ (3) S o
tedJ

Now we choose
1

= 1
8sup;c s ||Q(t)\|LP ||(at + A ) HL(LS(J;EP);LS(J;dom(Ap))

and afterwards

oI\
A= dsup lg(®)] e (5)
teJ
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Thus, we get

0 1
(3.6) IBCa) (55 +Ap +2)lleein <

1
5
. J
This shows that the series Y ((—1) (B(-, Q) (2 + Ay + ) 1) absolutely converges in

~ _ —1\J
L(L*(J; L?)) and the operator (2 + A, + ) 12;’;0(—1)3 (B(-, Q)(2 + A, + A 1)
equals (% +A,+B(-,q) + )\)71. Moreover, (3.6) implies

H(—JrAerB(-,q)JrA>l <

L(L*(J,LP);L# (Jsdom(Ap))NW * (J;LP))
a -1
2 =+A4,+ A
(ar +40)
Finally, one notices that u € L*(.J; dom(A,)) N W, *(J; L?) satisfies
ou

ot + Apu+ B(, qJu = f

L(L*(JLP); L3 (Jsdom(Ap)) Wy * (J;LP))

iff v ;= e~ Mu satisfies

ov
yn + (A, + v+ B(,qu=yg, with g=eVf.
This can be expressed as the equality
(8 + Ay + B( )>_1 —eA'(a + A, + A+ B( ))_le*
ot e TR = g T 4 '
Since the multiplication operators e, e act boundedly on L3 (J; Ep) and
L*(J;dom(A,)) N Wy *(J; L), respectively, the assertions are proved. O

Remark 3.5. The proof is closely oriented at [4, Prop. 1.3], we only make some things more
transparent in order to obtain uniformity in gq.

Let us now consider nonzero initial conditions; for doing so we need the following result:

Proposition 3.6. ([40] Prop. 2.2.2) Let A be injective and a generator of an analytic semigroup
on a Banach space X with D as its domain. Then

(3.7) (X, D)1 ,={p e X: Ay e L*(J;X)}.

S

Theorem 3.7. Assume p > d, s €]1, 00|, ¢ as above and ug € (LP, dom(A,)), 1

05"

i) Then, forevery f € L*(J; EP) the initial value problem
(3.8) v+ Apu+ B(squ=f, u(0)=nu
admits a unique solution u € WY*(.J; LP) N L*(.J; dom(Ap)).
i) If ¢ runs through a bounded set in L*>°(J; LP(I")) and uy runs through a bounded set in
(L, dom(Ay)),_1 , then the associated set of solutions u of (3.8) forms a bounded set

inWhs(.J; LP) N L*(J; dom(A,)).
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Proof. i) A, + 1 generates an analytic semigroup on LP and is injective. Let us denote the
function J > ¢ — e~*“»* Ly, by w. Due to Proposition 3.6, the function (A, + 1)w(-) = —w’
belongs to L*(.J; LP). In other words, w € L*(J;dom(A,)). Then, according to (3.5), the

function J > t — B(t; q)w(t) belongs to L*(.J; LP). Making now an ansatz u := w + v, one
recognizes that u fulfills (3.8) if v € W,*(J; LP) N L*(.J; dom(A,)) satisfies

(3.9) v+ A+ B(qv = f— B(+ qw + w.

But (3.9) is uniquely solvable in W**(J; L) N L*(J; dom(A,)), due to Theorem 3.4.
ii) It is clear that the functions J > t +— B(t; q)w(t) form a bounded subset of L*(.J; LP).

Thus, the solutions v of (3.9) form a bounded subset of W,**(.J; L) N L*(.J; dom(A4,)), due
to Theorem 3.4. O

Remark 3.8. Note that the regularity assumption for ¢ and the corresponding characterization
of the operator B(t; q) in Definition 3.3 is related to the control problem to be investigated in
Section 4. In particular the solution of the initial value problem is forced to be continuous in
space. If we assume ¢ to be measurable and essentially bounded in space and time we can
define B(t, q) on L. A close inspection of the proofs of Theorem 3.4 and 3.7 then shows that
these results also hold in the case p € (1, d).

