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Comparing Branching Rules for the Quota Steiner
Tree Problem with Interference

Jaap Pedersen!0000—0003—4047-004] 'Njje]s [ indnerl0000—0002—8337—4387]
Daniel Rehfeldt[0000—0002—2877— 074X] and Thorsten Koch[0000—0002— 1967—0077]

Abstract Branching decisions play a crucial role in branch-and-bound algorithms
for solving combinatorial optimization problems. In this paper, we investigate several
branching rules applied to the Quota Steiner Tree Problem with Interference (QSTPI).
The Quota Steiner Tree Problem (QSTP) generalizes the classical Steiner Tree Problem
(STP) in graphs by seeking a minimum-cost tree that connects a subset of profit-
associated vertices to meet a given quota. The extended version, QSTPI, introduces
interference among vertices: Selecting certain vertices simultaneously reduces their
individual contributions to the overall profit. This problem arises, for example, in posi-
tioning and connecting wind turbines, where turbines possibly shadow other turbines,
reducing their energy yield. While exact solvers for standard STP-related problems
often rely heavily on reduction techniques and cutting-plane methods — rarely generat-
ing large branch-and-bound trees — experiments reveal that large instances of QSTPI
require significantly more branching to compute provably optimal solutions. In con-
trast to branching on variables, we utilize the combinatorial structure of the QSTPI by
branching on the graph’s vertices. We adapt classical and problem-specific branching
rules and present a comprehensive computational study comparing the effectiveness of
these branching strategies.
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1 Introduction

In this paper, we investigate several branching rules for the Quota Steiner Tree Problem
with Interference (QSTPI) introduced in [1]]. The original Quota Steiner Tree Problem
(QSTP) generalizes the classical Steiner Tree Problem (STP) in graphs by seeking
a minimum-cost tree that connects a subset of profit-associated vertices to meet a
given quota [2]. In the QSTPI, interference between the chosen vertices may decrease
their individual contribution to the total profit. Such a scenario occurs, for example,
in optimizing placement and connections of wind turbines, where turbines possibly
shadow other turbines, reducing their energy output.

2 Problem formulation

Let G = (V, E) be an undirected graph, whose edge set F is associated with costs
¢ : E — R>o and whose vertex set V' is partitioned into a set of fixed terminals T}, a
set of potential terminals T}, associated with quota profits q : T, — R+, and a set of
additional Steiner nodes. Moreover, a quota Q € R is given. For every i # j € T,
let I;; € R>( be the interference experienced by j if 4 is chosen, reducing the quota
profit ¢; by I;;. Finally, let d;; € R>q be the distance between two vertices in T}, and let
D,,,in, be a minimum distance. The QSTPI aims to find a tree S = (V', E') C G that
contains 7'y, minimizes the costs C'(.S) = Z(i7 j)ep Cij» guarantees that d;; > Dinin

forall i,j € V' NT, with ¢ # j, and fulfills the quota taking the induced interference

into account, i.e., Q(5) = ZieTan/ (Qi - ZjeTpﬂV/\{i} Iji) > Q.

The QSPTI can be formulated as a mixed-integer program (MIP) by transforming
the original graph into a directed graph D = (V| A), replacing each edge by a pair
of antiparallel arcs. For a subset of vertices W C V, we denote by 5+(W) the set of
outgoing arcs and by 6~ (W) the set of incoming arcs. Following the transformation in
[3] and [1]], in which for every potential terminal ¢ a new fixed terminal ¢’ is added to
Ty, and for each newly-added fixed terminal " a directed arc (7, ¢’) of zero costs and a
directed arc (r,4’) of zero costs are added to A, where r € T is an arbitrary root node
(see Fig. [T, the MIP formulation of the QSTPI is given as:

min 'z (H
st. z(6~(W))>1 YW CVirg W,[WNTf[>1 ()
S giwri + Lot < a1 — Q 3)

i€T, i€T,

Lot > Y Y Iijmi €

1€Ty j#IET),
Mij 2 Tiqr + x5 — 1 Vi<j€T, (5
Ty + x5 <1 Vi,j € Tp,i # j,dij < Dmin  (6)
z;; € {0,1} V(i,j) € 4, mi; >0 Yi<jeT, 1)
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Constraints (Z) ensure connectivity and that the fixed terminals are included. The
quota constraint respecting the total interference is described by (3). Constraints (@)-
(@) represent the linearization of the interference loss I;;x; ;2 j» when choosing the
potential terminals ¢ and j. Constraints (6) guarantees that no two potential terminals
are chosen that are too close to each other.

Fig. 1: QSTPI instance. Root node in green; Fixed terminals T in red; Potential terminals 7}, in blue;
Steiner nodes in black.

3 Vertex-based branching

Branching is one of the key elements in current state-of-the-art branch-and-bound
(B&B) and branch-and-cut algorithms. Typically, two decisions are made: How to split
the problem into subproblems (branching), and which subproblem to select (node se-
lection). In this paper, we focus on branching strategies. For a comprehensive overview,
the reader is referred to, e.g., [4]]. Most state-of-the-art general MIP solvers commonly
branch on variables, as it only requires changing the bounds of a variable without any
further knowledge of the problem structure. Considering STP-related problems, it has
proven to be effective to devise a branching strategy based on the vertices of the original
graph G instead of branching on a single MIP variable [5]]: The branching decision
incorporates then the much stronger decision of including (removing) a vertex of G into
(from) the solution. Effectively, branching on a vertex implies the following constraints
for general STP-related problems:

Including vertex : Z T =1 8)
acd— (i)

Excluding vertex i: Z Tq + Z z, = 0. ©)]
a€d— (i) a€dt(3)

By including the vertex 4, the vertex ¢ has exactly one incoming arc, see (). By excluding
the vertex, no arc can enter or leave the vertex, see (9). Considering the special structure
of the QSTPI, the following additional implications arise by branching on ¢ € T};:
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Including vertex: z;; = 1Az, ; =0 (10)
Y zat+ Y wa=0 Vj#i€T,dij <D (11)

a€d(4) a€dt(j)
Excluding vertex: x;; =0Az,y =1 (12)

By including a vertex 4, all potential terminals j € T}, which are too close to the vertex
i (dij < Dmin) are immediately excluded by setting all their incoming and outgoing
arcs to zero, see (IT).

