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2  Summary

The aim of the project was to study the multidimensional moment problem in terms of the
multidimensional Stieltjes transform as the interpolation problem and construct the Schur algorithm
for the truncated multidimensional moment problem.

The obtained results were related to classical and indefinite multidimensional moment problems
and can also be applied to the multidimensional moment problem for atomic measure. Several step-
by-step algorithms were obtained, which were based on different approaches. The first and basic was
two-dimensional moment problem, one was studied separately from the multidimensional case. The
truncated multidimensional moment problem was reformulated in terms of the multidimensional
Stieltjes transform as the interpolation problem and also was studied.

The relation between one-dimensional and multidimensional moment problems was obtained.
Hence, the obtained Schur algorithms for the multidimensional moment problem were base on the
one-dimensional case. The description of all solution was found in terms P, J and S—fractions.
The Padé approximants of the the truncated multidimensional moment problem were found. In
additional, the description of all solutions of the full multidimensional moment problem and the
indeterminate criterion for the full multidimensional moment problem were obtained.

Moreover, the Herglotz-Nevanlinna class functions in several variables was also studied. The
asymptotic expansion of the Herglotz-Nevanlinna class functions in several variables was obtained.
The corresponding interpolation problem in this class was formulated and solved.

All project goals were achieved.



3 Scientific progress report

The aim of the project was to study the multidimensional moment problem as the interpola-

tion problem and construct (find) the Schur algorithm for the truncated multidimensional moment
problem. It was possible because the multidimensional moment problem was reformulated in terms
of the multidimensional Stieltjes transform as the interpolation problem.
Objectives: to study the two-dimensional moment problem as the interpolation moment problem,
to construct the Schur algorithm for the two-dimensional moment and to describe all solution
of the two-dimension moment problem in terms of continued fractions and to obtain criterions for
these representation, to study the truncated multidimensional moment problem as the interpolation
moment problem, to find and construct the step-by-step solution algorithm and to describe the all
solution of the multidimensional moment problem in terms of continued fractions and to obtain
criterions for these representation. To study the multidimensional moment problem with the atomic
masses and to describe the set of the solutions using step-by-step algorithm, to solve the truncated
multidimensional moment problem in the Herglotz-Nevanlinna classes functions in several variables
as the the interpolation problem and to find the description of the all solution; to obtain Padé
approximants of the the truncated multidimensional moment problem.

During the implementation of the project, all set goals were achieved. Briefly describe the
content of the report. Subsection 3.1 contains the two-dimensional moment, the Schur algorithm
for the two-dimensional moment and description of all solutions were obtained. The multidimen-
sional moment problem was studied in Subsection 3.2, Subsection 3.3 and Subsection 3.4. Differ-
ent research approaches were applied to these chapters. Hence, various step-by-step algorithms
were obtained, the description of all solutions was found, Padé approximants were obtained. The
Herglotz-Nevanlinna classes functions in several variables were studied in Subsection 3.5. The inter-
polation moment problem for the Herglotz-Nevanlinna function in several variables was formulated
and solved.

3.1 Two-dimensional moment problem and Schur algorithm

In this subsection, we study a truncated two-dimensional moment problem in terms of the
Stieltjes transform. The set of the solutions is described by the Schur step-by-step algorithm, which
is based on the continued fraction expansion of the solutions. In particular, the obtained results are
applicable to the two-dimensional moment problem for atomic measures.

The obtained results are published (see S. Kunis and 1. Kovalyov, Two-dimensional moment
problem and Schur algorithm, Integral Equations and Operator Theory, vol. 97, 5 (2025) doi:10.1007 /s00020-
024-02786-3).

3.2 Multidimensional moment problem and Schur algorithm

In the current subsection, the truncated multidimensional moment problem is studied in terms
of the Stieltjes transform as the interpolation problem. A step-by-step algorithm is constructed
for the multidimensional moment problem and the set of solutions is found in terms of continued
fractions.

The obtained results are presented in the paper S. Kunis and 1. Kovalyov, Multidimensional
moment problem and Schur algorithm, (submitted).