Theorem 3.9. Assume p > d and let 6 €]0, 1] be a number, such that
(3.10) (L7, dom(A,))g — C°

forsome 3 > 0. If s > ﬁ and [ belongs to L*(.J; Zp), then the solution u to (3.8) even
belongs to a space C7(J; CP) — C°(J x Q) with § = min(83, 7).

If ¢ runs through a bounded set in L>°(.J; LP(I")), then the set of solutions u to (3.8) forms a
bounded set in C°(J x Q).

To prove the theorem, we first formulate

Lemma 3.10. Assume that X, Z are Banach spaces with continuous injection Z — X . Then,
for every 6 € (0,1 — L[ there is a~y = ~(0) such that L"(.J; Z) N W (.J; X)) continuously
injects into CV(J; [ X, Z]y).

Proof. An application of Hélder’s inequality yields the embedding
1

(3.11) W (J; X) — C°(J; X)  with (5:1—;.

Secondly, one has the continuous embedding

(3.12) W (I, X)N L' (T3 Z) = C(J; (X, Z),_1,) — C(J;[X, Z],)

(see [2, Thm. 4.10.2]). From (3.11) and (3.12) the claim follows by a straightforward application
of the re-iteration theorem for complex interpolation, see [14] for a complete proof. 0

Now, we are in a position to prove Theorem 3.9.

Proof. First, Lemma 2.17 tells us that such 0 in fact exists. The condition s > —; is obviously

equivalentto § < 1— % Then Theorem 3.7, combined with Lemma 3.10, proves the assertions.
0
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4. APPLICATION TO OPTIMAL CONTROL PROBLEMS

4.1. Problem setting. For convenience we recall the parabolic optimal control problem to be

studied.
min J(u, q) : //u—uddapdt—l— // (z,t) 2dor dt

—V-uVu:f mQ:Qx(O,T)
(P) v-pNVNu+qu=g onXg =1 x(0,T)
u=0 onXp=(02\T)x(0,7)
u(z,0) = up(x) in
0<qy <q(z,t) <q ae.onXpg.

The set of admissible controls for problem (P) is denoted by
Qua ={q € L=(0,T; LP(I")) : qo < q(x,t) < gpa.e.in Xg}.
We summarize the assumptions for the data.

Assumption 4.1.

B QCRYand I C 09 such that QUT is regular in the sense of Groger, cf. Definition 2.1
B p > dand s = max{$, 2} where § € [1, co[ has been chosen according to Theorem 3.9
B The bounds gq,, g in the control constraints are real numbers with 0 < g, < ¢

W fe 50,7, LP(Q)) and ug, g € L*(0,T; LP(T"))

W ug € (L7, dom(4,)), 1,
4.2. Discussion of the state equation. We start with the analysis of the state equation re-
garding solvability and differentiability with respect to the control variable ¢g. To this end, we
consider

-V -uVu=f in @
v-puVu+qu=g onXp
(4.1) u=20 onXp

u(z,0) = up(xz)  inf

Corollary 4.2. Let Assumption 4.1 be satisfied. Then, for every control g € (2.4 the state equa-
tion (4.1) admits a unique solution u € W'*(0,T; L?) N L*(0,T; dom(A,)). Furthermore,
there is a0 > 0, independent from q € Q.q4, such that u belongs to C°(Q) and the following a
priori estimate holds true

[l o) + 1ull o0, 73doma,)) + 1ullos )
(0.1:L7)

2 <e (I

wor:Lr(@) T l9llzeorezr @y + w0l zo gom(ayyy), )

Proof. We rewrite the state equation as an operator equation fitting into the framework of the
previous section. First, the functions f € L°(0,7) LP(2)) and g € L*(0,T; LF(T')) are

considered as functions f g in the space L*(0,T"; Lp) via the respective extensions by zero.
According to Definition 2.16, the maximal restriction of the operator —V - 4V to L” is denoted by
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A,. Furthermore, we introduce for any function ¢ € L>*(0,7; L(T")) and any t € (0,T’) the
operator B(t; q) : C(Q2) — LP(I"), B(t;q)v = q(-,t)¢|r and B(-;q) : J > t — B(t;q),
analogously to Definition 3.3. Now, the state equation (4.1) can be written as

(4.3) u 4 Apu+ B qu=f+§, u(0)=u.

