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Abstract

We derive two different effective models from a heterogeneous Cosserat continuum
taking into account the Cosserat intrinsic length of the constituents. We pass to the
limit using homogenization via periodic unfolding and in doing so we provide rigorous
proof to the results introduced by Forest, Pradel, and Sab (Int. J. Solids Struct. 38 (26-
27):4585-4608 °01). Depending on how different characteristic lengths of the domain
scale with respect to the Cosserat intrinsic length, we obtain either an effective classical
Cauchy continuum or an effective Cosserat continuum. Moreover, we provide some
corrector type results for each case.

Keywords Cosserat continuum - Size effects - Homogenization - Periodic unfolding -
Correctors
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1 Introduction

In recent years it has been widely observed that mechanical properties of composite
materials that are used in a variety of applications depend on different characteris-
tic lengths. These characteristic lengths are determined either by the structure itself
or by the characteristics of an underlying microstructure or by a combination of both
[22-24,34,36]. The phenomena described above can give rise to corresponding macro-
scopic properties of the composite that may be vastly different from the underlying
material properties. Moreover, in cases where these characteristic lengths of the prob-
lem become comparable with the characteristic length of the microstructure, classical
theory of continuum mechanics loses its accuracy in describing the mechanical behav-

B Grigor Nika
grigor.nika@wias-berlin.de

I Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstrafie 39, 10117 Berlin, Germany

Published online: 01 July 2021 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11587-021-00610-3&domain=pdf
http://orcid.org/0000-0002-4403-6908

G. Nika

ior of such materials. These type of phenomena described above are often referred to
as size effects and one way of accounting for size effects in composites is to model
them using generalized continuum theories. One of the earliest generalized contin-
uum theories was that of the Cosserat brothers [3] where they introduced the notion of
the couple-stress. Their original development of the theory was largely underappre-
ciated during their time only to be revisited again (and expanded) in the early sixties
onwards [10-12,26-29,32,40,41]. Cosserat continuum mechanics incorporates size
effects naturally through an intrinsic length scale parameter £, which, loosely speak-
ing, can be considered as a measure of the absolute size of the constituents in the unit
cell. Generalized continuum theories have applications in the modeling of materials
with microstructure, granular materials, fibrous materials, or materials with a lattice
structure [13,14,27,28,39]. One of the methods specifically designed for the analysis
of highly heterogeneous and microstructured materials is the theory of homogeniza-
tion [1,2,30,38]. In this theory, the effective material properties of periodic structures
are defined by the analysis on a periodicity cell and, in turn, these properties depend
on the mechanics of constituents and the geometry of the periodic structure but are
independent of the external boundary conditions and applied forces. They are nor-
mally determined in the limit as the size of the microstructure ¢ — 0. Moreover,
homogenization seems like a natural fit to explore connections between generalized
continuum theories and classical theory for heterogenous structures.

Generalized continuum theories fall into two categories: higher grade theory that
introduces higher gradients of the displacement field to the usual strain tensor and
higher order theory that includes additional degrees of freedom. Regarding the former
there is a vast literature of deriving second grade models through constitutive mod-
elling, dimensional reduction or homogenization techniques [9,16,18,19,35,37,39].
We point out that the authors in [9] provide a historical perspective and theoretical
overview of higher grade continua. Regarding the latter, where one allows for addi-
tional degrees of freedom as in a Cosserat continuum, a series of works appeared in
the late nineties addressing estimation of effective properties of heterogenous Cosserat
materials taking into account size effects [ 13—15]. In particular, the authors in [13] con-
sider periodic heterogenous Cosserat material taking into account a hierarchy of three
characteristic lengths when obtaining the homogenous equivalent medium: the char-
acteristic size of inhomogeneities, the Cosserat intrinsic length of the constituents, and
the typical size of the considered structure. Heuristically, using two-scale expansions,
the authors derived different homogenized models based on how the three character-
istic lengths scale with respect to one another and, moreover, validated their results
using finite element calculations.

The aim of this work is to provide the mathematical underpinnings that make the
work in [13] mathematically rigorous. Specifically, we consider a periodic Cosserat
body €2 with body forces and body-couples acting on it,

—dive = f in ,

. , (1.1)
—divpy—€:0=g inQ,
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with o the non-symmetric stress tensor, u the couple-stress tensor, € the Levi-Civita
tensor with € : 0 = Z;,k:l €;jkoji fori e {1,2,3}, f are body forces, and g are
body couples. Moreover, the constitutive relations are given by,

3 3
oji = Z (Cjikevre + Bjikekke), WHji = Z (Brejivie + Ljikekee)  (1.2)
k=1 k=1

forij e {1, 2, 3}.

Here, we have defined the non-symmetric strain tensor and the torsion tensor (or
curvature-twist tensor or curvature tensor or curvature) respectively, by,

3
Vji = 8xju,' — Zij,'(pk and «j; == x; Qi fori, j € {1,2,3}, (1.3)
k=1

where u is the displacement and ¢ is the rotation. In this work we will assume we
deal with centro-symmetric bodies and hence the fourth order tensor B;jx¢ = O for
i,j, k, € € {1,2,3} [32]. Using the dimensional analysis done in [13] to obtain the
hierarchy of models based on the scaling of the Cosserat intrinsic length £, with
respect to the overall length of the domain Z or the length of the periodic cell £, and the
periodic unfolding method we pass to the limit in each case. We obtain two different
effective models: If £, /£ remains constant when £ /1 goes to zero we obtain an effective
Cauchy continuum where the effective moduli tensor depends on a standard set of local
problems as in classical homogenization and on a set of local problems that contain
the contribution of the rotations. If £./I remains constant when ¢ /I goes to zero then
we obtain an effective Cosserat continuum. In both cases we verify the results in [13].
Additionally, we prove certain corrector type results using the adjoint of the unfolding
operator (the averaging operator).

