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Abstract

In this paper we analytically investigate Cahn-Hilliard and Allen-Cahn systems
which are coupled with elasticity and uni-directional damage processes. We are in-
terested in the case where the free energy contains logarithmic terms of the chemical
concentration variable and quadratic terms of the gradient of the damage variable. For
elastic Cahn-Hilliard and Allen-Cahn systems coupled with uni-directional damage
processes, an appropriate notion of weak solutions is presented as well as an existence
result based on certain regularization methods and an higher integrability result for
the strain.

1 Introduction

Phase separation and damage are common phenomena in many fields, including material
sciences, hydrodynamics, biology and chemical reactions. Such microstructural processes
take place to reduce the total free energy, which may include bulk chemical energy, inter-
facial energy and elastic strain energy.

The knowledge of the mechanisms inducing phase separation and damage processes is very
important for technological applications as for instance in the area of micro-electronics
due to the ongoing miniaturization. The materials used in this area are typically alloys
consisting of mixtures of several components.

Phase separation and damage processes are usually described by two separate models in
the mathematical literature. To describe phase separation processes for alloys, phase-field
models of Cahn-Hilliard and Allen-Cahn type coupled with elasticity are well adapted.
Damage processes for standard materials are often modeled as unilateral processes within a
gradient-theory. A phase-field approach which describes both phase separation and damage
processes in an unifying model has been recently introduced in [HK10].

Our aim here is to develop and investigate analytically a thermodynamically consistent
diffuse phase field model where phase separation and damage processes may interact. We
focus on a rate-dependent modeling for the damage field since damage processes in alloys
are usually rate-independent. The phase separation and damage processes are described by
a system of evolutionary equations of Cahn-Hilliard/Allen-Cahn type with elasticity and
an evolutionary inclusion for the damage variable. In the following we will introduce the
model formally.

The elastic material we want to consider in this work is an N component alloy occupying
a bounded Lipschitz domain 2 C R™. To take phase separation, deformation and damage
processes in one model into account, a state at a fixed time point is described by a triple
(u,c, z) where u : Q — R™ denotes the deformation, ¢ : © — R the vector of the chem-
ical concentrations and z :  — R the damage variable. Each variable and its governing
evolutionary process is explained in the following more explicitly.



EvraAsTiCITY.

Elastic behavior is modeled by a deformation variable u so that each material point
x € Q) from the reference configuration is located at x + u(t,z). We use the assump-
tion that the strain e is sufficiently small so that we can work with the linearized
strain tensor given by e(u) = 2(Vu + (Vu)?). The stress tensor o is defined by W,‘zl,
i.e. as the derivative of the elastic energy with respect to the strain. Hence for mate-
rials fulfilling Hook’s law the stress tensor is determined by C : e(u). In this work we
will neglect kinetic energies pii and volume forces b so that the momentum balance
equation div(o) + b = pii becomes a quasi-static force equation, i.e. div(e) = 0.

PHASE SEPARATION AND PHASE TRANSITION.

The mixture of the alloy is described by a phase field vector ¢ = (cy, ..., cn), where
the elements ¢, k = 1,..., N, denotes the concentration of the component k. There-
fore we will restrict the state space for ¢ to the physically meaningful conditions

Z?f:lcjzlandckZOianoreveryk:I,...,N.

If an alloy is cooled down below a critical temperature then usually spinodal decom-
position and coarsening phenomena occur. Well established models for describing
such effects are the Cahn-Hilliard and Allen-Cahn equations, which describe or-
der parameter preserving and order parameter non-preserving phase separation in
solids, cf. [Cah61, LC82, Gur96, BCD102, Gar00, CMP00, Gar05a, Gar05b, BP05|
and [AC79, CNC94, BdS04, CP08, CGPGS10], respectively. The essential difference
between these two equations is that that the Cahn-Hilliard equation is a fourth order
parabolic evolutionary equation expressible as a H ! gradient flow of the free energy
with respect to ¢ whereas the Allen-Cahn equation is a second order parabolic equa-
tion coming from an L? gradient flow. Analytical results for multi-component Cahn-
Hilliard equations coupled with elastic deformations can be found in [Gar00|. These
results have also been generalized to Allen-Cahn systems with elasticity [BWO05]. It
turns out that different elastic moduli of the phases in the mixture influence the
rate of coarsening and the morphology of the phases decisively [DM00]|. Numerical
investigations are conducted in [GRWO1]. Finite element error estimates of Cahn-
Hilliard and Allen-Cahn equations with logarithmic free energies are recently derived
in [BM10].

DAMAGE.

The damage process we want to consider here is uni-directional, i.e. it can only in-
crease in time and the material is not able to heal itself. The phase field variable
0 < z < 1is interpreted as damage in a way that z(x) = 1 stands for a non-damaged
and z(z) = 0 for a completely damaged material point € 2. These constraints lead
to a differential inclusion formulation for the evolution of z which relates the energy
dissipation of the system due to increasing damage with the derivative of the free
energy with respect to z. If the damage dissipation is given by a functional R which is
homogenous of degree one, i.e. R(ag) = aR(g) for all & > 0, the system is called rate-
independent and the well-developed framework of rate-independent systems [Mie05]
may be applied to this case. See [MRZ10] for analytical results on rate-independent



damage and numerical experiments. We also refer to [BSS05, EM06, FK09, MT10]
for further analytical investigations of damage models.

The main objective of this work is to present existence results for systems where both
Cahn-Hilliard (or Allen-Cahn) and rate-dependent damage differential inclusions for elastic
materials are coupled. The work [HK10] introduces a unifying model for phase separation
and damage processes for Cahn-Hilliard systems in the first instance. Here we generalize the
results of [HK10| concerning the following aspects: Chemical free energies with logarithmic
growth are studied. A gradient-of-damage theory is developed which does not depend on
the space n, i.e. gradient terms |V z[P in the free energy are not restricted to the assumption
p > n. Multi-component systems are considered instead of binary alloys. In addition, elastic
Allen-Cahn systems coupled with damage are investigated.

The systems we would like to consider in this work are governed by the following equations
and inclusion, respectively:

Oic = —Sw, on Qr

w = P(~div(D'Ve) + W% (c) + We(e(u), ¢, 2)), on Qr S
div(o) =0, on Qrp (So)
0p(0z) — Az + szl(e(u), z) + 0tjp,00)(2) 2 0, on Qp

Here W18 denotes the logarithmic chemical energy density, W€ the elastic energy den-

sity, o = VVfél the stress tensor and I' the gradient energy tensor which is a fourth order

RNXn

symmetric and positive definite tensor, mapping matrices from into itself. The ma-

trix P on the other hand denotes the orthogonal projection of RY onto the tangent space
TS = {c € RV Zszl cr, = 0} (with ¥ given in (4)) The energy dissipation density due
to damage progression is given by p where we use the ansatz

p(2) = —a + D12 4 o) 1)

with «, 8 > 0. The operator & determines whether we have an Allen-Cahn or a Cahn-
Hilliard evolution of the system. More precisely:
M : L2(Q;RY) — L2(Q;RY), for Allen-Cahn system,
f— M,
—div(MV) : Y — D, for Cahn-Hilliard system,
[ MV, V),

where M is a constant mobility matrix. The spaces Y and D are defined as

N
Y = {cEHl(Q;RN)]/c:O, chZO},
Q

k=1
D= {c* € (HY(QRY))" [(¢*, ) a1yt = 0 for all ¢ = d(x)(1,..., 1),

where d € H'(Q) and for all ¢ = ey, k = 1,...N}.

We need to impose some restrictions to the mobility matrix M. We assume that M is
symmetric and positive definite on the tangent space TX. In addition, due to the constraint



chvzl ¢ = 1, M has to satisfy the property Ef\il My, =0 forall k=1,...,N. Note, that
M = MP.

The chemical free energy density is of the form

N
1
Wch,log(c) =0 ; Ck log cr + 50 . Ac (3)

with # > 0 and symmetric A € RV*N, The inital-boundary conditions of our systems are
summarized as follows:

c(0) = 0, on ,
2(0) = 29, on €,
u = b, on I'p,
oV =0, on (09

r\I'r, (IBC)
T

T, )

where 7 is the unit normal on 9§ pointing outward, I' C 9§ the Dirichlet part of the
boundary with H"~1(I") > 0, b the Dirichlet boundary value function, 0 < 2y < 1 a.e. on
Q,exn Révo with the affine plane

Y= {CERN‘ickzl}, (4)

=1

T7:=[0,T] x T and (9Q)7 := [0, T] x 9.