Let us present the main results:

Preliminaries:

Let 4 be a nonnegative Borel measure on R}, where sup(u) = A € R’!. The moment sequence
s = {sihm,in}fl,...,z’nzo is defined by

Sitysin = / tlf X ... X t;"du(tl, ...,tn). (3.1)

+



On the other hand, we can reformulated (3.1) in terms of the Stieltjes transform as an inter-
polation problem. Recall a n—variate Stieltjes transform (see [2])

/ du(ty, ta, ... tn)
A

) 2 (3.2)
+ 1+ Z tiZ;
=1

Setting Z; = ——, we define an associated function F' by
Zj

,  Wwhere z;—00. (3.3)

1 du(ty, to, ...t
F(21, 20, 2) = — / w(ty,ta, .o ty)
R7

n n
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i=1 i=1 i

Moreover, (3.3) can be rewritten in terms of the Stieltjes transform as

o)
B Z Z ( k ) Sa’f,ag,...,ag

k k % & PR

) Qy,y ..., 0 z("1+1z°‘2+1 ag+1

1 5 ... Zn

Furthermore, we can study the truncated moment problem for atomic measure. Let u be an
atomic measure on R", where sup(u) = A C R™ and

M
) = mpla,(z), my > 0. (3.5)
k=0
In this case, the moment sequence s = {s;, ;. }51,...,2'”:0 is defined by

M
Sityin = / X ox aindu(y, e, ) = katil X ...x tin (3.6)
" k=0

and (3.2)—(3.4) hold.
However, we can reformulate the moment problem (3.1) in terms of the generalized moments.
Define a linear functional & on the monomials 7" x ... x 2" by

St X ... X to") = Say,..an- (3.7)
In the general case, the associated function can be defined by
P 1 o 1 = k Sak ok ..ok
(21,.“,Zn)__ﬁz, | w1 —_kz:o kz>: a’f,...,aﬁ W‘F
=1 - ;:1 Zi b & = Ok
(3.8)
1
+o Z o™ nxt
o™t > 0 z ! ..zt

1
a?xe—&—. o™ =nx¢



Moreover, (3.8) can be rewritten in the symmetric form as follows:

S0 S51(21, ..., 2 S5¢0(21, .0y 2 1
F(Zl, 7271):_ n - ( n, : n)_ __M_‘_O LU ’ (39)
I1 2 [1 =7 I1 7" [T 7"
7j=1 7j=1 7j=1 7j=1

where

a Z O, a1,...,0n i—1 (310)
at least one
ap=j

The sequence s = {%‘}5:0 is called an associated sequence of the sequence s = {s;, i, }fl,...,inzo
and F is called an associated function.

Definition3.1. Let s = {s;(21,..., zn)}gzo be an associated sequence of the sequence of real
numbers s = {s;, i }¢ _in—o Such that (3.10) holds and let n = {n;[n; € Nand 1 < n; < mng <

i1,

.<ny,i=1,N}. DMu(s) is called a regular set of the sequence s defined by

Ma(s) ={(21,---,2n)| Dn,(21,...,20) #0 forall i=1,N}, (3.11)
where
s50(21y--52n) oo Si—1(21,...,20)
Di(z1,...,2n) = : : : (3.12)
Si-1(21,- -y 2n) . $2i-92(21,...,2n)
Moreover, s = {s;(z1, ..., Zn)}f':o is called a regular sequence on the set 9,(s).

Hence, we can formulate the truncated multidimensional moment problem MP(s, I, (s)):

Given a sequence of real numbers s = {s;, ;. }¢ _oand a set n = {n;jn; € Nand 1 <

il:---ain
n < ng < ... < ny,i = 1,N} such that £ > 2ny — 1 and the associated sequence s =
{sj(z1,..., zn)}?g_l defined by (3.10) is the regular on the set 91,(s). Describe the set of functions