The paper is organized as follows: In Sect. 2 we reproduce the dimensional analysis
in [13], provide some background, and set up the model. In Sect. 3 we recall the defi-
nition of the unfolding and averaging operators and prove the main results. Section 4
is devoted to proving certain corrector type results using the averaging operator. We
need to remark that we refer to the above as corrector type results as they involve
both the displacement and the rotations unlike in classical elasticity where only the
displacement is involved. To the author’s knowledge, these corrector type results are
new in their entirety. Finally, in Sect. 5 we provide some conclusions and remarks.

2 Background and set up of the problem
2.1 Cosserat intrinsic length of the constituents
Let ! be the characteristic length of the domain €2 and £ the characteristic length of the
periodic cell. We define the dimensionless coordinates, displacement, and rotation as

in [13],
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*

xt= w@) = ——, 9" (") =eM). 2.1

I~ =

u(x)
l

In Cosserat media there is another length scale parameter that is of importance,
namely, the Cosserat intrinsic length £, of the constituents [13,14]. The following
nondimensionalization was done in [13,14] and we include it here for completion
of the presentation. Hence, in accordance with [13], the Cosserat intrinsic length is
defined as follows,

C=Le (2.2)

where £ = maxzey, |Ljix(2)], C = maxzey, |Cjini(2)| for i, j, k,1 € {1,2,3}, and
Yo = (—£/2, £/2]¢ is periodic cell characterizing the body Q. Additionally, the non-
symmetric strain and curvature nondimensionalize respectively as,

y*=y and «*=l«k. (2.3)

Moreover, we define the nondimensional stress, couple-stress, and fourth order
material tensors as follows,

o* =0, L*(x*) = £~ 'Lx),

2.4
wt =L 'w, Crax* =c'Cw) @5

We remark that the fourth order material tensors L*(x*) = {Ljfl.kz (x>x<)}3.’l.’H:1

and C*(x*) = {C;'.‘iklv,(x>|<)}?1l.1k’e=1 are Y* periodic where,

Y*—EY Y = L1 (2.5)
Tl 22| '

Hence, the system of Eq. in (1.1) scales as,

—divo* = f* in ,

2.6
—divp*—€e:0*=g" inQ, (2.6)

where f*, and g* are the appropriately scaled body forces and body-couples (see [13,
Eq. (14), pg. 4589]) and with constitutive laws,

3 3 2
Le ..
cr/’.‘} = E C;‘iuykg, Mji = E <TC> L;ikzlc;:l fori, j € {1,2,3}. (2.7)
k,0=1 k,0=1 -
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Thus, one can generate an ¢ periodic problem by defining the nondimensional
number ¢ as the ratio of £/ and let ¢ — 0 to obtain an effective medium. However,
different cases ought to be considered depending on how £, scales with £ and 1,
respectively [13]. Here we consider the cases,

be/t~1, (2.8)
Lo/l ~ 1. (2.9)

2
If €o/€ ~ 1 then w3, = Y20 oy (%) Liuekfy for i, € (1,2,3). Using the
definition ¢ = ¢/I and omitting the * notation the couple stress becomes,

3
2 x
Wi =e k;1 L/iu(g)fcf@. (HS 1)

2
If €e /L~ Vthen p; = 33 o (ET) L%, pich, for i, j € {1,2, 3} becomes,

3
X
W=y L,-,-ke<;)x,§g. (HS 2)
k.t=1

The former allows one to pass from a Cosserat continuum in the microscale to a
Cauchy continuum in the macroscale as ¢ — 0 where all the relevant information are
now captured in a new homogenized tensor which can be computed explicitly with the
aid of an additional set of local problems. The latter allows one to obtain an effective
Cosserat medium as ¢ — 0.

Notation

To expedite the presentation of our results, here onwards we will make use of the
following notation:

e We employ the Einstein notation of repeated indices unless otherwise stated.

e The real numbers «, 8 € R are generic constants such that 0 < o and 0 < .

e For any two second order tensors A and B we define the Frobenius inner product
asA:B= AijBij-

° M;(a, B, Q)= {all fourth order tensors in L (; R4*@*d%xd) acting on matri-
ces such that for any matrix ¢ € R4 L(x)¢ : ¢ > al¢/*>and B¢ <
L) ¢ : ¢ forae x € Q).

e Any fourth order tensor of the form T (x) is defined, as usual, by T¢ (x) := ’JT(’E‘)

e In addition to the standard Sobolev space H'(£2) we define the following spaces:
HL (@) = {w e H'() | |, =0on ro},
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Hocurl; Q) = {w e L2 RY) | curl(w) € LA(Q: Rd)} .

o The third order tensor €; i is the Levi-Civita symbol that is equal to 1 if (i, j, k)
is an even permutation of (1, 2, 3), —1 if it is an odd permutation, and zero if any
index is repeated.

e We set L?(x) to be a general place holder under the schemes (HS 1) and (HS 2)

as follows,
L (x) := e2 Lf(x) under the scheme (HS1), (2.10)
[f(x) := L¢(x) under the scheme (HS2). (2.11)
lifx e D, .. . .
o Ip(x) = nx ] denotes the indicator function over some domain D C
0 otherwise
R4,

2.2 The model

We consider an elastic composite with periodic microstructure of period & occupying
aregion Q@ C R?, d € {2, 3}. The region Q that the composite occupies, is assumed
to be bounded, open, and multiply connected. ¥ = (—1/2, 1 /Z]d is the unit cube in
R?, and Z¢ is the set of all d—dimensional vectors with integer components.