The paper is organized as follows: In Chapter 2 we introduce an appropriate notion of weak
solutions for the system (Sgp). To handle the differential inclusion rigorously, we develop
the concept of energetic solutions originally introduced in the context of rate-independent
systems (see for instance [Mie05]) to phase separation systems. This approach was firstly
presented in [HK10]. In Chapter 3 we prove existence of weak solutions for a regularization
of system (Sg) expressed in classical formulation as

Oic = —Sw, on Qr
w = P(—div(L'Ve) + W (c) + W(e(u), ¢, z) + dye), on Qp (s.)
div(o) + div(|Vul?Vu) = 0, on Qp :

Op(0z) — Az — ediv(|Vz|P~2V2) + W (e(u), 2) 4 Otg o) (2) 2 0,  on Qp

where W and W satisfy certain polynomial growth conditions and p > n. The solutions
of the regularized system have better regularity in ¢ € H*([0,7]; L?(2;RY)) and better
integrability in Vu € LY(Qp; R™") and in Vz € LP(Qp,R™) (with p > n as above) and
are constructed by adapting the approximation techniques developed in [HK10].

The limit problem € \, 0 for (S;) is solved in Chapter 4. The displacement field u obtained
in this process has H!(Q; R")-regularity in the first instance. To establish existence results



for chemical free energies of logarithmic type, we prove a higher integrability result for Vu
in Chapter 5, which is based on some ideas similar to [Gar00, Gar05b|. Finally, Chapter 6
concerns about logarithmic free energies for the concentration c. Following the approach in
[Gar00, Gar05b|, we use a suitable regularization W€ with polynomial growth of the log-
arithmic free energy density W™1°8 to obtain a solution for (Sg). Using this regularization,
the chemical components c; become strictly positive in the limit.

The notation we will use throughout this paper are collected in the following.

Notation.

SPACES AND SUBSETS

WJer(Q) functions of W7 () which are non-negative almost everywhere
Wir(Q) functions of W17 () which are non-positive almost everywhere
WIE’T(Q; R™)  functions of W17 (Q; R") which vanishes on T in the sense of traces
B(I,X) space of everywhere bounded functions on the interval I
Br(A) open neighborhood of A C R™ with thickness R
Qr(xo) cube {z € R" |||z — 2¢]|cc < R}
{f=u} level set of a function f with value p
Qr the set [0,7] x Q
Np(M;z) the Fréchet normal cone at z of the set M
FUNCTIONS, OPERATIONS AND MEASURES
Vi maximum function max{0, f}
LM indicator function of M
XM characteristic function of M
We derivative of a function W with respect to the variable e
(A, f) dual pairing of A € (W17(Q))* and f € WL (Q)
o“'E Clarke subdifferential of a functional £
(dE, () Géateaux differential of E in direction ¢
p* Sobolev critical exponent % forn >p
diam(D) diameter of D
H™ Hausdorff measure of dimension n
L Lebesgue measure of dimension n

2 Existence theorem

2.1 Weak formulation

The weak notion we will derive in this section for the doubly nonlinear differential inclu-
sion occurring in (Sg) is inspired by the concept of energetic solutions for rate-independent
systems (see for instance [Mie05]). In the rate-independent setting the differential inclusion
is formulated by a global stability condition and an energy inequality. In [HK10] we intro-



duced an approach which uses an energy inequality and a variational inequality to handle
the rate-dependence coming from the viscousity term (3|9;z|? in the damage dissipation
density function p.

To derive a formulation, we introduce the following Gateaux-differentiable free energy &
and dissipation functional R:

E:HYQR™) x HY(Q;RY) x (HY(Q) N L>®(Q)) — R,

(u, ¢, 2) /Q %I‘Vc :Ve+ %|Vz|2 + Whlg(c) - Wel(e, ¢, 2) da,
R(2): L*(Q) — R,

5 /Q —az + g\élzdm

with viscousity constants «, 8 > 0. To account for constraints, we extend the functionals
above for analytical reasons by indicator functions:

E: HYQR™) x HY(Q;RY) x (HY(Q) N L*®(Q)) — R,
E(u,c, z) = {
R(2): L*(Q) — R,

R() = {fz(z'), if 2 <0,

0, else.

E(u,c,z), ifz>0ae.,

o0, else,

We first observe that the system (Sg) can be rewritten using the functionals as

Oc = —Sw, (5a)
w = Pd.£E(u,c, z), (5b)
du€(u,c,z) =0, (5¢)
% (u, e, z) + D:R(%) 3 0. (5d)

The operator S is given in (2). If we equip the space H(Q2) N L>®(Q) with the norm
|- lgrazee == || - lgr + || - |z the generalized subdifferential 9S'E at a point (u,c,z) €
HY(QR™) x HYQRN) x (HY(Q) N LX(Q)) is

O (u, ¢, 2) = {dzé(u,c, 2)+r € (H (Q)NL®(Q)* |r € Ne(HL(Q) N L®(Q); z)} :

The inclusion LY(Q) ¢ (HY(Q) N L>®(2))* will be later used for the construction of a
specific 7.
The analytical basis for a formulation of a weak solution is the following proposition (a

related version can be found in [HK10]):

Proposition 2.1 Let (u,c,w,z) € C?(Qp;R™ x RY x RN x R) be a smooth solution of
(5a)-(5c) with initial-boundary conditions (IBC). Then the following two conditions are
equivalent:

(i) 0€ OSIE(u(t), c(t), 2(t)) + O:R(2(t)) for all t € [0, T,

6



(ii) the energy inequality

5(u(t),c(t),z(t))+/0 (d:R(042), 0s2) ds+/0 (Sw(s),w(s))ds

< E(u(0),¢(0), 2(0)) —I—/ W;l(e(u), ¢, z) 1 e(0b) dads

Q4

for all 0 <t <T and the variational inequality
0< <dzé(u(t),c(t), 2() + r(t) + dz-fz(atz(t)),g>
forall¢ € HX(Q)NL>®(Q) and r(t) € Np(H (Q)NL®(Q); 2(t)) and for all0 <t < T.

If one of the two conditions holds then the following energy balance equation is satisfied:

t ¢
5(u(t),c(t),z(t))+/0 (d:R(012), 0¢z) d8+/0 (Sw(s),w(s))ds

= &£(u(0),¢(0), 2(0)) —l—/ Wil(e(u), ¢, z) : e(0b) dads

Q¢

We will see that in our approach the mathematical analysis of (Sg) requires several regular-
ization terms to establish the energy and variational inequality for the differential inclusion
and to handle the logarithmic free energy. A transition to ¢ \, 0 will finally give us solution
of the limit problem (Sg).

Proposition 2.1 can also be formulated for the regularized system (S.) which may be written
in a similar form:

e = —Sw, on Qr
w = Pd & (u, ¢, z) + €0y, on Qr
dyée(u,c,z) =0, on Qr

09 (u,c,2) + 0:R(2) 20, on Qp

with the regularized energy

1 1
E(u,c, z) = / iI‘VC :Ve+ §|Vz\2 +Wh(e) + W(e, ¢, 2) + Z\Vu|4 + %’VZP) dz,
Q
E(u,c,z) = é'g(u,c, 2) +/ L0,00) (2) dz,
Q

and the same initial-boundary conditions (IBC). On should notice that Pd;c = 9,¢ because
of dsc(t, ) € . It is assumed that the energy densities W and W in this system satisfy
some polynomial growth conditions which will be specified later.

