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ABSTRACT. We study the Ericksen—Leslie system equipped with a quadratic
free energy functional. The norm restriction of the director is incorporated
by a standard relaxation technique using a double-well potential. We use the
relative energy concept, often applied in the context of compressible Euler- or
related systems of fluid dynamics, to prove weak-strong uniqueness of solutions.
A main novelty, not only in the context of the Ericksen—Leslie model, is that
the relative energy inequality is proved for a system with a nonconvex energy.

1. Introduction. This paper is devoted to the weak-strong uniqueness of weak
solutions to the three-dimensional Ericksen—Leslie model describing liquid crystal
flow. The Ericksen—Leslie model (proposed by Ericksen [10] and Leslie [20]) is
a very successful model for nematic liquid crystals and agrees with experiments
(see [1, Sec. 11.1, p. 463]). The particular model strongly depends on the choice of
the free energy.

Recently, global existence of weak solutions was shown in [9] for a very general
class of free energies. In this article, we prove weak-strong uniqueness of these
solutions for a special, physically relevant free energy as long as the weak solution
satisfies a suitable energy inequality. The weak-strong uniqueness property says that
the weak solution coincides with a weak solution admitting additional regularity and
arising from the same problem data (initial and boundary values, right-hand side)
as long as the latter exists.

We use the concept of a relative energy approach (see Feireisl, Jin and Novotny
[13]) to prove weak-strong uniqueness. Often this concept is called relative entropy
approach. Henceforth, we use the term relative energy since we are rather dealing
with energies. In the case of a convex energy functional, this idea goes back to
Dafermos [4] in the context of thermodynamical systems. For a convex Gateaux
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differentiable energy functional n : V' — R on a Banach space V, the relative energy
of two solutions w and @ is given by (see [5, Sec. 5.3])

E(ul@) = n(u) —n(@) = (n'(@),u — ). (1)
The convexity of n guarantees that £ is nonnegative (see [17, Kapitel III, Lemma
4.10)).

A novelty of the article in hand is that the concept of relative energies is gener-
alized to nonconvex functionals. Therefore, the standard definition (1) of a relative
energy has to be adapted (see (24) below). In comparison to Dai [6], this allows
to prove the weak-strong uniqueness without assuming the pointwise boundedness
|d| < 1 of the weak-solution d, which is stipulated in [6, Theorem 1.5] but is not
known to hold in general. Additionally, the relative energy approach allows to
handle more involved energies as the general Oseen—Frank energy (see [19]).

For convex energy functionals, the relative energy serves as a general com-
paring tool and beside the weak-strong uniqueness of solutions (see Feireisl and
Novotny [14]), it is also employed to show the stability of an equilibrium state (see
Feireisl [11]), the convergence to a singular limit problem (see Breit, Feireisl and
Hofmanové [2] as well as Feireisl [12]), or to derive a posteriori estimates of nu-
merical solutions (see Fischer [16]). Another possible application is the definition
of a generalized solution concept, the so-called dissipative solutions. The formula-
tion of such a concept relies on an inequality instead of an equation (see Lions [23,
Sec. 4.4]). We hope that such applications also arise in the new nonconvex case,
which is presented in this article.

1.1. Review of known results. A simplified Ericksen—Leslie model

1
od+ (v-V)d = Ad + ?(W —1)d,
O+ (- Vv + Vp— Ad = — V- (Vd'Vd), (2)
V=0,

was first considered in Lin and Liu [21], where global existence of weak solutions
as well as local existence of strong solutions was shown. Later, Lin and Liu [22]
showed the same result for a generalized system. Existence of weak solutions to the
model considered in the article at hand (see (4) below) equipped with the Dirichlet
energy with double-well potential,

k 1
F(da vd) = §|Vd‘2 + Zg(ld|2 - 1)27

was first proved in Cavaterra, Rocca and Wu [3]. In [9], the existence of weak
solutions to the model considered here was proved for a more general class of free-
energies.

The concept of weak-strong uniqueness was first considered by Prodi in 1959
(see [26]) and Serrin in 1962 (see [28]). Both studied the Navier-Stokes equation
and showed weak-strong uniqueness for a class of weak solutions fulfilling additional
regularity requirements.