For every positive ¢, let N, be the set of all points m € Z¢ such that (m + Y) is
strictly included in €2 and denote by | N, | their total number. Let T be the closure of an
open connected set with sufficiently smooth boundary, compactly included in Y. We
define, forevery ¢ > O and m € N, T), := e(m + T') as the region containing one of
the material phases and by S?, = 97, denote the interphase boundary separating the
two different material phases (see Fig. 2). We now define the following subsets of €2:

Q= (J T5, Qo i=Q\Qie, Q= Qe UQe UUpnen, S5)-

meN,

Moreover, we denote by 9€2 the boundary of 2. The exterior boundary component
will be denoted by I'g and the remaining boundary components by S’ , m € N,. The
vector n will be unit normal on I'g pointing in the outward direction.

The heterogeneous Cosserat continuum is characterized by the following coupled
system for i € {1, 2, 3},

—8)5_/0;[ =f; in Q,
& - e __ . :
_aijuji —€jk0j =g in Q, 2.12)
u®=0 on Iy,
°=0 on Iy.
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Rd

eY

/’JJ

= VA
Fig. 1 Schematic of the heterogeneous Cosserat medium in vaccum

Here o is the stress, u® is the couple-stress, u® is the displacement, and @° is

the rotation. The system of Eq. (2.12) characterizes the mechanical deformation that
the body undergoes. The equations are fully coupled and the system is closed with
homogeneous Dirichlet boundary conditions on I'g. In addition to computing the
displacement we must also compute the rigid rotations which makes for a fully coupled
system of partial differential equations.

Constitutive relations. We content ourselves in the case of “centrosymmetric
medium” where stress is related to the strain though the fourth order material ten-
sor C?(x) by the relation (see [32]),

of = CF yF, (2.13)

while the couple-stress is related to the curvature through the fourth order material
tensor IL? (x) by the relation,

pf = Lf . (2.14)
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& _ e 13 Te _ (Te 3 : : :
The t.ensors Ct = {le.ke}j’i’k’e:1 and.L = {LJ.M}].J.J(’Z:1 are linear isotropic
tensors in each phase and have the following form,

Cline®) = (P (X) + 0t (X)) 8k Sie + (Ve (X) — e (X)) 8¢ ik + 06 (x) 8ij ke
(2.15)

Zj;kz(x) = (0e(x) + Be(x)) §k Si¢ + (O (x) — Be(X)) 8¢ Sik + pe(x) ij Sre,
(2.16)

respectively. The coefficients 9, (x) := ¥ (%), 6:x) = 6 (%), (@) = (%),
Be@) == B (%), 0:(x) := 0 (%), and p.(x) := p (%), are material parameters that
are piecewise constant in each phase. Thermodynamic stability relations immediately

yield the symmetries, Cﬂu = Ckejz and L]zke Luﬂ

2.3 Assumptions

We frame the heterogeneous Cosserat continuum model (2.12, 2.13, 2.14) under the
following general assumptions:

e 1is abounded, multiply connected domain such that mes(I"p) > 0, mes(Slf ) >0,
and S NS, =¢fort, p e N, with £ # p.

['g and Sy are surfaces of class CZandpN Sy = @ forevery £ € N;.

The functions f and g are such that f € L2(Q; R?) and g € H (curl, Q).

e The fourth order material characterization tensors are such that Cfike(x) €

M} (. . Q) and L, ,(x) € M} (. B. Q).

Existence and uniqueness. The Cosserat brothers [3] developed their theory to be
derived from the principle of least action of Hamilton. Starting from the total energy
of the system described in (2.12),

1 1 ~
Eg[v,nlf]z—/(Csy:ydx—l——/]lfx:xdx—/f'vdx—/g-ilfdx,
2 Jo 2 Jo Q Q
(2.17)

where C¥y : y = Cj.l.M Yer vji and Lek:uc = Zj.ik@ Kk K ji, one can readily observe
that the above energy is sequentially weakly lower semicontinuous and coersive by [20,
Thm. 3.1] (see also [21,31]) in HY (R, RY) x H{ (R, RY). Moreover, the following
estimates hold under (HS 1) and (HS 2), respectively:

2 2 2 1/2
(1 ey + (107 2@y + 2 1907 132 0um0ea) ))

172
(”f”LZ(Q Rd) + ||8||L2(Q Rd)> ’ (218)

@ Springer



Derivation of effective models from...

g2 g2 2 2 2 172
| HY (@R + e ”HllO(Q;Rd) =c (||f”L2(Q;Rd) + ||g||L2(Q;Rd)> ’

(2.19)

for some generic constant ¢ independent of . Additionally, the energy is convex in the
arguments Vu and Vg. Hence, using the compact embedding of Rellich-Kondrachov
we can apply the direct method to obtain existence and uniqueness. Furthermore, we
can characterize the solution to (2.12) as the unique minimizer of,

W, ¢°) = argrnin(v’,l,)eﬂrlO (Q,Rd)xHrl‘O(Qde) Eelv, ¥l. (2.20)

By computing the first variation of £ we obtain the Euler-Lagrange equations,

av
/S;aj‘?k <ﬁ euklﬂ,> dx—/ullf x—/(fl vi + g Yi)dx = 0.
J

2.21)

If we group terms in the Euler-Lagrange equation above we obtain the weak form
of (2.12) which reads as follows: Find (u®, ¢°) € H{ (2, R?) x H[ (2, R?) such
that,

el
/ of — Y g —/ fividx =0forallv e HE (2, RY), (2.22)
Q 8x]

d
/ wn; ﬁdx /eijkcﬁk Vi dx—/ gi Yidx =0forally € Hllo(Q,Rd).
o 7' ox; Q / Q
(2.23)

Using (2.22-2.23) we can recover the strong form of the Eq. in 2.12 in the sense of
distributions as usual.