Definition 2.2 (Weak solution for the regularized system (S.)) We call a tuple ¢ =
(u,c,w, z) a weak solution of the regularized system (S;) with initial-boundary conditions
(IBC) if it satisfies the following properties:



(i) the components of q are in the following spaces:

= LOO([O,T];Wl’4(Q;Rn)), ulr, = blr,,
c € L([0, T); HY (4 RY)) n HY([0, T]; L (4 RY)), ¢(0) = &,
z € L([0,T); WiP(Q) N H([0,T]; L*(2)), 2(0) = 2°, 9,z <0,

and

w € L*([0,T); H' (4 RY)), for C-H systems
w e L*(Qp; RY), for A-C' systems

(ii) for all ¢ € HY(Q;RY) and for a.e. t € [0,T):
[ ett)- ¢e = ~(sw(0).0
(iii) for all ¢ € HY (S RN) and for a.e. t € [0,T):
/Q w(t) - Cdz = /Q PTVe(t) : VE+PWP(e(t)) - (dw

+/ IP’W,‘Zl(e(u(t)),c(t), z(t)) - C +e0c(t) - (dz
Q
(i) for all ¢ € W§’4(Q;R”) and for a.e. t € [0,T]:

AW,il(e(u(t)),C(f), 2(1)) = e(¢) + e[ Vu(t)?Vu(t) : V(dz =0
(v) for all ¢ € WP(Q) and for a.e. t € [0,T):

/Q(€|VZ(75) P72+ 1)Vz(t) - VE+ (WS (e(ult)), eft), 2(t)) — a + B(8,2(1)))¢ du
> —(r(t), ¢),
where r(t) € (WHP(Q))* satisfies (r(t), z(t) — ¢) >0 for all ¢ € W—il-’p(Q)

(vi) energy inequality for a.e. t € [0,T):

E-(u(t), c(t), z(t)) — E(u(0),¢(0), 2(0)) + / a2 — 2(t)) dz

Q

t
+/ ﬁ\@tZIQ—i—s]@tc\zdxds—l—/ (Sw(s),w(s))ds
o8 0

< | We(u),¢,2) : e(b)dads +¢ [ [Vu2Vu: Vosbdads
Qt Qt

Definition 2.3 (Weak solution for the limit system (So)) A tuple ¢ = (u,c,w,z) is
called a weak solution of the system (Sg) with initial-boundary conditions (IBC) if it
satisfies the following conditions:



(i) the components of q are in the following spaces:
u € LOO([OvT]Hl(Q;Rn))a U‘FT - b‘FT7
ce L*([0,T]; HY (4 RM)), ¢, > 0
z € L=([0,T); HL () N H'([0,T); L*(Q)), 2(0) = 2%, 9,z <0

and
w e L*([0,TJ; Hl(QRN)) for C-H systems
w e L*(Qp; RY) for A-C systems

(ii) for all ¢ € L2([0,T); H (;RN)) with 0,¢ € L?(Qp; RY) and ((T) =
T
— ) o¢dr = w,
/QT(C )- 8¢ d /0 (Sw, ¢) dt
(i4i) for all ¢ € HY(Q;RN) N L2 (Q;RY) and for a.e. t € [0,T]:
/ w(t) - ¢dz = / PTVc(t) : VE+PWD8(c(t)) - ¢ da
) Q
+ [ BWle(u(t), (o) 1) - do
Q
(iv) for all ¢ € HE(Q;R™) and for a.e. t € [0,T):
[ Weletuete). =) - ) da =0
(v) for all ¢ € HL(Q) N L>®(Q) and for a.e. t € [0,T]:
/sz(t) -V (WE(eult)), e(t), (1) — a+ B(9z(1))¢ dx = —(r(t), ),

where r(t) € (H'(Q)NL>®(Q))* satisfies (r(t), z(t)—¢) > 0 for all ¢ € HY (Q)NL>®(Q)

(vi) energy inequality for a.e. t € [0,T]:

E(u(t),c(t), z(t)) + /

Q

a2’ — 2(t)) dx+/ B|8tz\2d$ds+/ (Sw(s),w(s))ds
< E(u( / I/Vel : e(0¢b) dzds
Remark 2.4 (i) Both notions of weak solution imply chemical mass conservation, i.e.
/ c(t) dx = const, ceX ae. in Q.
Q

(i) The dual pairing (Sw(t),() can be rewritten as follows:

(Sw(t), /MVU} t): V({dz, for C-H systems

— / Muw(t) - ¢ du, for A-C systems
Q



2.2 Assumptions and main result

Before we state the assumptions that are necessary for the proof of the existence theorem,
all symbols and coefficient functions are collected in the following:

SPACE DIMENSION
COMPONENTS IN THE ALLOY
REGULARIZATION EXPONENT
VISCOUSITY FACTORS
DoMAIN

DIRICHLET BOUNDARY PART
TIME INTERVAL

ELASTIC ENERGY DENSITY
CHEMICAL ENERGY DENSITIES

MOBILITY MATRIX

GRADIENT TENSOR

PROJECTION MATRIX

n=11,2,3}

N e Nwith N > 2

p>n

a,0>0

Q) C R™ bounded Lipschitz domain

I C 9Q with H* }(T) > 0

[0,T] with T'> 0

W e CHR™™ x RY x R;Ry)

weh ¢ CHRN;R) with W > —C,
weblog(c) = 957 ¢ log e + sc- Ac

with # > 0 and A symmetric

M € R¥*N symmetric and positive definite on TS
and Y My =0 forall k=1,...,N

T' € L(RNV*7 RNX") gymmetric and positive
definite fourth order tensor

PP orthogonal projection from RY to TE

The symmetry, convexity and growth assumptions we are using for W and W through-

out this paper are:

Wee,c,z) = Wel(et, ¢, 2)

>

1

(A1)
We(e,c,2) < C(le)* + |¢|* + 1) (A2)
nler — ea? < (W(er,c,2) — W(ez,¢,2)) : (e1 — €2) (A3)
|VV;1(61 +e2,c,2)| < C(WEI(el,c, z) + |e2| + 1) (A4)
(A5)
(AG)
(A7)

> >

Wee,e,2)] < Cllef + | + 1) 5
(WE(e,e,2)] < Cllef* + |ef* + 1) 6
We(e)l < C(le /2 + 1) 7

> >

Remark 2.5 (i) We remark that in the work [HK10] we assumed the more restrictive
growth condition [W¢(e,c,z)] < C(le| + |c|* + 1) instead of (A5).

(ii) If the space dimension n is less than 3 the constant 2* can be replaced by a sufficiently
large constant.

The main result in this work is summarized in the following theorem:

Theorem 2.6 (Existence theorem) Let the above assumptions be satisfied and, addi-
tionally, let T' = vId with a constant v > 0. Then for every

b€ WH([0,T]; WhHe(Q; R™)),

10



& e HY(Q;RY) with & € ¥ and ¢, > 0 a.e. in Q,
22 € HY(Q) with 0 < 2Y <1,

there exists a weak solution q of the system (Sg) with initial-boundary condition (IBC) in
the sense of Definition 2.3.

3 Existence of weak solutions of (S.)

The proof uses essential ideas from [HK10]. We concisely present the main ideas in this
setting and focus on the modifications:

1. STEP: CONSTRUCTING TIME-DISCRETE SOLUTIONS.

Set u? to be a minimizer of u + & (u,c’, 2") defined on the space W4(Q) with the
constraint u|p = b(0)|r in the sense of traces.

Since ¢ is fixed in this section, we omit the e-dependence in the notation, e.g. £ always

means & and so on. Based on the initial triple (u’, c, z%) we construct (u7%, ¢y, 27%)
for m =1,..., M recursively by minimizing the functional
Exp (u, ¢, 2)
~ - fz— 2 rlle—ent ? et |le— et 2
=&(u,c, z R| M — M — M 6
( )+ T + 2 T 2 T (6)
X L2(Q)

on the closed subspace Q7% of H(Q;R™) x HY(Q;RY) x Wlr(Q):

u € HY(QRY), wulp =b(m7)|r
Qi == ce HY(Q;RY), Joc— dz = 0 for C-H systems
z € WhHP(Q), 0<z<zpt

where X denotes the space D with the scalar-product
(c1]ea)x = (MVS e | VS ea) r2omny
for Cahn-Hilliard systems and X = L?(Q; R") with the scalar-product
(c1|e2)x == (Mex | e2)p2(mn)

for Allen-Cahn systems. Note, that the last regularization term in (6) is not neces-
sary for Allen-Cahn equations due to the term with the X-norm. To use a uniform
approach, we consider this term in both systems. By direct methods in the calculus
of variations the functions

(w5 250) = avgmin Efj(u,c.2)
(u,c,2)€QT,

are well-defined. Furthermore, we set

m _ m—1
_§1 (M) + Ay, for C-H systems,

T

w]n\} = 1
_s1 (%) , for A-C systems.