In view of Assumption 4.1, the existence of a unique solution

u e Whs(0,T; LP) N L*(0, T; dom(A,)) immediately follows from Theorem 3.7. The a priori

estimate is a direct consequence of Theorem 3.9, since ()4 is a bounded setin L>°(0, T"; LP(I")).
0J

Based on this result, we will introduce a control-to-state mapping. We start with the definition of
the state space.

Definition 4.3. Let p, s, be chosen according to Assumption 4.1. Then, the state space is
defined by

Y = WU(0, T; LP) N L*(0, T; dom(A,)),

where the operator A, is defined in Definition 2.16.

Definition 4.4. Based on Corollary 4.2, we introduce the control-to-state operator
S L*>(0,T; LP(I")) — Y by u = S(q), which assigns to ¢ € L>°(0,7T; LP(I")) the unique
solution u € Y of (4.3).

Remark 4.5. The previous result regarding continuity of the state variable would allow to discuss
pointwise state constraints within the optimal control problem. In that case the establishment of
first order necessary conditions becomes more delicate, since Lagrange multipliers regarding
pointwise state constraints are only measures, see, e.g., [1, 8]. Moreover, the elaboration of
second order sufficient optimality conditions is very difficult due to the low regularity of an ad-
joint state caused by the presence of measures in the right hand side of the respective adjoint
equation. In particular, the derivation of sufficient optimality conditions in the case of parabolic
boundary control control problems with pointwise control constraints is still an open question
even for smooth data and simpler boundary conditions, at least in higher space dimensions.
For detailed information concerning second order sufficient optimality conditions for parabolic
optimal control problems with state constraints we refer to [44].

In order to establish optimality conditions for problem (P), it is essential to show Fréchet-
differentiability of the control-to-state operator S, mapping g to u = S(q).

Theorem 4.6. Let Assumption 4.1 be satisfied. Then, the control-to-state operator S is twice
continuously Fréchet-differentiable from L>°(0,T; L (")) to Y. Its derivative uy, :== S’(q)h at
the point q in direction h is given by the solution of

(4.4) wy, + Apup, + B(q)up = —B(+ h)u,  uy(0) =0,

where uw = S(q) € Y is the solution of the state equation w.r.t q. Furthermore, up,p, =
S"(q)[h1, he], h; € L>(0,T; LP(T")), i = 1,2 is the solution of

(4.5) Uy p, + Aptingny + B(5 Q)tunny, = —(B(5 ha)un, + B(5 ho)un, ), tnuny (0) =0,
with up, = S’ (q)hi, 1 =1, 2.
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Proof. We will utilize the implicit function theorem to prove the Fréchet-differentiability of the
solution operator S. Analogously to the proof of Theorem 3.7, we denote the function ¢t +—
e~ "4+ by w. Due to u = S(q) and Definition 4.4, v := u — w satisfies

v+ A +B(sq)v = f+§—B(s 9w +w, v(0)=0.
Next, we introduce the mapping F : Y x L*°(0,T; LP(T")) — L*(0,T; Z”) by
F(v,q) =0+ A+ B(;q)v — f — §+ B(-; 9w — w.

One can easily see that according to Corollary 4.2 and the previous ansatz v := u — w, for
every ¢ € L>(0,T; L*(T")) there is a unique v(q) € Y such that F(v(q), q) = 0. Obviously,
the mapping F is continuously differentiable with respect to v. Its partial derivative 0,F (v, q)
with respect to v is the mapping vy, +— v;, + A,vy, + B(+; ¢)vp, which is, due to Theorem 3.4,
a topological isomorphism between W, *(.J; L?) N L*(.J; dom(A,)) and L*(.J; L?). Hence,
the Implicit function theorem applies, i.e. v(q) and u = S(q), respectively, are continuously
differentiable. The particular form of the derivative of v w.r.t. ¢ immediately follows from

Ov(q)h = —(0,F (v,9)) "9, F (v, )b = (9,F (v, q)) " (=94B(+; q) (v + w)).
Using again the ansatz v := u —w and 9,B(-; ¢)h = B(+; h), see Definition 3.3, the derivative
S’(q)h =: uy, of the control-to-state operator u = S(q) at point ¢ in direction h is given by

uy, + Apup, + B(;Q)up, = —B(5 h)u,  up(0) = 0.
Applying again the Implicit function theorem to the previous equation using the notations u, p, =
S"(q)[h1, he] and up, = S’(q)hs, i = 1, 2, respectively, one obtains (4.5).
O

Remark 4.7. It can be proved that the mapping is not only C?2, but C° and even analytic (see
[37, Ch. 1I1.3]), since F in the previous proof is C'*° and even analytic w.r.t. the first variable.