3 Homogenization of the Cosserat continuum

In the next two subsections we recall the definitions and properties of the periodic
unfolding and averaging operators [5-8] and present our main results. We will list
some of their properties, leaving the interested reader to consult [5,6,8] for further
details regarding proofs.

@ Springer



G. Nika

ey €Y
€N
€ [z] ez
Ie
-— 0e R4
Q- €
Fig.2 Unfolding operator on a periodic grid
3.1 The periodic unfolding and averaging operators
We define the following domain decompositions (see [5—8]):
KD = {ZGZ"|8(€+Y)C§},
Q= int (UZGKS—E(E + Y)) , 3.1)
Ap = Q\Q;, .
Let [z]y = (lz1], ..., zq]) denote the integer part of z € R and denote by {z}y

the difference z — [z]y which belongs to Y. Regarding our multiscale problem that
depends on a small length parameter & > 0, we can decompose any x € R? using the
maps [-]y : R? > Z4 and {-}y : R? — Y the following way (see Fig. 1 (right)),

(1)

For any Lebesgue measurable function ¢ on 2 we define the periodic unfolding
operator by,

g (e[%], +ey) forae (x,y) eQ; xY

_ (3.3)
0 forae. (x,y) € Ay xY.

Te(9)(x.y) ={

Proposition 3.1 Forany p € [1, 4+00) the unfolding operator T, : LP(2) — LP (2 X
Y) is linear, continuous, and has the following properties:

(i) Te(@p V) = T (@) T (V) for every pair of Lebesgue measurable functions ¢, Y on
Q
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(ii) For every ¢ € L'(S2) we have,

‘Ig(cp)(x,y)dxdyszp(x)dx =/ <p(x)dx—/7<p(x)dx

Y] Jaxy Q; Q.

Ag

3.4)

(iii) 1% @)l Lr@xyy < Y17 @l Lo q) for every ¢ € LP ()
(iv) T.(¢) — ¢ strongly in LP(Q X Y) forp € LP(RQ) ase — 0
(v) If {ge}e is a sequence in LP(S2) such that . — ¢ strongly in LP(R2), then

Te () — @ strongly in LP (2 x Y)

(vi) If ¢ € LP(Y) is Y-periodic and ¢.(x) = ¢ (’g‘) then T;(¢;) — ¢ strongly in
LP(Q2xY)ase — 0

(vii) If po—¢ in H'(Q) then there exists an non-relabelled subsequence and a qS €
L*(Q; Hpe (Y)) such that

(a) T.(pe)—¢ in L>(Q; H'(Y))
(b) T.(Vpe)—Vp + Vyp in L2 (2 x Y)

(viii) Let ¢¢ € HY(Q) and assume that {¢c}e is a bounded sequence in L2(Q) satisfying
e [|Veell L2(Q:RY) =€ (c is a constant independent of €) then there exists an non-

relabelled subsequence and a ¢A> e L3(Q; Hp'er(Y)) such that

(@) To(pe)—¢ in L*(Q: H'(Y))
(b) & T:(Vpe)—=Vy in L* (2 x Y)

In a similar fashion we define the averaging operator 7, : L”(Q2 x Y) — LP(RQ2)
for p € [1, +00), which acts as a pseudo-inverse of the unfolding operator, by:

(s [’f] + ez, {%}) dz forae x € QF

Jy®
U (D =
- (@) (x) 0 forae.x € A .

(3.5)

Proposition 3.2 For any p € [1, +00) the averaging operator Uy : LP(2 X Y) +—
L?(R2) has the following properties:

(i) If {we}e € LP (2 X Y) is a bounded sequence such that w,—w in LP(Q2 x Y) as
e — 0 then

ﬂg(wg)—\/ w(-,y)dy in LP(Q). (3.6)
Y

If w is independent of y then the convergence above is strong (see [6, Cor. 2.26,
pg. 1599]).
(ii) If {wg}e is a sequence in LP (2) then the following are equivalent:

(a) Te(we) > Win LP(2 x Y)
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(b) we ]IQ; — U (W) — 0in LP(Q)
(iii) If {wg}e is a sequence in LP (R2) then the following are equivalent:

(a) To(wg) = Win LP(Q xY) ande; |lwe|? dx — 0
(b) we — U () — 0 in LP(S)

3.2 Main results
3.2.1 Homogenization under the HS 1 scheme
Theorem 3.1 If (u®, ¢°) is the solution set to (2.12) then, under the HS 1 scheme, there

existu’ € HY (Q;RY), u' € L*(Q; Hy, (Y;RY)), 90 € L2(Q; Hpe,(Y; RY)) such
that,

T.w®)—u’ in L*(Q; H'(Y; RY)), (3.7)
To(Vu) = Vyu® + Vyu! in L2(Q x Y; RIX9), (3.8)
T (@)~ in L*(Q; H' (Y; RY)), (3.9)

and w°, °, u') is the unique solution set of,
1 —
/ Cjikl(y) (8)((”2 + 3)(@”]& - evkﬁﬁog - Eeuijgv> (ax,- Vj + ayl- Wj) d}’ dx
QxY

1 _
——/ €yij &y (Z)X[Vj +8inj)dydx+/ fi Vidx =0, (3.10)
2 Jaxy Q

forallV e H(} (2 RY) and W € L%(2; H'(Y; R?)). Furthermore, (3.10) is equiva-
lent to the following homogenized linear elasticity problem,