11



with the Lagrange multiplier A} (associated with the mass constraint) given by
o= L W) + W), 21 do

We define the time incremental solutions as qf; := (u}, ¢}, wi}, 21;) and introduce
the constant interpolations g, gy, tar, ty, and the linear interpolation ¢ps as

qm(t) := gy for t € ((m — 1)7,mr],

ay () := qjjy for t € [m7, (m +1)7),

tar := min{m7 |m € Ny and mr > t},

ty = min{(m — 1)7 |m € Ng and m7 > t},

Gu(t) == Bgy + (1 — B)g "t for t € [(m —1)7,m7) and § = ; —(m—1).

Due to the minimization properties of ¢}y we establish the following variational for-
mulas (cf. [HK10, Lemma 6.2]):

Lemma 3.1 (Euler-Lagrange equation) The functions qur, qy; and gar satisfy
the following properties for all t € (0,T):

(i) for all ¢ € HY(Q;RYN):
[ @ea(®) - caz = ~(Sun(0).0 (7)
(ii) for all ¢ € HY(Q;RN):
/ wyr(t) - Cda = / PTVen (t) : VE+PWE (enr(t)) - Cda
Q Q
+ /Q P (e uns (1)), ear(8), 2e (1)) - € + edyéar(t) - Cdzr (8)
(iii) for all ¢ € Wi (Q;R™):
/QWg(e(UM(t)),CM(t)’ZM(t)) ce(Q) + €| Vupr () P Vupr(t) : V¢dz =0 (9)
() for all ¢ € WIP(Q) with 0 < ¢ + zp(t) < 23,():
/Q (V20 (8)[P2 + 1) Vs (t) - VC + W(e(unr (£)), ear(t), 221 ()¢ da
+ [ (a B0 2 0 (10)
Q

2. STEP: IDENTIFYING CONVERGENT SUBSEQUENCES.

The recursive minimization scheme gives also rise to the energy estimate
tamr . ﬁ o € 9
Elupr(t), ear(t), zar(t)) + —adiZy + §|0tzM| + §|8th\ dazds
0 Q
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tm ]
+/ §<S’UJM(S),’LUM(S)>dS—(‘:(UO,CO,ZO)
0

tm
< / / I/V;l(e(u& +b—0by,), ¢y 20r) : €(0rb) deds
0 Q
tm
+€/ / |Vauy, + Vb — Vb, |*V(uy, +b—by,) : Vorbdads  (11)
0 Q
which leads to the boundedness (cf. [HK10, Lemma 6.3])
i 5 Bios 2, €o. 12
E(upr(t), ear(t), za(t)) +/ / —a0iZy + 5]8t2M| + §|8th| dzds
0 Q

+/OM;<SwM(s),wM(S)>d5

< C(EML, 2% +1)

for all ¢ € [0,7] and all M € N by growth condition (A4) and a Gronwall estimation
argument. We obtain the a-priori estimates due to the energy estimate:

Lemma 3.2 (A-priori estimates for the time incremental solutions) There ez-
ists a C' > 0 such that for all M € N the following estimates holds:

[unrll oo (o, ;w14 @Ry < €

llea || oo (o, 1 (m v y) < O

[0sem Lopirmy < C,

lwarl 2oy oz < C Jor C-H systems,
||wM||L2(QT;RN) <C for A-C' systems,
HZMHLOO([O,T];WLP(Q)) <G,

10:2m || 222y < C-

By standard compactness arguments and a compactness theorem from Aubin and
Lions [Sim86] we find a subsequence and an element (u,c,w,z) = ¢ satisfying (i)
from Definition 2.2 such that

upg, = in L0, T]; WH(Q))

and
Chtyy Cay, — € in L0, T]; H (O RY)),
en, (1), €y, (B) = ¢(t) in HY(Q;RY) for a.e. t € [0,T],
CMy» Cpp, — C A€ in Qrp,
én, — ¢ in H'([0,T]; L2 (% RY))
and
wyr, — w in L2([0,T); H(;RY)) for C-H systems
wyr, — w in L2(Qp; RY) for A-C systems

13



and

My Zag, — 2 1 L0, T WHP(Q)),
Zm (8), 2, (1) — 2(¢) in WP (Q) for a.e. t € [0,T),
ZMy, 2y, — 7 A€ in Qp,
v, — z in H'([0,T]; L*())
as k — oo (cf. [HK10, Lemma 6.5]). For convenience we omit the index %k in the

notation. Exploiting the Euler-Lagrange equations we can even prove stronger con-
vergence properties. To proceed, we recall an approximation lemma from [HK10].

Lemma 3.3 ([HK10, Lemma 4.2]) Let ¢ > 1, p > n be real numbers and f,( €
LA([0,T); WP (Q)) with {¢ = 0} D {f = 0}. Purthermore, let { far}aren C L([0, T]; WP ()
be a sequence with fu(t) — f(t) in WIP(Q) as M — oo for a.e. t € [0,T). Then

there exists a sequence {Cnr}aen € L1([0,T7; WJIFP(Q)) and constants vary > 0 such

that

(i) Cu — ¢ in LI([0, T; WHP(Q)) as M — oo,
(i) Car < ¢ a.e. in Qp for all M € N,
(111) vareCar(t) < far(t) a.e. in Q for a.e. t € [0,T] and for all M € N.

If, in addition, ¢ < f a.e. in Qp then condition (iii) can be refined to

(113)” Cyr < far a.e. in Qp for all M € N.

By using uniform convexity estimates we are now able to prove strong convergence
results.

Lemma 3.4 (Strong convergence of the time incremental solutions) There ez-
ists a subsequence { My} such that

(i) wny gy, — w i LA(0, T WA RY),

un, (), upy, (t) — u(t) in WL4(Q;R") for a.e. t € [0,T],
uMk,uX/[k — u a.e. in Qr

(i) cary, €y, — ¢ in L7 ([0, T]; HH (S RY)),
emy (1), ey (8) — () in HY(QRYN) for a.e. t €[0,T],
CMy» Cpp, = C G-€. mn Qr and
én, — ¢ in HY([0,T); L?(; RY))

(iti) 2my, 2y, — 2 10 Lr([0,T); WHP(Q)),
2m,, (1), 2y, (1) = 2(t) in WLP(Q) for a.e. t €[0,T],
ZMy,, Zpp, 2 G- m Qr and
Zu, — z in HY([0,T); L*(Q))

as k — oo.

Proof. For (i) we refer to [HK10, Lemma 6.6]. We show (ii) and (iii), since the proofs
in [HK10, Lemma 6.7, Lemma 6.8] need to be modified. We omit the index k in the
proof.

14



(if)

(iii)

By Lebesgue’s convergence theorem, Lemma 3.2 and the weak convergence prop-
erties we have ¢y — ¢ in L2 /2T1(Qp; RY). Testing (8) with ¢ = ¢p/(t) and with
¢ = c¢(t) and integrate from ¢t = 0 to ¢t = T" we have

/ PI'Veyy : Vep dadt = / Wy - CM — PW}‘éh(cM) - cpr dzdt
QT QT
— / PWEl(e(uM), cMs2M) - ey + €0l - epp dadt
Qp

/}P’I‘VCM:Vcdmdt:/ wyr - ¢ — PWP(epy) - edadt
QT QT 7

— / PW%I(G(UM), e, Zu) - ¢+ edépy - edadt
Qr
Passing to M — oo and comparing the right sides of the equations shows

/ PI'Vey : Ve dedt — PI'Ve : Vedadt.
QT QT

By using the properties PVeys = Vepyr and PVe = Ve we eventually obtain
(I'Venm [ Veur) p2apmryy — (FVe|Ve) p2q,rny. Since, by the assumptions on
T, (T |)p2(qprn) is a scalar product, it follows

(IV(em — ) [V(em — c))L2(QT;RN) —0

and subsequently Vey — Ve in L2(Qp; RY).

