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This paper presents a three-dimensional analytical modeHor calculating the velocity field of an all-electric glass melting furnace which is 
caused by the mass current at the mean temperature Τ. 

Dreidimensionales analytisches Modell der Durchlaufströmung in einer vollelektrischen Glasschmelzwanne 

Es wird ein dreidimensionales, analytisches Modeh zur Berechnung dos Geschwindigkeitsfeldes in einer vohelektrischen Glasschmelzwanne 
dargestellt, das durch den Massenstrom bei einer mittleren Temperatur Τ verursacht wird. 

1. Introduction 

Mathematical modelling of glass melting furnaces is a 
very complex problem. It comprises the calculations 
of the fields of temperature, velocity, concentration 
and other parameters in the furnace. In the last 
twenty years a great number of pubhcations appeared 
in this field. Most of them dealt with two-dimensional 
fields. Only a few papers tried to calculate three-di­
mensional fields, the thesis of Ungan [1] being one of 
them. Numerical methods were used to solve the 
problem in all the pubhshed hterature. Using primi­
tive variables υ and ρ the main problem is the 
calculation of the pressure for which no boundary 
conditions can be given. This is the reason why many 
authors use the MAC (Marker And Cell) method by 
Harlow and Welch [2]. Other authors use the stream 
function and vorticity. In these cases the authors can 
not formulate boundary conditions for these 
fields. 

The view that the nonlinearity of the equations 
makes it impossible to solve the problems with 
analytical methods does not agree with the author's 
opinion. He beheves, however, that under particular 
conditions it is possible to solve such problems by 
analytical methods. This is the case especially when 
the heat conduction of the melt is high enough so that 
the temperature field deviates only a Httle from the 
mean temperature. Experiments and numerical 
results show on the other side that the temperature 
fluctuations in such furnaces are very small. It must 
be noted that the projection-iteration method used by 
Riederer [3] and Werner [4] needs a homogenization 
function which could only be found for an all-elec-
trically heated furnace. An expansion to fuel-heated 
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furnaces was impossible at this time. This paper 
presents a three-dimensional analytical model for 
calculating the velocity field which is caused by the 
mass current at the mean temperature T. Apparent­
ly, analytical methods have not yet been employed to 
describe the velocity fields in glass melting furnaces. 
Grossmann [5] especially encouraged the author to 
present this paper. In further papers the calculation 
of velocity fields caused by temperature distributions 
T{x,y,z) will be presented. Another matter of 
concern of principal meaning is to show that no 
boundary conditions for the pressure are needed 
when solving the problem in this manner. 

2. All-electric glass melting furnace 

Figure 1 shows the glass melting furnace. The areas of 
the side walls are denoted by Αχ, Αι, A^, and A 4 , and 
the areas for the bottom and the top by A^ and A^. 
The geometry is determined by the quantities 2 L, 
2 Β and 2 H. The velocity field in the furnace caused 
by the mass current Μ is described by V(x,y,z). The 
melting power characterized by the mass current Μ is 
defined by 

IL 2B 

M=QB j j V,{x,y,2H)dxay=QB2L2Bv,^A,. (1) 
In stationary cases Μ can also be expressed by the 
relation described in equation (2) 

2B 2H 
Μ = QB ί ί ^i(2 L,y,z) d); dz = ^ 1 ^ ^ * . (2) 

0 0 

f3(x,>^,2 H) and VI{2 L,y,z) in the equations (1 and 2) 
are the components of the velocity field ν in the 



Figure 1. Melt region of the furnace. 2L = length, 2B = width, 
2H= height, 2L*,2B*,2H* = length, width and height in the 
throat area; = boundaries; X,Y,Z = coordinates. 

planes ζ = 2H and χ = 2 L. V3J_Ae ^ i i A * the 
mean velocity components in the areas and A*. 
These can be used if the shape of the velocity 
distributions in these areas does not considerably 
influence the velocity field in the furnace, thus the 
following equations are obtained: 

Μ 
QB2L2B 

£ 3 . 