: 1
/Getf:Vdexz —f g - curl, de+f f-Vdx, (3.11)
Q 2 Ja Q
ifu' and ¢° have the following form,

ul (x,y) = ¢F () dyul () + ¢ (x), (3.12)
o0 (x,y) = E50 () By up (x), (3.13)

and we select W = 0 in (3.10). Here oi‘;.ff = (ijf[f?q axqu(}, — %ew'j gv) is the

Cauchy stress,

ceft = /Y Cline) (Bup dge + 03,801 — €uieEl) dy, (3.14)
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are the effective coefficients, and £** and X are the local solutions satisfying the
variational problems,

1
Lcjike(y) (5 Skp 8q0 + a,,egkf’q> dyvjdy =0 forallv € Hy, (Y:RY), (3.15)
1
/chj,-kg(y) (5‘3"” 8q¢ + €vke 55"1) dyvjdy =0forallv e Hy (Y;R?). (3.16)

Proof Using (2.18) and Proposition 3.1 vii. and viii. we obtain (3.7-3.9). Addi-
tionally, the weak form (2.21) of the Cosserat continuum reads: Find (u?, ¢°) €
Hllo(Qo; R?) x HllO(Q; R?) such that,

. x & & . ..
/ Cjike (‘) (Oxouy — €vke,) (8)(/-01 — €vijPy) dx
Q € '
2 X &
~ [ L (5) i dnvdx — [ Gt givdx =0, G17)
Q & Q

Unfold the above expression using Proposition 3.1 properties i.,ii., and iv) and
obtain,

/ Cjine ) (T (Bx,up) — €ure T (9})) (T (3x,vi) — €0 T (Y)) dy dx
QxY
- / & Lt (3) T (0 o) T (3 7) dy dx
QxY

—/Q Y(‘Zé(fi)‘lé(vi)+‘1‘s(gi)‘22:(1ﬁi))dydx =0. (3.18)

Set v := V(x) and ¢ := W(x) for any test functions V € Cgo(Q; R4 and
v e CgO(Q; R?) in (3.18) and let ¢ — 0 to obtain,

/Q Cjikﬁ(y) (8)6(“2 + 8ygull< — €vke <P8(x» ) (ax_,- Vi — €yij V,)dydx
xY

—/(fiVi‘I‘gi W)dx =0 (3.19)
Q

Select now test functions of the formv = v* ;= Ux) W (’é) where U € C3°(S2)
and W € leer(Y; RY). It is cleat that v® — 0 in L%(Q2; R?). Moreover, we have
ij vf(x) = saij(x)W,- (x/e) + U(x)ayj Wi(x/e) which implies ‘Z;(axj vf) —
3y_,-Wi (x,y)in L?(2 x Y) as ¢ — 0 where W, (x, y) := U(x) W;(y). Likewise, we
select as test function for the rotations ¥ = ¥° := ¢ ®(x) E (’E‘) where ® € C;°(R2)

and B € H! (Y;R?) with ¢* — 0in L?(Q; RY) and T (3, ¥f) — 9y, E;i(x,y) in

per

L%(Q x Y) as ¢ — 0 where E;(x,y) := W(x) Z;(y). Hence, unfolding (3.18) with

@ Springer



G. Nika

the above test functions we obtain,

/ Cjike ) (T (x,up) — € e T (@) (T (3x,07) — €4ij T (Wy)) dy dx
QxY
[ L) T @) T (3,95 dydx
QxY

—/ (T (fi) T (v]) + T () T (¥})) dy dx = 0. (3.20)
QxY
Letting ¢ tend to zero in (3.20) we obtain,

f Cjike () (Oxtt] + By 1y — €k @0 (x, ) U x) dy; Wi (y) dy dx = 0.
QxY
(3.21)

Defining W(x, y) := U(x)W(y) and adding (3.19) and (3.21) we obtain,

/Q [Clire) @l + 0yt — €uke @0 )} (84, Vi + 0, Wi — €050, ) dy dx
xY

—/ {ﬁ"i+gi‘1’i)}d}’dx=0~ (3:22)
Q

By the density of C3°(R) ® Hp., (Y3 RY) in L*(Q; Hp, (Y; R)) the result holds
for all W(x, y) € L3(Q; Hjer(Y: RD).

1
The above equation is not immediately in a form that we recognize. However, using

the properties of the Levi-Civita tensor, we can re-write g; = %e ipq € jpq &j- Grouping
the terms in (3.22) by test function we obtain,

1 —
/Q { Ce )@l + 00k — €vre 0r, ) + S €ty | (0, Vi + 0y, We) dy dx
xY
1
- /Q [Cjikz(y) (B 1) + By up — €ppe 9O (x, ¥)) + 5 €sij gs}évij W,)dydx
xY

i
—/ {ﬁVi—i-zesingE)xj‘/i}dydx:O. (3.23)
Q

From here we can obtain two sets of equations. By considering, first, that
(V,W,¥) = (V,W,0) we have,

1 _
/ {Crine) @uuf + 0,10} —evne @D, 7)) + S €6ty 8} 0r, Vi + 8, Wi dy dx
QxY

1 _
—/Q{fivi-i-zes,-jgs (aiji—l—Biji)}dydxzo. (3.24)
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By considering (V, W, W¥) = (0,0, W) we have,
1
—/Q . [Cine) @+t — €ve 900, ) + S €41y 85 €1 o dy dx = 0.(3.25)

If in (3.24) we select V = 0 we can see that both u! and goO depend on v.u’
linearly. In some sense, this could be interpreted as the macroscopic displacement
having contributions from the microscopic displacement and rotation, independently.
Hence, the form of u! and ¢° look as follows,

ul (x,y) = ¢F () dyul () + ¢i (x), (3.26)
o0 (x, y) = EX () dy,uf (x), (3.27)

where the correctors £*¢ and £%¢ are the local solutions satisfying the following vari-
ational problems,

£ e HL (v; RY), /Y;"q dy =0,

/;/Cjikg(y) (% Skp 8q0 + ayegk”‘f) dyvjdy =0 forallv e Hy, (Y:RY), (3.28)
£ c (iR, [ ey o

/chikz(y) <% Skp 8qe + €vie sj’q) dyvjdy =0forallv € H), (Y:R?).(3.29)

Existence and uniqueness for (3.28) follows from classical theory of variational
inequalities [25]. While for problem (3.29) one can show existence (up to an additive
constant) as in [17, Thm. 3.4, pg. 45].