Applying Lemma 3.3 with f = z and fy; = z); and { = 2 gives an approxima-
tion {Car} C LP([0, T); WEP(Q)) N L®(Qr) with the properties:

(v — = in LP([0, T); WHP(Q)), (12a)
0<(y <z forall M €N (12b)

The estimate
nVay — V2P < (|Vem|P 2V — [V2|P72V2) - V(zy — 2)

where > 0 is a constant and equation (10) tested with ¢ = (p(t) — zp(8)
(possible due to (12b)) yield:

775/ |Vzr — Vz|P dadt +/ |Vzur — Vz|? dadt
Qr Qr
= / (e|Vzum P72 + 1) Vzp — (6| VP72 +1)V2) - V(2 — 2) dadt
Qr
g/ (e[VanlP2 4+ 1) Vs - V(zar — Cor) dadt
Qr
+ / (| VP2 4+ 1)Vaur - V(¢ — 2) dadt
Qr

— / (e|Vz[P™2 + 1)Vz - V(2p — 2) dzdt
Qr

15



< / (Wyil(e(uM),cM, ZM) — o+ ﬁatﬁ’M)(CM — ZM> dxdt
Qp
+ / (€‘VZM’p72 +1)Vzu - V(Cr — 2) dadt
Qr
- / (e|Vz[P~2 + 1)Vz - V(zp — 2) dadt
Qr

< W (elunr), enr, 2a) — o+ Bl 207y 160r — 2arll 20y

bounded

V20l + 1200l vt 0) 1V Car = Pzl

bounded

- / (e|V2[P™2 + 1)Vz - V(2p — 2) dadt

Qr

Due to (12a) and zy = z in L>([0,T]; W'P(Q)) each term on the right hand
side converges to 0 as M — oo. |

As already mentioned we omit the index k in the following.

. STEP: ESTABLISHING A PRECISE ENERGY INEQUALITY.

In this step we establish an asymptotic energy inequality, which is sharper than the
energy inequality in (11). Note, that compared to (11) the factor 1/2 in front of
(Swar(s), wpr(s)) is missing.
Lemma 3.5 For everyt € [0,T]:
tm
E(upr(t),enr(t), zar(t)) + / / —adizar + Bl0iu|* + ldréns|? dads
0 Q
ta
+/ (Swyr(s), war(s)) ds — E(u’, &, 20)
0
tm
< / / I/V;l(e(u]@ +b—0by,), ¢y 20r) : €(0rb) deds
0 Q
iy
+€/ / |VUX4+Vb—Vb]T4]2V(uX/[+b—b]T4) : Voybdxds + kpr
0 Q
with kpyr — 0 as M — oo.

Proof. Applying the estimate E7 (q}}) < Eﬂmj(u’]\’}_l + b — b}(}_l, cy, 2yy) form =1
to YL yields (cf. [HK10, Lemma 6.10]):

Elupr(t), ear(t), zar () — E, 2, 2°)

<e /0 " /Q IV (uy, + b(s) — b)) 2V (uy, + b(s) — bry) : Vayb(s) dads

ta
+ / / W;l(e(u;/[ +b—0by),chp 2yy) : €(0ib) dads
0 Q
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ty
/ /Wel e(uy, +bar — byy)s Enry 2yp) - Oréar dads

(;31

tm
- / / T'Veén : Voien + W(enr) - Oénr dads
0 Q

(*)2
tar
+ / / W;l(e(u& + by — byy)s ey 2ar) 02y dds
0 Q

(**) 1

tam
+/ /e|vz~M|p2vz~M - VOinr + Vi - VO iy dads (13)
0 Q

(k)2

The elementary inequalities

(|\Vim P2V iy — |Van[P2V2yr) - Vi <0 and (Vi — V) - Vo <0
and (10) tested with ¢ := —0;2p/(t)T leads to the estimate:

()1 + ()2

tm
—/ / —adyiy + B0 i |* dads
0 Q

2%
+ / /(Wezl(e(u&, + by —byy)s e, Zur) — Wezl(e(uM), e, z2m )0z dads
Q

-~

— 3
=K\

Furthermore:

tar
/ / I/Ve1 M), CM, 20 ) - Oépr dads

ty
/ /VVe1 e(uy; +bn —byy), Ear, 2py) — Wil(e(uM),cM,zM))-atéMdmds

1
Batlad Vs

Using the elementary estimate I'(Vén — Veyy) 1 VOiénr < 0:
tym
x)g < / / I'Vey : VOiéy + W,Cch(cM) - Oyepr dads
0 Q

tyv
+ / / (W,%h(éM) - W,(éh(CM)) - Oy dxds
0 Q

2
Ror

Hence, applying equations (8) with ¢ = d;¢ps(t) and (7) with ¢ = wps(t) by noticing
]P’atéM(t) = até]y[(t) show:

tar tam
(¥)1 4 (%)2 < —/ (Swar(s),wpr(s))ds — / / 5|8téM|2 dzds + /@']1\/[ + n?\/l.
0 0 Q
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Lebesgue’s generalized convergence theorem, growth conditions (A5)-(A7) and Lemma
3.4 shows kps := /i}w + Ii%\/l + /i‘})’w — 0 as M — oco. We would like to emphasize that
we need the boundedness of Vu,; in L4(QT; R™™) and the boundedness of 9,2, in
L?(Q27) with respect to M. [ ]

. STEP: PASSING TO M — oo.

Using Lemma 3.4 and (7), (8) and (9) we establish (ii), (iii) and (iv) of Definition
2.2. Moreover, Lemma 3.5 implies:

E(unr(t), ear(t), 2z (t)) +/ —adizy + B10iim | + €|0rén|? dods
Q4

t
+/ (Swar(s), war(s)) ds — E(u®, °, 2°)
0
tm
S /0 /;IWEI(@(’U/]_W + b — b&), 6174’ ZM) : e(atb) dde
ta
! 6/ / Vg + Vb = Vby [PV (upy +b = by,) - VObduds + ki
o Jo

The energy estimate (vi) from Definition 2.2 follows from above by using Lemma 3.4
and weakly semi-continuity arguments.

It remains to show (v) of Definition 2.2. To proceed, take any test-function ¢ €
LP([0,T); WP (Q)) N L=(Qyp) with {¢ = 0} D {z = 0}. Lemma 3.3 gives a sequence
{Cu} € LP([0, T); WEP(Q)) N L(Qr) with (ar — ¢ in LP([0, T); WP(Q)) and 0 >
v(p(t) > —zp(t) where v depends on M and ¢. Therefore (10) holds for ¢ = (ar(2).
Integration from 0 to T" and passing to M — oo gives

/ (| V2P 2 +1)Vz- V(¢ + (Wf;l(e(u), ¢, z) —a+ B(0z))¢ dedt > 0.
Qr
In other words
/(slvf«*(lﬁ)l”_2 +1)Vz(t) - VC+ W (e(ult)), et), (t))¢ da
Q
+ [ (~a+p@z0)Cr 20
Q

holds every ¢ € W'?(Q) with {¢ = 0} D {2(t) = 0} and a.e. t € [0,7]. To finish
the proof, we need a further lemma to extend the variational inequality to the whole
space W'2(Q).

Lemma 3.6 Let f € LP(;R™), g € LP(Q) and z € WHP(Q) with f-Vz > 0 and
{f =0} 2 {2z =0} a.e.. Furthermore, we assume that

/f-V(+ngx20 for all ¢ € WHP(Q) with {¢ =0} D {z = 0}.
Q
Then

/ f-V(+gldx > / [g]"¢dx  forall ¢ € Wi’p(Q).
Q {z=0}
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Proof. We assume z # 0 on 2. Let ¢ € W'?(Q) be a test-function. For § > 0 small
enough such that Q\ Bs({z = 0}) # 0 we define

G = max {¢, —2l|¢]l2=C5 '}
with the constant
Cs :==inf {z(z)|z € Q\ Bs({z=0})} > 0.
We consider the following partition of Q:
Q=2 uxsuUn;
with
¥y :=Q\ Bs({z = 0}),

S5 = QN Bs({z =0}) N{¢ < —2[|¢)lL=C5 ',
Y5 = QN Bs({z=0}) n{¢ > —2[[¢ll=C5 '}

By construction, the sequence {(s}5¢(0,1) satisfies

) C(=), ifz e ULy,
Gl) = {—z(:):)\CHLooC_l, ifx e E;

In particular (s = 0 on {z = 0} for every § € (0,1] and ¢5 = ¢ in L®({z > 0}) as
0\, 0. Figure 1 visualizes some aspects of the idea of the construction of (5 = 0.