V±A3 = 0 

Μ 
9ΒΛ 

-e_x in the throat. 

without the throat. 

(3) 

(4) 

3. Equation of motion 

The basic equations for calculating the velocity field 
in fluids are the Navier-Stokes equations which for 
low Rayleigh numbers and the Boussinesq approxi­
mation have the following form 

0 = - ν / ? + ρ £ + 7 / Δ 2 ; , 

0 = V i ; . 

(5) 

(6) 

In these equations p(x,y,z) denote the pressure field, 
Q = QB\^-ß(J-TB)\ the density, T(x,y,z) the 
temperature field, β the volume expansion coeffi­
cient, Τ β a reference temperature, g = - g £ 3 , 
g = 9.81 m/s^, η the dynamic viscoscity, v(x,y,z) the 
velocity field, Δ the Laplace Operator and V the 
Nabla Operator. 

From equation (5) with 

T{x,y,z) = f+ T{x,y,z) , (7) 

0=-νρ + ρΒ8-ρΒβ8(Τ-ΤΒ'^Τ)-^ηΑυ (8) 

is obtained where f represents the mean temperature 
of the melt given by 

while Tß is an arbitrarily eligible reference tempera­
ture. When r = 7^^) the following equation 

0=-Vp + QBG-QBßGF + nAv (10) 

is obtained. T{x,y,z) in this equation denotes the 
temperature deviation from the mean temperature Τ 
of the melt. If these deviations are very small 
equation (11) holds 

0 = - V p ' -l·ΡBG-l·ηAv' . (11) 

This equation yields in connection with the continuity 
equation V i;' = 0, the velocity field v'{x,y,z) and the 
pressure fieldp'(x,y,z) within the melt with the mean 
temperature T. v'{x,y,z) in this case is called the 
passage flow or straight-through flow. 

4. Pressure field 

Using the divergence of the equation (11) the Laplace 
equation A / ? ' = 0 for the pressure field p'(x,y,z) is 
yielded. The calculation of this field is only possible if 
boundary conditions for p' are given. Such conditions 
can not be formulated because the pressure distri­
bution on the boundaries are caused by velocity v\ 
This is the well-known problem of the pressure. The 
pressure distributions on the boundaries exist in 
reality, but it is impossible to specify them. By 
the really existing pressure distribution on the 
boundary Ai is denoted. In this case a well-defined 
mathematical problem is given which is to be solved 
by known a n a l y t i c a l methods. The S o l u t i o n for a 
t w o - d i m e n s i o n a l problem i s given by Kneschke [6], 
Oezisik [7] and others. It is e a s y to expand this 
problem to three dimensions. The S o l u t i o n is given in 
section 8.1. 

5. Velocity field 

Equation (11) with the S o l u t i o n p ' { x , y , z ) can now be 
written in the form 

Av' = - n (12) 

^) Τ is related to the electric heating power by 

N=if-T^)J]ART' + Mi 
i 

with heat resistance Ri of the wall with the area Ai and the 
specific melting enthalpy /. Γ 4 denotes the atmospheric 
temperature. 



where n = V~^{Vp'-QB8)' Equation (12) is a 
Poisson equation for the velocity field ν^χ,γ,ζ). v' 
now is the sum of the fields u(x,y,z) and w{x, y, z) 
where u and w are determined by the following 
equations 

Au = 0 
with = v'^^. and Aw = - η 

(13) 

(14) 

with w_iAi = 0 for all values of Ai. 
The vector w = £i + W2 £2 + "3 £3 has three 

components, thus three equations Δ Wi = 0, Δ W2 = 0 
and Δ M3 = 0 have to be solved with the boundary 
conditions u^j^^e = ~ ^3±^6 ^?>±Ai = 0 for A^, A2, 
A 3 , A4, A 5 , Wi_L^3 = i i_L^3 and = 0 for / = 1, 2, 