Returning to (3.24) and substituting W = 0, u' and ¢° from (3.26 and 3.27)
respectively, we obtain,

1
/ offt o, Vi dx = E/ €vij &v Oy, Vjdx +/ fi Vidx, (3.30)
Q Q £
where
eff .__ Ceff a 0—16 .. (331)
Gij = \Yjipg Ox¢Up 7V sv ) '
and
C;f,f;,q = /Y Cjike@) (8kp 8q¢ + 3y, 5! — €re ) dy. (3.32)
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Using Eq. (3.25) we see that o ff exactly like the Cauchy stress in classical

linear elasticity. These are premsely the homogemzed equations obtained by [13] using
two-scale expansions under their scheme HS1. O

Remark 3.1 Equation (3.29) is an additional local problem that does not appear in the
homogenization of classical linear elasticity. Its appearance is solely a contribution of
the non-symmetric part of the strain tensor. Upon closer examination, local problem
(3.29) is one that involves rotations (or curls) which implies that certain curvature-twist
effects are present in the microscale. Moreover, these curvature-twist effects manifest
themselves macroscopically as part of the effective material tensor of a linear elastic
material and not independently.

Proposition 3.3 [f we use the notation y/(.)l. = 0y; u?, and yjll = 3)]14[ ekji(p,? then

under the assumptions of Theorem 3.1 we have the following convergence results,

lim/ (Cg(x)yg:ysdx:/ Cy G+ " +yhHdydx  (3.33)
e=0Jq QxY

lim C'x)y?:y%dx =0. (3.34)
e—0 A7

Proof Using the weak lower semicontinuity of the integrals, the fact that tensors C*
and IL? belong in /\/li (o, B, 2), and properties of the limit infimum we obtain,

i COG +vhH: ¢ +yhdydx
xY

< liminf / T.(CH) L) : T.(y*) dydx
QxY

e—0

e—0

< liminf / 7.(CH) L) : T.(y*) dydx
QxY

+ lim inf/ T.(L) T (k%) : T.(k®) dydx
QxY

e—0

< liminf { / T.(CH) L) : T(y*) dydx
QxY

e—0

+ / 7.9 T - frg(fcg)dydx}
QxY

<11m1nf{/ c* S:ygdx—l—fﬂglcgzlcsdx}
Q

=liminf/ (f-u®+g-¢°) dydx
QxY

e—0

:f (f-u0+g-(p0)dydx
QxY

=/Q COIGO+ 7)) : 00+ dydx, (3.35)
xY
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which is precisely (3.33). We remark that the last equality came from equation (3.22).
Moreover, (3.33) implies (3.34). O

Remark 3.2 Immediately one can observe from Proposition 3.3 that the following
result holds,
tim [ R(E)T0Y T dydr = [ COI00 D 0+ y ) dydx
e=>0/axy QxY

(3.36)

Corollary 3.1 The Cosserat strain y® converges strongly in L>(Q2 x Y; R4*4),

lin})‘z‘e(yg) - Y0+ ylin L2(Q x Y; R™*9) (3.37)
e—
Proof By expanding the square of the expression below we have,
[ eonmery =y =y )~y = ) ayix
xY

- / COILOP) : L) dydx — / COIT) : (0 =y dydx
QxY QxY
(3.38)
- YC(y)(yO—w) L T(y®) dydx

+ CO* =y : (0 —yhHdydx.
xY

The first term converges from (3.36) while the rest of the terms converge by (3.7)
and properties of the unfolding operator. Hence, all the terms on the right hand side
above sum to zero in the limit and the result follows. O

3.2.2 Homogenization under the HS 2 scheme

Theorem 3.2 If (u®, ¢°) is the solution set to (2.12) then, under the HS 2 scheme,
there existu® € HL (RY), u' € L*(Q; H,,, (Y;RY), ¢° € HL (R, ' €

L*(Q; H),,(Y; RY)) such that,
T, w®)—u in L>(Q; H' (Y; RY)), (3.39)
T.(Vu®) =V’ + Vyu' in L2(Q x ¥; R, (3.40)
T.(p%)—¢" in L*(Q: H' (Y; RY)), (3.41)
T.(Vo*) =V, + Vyp! in L*(Q x ¥; R, (3.42)
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and W, u', @°, @) is the unique solution set of

/ Cjike (y)(axmi + By up — 5vk£‘ﬂ8> (0, Vi + 0, W —€,;;V,) dy dx
QxY
[ L) @l + 0,6 059+ 0, dydx (3.43)
QxY

—/ﬁw+gi‘yid120,
Q

forallV e H(} (2 RY) and W € L%(2; H (Y; R?)). Furthermore, (3.43) is equiva-
lent to,

fg Coll (00,1 — €0pg0) (00, V) — €01 W) dx - /Q L 0,00 0, W) dx

(3.44)
—/(ﬁ Vi+giVi)dx =0,
Q
ifu' and @' have the form,

ul (x,y) = (@) B, uy (x) — €,pq0) (X)) + ki (), (3.45)
0y (x.y) = EPU(Y) 0,00 (X) + i (X). (3.46)

and we set W =0 and B = 0. Here,
csly = fy Cjike(y) Grp 8eq + 3y, dy (3.47)
L3ty = [ Line®) Gy 8y + 0,50 (3.48)