4.3. Existence of optimal control and first order necessary conditions. In this section we
will elaborate first order necessary conditions for the optimal control problem (P). Since the
state equation is nonlinear, we cannot expect uniqueness of an optimal control and we have to
deal with local optimal controls. First, we want to clarify the existence of an optimal solution for
problem (P).

Theorem 4.8. Let Assumption 4.1 be satisfied. Then there exists at least one solution of prob-
lem (P).

Proof. Due to Corollary 4.2, there exists a unique solution

u € Wh(0,T; L) N L*(0, T; dom(A,)) — C°(J x Q)
of the state equation (4.1) for every control ¢ € (),4. Since the set of admissible controls Qaaqis
bounded in L (%), the set of solutions w is bounded in W"*(0, T; LP)NL*(0, T'; dom(A,))
and also bounded in C‘S(Q), see Theorem 3.7 and Theorem 3.9. Obviously, there exist a mini-
mizing sequence {¢, } converging to

[ = inf J(S(q),q).

quad

Since (,q is bounded and convex, we can extract a subsequence {an} which converges
weakly in L*(J; LP(I")) to a function § € Quq- The sequence {u,, = s(g,)} is bounded in
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Wbs(0,T; LP) N L*(0, T; dom(A,)) and also bounded in C*(()). Hence we may extract a
further subsequence {u,, } still subscripted by 7, which weakly converges in TW(0, T'; LP)N
L#(0,T; dom(A,)) to an element % and in C'(J x §2) strongly to @. It is not hard to see that
then the sequence {B(; ¢,,, )un, } converges in LS(J LP) weakly to B(:; )u As in the proof

of Theorem 3.7, we rewrite equation 3.8 with ©v = wu,, as (3.9) with v,, = u,, — w or,
equivalently,

9,
(4.6) Uny, = <8t + A ) (f_B('§qﬂk)unk +w>'

It is clear that v, converges weakly in W'*(0,T; L?) N L*(0, T; dom(A,)) to @& — w and
—1 -
f=B(:q)u+wto f—B(-; §)u+w, weakly in L*(.J; L?). But <%—I—Ap> : L5(J; LP) —

Whs(0,T; LP)NL*(0, T; dom(A,)) is also continuous, if both spaces are equipped with their
weak topologies (see [18, Ch. V.3]). This implies

v ou

yn + Ayv = f —B(-;q)u+ w, or, equivalently, e + Ayu+ B(;q)u = f.
The optimality of {u, ¢} follows by standard arguments using the lower semicontinuity of the
cost functional w.r.t. ¢ and Assumption 4.1, respectively. ]

In order to establish first order necessary optimality conditions the present control-to-state map-
ping S is rather abstract due to the choice of the state space Y, see Definition 4.3. In the
following, we will consider the Hilbert space setting Y = W12(0, T; L*(2)) N L*(0, T; H?)
as the state space such that u = S(q) is equivalent to the classical weak formulation of the
state equation (4.1), i.e.

// uvdxdt + // puNVuVuodzdt + // quudsdt =

Q Q IR
// fodxdt + // gudsdt Vv € L*(0,T; H-?)
Q Zr

(4.8) u(0) = up.

(4.7)

Let us introduce the reduced objective functional j : L>°(0,7"; LP(I")) — R by

jlq) = J(S // ) — ug)*dor dt + — //qdopdt

By chain rule and Theorem 4.6, the cost functional J(q) is continuously Fréchet differentiable
w.rt g from L>(0,7; LP(T")) to R, since the solution operator S is of course continuously
Fréchet differentiable from L°°(0,T’; LP(T")) to Y. The derivative at point g in direction h is
given by