4, 5, 6. The boundary conditions for the component U2 are U2j^Ai = 0 for ̂  = 1. 2, 3, 4, 5, 6, thus the field U2(x,y,z) vanishes but not V2{x,y,z). The Solutions for Ui{x,y,z) and U2{x,y,z) are given in section 8.2. 
The vector field vv = W i £1 + W2 £2 + ^3 £3 has 

also three components. In distinction to the field u 
the components w ,̂ W2, W3 must vanish on all 
boundaries A .̂ 

The field Wi(x,y,z) follows from the equation Awi= - Πι. Functions which are Solutions of the 
Poisson equation and vanish on the boundaries of the 
furnace are sinus functions, thus equation (15) 

- Σ 

Ι,τη,η ,m,n '^Ι,ιη,η 
(15) 

2 L 2B 2H 

Figure 2. Symmetry rela­
tion. 

y = 0 y = ß y = 2 ß 

is used with 

hi,m,n = hi{x) h^(y) h^(z) , hi{x) = sin ( ' ^ ^ ) ' 

h^(y) = sin (m^y^ , 
A„(z) = sin (n^z). 
Introducing W i in Δ iv̂  = - Πχ 
Σ ^l,m,n ^l,m,n Km,n = «1 
l,m,n 

is obtained with 

(16) 

(17) 

(18) 

(19) 

(20) 

- . . « = 0 ^ ) V ( ^ ^ ) V ( « ^ y . (21) 

Multiplying equation (20) with /ζ; ,̂̂ ,ν and integrating 
about x,y,z in the region 0 < j c < 2 L , 0^y^2B 
and 0 < ζ < 2 / / yields 

«Λ,^ ,ν Λ^Α,;.,ν ^ ^ ^ = J J J « i /^A,;.,v dx d>; dz = (ni; /l,,^,,)2) 
0 0 0 

o,p,q 
if the orthogonality relations for the trigonometric ^ V 
functions are used. Equation (22) determines the '̂̂ '̂  '̂ '̂ ' 
coefficients a^^^, thus the field Wi{x,y,z) is "known". 
The field i>i(jc,y,z), however, must satisfy the sym­
metry condition shown in figure 2 

with 

bo,p,,No,p,,LBH=(n2;K^p^^y) v[ix,y = B + y,z) = v[{x,y = B- y,z) 
(23) and 

which means that the integer μ has to be odd Σ ^̂ '̂̂  ̂ r,s,t 
Ca = 1 , 3 , 5 . . . ) . 

Analogous procedures yield the fields with 

(22) 

(24) 

(25) 

(26) 

( « i ; V . , v ) = ( - / ' ; ; V . , v ) = 

2L = | J | ; G , , ( y ) - ^ ( y ) d y . 



The field vi(x,y,z) also has to satisfy the condi­
tion 

v^(x,y = B + y,z) = v'^{x,y = B - y,z) (28) 

which only is possible if the integer S is odd 
{S = 1, 3, 5, . . .). In distinction to V'I and V'^ the field 
V2{XYY,Z) = W2{X,Y,Z) has to meet the condition 

W2(X,Y = 5 + Y,Z) = - W2(X,Y = B - Y,Z) (29) 

which is possible if the integer Ρ is even 
(p = 2,4, 6 , . . . ) . 

The velocity field V' = U-l· W now still has to 
satisfy the continuity equation V i;' = 0, 
Vw + V w = Oor 

(30) 

Using the equations (15, 24 and 26) and UI, from 
section 8.2., the equation (30) yields 

Σ a,,m,n h'lix) h„(y) K{z) + Σ Κ,ρ,, Κ{χ) h'piy) \{z) + ^ c,,,, Κ{χ) h,(y) h;{z) 
·'"'" 0'P'<L R,S,T 