3.1 Branching strategies

In the following, let H be the current problem in the B&B algorithm and H* and H ~
be the up and down child of H which are created by including and excluding a vertex,
respectively. A typical goal of branching strategies is to choose variables which have
the most impact on dual bounds. Let A" := ¢g+ — ¢y and A~ := ¢~ — ¢y be the
upgain and the downgain of a branching decision or the estimate of that decision. These
values are usually projected on a single score value s. Commonly-used and problem-
independent branching strategies are, for example, infeasible branching (maxinfeas), full
strong branching (fullstrong), pseudocosts with strong branching initialization (pscost),
or its generalization reliability branching (relpscosts), see, e.g., [4].

The current state-of-the-art STP-solver scip-Jack [5]] branches on the most infeasible
vertex. Let f; == Zae 5- (i) Ta be the inflow of vertex ¢ for the optimal solution = of
the LP-relaxation of the current subproblem H. The infeasibility score s; of a vertex is
determined by s; = | f; — 0.5|. Strong branching is performed on the v most promising
vertices (see below) calculating the score by s; = max{A™",e} - max{A~, e} with
e = 1075, Introducing ¢ is necessary to avoid that scores are set to zero if one of
A~ and AT is zero. Considering pseudocosts with strong branching initialization,
strong branching is performed as before until a B&B-tree depth of 7. Reaching a tree
depth of 7, an average up- and downgain is calculated on all non-initialized vertices.
After the initialization phase, the score of a vertex ¢ is determined by s; = (1 —
p) min{(1—f;) AT, f; A=} +pmax{(1—f;) AT, f; A~} using SCIP’s value of 1 = %,
which surprisingly yields better results than using the commonly-used product scoring
function shown above. In reliability branching, a vertex is called reliable if it has been
branched on at least 7,.; times. If a vertex is not reliable, its score is calculated by
strong branching, incrementing its counter by one. Again, this is only done on the v
best vertices. If a vertex is reliable, its score is determined by its pseudocost as before.

Considering the QSTPI, we propose the following problem-specific branching strate-
gies that we call most interference branching. Given an optimal solution Z of the LP-
relaxation at a subproblem H, a score for each vertex 7 € T}, is computed based on
its associated interference by s; = > jieT, 1;;T; /%; . As the interference is one
of the key problem-specific attributes, branching on the vertex that causes the most
interference is likely to induce a significant change in the LP solution, and thus in the
dual bounds of the problem.
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4 Computational Study

We have implemented all the strategies described in §3.T]in scip-Jack using scip 8.0.1 [6]
with cPLEX 12.10 [[7]] as LP solver. When fullstrong is performed on the ~ most promising
vertices we sort the vertices by 1) most infeasible inflow or 2) most interference. The
computations are performed on the small- and medium-sized instances presented in [/1]].
Instances that are solved at the root node are filtered out resulting in 277 instances in
total. All computational experiments are executed single-threaded in a non-exclusive
mode on a cluster with Intel XeonGold 6342 CPUs running at 2.8 GHz, where four
CPUs and 64 GB of RAM are reserved for each run, with a time limit of 21 600 seconds.

Fig. E]shows the shifted geometric mean (SGM) of time (shift=10) and B&B nodes
(shift=100) of the instances that are solved by the standard most infeasible strategy
(205 in total) for the examined settings. Additionally, the legend shows the number
of instances solved by each setting. Choosing the vertex with the highest interference
contribution instead of the most infeasible one, both the computing time and the number
of nodes increase. However, three more instances are solved. As expected, full strong
branching reduces the node count by over 70 % number of nodes, but computing time
is over 30 % higher. Using only a subset of vertices to perform full strong is helpful if
they are chosen by their infeasibility and not by their interference. Almost all settings
for the pseudocost branching yield better result in terms of computing time and node
count than the most infeasible branching. Although choosing the vertices based on their
infeasibility gives better SGMs for time and nodes, sorting by interference solves at
least an instance more with (’pscost’, 5, 2, 1) solving the most instances (210).
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Fig. 2: Shifted geometric mean (SGM) for computational time (SGM10) vs. B&B nodes (SGM100) for
all tested settings. The dotted lines mark the threshold with respect to the baseline rule most infeastible
branching. Additional to the settings description, i.e., rule, number most promising vertices that are
used in strong branching v, the tree depth (reliabilty parameter in case of relpscost) n, and the ranking
strategy (0: most infeasible; 1: most interference), the legend also states the number of solved instances.
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5 Conclusion

In this paper, we investigate several branching rules on the QSTPI in the current state-of-
the-art STP solver scip-Jack making substantial improvements with respect to both node
count and computing time. We introduce the problem-specific concept of maximum
interference for ranking the vertices which helps to solve a few instances more within
the timelimit. In this study, we focused on the effectiveness with regard to the QSTPI. In
the future, comprehensive computational experiments should be performed for general,
yet unsolved STP-related instances.
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