(4.9) 7 (q)h = //(u — ug)updordt + a// ghdordt,
ER Z:R

where we have again used the abbreviation u, = S’(q)h.
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In the following, we will express this derivative in terms of an adjoint state . To this end, we
introduce the following formal adjoint equation
—pr =V - 1"V =0 in ¢
v-uW'Vo+qp=u—ug onXg
(4.10) o =0 onSp
oz, T)=0 in €2,

where 1* is the adjoint coefficient function to . Similarly to Definition 2.16, we denote the
maximal restriction of —V - 1*V to L? as the formal adjoint of the differential operator —V - uV
by A. Since 4. —uq € L*(0,T, LP(I")) we can apply Corollary 4.2 and conclude that there
exists a unique solution ¢ € W(0, T: LP) N L*(0, T} dom(A%)) N C?(Q) satisfying the a
priori estimate

@A ol + 1llzs0rdomag) + lellesq < el — ual

In particular, ¢ satisfies

// prudrdt + //u VoVudzdt + // qpvdsdt = // u — ug)vdordt
(4.12)

o(T) —0

Ls(0,T;LP(T)-

for all test functions v € L2(.J; H?).

According to Theorem 4.6, we know that u;, = S’(g)h with h € L>°(0,T"; L?(I")) solves the
initial boundary value problem (4.4), which in weak form reads as

// up vdxdt 4+ // uNupVodzdt + // qupvdsdt =
Q Q

XRr

(4.13) — // hiwdordt Vo € L*(J; HY?)

Now we insert uj, as a test function in (4.12), replace the first term on the right-hand side of
(4.9) by the left-hand side of equation (4.12) and use (4.13) with test function ¢ to obtain

/ / —u + aq)hdordt.

Hence, the first order necessary optimality condition reads as follows:

/ / (=i + aq)(q — )dordt > 0 Vg € Qus

where ¢ € W15(0, T} Z”) NL*(0,T;dom(A,)) is the unique solution of the adjoint equation
(4.10). To summarize, the first order optimality conditions for problem (P) can be formulated as
follows.
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Theorem 4.9. Letq € (.4 be a (local) optimal control with associated state u € Wl’S(O7 T Zp)ﬂ
L#(0,T; dom(A,)) of problem (P). Then, there exists an adjoint state ¢ € W'*(0,T; L) N
L*(0,T; dom(As)), such that the following optimality system is satisfied

(4.14) '+ Ayu+B(squ=f+g, 0)=u,

(4.15) —@' 4+ Ao+ B(+q)p = 1 — g, o(T) =0,

(4.16) / (gt + aq)(q — Q)dordt > 0 Y € Qua.
XRr

4.4. Second order sufficient optimality conditions. To avoid too many technicalities, we will
concentrate on the establishment of second order sufficient optimality conditions for local solu-
tions in L°°-sense. The consideration of local solutions w.r.t to weaker norms is more evolved
and will be part of a forthcoming work.

By means of Theorem 4.6, the reduced cost functional j(q) is of course also twice differentiable
from L>°(Xg) to R and we obtain for the second derivative of the reduced objective at the local
optimal point § € (g in directions hy, hy € L>®(XRg)

5(@)la, ha) = / / S/ (@)heS' (@) adordt

+ / / (S(q) — 1a)S"(q)[h1, ho)dordt + a / / hyhadordt.

As before we utilize the adjoint equation (4.10) and the equation for 2@ derivative S” (§)[h1, ha),
see (4.5) to replace the second term on the right-hand , yielding the expression

7"(@)[h1, he] = // Up, Up, dopdi+a // hihodorpdt
YR

Xgr
(4.17)

— //(uhlhg + uh2h1>(ﬁd0'1"dt,

Xr
with up,, = S’(q)hi, i = 1,2 and @ is the solution of the adjoint equation (4.10).

The crucial point in the analysis of second order sufficient optimality conditions is the fact that
the quadratic form j”(g)[h1, ho] has to depend continuously on h;, i = 1,2 in the L?-norm,
i.e. we have to ensure the following continuity estimate

(4.18) 17"(@) [, ho]| < cllhill 2l 2 r)

forall h; € L*°(Xg). This is motivated by consideration on the so-called two-norm discrepancy,
see e.g. [49, Ch. 4.10.2].

The first term in 5" (q)[h1, ho] (see (4.17)) can be estimated with respect to the L?-norms of
h;, i = 1,2 by applying standard a priori estimates and embeddings, e.g.