F', which admit the asymptotic expansion

50 51(21,...,2 ) 5@(21,...,2’ ) 1
F(z1,zp) = ———— — = 0 | . (3.13)
I1 = I1 2 e I =+
j=1 j=1 j=1 j=1
Theorem 3.1. Let s = {s;, i, }51,...,1'”:0 be a sequence of real numbers and let s = {s;(21,..., 2,) ?:0

be its associated sequence defined by (3.10) such that s is the regular sequence on the set M,(s),
where n = {n;|n; e Nand 1 <ny <ny <...<npy,i=1,N} and £ > 2ny — 1. Then any solution
of the truncated problem MP (s, 91,(s)) admits the representation

bo (21, -
F(21, o zn) = — o(#1, - Zn) . (3.14)

a (Z 5 )_ b1(2’17...,zn)
ORFLy e n bN_l(Zl,...,Zn)
aN,l(zl, ,Zn) + 7'(217 ey Zn)

a1(21, ey 2n) — 00—
where the parameter 7 adits the following asymptotic expansion

N N
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the atoms (a;, b;) can be found by

bo(#1, ..., 2n) = 6ny—1(#1, ..., 2n) and bjzsfljll(zl,...,zn),

5éj_1)(z1,..,,zn) 5gj_1)(zl,...,zn) sl(,j_l)(zl,...,zn)
a;j(21, ..., 2n) = PNCE P 5£J:11)(z1,...,zn) 5S,J71)(z1,...,zn) 5%&7_11)(,21,...,%) ,
DU (zl,...,zn) n n
1 IT 2 IT =%
j=1 j=1
sVt z) SO (21 z) O 0 (3.16)
) _ (=D : S
51_] (2’17 ...7271) = G-1) FEEE;) : - .. 0 )
(5,/71 (z17 7Zn>
(G-1)
) . 51/._1 (Zl,...,Zn)
s (21, 2) v 89TV, )
= . = (0
where i =0, —2n;, j =1, N, 51( )(21, vy Zn) = 8i(21, ...y 2n), ¥ =nj —nj_1 and ng = 0.
Proposition3.1. Let s = {sih,_.%}fl ..in—0 be a sequence of real numbers and let 5 =
{sj(z1,..., zn)}§:0 be its associated sequence defined by (3.10) such that s is the regular sequence

on the set My(s), where n = {n;|p; e Nand 1 <ny <nyg <...<ny,i=1,N} and £ > 2ny — 1.
Then any solution of the truncated problem MP (s, 91,(s)) can be represented as

F(z ) = Qun_y (215 ooy 20)T (215 ooy 20) + Quy (215 o, 20)
1y ey 2n Poy (21, ey 20)T(215 ooy 2n) + Pay (215 -5 20)

, (3.17)

where the parameter 7 satisfies (3.15), Py; and Qn, are the solutions of the following system

bi(21, oo Z0)Un;_y — @5 (21, s Z20)Un; + Yoy =0, J=0,N -1,
Py (z1,.05,20) =0, Pay(21, ..y 2n) =1 and Qn_, (21, ..., 2n) = 1, Qny (21, ., 2n) =0,

the atoms (a;, b;) can be found by (3.16).

Next, we study the truncated multidimensional moment problem MP(s) and we find a de-
scription of the solutions in terms of S— fraction. First of all, we introduce a plus regular set. It
will be an important object of our investigation. Since MP(s) will be studied on this set.

Definition3.2. Let s = {s;(21,..., zn)}fzo be an associated sequence of the sequence of real
numbers s = {S’ilw-»in}fh‘..,in:o such that (3.10) holds and let n = {n;|n; € Nand 1 <mnj; < ny <

c..<ny,i=1,N} Ni(s) is called a plus regular set of the sequence s, which is defined by
NF(s) ={(21,---,2n)| Dn,(21, .-, 2n) # 0 and D (21,...,2,) #0forall i=1,N}, (3.19)
where D; is defined by (3.12) and

(3.18)

s1(21,- oy 2n) oo Si(21,..0,2n)
si(zl,...,zn) 521‘_1(21,...,2,1)

Moreover, s = {s;(z1,..., Zn)}?:o is called a plus regular sequence on the set M1 (s).
Hence, we can formulate the truncated multidimensional moment problem MP (s, M} (s)):
Given a sequence of real numbers s = {Sihm,in}fl,...,in:o and a set n = {ny|n; € Nand 1 <
n < n < ... < ny,t = 1,7]\7} such that ¢ > 2ny — 1 and the associated sequence s =
{5]'(21,...,,2”)}?1’5_1 defined by (3.10) is the plus regular on the set 91} (s). Describe the set
of functions F', which admit the asymptotic expansion