Y

are the effective Cosserat coeffcients with {71 and § P9 being the local solutions on
the unit cell satisfying the second order elliptic problems,

£70 € Hl (Vi R, /Y £ dy =0,
/chikg(y) (8kp 8q¢ + 3y, gl ) 0y, wj dy = 0 for allw € ngr(y; R9)(3.49)
£ € HL (Vi R, fY §71 dy =0,

/ Ljike) (8kp 8q¢ + 0y, &) 0y,v;dy = 0 forall v € leer(Y; RY). (3.50)
Y
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Proof Once again, using (2.19) and Proposition 3.1 vii. we obtain (3.39-3.42) as
& — 0. Furthermore, the weak form (2.21) of the Cosserat continuum reads: Find
®®,¢°) € H} (2 RY) x H, (2 R?) such that,

/Qc.iikf (g) (Oxp . — €vkewy) (Ox; v — €0jjYpy) dx
_/QLjiké (3) owesi a.x,-wjdx—/gcfi vi+gvdx=0. (3.51)

Unfold the above expression using Proposition 3.1 properties i.,ii., and iv) and
obtain,

/Q y Cjike(y) (%(8)6(“]&(‘) - Eka'Ta((Pi)) ('Ts (an Ui) - evijqj‘:(l//v)) dydx
- fQ Lkt T Qg T (04 0) dy dx (352)
—fQ D T + (s T ) dy dx =0,

Select the same test functions as before. Namely, set v := V(x) and ¢ := ¥(x)
for any test functions V € C§°(£; R?) and W € Cyo (2 R%) in (3.52) and let ¢ — 0
to obtain,

[ Coen (i + it = €vses?) @) — iy ) dy
QxY
- / L e (y) (0,0 + By, o)) 0, W dy dx (3.53)
QxY
_[(ﬁ Vi+gi Vi)dx =0,
Q
Select now the test functions from before v = v® = e U)W (’é) and ¢ =
¥¢ = ¢ ®(x) E (). Recall that v* — 0, %° — 0in L?(2; RY) and T(3,,¥f) —

Ay, Ei(x,y), T3y, v5) — 0y, Wi(x,y) in L2(Q x Y).
With the above test functions we obtain,

/ Cjik@(}’)(&;gug + Oy utp — evkw,?) dy, Wjdydx
QxY
- / Lkt ) (0,00 + By, 03,55 dy dx = 0, (3.54)
QxY
Adding (3.53 and 3.54) we obtain,
f Cike) (8,1 + 0y ttf — €0ke?) (0, Vi + 0, W — €44;0,) dy dx
QxY

- /Q Ljike(y) (3xz</)/9 + 8}%0/1) (ax_/ v; + 3y,'§j) dydx
xY
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- / (fiVi+g Vi)dx =0. (3.53)
Q

Using the density of C3°(2; RY) in HE (2 RY) and C{*(Q) ® Hper(Y; RY) in
L2(S2 leer(Y; R?)) the result holds true for all V € Hllo(Q; R?) and all W €
L2 Hper (Y3 RY)). B

Taking (V, W, ¥, E) = (V, W, 0,0) we obtain,

/ Cike ) (8 + 0y 1t} — €uke?) (0, Vi + 0, W) dy dx — f fi Vidx =0
QxY Q

(3.56)
Taking (V, W, ¥, E) = (0,0, ¥, E) we obtain,
- / Cike ) (B + 0y tt} — €uke?) €01y W, dy dx
QxY
- /Q Ljike(y) O, 9f + 0y, 0) (0, i + 0y, € ) dy dx
xY

- / g Vidx =0. (3.57)

Q

Moreover, if we select V = 0 in (3.56) we obtain that u! has the following form,
1 _ g 0 0 _
up (x,y) =& () (Ox, g (X) — €1pg9, (X)) + ki (x). (3.58)
While, if we set W = 0 in (3.57) we obtain ¢ the following form,
1 _ £Dq 0 .

@, (x,y) =E79(y) 0,90, (%) + ki (%), (3.59)
where ¢£79 and £74 satisfy (3.49) and (3.50), respectively and «; (x) is some generic
constant function in y. We remark that existence and uniqueness for ¢”9 and &7
follow from the theory of variational inequalities.

Rewriting, (3.55) and substituting in W =0 E=0,u', and ¢' from (3.56) and
(3.57), respectively and factoring out common terms we obtain,

/ Coll g (00,1 — €0pg0) 01,V — €01 W) dx - / L 00,000, W) dx
@ @ (3.60)
_/(fi Vi+gi ¥i)dx =0,
Q
where

cefr = /Y Cike(y) Bip btq + 00, 27 dy. (3.61)
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Lot~ fy Ljie(y) Gip Seg + 03,807 dy. (3.62)

O

Remark 3.3 Under the HS 2 scheme we obtain an effective Cosserat continuum in
(3.60). As a result we have two sets of effective coefficients in (3.61) and (3.62).
One that relates the non-symmetric strain tensor to the stress and one that relates the
curvature-twist tensor to the couple stress. Unlike in the first homogenization scheme,
HS 1, the curvature-twist effects manifest themselves as a separate equation.
Proposition 3.4 If we use the notation, yf)l = 8xju? —ekj,-<p,9, yjli = By/.u} - ijiﬁoll,
k0= Ox; (p?, and k' = dy; (pi] then under the assumptions of Theorem 3.2 we have
the following convergence results,