In several works, the weak-strong uniqueness property for different simplifica-
tions of the Ericksen—Leslie model is studied. Zhao and Liu [31] established weak-
strong uniqueness for the simplified system (2) with different assumptions on the
strong solution. Dai [6, 7] established weak-strong uniqueness for a simplified in-
compressible model and a more general incompressible Ericksen—Leslie model with
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additional assumptions on the weak solution, which cannot be shown to hold in
general. Yang etal. [29] showed the weak-strong uniqueness for the simplified in-
compressible Ericksen—Leslie system without nonlinear penalization using ideas of
Feireisl et al. [15] based upon a relative energy approach and suitable weak solutions.
In the article at hand, we use similar ideas. However, we are able to incorporate
the nonlinear part of the free energy in the relative energy and to show the weak-
strong uniqueness without further assumptions on the weak solution. This is done
by adapting the relative energy to the nonconvex energy of the system. A similar
weak-strong uniqueness result for measure-valued solutions to the Ericksen—Leslie
system equipped with the nonconvex Oseen—Frank energy (see [18] for the existence
of such solutions) was recently proved by the second author [19].

1.2. Notation. Vectors of R® are denoted by bold small Latin letters. Matrices of
R3*3 are denoted by bold capital Latin letters. Moreover, numbers are denoted by
small Latin or Greek letters, and capital Latin letters are reserved for potentials

The Euclidean inner product in R? is denoted by a dot, a-b := aTb = Zl 1 a;b; for
a,b € R®. The Frobenius inner product in the space R**? of matrices is denoted by
a double dot, A : B := tr(ATB) = Z” LA;;B;; for A,B € R***. We also employ
the corresponding Euclidean norm with |a|? = a - a for @ € R* and Frobenius norm
with |[A]2 = A : A for A € R**3. The product of a fourth order with a second order
tensor is defined by

3
Z FijklAkl ’ Te R?’X?’X?’X?’, Ac R3><3.

k=1 i =1

The standard matrix and matrix-vector multiplication, however, is written without
an extra sign for brevity,

3 3
3

AB = ZAiijk R Aa = ZAijaj ,AER3X3,BER3X3,GER3.

J=1 ik=1 J=1 i=1

The outer product is denoted by a ® b = ab” = [a;b; ]l =1 forabe R3. Note that
tr(a ® b) = a -b. The symmetric and skew-symmetric part of a matrix are denoted
by Agym = 2(A+ AT) and Ay := 3(A— A7) for A € R3*3, respectively.

We use the Nabla symbol V for real-valued functions f : R®* — R as well as
vector-valued functions f : R* — R? denoting

-], -]

Oz ij=1

For brevity, we write Vf7 instead of (Vf)T. The divergence of a vector-valued
function f : R®* - R? and a matrix-valued function A : R* —R3*3 is defined by
3

V-f = Zafz_trw) V-A 23‘4”

oz
i=1
Note that (v - V)f = (Vf)v = Vfv for vector-valued functions v, f : R* = R?,
Throughout this paper, let @ C R® be a bounded domain of class C*. We rely
on the usual notation for spaces of continuous functions, Lebesgue and Sobolev
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spaces. Spaces of vector-valued functions are emphasized by bold letters, for exam-
ple LP(Q) := LP(Q;R?), WFP(Q) := WHEP(Q;R?). If it is clear from the context,
we also use this bold notation for spaces of matrix-valued functions. For brevity,
we often omit calling the domain Q. The standard inner product in L?(Q;R?) is
denoted by (-,-) and in L2(Q; R**3) by (-;).

The space of smooth solenoidal functions with compact support is denoted by
Co, (8 R*). By L2 (), H{ (), and W(l)jg(Q), we denote the closure of C2% (€2; R?)
with respect to the norm of LP(2), H'(Q2), and W1?(Q), respectively (1 < p < 00).