50 51(21y .0y 2 Sp(21y ..y 2 1

F(21, 0 2p) = ——— — ( = e (n ”)+o - : (3.21)
I1 z [1 27 [T =+ [T =+
j=1 j=1 j=1 j=1



Theorem 3.2. Lets = {s;,. _; }2"¥!_ be asequence of real numbers and let s = {s;(z1, ..., 2n)}

B1yeeeytn=0
be its associated sequence defined by (3.10) such that s is the plus regular sequence on the set 9} (s),
where n = {n;jn; e Nand 1 <nj; <ny <...<ny,i=1,N}. Then any solution of the truncated
problem MP (s, 9} (s)) admits the representation

F(z1,y.,2n) = , (3.22)

n
= II zymi(z1, . 2n) +
j=1

ll(zl,...7zn) 4+ 4

n 1
= I zymn (21, 2n) +
=1

lN(Zh [ Zn) + 7'(21, s Zn)

where the parameter 7 adits the following asymptotic expansion

T(21y ey 2n) = 0 (IN(21, -y 20)) (3.23)

the atoms (mj,[;) can be calculated in terms of the atoms (aj, b;) as follows

1 1 n 1
b(](Zl7 7Zn) = m and GJ()(Zl7 veey Zn) = m <i_1 Zim1(217 7Zn) — M) )
1
bj—1 (21, ey 20) = , 3.24
5=1(21, 00 20) 51 (21, s 20)dj—1(21, ooy 20)dj (21, ooy 20) (3.24)
1 n 1 1
aj—1(21, ey 2n) = T (}_[1 zimj(z1, ..., Zn) — o) Len ...,zn)> )
Furthermore, (3.22) can be rewritten as
Q;N(Zh sy ZTL) + Q;N_l(zla sy ZTL>T(Z17 sy Zn)
F(21, .0, 2n) = —2 < , (3.25)
Py (21, s 2n) + Py (21, s 20)T(215 005 20)
where PjJr and Q;r can be found as solutions of the following system
n
Y2i—1 — Y2-3 = — ZiMMi\ 21y -+v5 2n ) Y2i—2 ,
i i il;ll i z( ERREY) n) i—2, i=1.N, (3.26)
Yoi — Y2i—2 = li(21, -, 2n)Y2i-1,
subject to the initial conditions
Pt(21, 0 20) =0, Py (21, 0y 20) =1, Q11 (21,00, 20) = 1 and Q (21, ., 20) = 0. (3.27)

3.3 Multidimensional moment problem and diagonal Schur algorithm

The multidimensional moment problem is studied in terms of the Steiltjes transform. The
diagonal step-by-step algorithm is constructed for the multidimensional moment problem. The
set of solutions of the full multidimensional moment problem is found in terms of the continued
fractions. Moreover, the diagonal step-by-step algorithm can be applied to the special truncated
multidimensional moment problem. There are additional results.

The obtained results are presented in the paper: I. Kovalyov, Multidimensional moment prob-
lem and diagonal step-by-step algorithm, https://arxiv.org/abs/2501.05853.

3.4 Multidimensional moment problem and Stieltjes transform

The truncated multidimensional moment problem is studied in terms of the Stieltjes transform
as the interpolation problem. A step-by-step algorithm is constructed for the truncated and full
multidimensional moment problems and the set of solutions is found in terms of continued fractions.
Padé approximants are found. There are additional results.

The obtained results are presented in the paper: 1. Kovalyov, Multidimensional moment prob-
lem and Stieltjes transform, https://arxiv.org/abs/2501.05860.

2111\7—1
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3.5 Herglotz-Nevanlinna functions in several variables, asymptotics and Stielt-
jes transform

In this subsection, we study the indefinite moment problem associated with the Herglotz-
Nevanlinna functions in several variables.

The obtained results are presented in the paper: 1. Kovalyov, Herglotz-nevanlinna functions in
several variables, asymptotics and Stieltjes transform (submitted).