£—

limo . (CP@)y®:y® + T (x) i® (k%) dx
= [ (Cm e 4D 0 Lo Wk i) aydx (3.63)
QxY

limo (CP@)y®:y® + L@y «t %) dx = 0. (3.64)

Proof As before, using the weak lower semicontinuity of the integrals, the fact that
tensors C? and LL? belong in M;(a, B, 2), and properties of the limit infimum we
obtain,

CO GO +vY) 0 + ") dydx +/ L) (0 + &Y : (0 + k') dydx

QxY QxY

< lim inf / T.(CH) L) : T.(v) dydx
QxY

e—0

+ lim inf/ T.(L8) T (k%) : (k%) dydx
QxY

e—0

< liminf { f T.(CH) L) : T(y*) dydx
QxY

e—0

+/ T (L) T (k®) - %(xs)dydx}
QxY

fliminf{/ (ng*::ysdx—l—f]lislcg:/csdx}
e—0 Q Q

=liminf/ (f-u®+g-¢°) dydx
QxY

e—0

L)
X

=f C(y)(y°+y1):(y°+y1)dydx+f L(y)
QxY QxY
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&+ 1Yy kO + k") dydx, (3.65)

which is precisely (3.63). We remark that the last equality came from equation (3.55).
Moreover, (3.63) implies (3.64). O

Remark 3.4 Immediately one can observe from Proposition 3.4 that the following
result holds,

lim | (RC) TGO ) + T T« L) dydx
2xr (3.66)
=f C(y>(y°+y‘>:(y°+y1>dydx+/ L) (& + ") : (& + ") dydx
QxY QxY

Corollary 3.2 The following convergence results hold for the Cosserat strain and
curvature-twist tensors,

lim 7, () — O+ ylin L2(Q x Y; RY*Y) (3.67)
£—

lir%‘zg(/cg) — O+l in L2(Q x Y; R (3.68)
e—

Proof By expanding the square of the expressions below we have,
[ Comen =y =y s () =~y dyax
[ RO k0 =) ()~ =) dyds
QxY

= / COL(F) : T(y*) dydx —/ COTLE) : (° —y")dydx
QxY QxY (369)

—/ COIG° 7)) a:;(f)dydw/ CO — ) 0 =y dydx
QxY QxY

X

+ / L)% (k%) : T (k®) dydx — [
QxY

Qx

LT (k%) : (° — k") dydx
Y

—/ L(y)(Ko_Kl);q;(KS)dde/ L) — ') : (c° — ) dydsx
QxY QxY

X

Combining terms, using (3.36) and (3.39-3.42) we obtain that the right hand side
is zero and the results follow. O

4 Some results regarding correctors
In this section, we provide some results that can be interpreted as “corrector” type

results for a Cosserat continuum under each homogenization scheme. Classical correc-
tors in the theory of homogenization for linear elasticity, transform the weak converge
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of the displacement u®—u® to strong convergence by subtracting a term involving
the gradient of #° and the local solutions on the unit cell. Given that kinematics of a
Cosserat continuum are more convoluted, it is not immediately clear what the form of
the corrector should be.

The correctors are obtained using the averaging operator in (3.5) as is done in [6].
Hence, we do not require any additional regularity assumptions of the local solutions
(3.28, 3.29, 3.49), (3.50) as is done in standard homogenization problems (see e.g.

[33D.
4.1 Correctors under HS 1 scheme

Theorem 4.1 Under the assumptions of Theorem 3.1 we have the following strong
convergence,

v —y%— U (y") > 0 inL*(Q, R¥*%) 4.1)
Proof Using (3.33, 3.34, 3.37), and Proposition 3.2 iii. we have,
v — Uy — U(y') - 0 in L2 R, 4.2)

Since y is independent of y we can use Proposition 3.2 i to obtain,

U (%) — 0 in L2(Q; R?*9). (4.3)
Hence, the result follows. O

4.2 Correctors under HS 2 scheme

Theorem 4.2 Under the assumptions of Theorem 3.2 we have the following strong
convergence results,

e =" — w.(y") = 0in L*(Q, RY*Y) (4.4)

K — k0 — U(kc") = 0in L2(Q, RI*9) 4.5)
Proof Using (3.63, 3.64, 3.67, 3.68) and Proposition 3.2 iii. we have,

Y — U(y®) — U(y") — 0in L2(Q; RI*Y). (4.6)

k8 — U (k®) — U (k') = 0in L7 (Q; RY*D), 4.7)

@ Springer



G. Nika

Since both ¥ and «© are independent of y we can use Proposition 3.2 i to obtain,

U(y?) — y¥in L2 (@ R, 4.8)
and
U (k%) — k¥ in L?(Q; RY*Y), (4.9)
Thus, completing the proof. O

5 Conclusions

We derived effective models for a heterogeneous Cosserat continuum taking into
account the Cosserat intrinsic length of the constituents by the method of homog-
enization and periodic unfolding. In doing so, we provide rigorous proof to the results
obtained in [13] by two-scale expansion.

Depending on how the Cosserat intrinsic length scales with respect to the charac-
teristic length of the domain or the chatacteristic length of the periodic cell, we are
led to two different effective models. The first effective model is of a classical Cauchy
continuum where all the information regarding displacements and rotations at the
unit cell are contained in the fourth order stiffness tensor characterizing the material
and can be computed by the help of two local problems one of which is related to
the curvature-twist. The second effective model is of a Cosserat continuum with two
fourth order effective tensors relating the non-symmetric strain to the non-symmetric
stress and the curvature-twist to the couple-stress, proving new constitutive laws for
Cosserat media.

Additionally, we provide some corrector type results using the averaging operator
for each of the effective models. By and large, the results should hold true in the
case where one of the materials is a void by adjusting the unfolding and averaging
operators, respectively, as in [4].
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