We estimate

/f-VC+ngx—/ 9]¢ da
Q {z=0}
=/f-V(<—<5>+g(<—ca>dx—/ [g]+Cd$+/f'VCa+gCadiv
Q {z=0} Q D

>0

2/Qf-V(C—C&)d$+/{z>0}g(C—C5)d$

— [ £V Gdrt [ £V Gydot [T G)do
1 =5 25

J/

=0 =0

— dx
+/{Z>0}9(C Gs)
1<l 5 /22<] Vzdx /22<] V(dz /{Z>0}9(C Gs)dz

:f22§\{zzo} f-Vede

> /E IR X / g(C— &) da

{z>0}
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By({z=0})

g
; 241 Cs

Figure 1: This example illustrates the construction of (5 for space
dimension n = 1. The function —z||(||ze/Cs is less than ( in

O\ Bs({z = 0}).

The terms on the right hand side converges to 0 as § \, 0. |

Setting f = (e|Vz(t)[P72 + 1)Vz(t) and g = W (e(u(t)), c(t), 2(t)) — o + B(0:4(t)),
Lemma 3.6 shows

/Q (VB2 + )V(t) - VE + (W (e(ult)). e(t), 2(8)) — a + B@2()) da
> [ W), 0, 2(0) — a+ B(@E(0)] ¢ do
2()=0}
> / W (e(ut)), e(t), 2(£)] ¢ da
=()=0}

Now, variational inequality (v) from Definition 2.2 follows by setting

r(t) = =X (=0} WS (e(u(t)), c(t), 2(0)] T

4 The limit case € \, 0

In this chapter we show that an appropriate subsequence of the regularized solutions
{%}se(o,l] of Definition 2.2 converges to a solution ¢ which satisfies the limit equations
of Definition 2.2 for € = 0. We will see that 7 even lies in L' (2) and therefore in (L>°())*.
In the next chapter we prove higher integrability of Vu, which even shows r € Lt#(()
for sufficiently small @ > 0 since r = —X[W'il(e(u(t)), c(t), z(t))]" with x € L>®(Q).

For every € € (0,1] there exists a solution g. of (S.) in the sense of Definition 2.2. In
conclusion, the following integral equalities and inequalities hold for a.e. t € [0, T:
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(i) for all ¢ € HY(;RY):
[ 2ty - ¢ = ~(Sw.(0),0). (14)
(ii) for all ¢ € HY(Q;RY):
/ w.(t) - Cdz = / PTVex(t) : V¢ + PW (ea(t)) - C da
Q Q
+ / PW (e(ue(t)), co(t), 2 (1) - € + edhea(t) -z, (15)
Q
(iii) for all ¢ € WI}A(Q;R"):
[)Wﬁl(e(us(t)), c=(t), 2 ()  e(C) + e Vue (1) *Vue(t) : V¢dz =0, (16)
(iv) for all ¢ € WP (Q):
/Q(slv'za(t)lf"‘2 + 1)V (t) - VC+ (W (e(ue(t)), c=(t), 2 (1) — a + B(0pz(1)))¢ da
Z _<T€(t)7<>7 (17)
(v) where r.(t) is given by

re(t) = ~X{a =0y W2 (e(us(t)), ce(t), 2 ()], (18)

(vi) energy inequality:

Ec(ue(t), ce(t), ze(t)) + / (2’ — z.(t))de + [ B|0sz:* + |drce|? dads
Q Q

t S
+/O<Sw€(s),w5(s)>d8 Ee(ug, ¢, 27)

< / Wil(e(ug),cg,zg) ce(Ob) deds + € |Vue|*Vu, : Vosbdzds (19)
Qt Qt

Using the energy inequality and Gronwall’s inequality we establish again the following
energy estimate

¢ ¢
Ec(ue(t), ce(t), z:(t)) +/ / —adyze + B0z |? +6]8tca\2dxds+/ (Swe, we) ds
0
< OE(ul, P, 2%) +1)
for a.e. t € [0,T] and every e € (0,1]. Since & (u?,?, 20) < E(ul, 0, 20) < & (uf, L, 2Y),

the left hand side is also uniformly bounded with respect to a.e. t € [0,7] and every
€ (0, 1]. This, on the other hand, results in the following a-priori estimates:
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Lemma 4.1 (A-priori estimates for ¢.) There exists a C' > 0 such that for all € €

(0,1]

e | oo o rywra @y < Cs
l[well oo 0,171 (QiRm)) < C
||C€||L°°([0’T};H1(Q;RN)) <,
<C,

P ze || poo (o 17w 1002y < €
I2¢ | oo (jo,17: 1 (02)) < Cs
10¢2cl| 220y < C,

for C-H systems
lwell 2o, (smVy) < C

|0cce| L2 (pmry < C
|well L2 (o smry < C.

[0ccell L2 o, (1 (N ) < C,}

for A-C systems

These estimates and the integral (in)equalities of ¢. give rise to:

Lemma 4.2 (Convergence properties of ¢.) There exists subsequence {ey} with e \,
0 as k — oo and an element (u,c,w,z) = q satisfying (i) of Definition 2.3 except ¢, > 0

such that

(i) ue, — w in L2([0,T); HY(Q;R™)),
ue, (t) — u(t) in HY(Q;R™) for a.e. t € [0,T] and

Ug, — U a.€. 1

(i) o = cin ([0, T]; HY (G RY)),
ce, (t) = c(t) in HY(;RY) for a.e. t € [0,T],
Cep, — € a.e. in Qp and

ce, — c in HY([0, T); L2(Q; RY)) for A-C systems
(iii) we, — w in L2([0,T); HL(Q; RY)) for C-H systems
we,, — w in L2(Qp; RY) for A-C systems

fiv) 22, 5 2 in L2(0,T): H' (),
2o, (1) = 2(t) in HY(Q) for a.e. t € [0,T],
2e, — z a.e. in Qp and
2z, — z in HY([0,T); L2(2))

as k — oo.

Proof. Properties (ii), (iii) and (iv) follow from Lemma 4.1 and standard compactness

theorems. For (i) we refer to [HK10, Lemma 6.14].

As usual we omit the index k in the subscripts.
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Remark 4.3 We would like to mention that the arguments in [HK10, Lemma 6.14] cannot
be adapted to prove strong convergence properties of Vee and Vz due to the usage of Lemma
3.3 and the lack of a compact embedding H'(Q) ¢ C**(Q) for n > 1 as well as the more
generous growth condition (A5).

We are now able to establish the limit equations of (14)-(19).

(i)

(iii)

(iv)

Let ¢ € L2([0,T); HY(Q;RY)) with 8,¢ € L*(Qr;RY) and ¢(T) = 0. Integration
from t =0 to t =T of (14) and integration by parts yields

T
/ (cc — ) - ¢ dads = / (Swe, ) ds.
Qp 0

Passing to € N\, 0 shows (ii) of Definition 2.3.

Let ¢ € L2([0, T); H (S RYN)) N L (Qp; RY). Integration from ¢t = 0 to t = T of (15)
and passing to € \, 0 yields

/ w - (deds = / PT'Ve: V(¢ + (]P’I/I/"Zh(c) + ]P’W‘il(e(u), ¢, z)) - Cdxds.
QT QT
Note that

< el|Oree |l 2wy 1€l L2 (@psmry — O

/ €0sce - (dxds
Qr

as € \, 0. This shows (iii) of Definition 2.2 with € = 0.

Let ¢ € WIEA(Q;R”) be arbitrary. Passing to e \, 0 in (16) yields for a.e. t € [0, T
| Wit ), 2(0) : (¢ do = o (20)
Q
by noticing

[ AP0 Ve0): T ds| < ITu0 e Loy — 0

A density argument shows that (20) also holds for all ¢ € HL(€2; R™). Therefore, (iv)
of Definition 2.3 is shown.