+ Σ /U,.(Ĵ ) Kiy) h,iz) + Σ kl/z) hlix) hj(y) = 0=) , 

- I -

(31) 

where m, S, u, J are odd integers and Ρ is even. The generalized product from equation (31) with 
K{x)h^{y)K{z)yit\as 

αχ,μ,. ULBH+Y^ 6 ^ , ^ , , Ι μ , ρ Η c , , ^ , , / , , ^ h , , Β + (u,^, + u^y, h [ K ) = 0 (32)^) 
^ '-' O,P R,L 

where the subscripts μ , λ and ν are = 1, 3, 5, . . ., Α = 1, 2, 3, . . . and ν = 1, 2, 3, . . . 
With h,ix)h^(y)K{z) 

L,N P,Q \ IM/ 
(33) 

is obtained in an analogous manner, w i t h = 1, 3, 5, . . .; Α = 1, 2, 3, . . . and ν = 1, 2, 3, . . . The generalized 
product from equation (31) with Ηχ{Χ) H'^IY) H^{Z) finally yields 

^'"^ T,S 
(34) 

Shutting the throat means that ϊ;ιι^3 and V3_LA6 ^^^^ 
vanish which causes UI{X) = 0 and «3(2) = 0. The 
consequences are a^^^ = 0, b^^^ = 0 and = 0. 
The vanishing of the coefficients a^^^, b^^^ and 
has the consequence that Ρχ = 0, Py = 0 and 
Pz ~^ QB S = This is the hydrostatic limit case. 

The coefficients „ can be interpreted as a 
three-dimensional matrix (figure 3). In this matrix 
each discrete point L, M, Η IS assigned to the 

coefficient The interpretation of b^^pq and ĉ ^ ^ 
is analogous. Equation (32) can be thus interpreted 
that in a definite manner a well-defined coefficient in 
the α matrix is assigned to certain coefficients in the b 
and c matrices. An analogous interpretation is 
possible for the equations (33 and 34). 

The equations (32 to 34) represent a system of 
3 · equations for 3 · unknown quantities if the 
indices L,M,N,O,P,Q,R,S and T vary between 1 and iV. 

' ) ( « 3 ; /^Α,,,Ν) = (JPZ-, /ΪΑ,;.,Ν) + J (QB g\ /ΪΑ,^,Ν) = y J ^ ^ V ( ^ ) dz + i - g ( 1 ; h,) ( 1 ; /I^) ( 1 ; K) · 

') h\{x) = Α hix)', K(Z) = Α h^(z) ; f^^(x) = £FM,N(^Y, k'^z) = ^ k^z) · 

6) /.^ = for ; = 1 , 3 , 5 , . . .; = 2 , 4 , 6 , . . .; /y^ = 0 for all other cases. 



6. Mass current 

The equations (32 to 34) in section 5. demonstrate 
that the velocity field v' is directly proportional to the mass current Μ because the coefficients in the series 
are determined by this quantity. For each Μ it is possible to calculate a velocity field from these 
equations. But only one Μ can exist in reahty. 
Emanation equations are given in Standard books of 
hydrodynamics only for ideal fluids. The main 
problem now is the determination of the mass current 
M. One possibility to determine this quantity is by 
experiments. Such experiments, however, are not 
easy to carry out for melts. 

In the sections 3. to 5. only the equation of motion 
and continuity was used. It is hoped to obtain further 
information from the energy-conservation law. 

The fluid crossing the plane has a potential 
energy and a mean kinetic energy Ŵ i. The anal­
ogous quantities in the plane A* are and Ŵa-

The fluid flows from the top to the plane A*. In 
this process the potential energy of the fluid decreases 
whereas the kinetic energy increases. The energy-
conservation law demands that the decrease of 
potential energy must be equal to the increase of 
kinetic energy and friction energy Wf, thus equa­
tion (35) is obtained: 

With the equations (36 to 40) 

dWa = Μ g H* dt, 

(35) 