(4.19) || un,

r2zg) < Cllun 2o ) < clulle@lhill s,
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since the control g and the directions h; are considered as functions in L>(XR). Moreover, the
optimal state @ is bounded in C'(()), see (4.2). The third term is the more delicate one. Here
we take advantage of the regularity and the respective a priori estimate of the adjoint state, see

(4.11), such that we derive the estimate

/ / (uns o+ unyh) @dordt| < el @llo@ 1l sz el 2.
XRr

We note that the previous estimate heavily rests on the continuity of the adjoint state ¢ and for
this reason on the results derived in section 3. The continuity estimate (4.18) allows to estimate
the second order remainder term of the reduced cost functional j. Based on

. L e 1, _ B _ _
iq) =34(@) + 5 (@)(qg—q) + 5]”(q)[q —q,q—q+7(q,q—q)
one derives the estimate
(4.20) 7(q,q — @)| < cllg = gl lla — all72 iy

applying (4.18). This estimate is an essential part for the establishment of second order sufficient
optimality conditions, see [49, Ch. 4.10.2].

In all what follows, we denote by g an admissible control of problem (P) with associated state
u = S(q). Furthermore, we suppose that the first order necessary optimality conditions given
in Corollary 4.9 are fulfilled by g, the respective state « and adjoint state ¢. For the statement
of second order sufficient optimality conditions we will count on so called strongly active sets.
We start with the definition of the 7-critical cone associated to g:

C.(q) :={h € L*(Zg) : h := q — q satisfies (4.21), ¢ € Qua},

where
>0, ifq(x,t) =g
(4.21) h(a:,t) <0, ifg(x,t)=q
=0, if| =@z, t)u(z,t) + ag(z,t)| > 7.

We are now in the position to formulate second order sufficient optimality conditions for problem
(P). With the above results, in particular the regularity results and the remainder estimate (4.20),
the proof of the following theorem is completely analogous to the one presented in [49, Theorem
5.17]

Theorem 4.10. Let § be an admissible control of problem (P) with associated state u = S(q)
satisfying the first order necessary optimality conditions given in Corollary 4.9 with associated
adjoint state . Further, it is assumed that there are two constants T > 0 and > 0 such that

7"(@Dh* > 8[| hll72 s
holds for all directions h € C'-(q). Then there exist ad > 0andp > 0 such that
(4.22) J(q) > 5(a) + dllg — all 2

holds for all ¢ € Qqq with ||q — | L(n) < p-
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Such kind of sufficient optimality conditions are an indispensable tool basis for carrying out
numerical analysis of optimal control problems, e.g. error estimates in numerical discretizations
or convergence analysis of the sequential quadratic programming method in order to solve
optimal control problems.

ACKNOWLEDGMENT

We wish to thank our colleagues K. Gréger (Berlin), H. Amann (Zirich) and H. Vogt (Clausthal)
for valuable discussions on the subject of the paper.

REFERENCES

[1] J.-d. Alibert, J.-P. Raymond. Boundary control of semilinear elliptic equations with discontinuous leading coef-
ficients and unbounded controls. Numer. Funct. Anal. and Optimization, 3 & 4 (1997), 235-250.

[2] H. Amann, Linear and quasilinear parabolic problems. Birkhauser, Basel, Boston, Berlin, 1995.

[3] H. Amann, Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value problems.
Schmeisser, Hans-Jirgen (ed.) et al., Function spaces, differential operators and nonlinear analysis, Teubner-
Texte Math. 133, Stuttgart (1993), 9-126.

[4] W. Arendt, R. Chill, S. Fornaro, C. Poupaud, LP-maximal regularity for nonautonomous evolution equations.
J. Differ. Equations 237, No. 1 (2007), 1-26.

[5] R.E. Bank, D.J. Rose, W. Fichtner, Numerical methods for semiconductor device simulation. SIAM J. Sci.
Statist. Comput. 4, No. 3 (1983), 416—435.

[6] Y.M. Berezanskij, Selfadjoint operators in spaces of functions of infinitely many variables. Translations of Math-
ematical Monographs 63, American Mathematical Society, Providence, RI, 1986.