The family {x{..—0}} is bounded in L>(Q7) with respect to € € (0,1]. We select a

subsequence such that X{z., =0} X x in L°(Q7) as k — oo. We omit the index k in
the notation. Integrating (17) from ¢t = 0 to ¢t = T" and passing to € \, 0 shows

V-V (VVfZl(e(u), ¢,z) —a+ B(0z))¢dx > —/ X[Wezl(e(u), c,2)]"¢dxds
Qr Qr

(21)
for all ¢ € LP([0,T); WP(Q)) N L=(Q7). We also use the fact that

< eVl o I V¢ Loy — O-

/ €|V 2 |P7?V 2, - V(¢ dads
Qp
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It follows
[ 90 V¢ + Vet l0).2(0) — o + B@=() da
>~ [ OV ela(t). cft), 2(0)] ¢ do
Q

for all ¢ € HL(Q) N L>®(Q) and ae. t € [0,T]. Set r := —x[W(e(u), ¢, z)]*. For
every £ € L°°([0,T]) with £ > 0 a.e. on [0, 7] and every ¢ € HL(€2) N L>®(Q) we also
have

o= [ ' ([t — sopac) etyae= [ e e

H/QTr )¢ dadt = /OT (/Qr(t)(g“—z(t))dw) £(t) dt.

This shows [, 7(t)(¢ — z(t)) dz < 0 for a.e. t € [0,T]. We obtain the inequalities (v)
of Definition 2.3.

(v) Testing (16) with { = u. — b yields
c /Q Ve (8)4 dz = ¢ /Q Ve (1) V0. (t) : Vb(t) da
= [ W el cel0) 20 lcle) = b)) d
[ W) elt),2(0) s efult) ~ (e dz =0,
Q
Lemma 4.2 and weakly semi-continuity arguments leads to

¢
B0z |* + €| Oy |? dxds+/ (Swg,w5>ds>
S—— 0

>0

> E(u(t),c(t), 2(t)) + | Blowz)? +/ (Sw,w) ds.
Qy 0

lim inf <5g(u€(t), ce(t), z(t)) +

e\.0 Q

We obtain (vi) from Definition 2.3.

5 Higher integrability of the strain tensor

To prove existence results for chemical free energies of logarithmic type we establish a
higher integrability result for the strain tensor, which is similar to [Gar00, Gar05b]. It It
generalizes the higher integrability result for the strain tensor in [Gar00, Lemma 4.4] and
|Gar00, Theorem 4.3| to the elliptic equation of the form

{div(W;I(e(u), o)), on Qr }
W;l(e(u), c)- vV =07, on (00)r

to our setting with time-dependent boundary data b and the additional damage variable z in
(So). Before proving our integrability theorem we state two important types of inequalities.
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Theorem 5.1 (Sobolev-Poincaré type inequalities, cf. [Sob38], [Nir59], [BCO07])
Let n € N with n > 2 and p € [1,n). There exists a constant C' > 0 such that

(i) for all rectangles D C R™ and all u € W'P(D):

<]{J [u —]{JUIP*> g <C (ﬁ |Vu!p>’l’ (diamD)

(ii) for all rectangles D = T]"_[ai, b)) € R"™ and all w € WHP(D) with u(z) = 0 for
= (21,...,%p_1,an) € D (in the sense of traces):

1 1
<][ |u|P*>p gc(f |vu|p>p (diamD)
D D
Proof.

(i) The case 1 < p < n was proven by Sobolev [Sob38| while Nirenberg [Nir59| gave a
proof to p = 1.

(ii) The necessary modifications in this case can be found in a generalized form in [BCO7|.

Theorem 5.2 (Reverse Holder inequality, see [Gia83]) Let Q@ C R™ be a cube, g €
LfOC(Q) for a g > 1 and g > 0. Suppose that there exist a constant b > 0 and a function
fe L (Q) withr > q and f > 0 such that

q
][ gldxr <b ][ gdx —}—][ fldx
Qr(zo) Q2r(z0) Q2r(z0)

for each xo € Q and all R > 0 with 2R < dist(z0,0Q). Then g € L} (Q) for s € [q,q+¢)
for some € > 0 and

1 1 1
s q s
][ gde | <c ][ gldx | + ][ fidx
Qr(wo) Q2r(z0) Q2r(z0)

for all xg € Q and R > 0 such that Qar(xo) C Q. The positive constants c,e > 0 depend
onb, g, nandr.

Theorem 5.3 (Higher integrability) Consider the casen € {2,3}. Let u € HY(Q;R"),
2z € L®(Q) with 0 < 2 <1 a.e. in Q and c € L*(Q;RY) for a pu > 4. We assume that for
all ¢ € HE(Q;R™) we have

/QWEI(e(u), ¢,z):e(¢)dx =0 (22)
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and ulp = blpr for a b € W1(Q). Then there exists a p € (2,1/2] such that u €
WhP(Q; R"™) and

IVl o znsny < CIVulpaamnsn, + el Zangmn, + 1
where C' is independent of u, ¢, z and p is independent of c.
Proof. The proof is based on [Gar00, Lemma 4.4 and Theorem 4.3| and uses a covering

argument. Due to the non-constant boundary condition, we need to apply here a more
general Sobolev-Poincaré inequality (see Theorem 5.1 (ii)).

(i) HIGHER INTEGRABILITY AT THE BOUNDARY.

Let zg € 0€2. Then there exists a bi-Lipschitz function 7 : Q@ — R" with @ := Qr,(0)
and Ry > 0 such that

(@) € 9,
7(Q7) CR™\ Q.
where
QJF = {xGQ‘zn >0}7
Q ={reqQ|z, <0}

Define the transformated functions @, b € H'(QT;R"), ¢ € H'(QT) and 2z € L™(Q™")
as

(@,b,¢,2)(z) = (u,b, ¢, 2)(7(x))
To proceed, let yp € Q and R < %dist(yo, 0Q) and define for R’ > 0

Qr(vo) == {z € Qr/(yo) | zn > 0}

We distinguish between three cases (cf. [Gar00, Theorem 4.3]):
Case 1. We first consider the case Q% (yo) # 0 and Qs p(yo) N Q™ # 0.
2

The bi-Lipschitz continuity of 7 ensures
dist(7(0Q3x(v0)) N Q, 7(8Q % (yo)) N Q) > RCY,

where C7 > 0 is independent of R and yg. Let §£ € C§°(£2) be a cutoff function with
the properties:

(1).1 £ =01in Q\ 7(Q2r(y0)),
(1)2 0<¢<1inQ,
(i).3 £=1in 7(Qr(yo)) N,
()4 |[VE < &R7L

i

1
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Now, choosing the test-function ¢ = £2(u — b) in (22) and using the computation

e(C) = %e(u) — E%e(b) + £((u = D)(VE)' + VE(u — b)")
we obtain by (Al):
/ SQT/V’eel(e(u),c, z) :e(u)dx
Q
= / §2W;1(e(u),c, z) :e(b)dx — 2/ foél(e(u),c, 2): ((u—b)(VE)) dz
Q Q
(23)
y (A3), (A4) and (A2) we also have the estimates
nle(u)]* < Welle(u), ¢, 2) : e(u) + C(le* + 1)le(u)],
Wele(u), e, 2) : ((u—b)(VE)| < %(\e(u)! + el + 1)|u— b,
(Wel(e(u), ¢, 2) : e(b)] < (le(w)] + [e[* + 1)[e(b)].

Therefore (23) can be estimated to

/52 |2da:<C/§2 (Je]* + 1)le \dx+/5 (W] + |e|* + 1)|u — b| dz

+C/§2 (W)] + |e[* + 1)]e(b)| da.
Young’s inequality yields
01/52 de<0/§2 (Je|* + 1) dz + 02/ lu—b|*dz.  (24)
R (Q2r(¥0))

We choose j1 1= fQ;*R(yo) @dz. The calculation e(&(u—p)) = Ee(u) + 5 ((u—p)(VE) +
VEé(u — p)t) leads to

/| (u—p |2dx<2</£2 \Qdm+/]u—u|2\vg|2dx>. (25)

Using (24) and (25) and applying Korn’s inequality give

/yv E(u— ))\de<c/§2 (Je)* +1) da + 02/ lu — b|* dz
B2 Jr Qi)
C
+ 2/ lu — p|? da.
R Jr(@Qip(wo))

Because of V(&(u—p)) = EVu+ (u— p)(VE)! we derive by (a) and (c) the following
type of Caccioppoli-inequality:

/ |Vu|? dz < C/ (Je)* +1)dax + CQ lu — b|* dz
Q% (0)) QiR (w0)) R2 ) Qb w0))
C
+ 2 / lu — p|? d.
(Qd(v0))
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Integral transformation by 7 implies

|Va|?dz < C (\514+1)dx+—0 i — b)? da
R2
Qo) Q3 (wo) Q3r (o)

c -
+RQ/Q+ |t — p|” de.