(36) 

dW^ = M glHdt, (37) 

dWka=1Μ {τ,^Α*? dt=^ Μ , (38) 

dW,4 Μ (V,^A,F dt=L- Μ (^J^y ät, (39) 

dWf = Μ2 w* dt, (40) 

equation (41) is obtained 

1 

2 ΙρίΑ 

1 

ρ | ΐ 6 L2ß2j 
+Wt Μ - gi2H - H*) = 0 . (41) 

This is a quadratic equation determining Μ with the Solution 
2 L 2B 2H 

M=ö-i [-Wf ± V(Wf*)̂  + 4 ό g (2 Η - H*)Y) (42) 
where only the positive value of the root has a 
physical meaning. For ideal fluids (η = 0) W* 
vanishes. The energy dissipated by friction is given by 
the equations (43 to 45) 

Wi = ί η Av' ds^dV , (43) 

Wi= ί η(Αν')ν' dtdV , (44) 

Wf = η M\A V*) V* dt dV = Wf dt (45) 
where t>' = Mv"" and V = volume. As the velocity 
field υ* is known the quantity 

\νι = η ^ J J î *) y-* ^ (46) 
0 0 0 

can be evaluated. 

7. Summary 

Papers modeUing flow fields in glass melting furnaces 
use numerical methods to solve the Navier-Stokes 
equations. It is the topic of this paper to present an 
analytical expression for the velocity field in the 
furnace. In a first step the fluid flow of an all-electric 
furnace at the mean temperature is discussed. The 
velocity field is obtained without information on the 
pressure field. The mass current determined by the 
straight-forward flow and caused by the gravity forces 
can be found out from the energy-conservation law. 
Α following paper will deal with the convection flow 
in such furnaces. 



8. Appendices 

8 . 1 . Pressure field 

The pressure field is given by equation ( 4 7 ) : 

p\x,y,z) = Σ F^,„(x) h^(y) K{z) +Σ ^i^niy) hi{x) K{z) + J ^/,m(^) h^x) h^(y) ( 4 7 ) 
M=\ /=1 1=1 
N=\ n= l m=l 

with the following equations for the different quan- Because the plane y = 5 is a symmetry plane the 
tities: relation p'{x, Β -\-y,z) = p'{x, Β -y, z) must be 

accomphshed (figure 2). This means that the numbers 
h^x) = sin(lf^x), (48) / « m u s t b e o d d ( m = l , 3 , 5 . . . ) . 

. / π \ δ.2. Velocity field 
K(y) = sin (m — yj , (49) .̂̂ ^̂  U3{x,y,z) is described by equation (57), 

(57) Kiz) = sin ( n ^ z ) , (50) „^(^^^ = ^ ^( , ) ^^^^^ ^^^^ 
IM 

Fm,ni?()=^m,n sin h (c^ „ χ)+Α^,η COS /z ( c ^ x ) , (51) ^j^^ followiug equations for the different quan-
tities * 

Gφ) = Βi^„unh{c,^„y) + Bl„ cosh{ci^„x), (52) 

A^AmW = 0/,m sin Λ (c,,„z) + D , % cos Ä ( c , , „ z ) , ( 5 3 ) A , ( J : ) = sin ( / ^ x ) , ( 5 8 ) 

c ^ ^ = ( , j L y + ( . j L y . ( 5 6 ) ^^'"=ΟαΤ-^('"^Τ' (61) 

2L 2B 
In this Solution unknowns are only the six groups of Γ Γ U3(x,yfi) h,{x) h^(y) dx dy = ef^ L Β , (62) 
coefficients A^^„, „, 5;,„, ß,*„, and ο ο 

2L 2B 

J J U3(x,>.,2 / O hi(x) hjy) axdy = sin h (c,,^ 2 //) + cos /i (c,,, 2 H)] L Β . (63) 
0 0 

W3 vanishes at the bottom thus = 0 is yielded; W3 at 2 L i 
the top is determined by the mass current M. With (1' ̂ i) = J ^ /W ̂  ^ ~ J^^^~^^ ~ ^] ' 
equation ( 6 4 ) , ^ 