[7] J. F. Bonnans, Second-order analysis for control constrained optimal control problems of semilinear elliptic
equations. Appl. Math. Optim. 38 (1998), 303—-325.

[8] E. Casas, Boundary control of semilinear elliptic equations with pointwise state constraints. SIAM J. Control
Optim. 31 (1993), 993—-1006.

[9] E. Casas, J. de los Reyes, F. Tréltzsch, Sufficient second-order optimality conditions for semilinear control
problems with pointwise state constraints. SIAM J. Optim. 19 (2008), 616—643.

[10] E. Casas, F. Troltzsch, A. Unger, Second order sufficient optimality conditions for some state-constrained
control problems of semilinear elliptic equations. SIAM J. Control Optim. 38 (2000), 1369—-1391.

[11] A. Cialdea, V. Maz'ya, Criterion for the LP-dissipativity of second order differential operators with complex
coefficients. J. Math. Pures Appl., IX. Sér. 84, No. 8 (2005), 1067—-1100.

[12] P.G. Ciarlet, The finite element method for elliptic problems. Studies in Mathematics and its Applications 4,
North Holland, Amsterdam, New York, Oxford, 1978.

[13] R. Denk, M. Hieber, J. Pruss, R-boundedness, Fourier multipliers and problems of elliptic and parabolic type.
Mem. Amer. Math. Soc. 166 (2003), no. 788, 114 pp.

[14] J.C. de Los Reyes, P. Merino, J. Rehberg, F. Tréltzsch, Optimality conditions for state-constrained PDE control
problems with time-dependent controls. Control Cybern. 37, No. 1 (2008), 5-38.

[15] L. de Simon, Un’applicazione della teoria degli integrali singolari allo studio delle equazione differenziali lineari
astratte del primo ordine, Rend. Sem. Math. Univ. Padova 34 (1964), 205-223.

[16] G. Dore, LP regularity for abstract differential equations. In: H. Komatsu (ed.), Functional analysis and related
topics, Proceedings of the international conference in memory of Professor Kosaku Yosida held at RIMS,
Kyoto University, Japan, July 29-Aug. 2, 1991, Lect. Notes Math. 1540, Springer, Berlin, 1993, 25-38.

[17] F. Duderstadt, D. Hdmberg, A.M. Khludnev, A mathematical model for impulse resistance welding. Math. Meth-
ods Appl. Sci. 26 (2003), 717-737.

[18] N. Dunford, J.T. Schwartz, (W.G. Bade, R.G. Bartle), Linear Operators. I. General Theory. Pure and Applied
Mathematics 7, Interscience Publishers, New York, London, 1958.

[19] L.C. Evans, R.F. Gariepy, Measure theory and fine properties of functions. Studies in Advanced Mathematics,
CRC Press, Boca Raton, New York, London, Tokyo, 1992.



24

[20] A. Favini, G.R. Goldstein, J.A. Goldstein, S. Romanelli, The heat equation with generalized Wentzell boundary
condition. J. Evol. Equ. 2, No. 1 (2002), 1-19.

[21] J. Fuhrmann, H. Langmach, Stability and existence of solutions of time-implicit finite volume schemes for
viscous nonlinear conservation laws. Appl. Numer. Math. 37, No. 1-2 (2001), 201-230.

[22] K. Gartner, Existence of bounded discrete steady-state solutions of the Van Roosbroeck system on boundary
conforming Delaunay grids. SIAM J. Sci. Comput. 31, No. 2 (2009), 1347—-1362.

[23] H. Gajewski, Analysis und Numerik von Ladungstransport in Halbleitern. Mitt. Ges. Angew. Math. Mech. 16,
No. 1 (1993), 35-57.

[24] H. Gajewski, K. Groger, K. Zacharias, Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen.
Akademie-Verlag, Berlin, 1974.

[25] D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of second order. Grundlehren der Mathematis-
chen Wissenschaften, 224, Springer, Berlin, 1983.

[26] H. Goldberg, F. Tréltzsch, Second order sufficient optimality conditions for a class of nonlinear parabolic bound-
ary control problems. SIAM J. Control Optim 31, No. 4 (1993), 1007—1025.

[27] J.A. Griepentrog, H.-C. Kaiser, J. Rehberg, Heat kernel and resolvent properties for second order elliptic
differential operators with general boundary conditions on LP. Adv. Math. Sci. Appl. 11 (2001), 87-112.