Let us present the main results:

Theorem 3.3.([13]) A function f : C*™ — C is a Herglotz-Nevanlinna function in several
variables if and only if f can be rewritten as

i 1
2)=a+ ; brzr + 7Tn/Rn Ky (z,t)du(t), (3.28)
where a € R, by > 0 and p is a positive Borel measure on R” satisfying the growth condition
L 1
———du(t) < oo, (3.29)
/ " kUl (t2 +1)

the kernel function K, is defined by

Kn(2,t) < H <tk—zk tk+z> + (26)" 1;[ (tk—l tk+2>> (3.30)

where z € C™ and t € R™. Moreover, the following Nevanlinna condition holds

2. / pr1 - Npumdp(t) =0 (3.31)

pe{-1,0,1}"
—lepAlep
for all z € C*" and
N 1 1 1 1 LN 1 1 (3.52)
71’]_tj—2j_tj—i’ O’J_tj—Zj_tj+ian 1’]_tj+i_tj—fj' '

Lemma 3.1. Let f be a Herglotz-Nevanlinna function in n variables, and let (3.28) and
n

w(t) = [ px(tg) hold. Then f admits the following asymptotic expansion
k=1

- e (3.33)
1 n S(()k) 5(1k) Sglz) 1 dﬂk(tk) Py
+ n(2q n_IH T 2 karl o O+1 | t A
T (27) P 2k zf 2z 2z R tr+i
where the sequence s®) = {s * o is associated with the measure pj and one can be found by
) — | dp(t = 0,1 3.34
;= Rkﬂkz(k)a J =Y, L. (3.34)

n
Theorem 3.4. Let f be a Herglotz-Nevanlinna function in n variables and let p(t) = H wr(tr)

n (3.28) with (3.29). Let s(*) = {sk}QN’“ ! be associated with the measure py, for all k = 1,7, and



N,
let N (s®)) = {ngk)} ‘ kl be the set of normal indices of s¢*). Then f admits the following asymptotic
j:

expansion

n Nk 1 b(.’“) e

f( —a-i-Zkak-i-A-l— n n 1H ki — By |, 2=, (335)
k=1 a; (Zk)

where the atoms (ag.k), bg-k)) are associated with the sequence s(*) = {séC }?fgil for all K = 1,n and

71 satisfy the following

1T )
Thm — €N 4 o , fNy—1=2m+1;
b Np—1

Tk j:: (k) S Nﬁ(k)_ﬁ(k) R if Ny —1= 2m,
H b Nk—l
o (3.36)
m k m k
® N ) ) (k) J'H i (k) (k) jl;lobgj)
KN,—1 = Z R l~€2 = K_ agmmi 7’%2m+1 =Hh— | Qo417 k)
§=0 H s ,HO b3j+1
i

Ti(zk) = 0(1), 2zp=oco for k= l,n.

Furthermore, (3.35) can be rewritten in terms of the polynomials of the first and second kind
as

" ( QW) L Gzi)i(z) + QY (1)

f)=a+ brz+ A+ ——0— e - Bk>, 25500, (3.37)
Z 1 H pé’ka )T (20) + Pélf\,)k (21)

k=1

Where P(k) and Q(.k) are the polynomials of the first and second kind associated with the sequence
= {Sk}QNk ! respectively.
Remark3 1. If uy is positive, then

/ dp(tr)
and Ty
R tk — 2k

are Nevanlinna functions.
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available on the preprint server https://arxiv.org/abs/2404.03342).

4.2 Other publications and published result

Another papers are submitted to peer-reviewed journals, but these papers have not yet been
published. However, some papers are published on preprint servers (it is indicated):
1. I. Kovalyov, Multidimensional moment problem and Stieltjes transform (under review),
https://arxiv.org/abs/2501.05860, (open access).
2. 1. Kovalyov, Multidimensional moment problem and diagonal step-by-step algorithm (under
review), https://arxiv.org/abs/2501.05853, (open access).
3. S. Kunis and I. Kovalyov, Multidimensional moment problem and Schur algorithm, (submitted).
4. 1. Kovalyov, Herglotz-nevanlinna functions in several variables, asymptotics and Stieltjes trans-
form (submitted).
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