QR(yO)

The condition Q3 x(yo) N Q™ # 0 implies that @ — b vanishes on (Q3r(yo)) N
2

R™~! x {0}. Therefore, we obtain by applying both variants of the Poincaré-Sobolev

inequality (see Theorem 5.1)

_ _ (G _2 .,
/ \Vu|2 dz < C/ (\6]4 +1)dz + ﬁﬁ (Q;R(yo)) n dlam(Q;’R(yO))2
QL (vo) QI (o)

nt2 nt2
: (/ Vi — V|2 daz) + (/ V| daz)
Q;R(y()) Q;R(yo)
(26)

The estimates diam(QJ,(y0)) < CR and L™(Q3x(yo)) > R" (for all (yo, R) with
Qk(yo) # 0) show

LM(Qr(y0)) ™" diam(QF 5 (y0))? < C.

Now, dividing (26) by L"(Qr(yo)) and using

n+2

1 1 1 n
Rc@@»“(c@@ﬂ

gives
1 / 12 ¢ / dh
L(Qr(yo)) Q}(y@' | LM(Q2r(y0)) QJRwo)(H )
n+2
+C ! / vl d ”
s uln+ X
L(Q2r(%0)) Jo,(vo)
n+2

1 ~ 2n n
+C / Vb|n+2 dz .
(c"<@m<yo>> atatm )

Observe that

n+2

1 / >~ 2n_ " 2
_— Vb|n+2 dx < |Vb||F oo/ -
<£”(Q2R(y0)) Q;R(yo)‘ | ) IVEIZ~ 0

Defining

(2) = ]Vﬁ(m)]%, for z € QT,
g 0, forz e Q\QT,
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and

f(z) = {C(‘5’4 + HVbH%oo(Q) +1)»+2, forze @,

0, forz e Q\QT.

We eventually get

n+2
n

Qr(yo) Q2r(yo) Q2r(yo)

The reverse Holder inequality (see Theorem 5.2) shows g € Li (Q) for all s €
["—” nt2 4 5) and some ¢ > 0 depending on Ry and n.

n ' n

Case 2. Assume QF(yo) # 0 and Q%R(yo) nR- =0.

The case condition implies

dist(7(9Qs r(y0)), T(IQR(y0))) > RCY,

where C1 > 0 is independent of R and yy. We choose the cutoff function £ € C§°(£2)
to be

Testing (22) with ¢ = ¢?(u — ) and p := :FQQR(CCO) udzx yields as in the previous case

/ |Vu|*dz < C’/ (yc|4+1)da:+02/ lu — p)? da.
7(Qr(x0)) 7(Q2r(w0)) R J7(Qan(a0))

Consequently

][ Val* dz < C][ (lel* +1)dz + C <][ Vi 72 dx)
QR (o) Q2r(x0) Q2r(0)

Therefore, the inequality (27) is in this case also satisfied.
Case 3. Assume Q}(yo) = 0.
In this case inequality (27) trivially holds.

n+2

n

(ii) HIGHER INTEGRABILITY IN THE INTERIOR.

This case follows with much less effort. Let zg € € arbitrary and R > 0 such that
Q2r(x0) C Q. We take a cutoff function £ € C§°(2) with

(ii).l f = O in Q \ QQR(.T()),
(ii).2 0<€<1inQ,
(ii).3 fE 1in QR(JZ()),
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(i)4 V€| < %

Testing (22) with ¢ = ¢2(u — p) and p := JCQQ o) wdz yields as in the case (i) (also
compare with [Gar00, Lemma 4 4]):

/ |Vu|*dz < C (Je)* + 1) dz + 02/ lu — p)? dz
Qr(z0) Q2r(z0) R Q2r(0)

Poincaré-Sobolev inequality implies

][ |Vul*dz < C (Je)* +1)dz + C ][ |Vu\n27r2 dz
Qr(zo) Q2r (o) Q2r(0)

Applying Theorem 5.2 with g = \Vu]%, q= "T‘"Q and f = O(|c[* + 1)#2 finishes
the proof. |

n+2
n

6 Existence of weak solutions of (Sy)

The challenge here is to establish the integral equation (iii) in Definition 2.3 because the
derivative of the logarithmic free chemical energy (3) becomes singular if one of the ¢x’s
approaches 0. We only sketch the proof in this section since all essential ideas can be found
in |Gar00, Gar05b]. We use a regularization method suggested in [EL91| and also used in
|Gar00, Gar05b].

The energy gradient tensor is assumed to be of the form I" = vId with a constant vy > 0.
Define a C?(R") regularization with the regularization parameter § > 0 as

W (e —92¢5 ) + c Ac,
with
() = xlog(x), for d > 4,
. xlog(é)—%+%, for z < 0.

Elliott and Luckhaus showed that the regularization W is uniformly bounded from
below.

Lemma 6.1 (cf. [EL91]) There exists constants do > 0 and C > 0 such that
Wd(e) > —C forallce X, 6 € (0,d).

Let g5 denote a weak solution in the sense of Definition 2.3 except that we use the regular-
ized free chemical energy W9 instead of W°g Applying Lemma 6.1 and using Gron-
wall’s inequality in the energy inequality (vi) of Definition 2.3 we can show a-priori esti-
mates analogous as in Section 4 except the boundedness of ws in the space L2([0,T]; H'(12))
in the Cahn-Hilliard case. However, in the case of Cahn-Hilliard systems, we can use the
following lemma, cf. [Gar00, Gar05b]:
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Lemma 6.2 There exists a constant C' > 0 such that for all 6 € (0,dy)

/oT (]{2 PV (es(t) dw)z dt < C.

The proof of this lemma is similar to [Gar00, Lemma 4.3], since all arguments can be
adapted to our case. Therefore we will omit the proof.

Remark 6.3 Within our notation we obtain

WS(e) =0 ((#)(H),_ + 3 Ac

for c € RN,

This lemma and the integral equation

/ ws(t) dz :/ ]P’chh"s(c(;(t)) —|—IP’Wv‘f:l(e(u(;(t)),c(;(t),25(t))dx
Q Q

together with the already known boundedness properties shows

/OT (]{2 ws(1) d:v)Zdt <C

for a constant C' > 0. Therefore ws is bounded in L?([0, T]; H(£2)) by Poincaré’s inequality.
We can extract a subsequence {gs, } such that we have the same convergence properties
as in Lemma 4.2. We omit the subscript k. The remaining crucial step is to show that
the limit ¢ satisfies ¢, > 0 a.e. on Qp for all k = 1,..., N and W3 (c5) — WS8(¢) in
LY (Qr) as € \, 0. Then the rest follows as in Section 4.

To proceed, we need an additional boundedness property.

Lemma 6.4 There exists constants ¢ > 1 and C > 0 such that for all 6 € (0,dp) and all
k=1,... N

||(¢6)/(C§)‘|Lq(QT) < C.

We omit the proof of this lemma. By utilizing Theorem 5.3 the arguments are analogous
to [Gar00, Lemma 4.3|.

It follows directly that

lim (¢°)'(c§) =

log(c®) + 1, if lims~ o clg = >0,
N0

o, else.
holds. Together with Lemma 6.4 we obtain

¢, > 0 a.e. on Qp
and

(¢6)’(c’§) — log(c*) 4+ 1 a.e. on Q7.
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This and Lemma 6.4 further shows

(%) (c§) — log(c*) + 1 in L' (Qr)

by Vitali’s convergence theorem. Finally, we can pass to § \, 0 in the equation

I

we - ¢ dadt :/ YVes : VE+ IF’W}Cch’é(C(;) ¢+ IP)VV’il(e(u(;), s, 25) - Cdadt

Qp

and obtain (iii) from Definition 2.3. The remaining properties follow as in Section 4.
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