[28] J.A. Griepentrog, L. Recke, Linear elliptic boundary value problems with non-smooth data: Normal solvability
on Sobolev-Campanato spaces. Math. Nachr. 225 (2001), 39-74.

[29] J.A. Griepentrog, Linear elliptic boundary value problems with non-smooth data: Campanato spaces of func-
tionals. Math. Nachr. 243 (2002), 19-42.

[30] J.A. Griepentrog, Maximal regularity for nonsmooth parabolic problems in Sobolev-Morrey spaces. Adv. Dif-
ferential Equations 12, No. 9 (2007), 1031-1078.

[31] K. Groger, private communication, 1998.

[32] K. Groger, A W 1P-estimate for solutions to mixed boundary value problems for second order elliptic differen-
tial equations. Math. Ann. 283 (1989), 679-687.

[33] R. Haller-Dintelmann, J. Rehberg, Coercivity for elliptic operators and positivity of solutions on Lipschitz do-
mains. WIAS Preprint No. 1473, Berlin, 2009, accepted for Archiv der Mathematik.

[34] R. Haller-Dintelmann, J. Rehberg, Maximal parabolic regularity for divergence operators including mixed
boundary conditions. J. Differ. Equations 247, No. 5 (2009), 1354—1396.

[35] R. Haller-Dintelmann, J. Rehberg, Maximal parabolic regularity for divergence operators on distribution
spaces. WIAS Preprint No. 1459, Berlin, 2009.

[36] R. Haller-Dintelmann, C. Meyer, J. Rehberg, A. Schiela, Hélder continuity and optimal control for nonsmooth
elliptic problems. Appl. Math. Optim. 60, No. 3 (2009), 397-428.

[37] E. Hille, R.S. Phillips, Functional analysis and semi-groups. American Mathematical Society Colloquium Pub-
lications 31, American Mathematical Society, Providence, R. I., 1957, rev. ed.

[38] T. Kato, Perturbation theory for linear operators. Reprint of the corr. print. of the 2nd ed., Classics in Mathe-
matics, Springer, Berlin, 1980.

[39] D. Lamberton, Equations d’évolution linéaires associées a des semi-groupes de contractions dans les espaces
LP.J. Funct. Anal. 72 (1987), 252—262.

[40] A.Lunardi, Analytic semigroups and optimal regularity in parabolic problems. Progress in Nonlinear Differential
Equations and their Applications 16, Birkhduser, Basel, 1995.

[41] M. Marcus, V. Mizel, Every superposition operator mapping one Sobolev space into another is continuous. J.
Funct. Anal. 33 (1979), 217-229.

[42] E. Ouhabaz, Analysis of heat equations on domains. London Mathematical Society Monographs Series 31,
Princeton University Press, Princeton, 2005.

[43] A. Pazy, Semigroups of linear operators and applications to partial differential equations. Springer, 1983.

[44] J.P. Raymond, F. Tréltzsch, Second order sufficient optimality conditions for nonlinear parabolic control prob-
lems with state constraints. Discrete Contin. Dyn. Syst. 6 (2000), 431-450.

[45] M. Reed, B. Simon, Methods of modern mathematical physics. II: Fourier analysis, self-adjointness. New York,
San Francisco, London: Academic Press, a subsidiary of Harcourt Brace Jovanovich Publishers, 1975.

[46] E.M. Stein, Singular integrals and differentiability properties of functions. Princeton University Press, 1970.

[47] H. Triebel, Interpolation theory, function spaces, differential operators. North Holland Publishing Company,
Amsterdam, New York, Oxford, 1978.

[48] H. Triebel, On spaces of B, , and C* type. Math. Nachr. 85 (1978), 75-90.



25

[49] F. Troltzsch, Optimal control of partial differential equations: Theory, methods and applications. American
Mathematical Society, Providence, Rl, 2010.

[50] R. Temam, Navier-Stokes equations. Theory and numerical analysis. American Mathematical Society, Provi-
dence, RI, 2001.

[51] H. Vogt, J. Voigt, Wentzell boundary conditions in the context of Dirichlet forms. Adv. Differ. Equ. 8, No. 7
(2003), 821-842.