" ' - - - 5 ϊ ^ · ( ΐ ; * , ) = μ . ω α , - - Μ ( ( - ΐ Γ - ι | . (67) 

Equation (65) determines the coefficients e;^. If 
equation (65) is obtained from equation (63) y = Β is a symmetry plane, the number m must be 

odd (m = 1, 3, 5 . . .)· 
The field UI{x,y,z) is described by equation 

QB 
fj-^ (1; h,)(l; U = e , , „ sin /i(q,„ 2Ii)LB{65) ( 6 8 ) 

u,ix,y,z) = Σ /„,„(χ) / i „ ( 3 . ) h„{z) ( 6 8 ) 
m = l 

where (l;/z/) and {l;h^) are given by n= i 



h^(y) = sin ( ^ ^ y ) . 

h^{z) = sin ( ^ 2 ^ ^ ) ' 

(69) 4 . « = ( - ^ Y - ( « ^ Y , (72) 

(70) J M,(0,y,z) h^iy) K{z) ay dz = a*,„ 5 Η , (73) 
0 0 

2B 2H 

Mi(2 L,3;,z) h^iy) h„{z) dy dz = [a„„ sin Α (c„ „ 2 L) + a*,„ cos /i ( c „ „ 2 L)] ß / / . 

0 0 
(74) 

«1 vanishes for χ = 0. This means = 0. On 
vanishes without the throat. In the throat hold the 
following equations (75 to 77): 

Μ = J lh^{y)h„{z)dydz = 
Ml = 

Μ 

' QBA 
(75) = a„,„ sin h (c„,„ 2L)BH (76) 

with equation (75) thus equation (76) is obtained or with yi = Β — B* ,y2 = Β + B* and Zi = 2H* 
(figure 1), equation (77) is obtained 

Μ 

QBA' 
(77) 

This equation determines the coefficients „ and Ui{x,y,z) is known because the symmetry relative to the plane 
y = B, the number m must be odd (m = 1, 3, 5, . . .). 

9. Nomenclature 

9.1. Symbols α 
Λ* 
Ai b 
2B c 
hl,m,n 
2H 
2L 
Μ 
η 
Ν 

Ρ 
Ρ' 
P'LAJ 
Τ τ τ 

matrix 
area of throat 
area of the furnace 
matrix 
width of the furnace 
matrix 
unit vector 
Eigenfunktion of the Laplace Operator 
height of the furnace 
Ι^,, = 2]μΐφ-μ^) 
length of the furnace 
mass current 
source term in equation (12) Ay^ = - η 
electric heating power 
pressure 
pressure in the melt by the mean temperature 
pressure on the area Aj 
temperature 
mean value of the temperature 
temperature deviation (Γ = Τ - Τ) 

TB 

u υ 
Vi 
v' 

reference temperature 
velocity field which satisfies the equation 
Δ Μ = 0 and the boundary conditions for the 
v' field (w = Wi £ i + 2̂ £2 "I" "3 £3) 
velocity ( t ; = f i £1 + £2 + 3̂ £3) 
mean value of the velocity component Vi 
mean value of the velocity component Vi on 
the area Aj 
velocity of the melt by the mean tempera­
ture (v' = u-l· w) 
velocity field which satisfies the equation 
Aw= - η and the boundary condition 

^lAi = 0 (VV = £1 + >V2 £2 + ^3 £3) 

friction energy 
Wa,Wi potential energy 
Wka,Wki kinetic energy 
x,y,z coordinates 
β volume expansion coefficient of the melt 
η dynamic viscosity of the melt 

density of the melt by the reference tem­
perature Tß 

with the following equations for the different quan- = « m , « sin h {c^^^ x) + „ cos h (c^ „ jc), (71) 
tities: 
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9.2. Indices 
ι,τη,η, o,p,q, r,s,t, u,v, λ,μ,ν: integers if they are 

used as indices 
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