The dual space of a Banach space V is always denoted by V* and equipped with
the standard norm; the duality pairing is denoted by (-,-). The duality pairing
between LP(§2) and L(Q)) (with 1/p + 1/q = 1), however, is denoted by (-,-) or
()

The Banach space of linear bounded operators mapping a Banach space V into
itself is denoted by L£(V) and equipped with the usual norm. For a given Banach
space V, Bochner-Lebesgue spaces are denoted, as usual, by LP(0,T;V) for 1 <
p < 0o. Moreover, WP(0,T;V) denotes the Banach space of abstract functions in
L?(0,T;V) whose weak time derivative exists and is again in LP(0,T; V) (see also
Diestel and Uhl [8, Section II.2] or Roubi¢ek [27, Section 1.5] for more details). We
often omit the time interval (0,7) and the domain € and just write, e.g., LP(W*:P)
for brevity. By C,,([0,T]; V), we denote the spaces of abstract functions mapping
[0,T] into V that are continuous with respect to the weak topology in V.

By A, we denote a constant tensor of order 4 that is symmetric, i.e., Ajjx = Apij,
i,j,k,l € {1,2,3}, and obeys the strong ellipticity condition (see McLean [24]),
i.e., there exists n > 0 such that

(@®b):A:(a®b)>nlal’b®> foralla,becR®. (3)
We introduce the norm || - ||ao :=||- : A : ||1L/12 The norm ||V - ||5 is equivalent to

the H'-norm on H}. We use the abbreviation Ayd = V-A : Vd for d € H.
Finally, by ¢ > 0, we denote a generic positive constant and by Cs a constant
depending on a given parameter § > 0.

2. Model and main result. We consider the general Ericksen—Leslie system,
which was investigated in [9]. In comparison to the model in [9], we consider a
particular free energy function and reformulate the stress tensor. The system is
given by

v+ -Viv+Vp—Vd'q—V-T" =g, (4a)
Old + (v- V)d — (VU)swd + A(VU)symd + v = 0, (4b)
V-v=0. (4c)

The vector fields v : 2x [0, 7] — R® and d : Qx[0, T] — R® represent the velocity field
and the director field, respectively. The pressure is denoted by p : Q x [0,T] = R.
In what follows, we do not address the problem of existence or uniqueness of the
pressure. For the free energy potential, we choose the function

F(d,Vd) = JVd: A Vd+ (df 177, (5)

Here A is a constant symmetric fourth order tensor fulfilling the strong ellipticity
condition (3) (see McLean [24] and Section 1.2). Moreover, ¢ > 0 denotes the fixed
parameter for the relaxation of the requirement |d| = 1. We do not address the
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question of the limit € — 0. For such a singular limit analysis in the context of the
Ericksen—Leslie model, we refer to [19].
The free energy is the functional induced by the free energy potential,

1 1 2
F@)= [ P Vd)do = 5|9dl} + |l -1l (6)
Q 9
The vector field ¢ in (4) is the variational derivative of the free energy (6),
OF 1
== = —Apd+ ~(|d|* - 1)d. 7
qi= 0 = Apd+ L(dP - 1) @

For the definition of the operator Ap, we refer to Section 1.2. In comparison to
the system studied in [9], the divergence of the Ericksen stress given by V-T¥ =
V- (Vd* (0F/8Vd)) is replaced by —Vd”q. This reformulation is valid due to the
integration-by-parts formula

(V-TF ) = — (Vd"q,¢) + (VF,¢)

derived in [9, Section 3.3] that holds for every test function ¢ € C5°(€2; R®). Hence,
via a reformulation, the term F' can be incorporated in the pressure and one ends
up with the formulation (4). The Leslie stress tensor is given by
T" = (d- (VU)sym@)d @ d + pa(VV)sym — y(p2 + pi3) (d ® q)sym +(d® @)y
+ ((ps + p16) — Apz + p13)) (A @ (VU)symd) -
(8)
Note that in view of (4b), the formulation (8) is equivalent to the formulation of

the Leslie stress in [9]. In order to assure the dissipative character of the system,
we assume that the parameters A, v, p1, po, ps, pa, ps, and pg satisfy

pr >0, pa>0, v>0, (us+pe)— Ap2+ps) >0
4y ((ns + p6) = Mpz + ) > (Y(n2 + ps) = N)*.
Finally, we assume that g € L2(0,T; (H(l)o)*) We equip the system with initial
conditions and Dirichlet boundary conditions such that
v(z,0) =vo(z) forz € Q, v(z,t) =0 for (t,z) € [0,T] x 0Q, (10a)
d(z,0) =do(z) forz e, d(z,t) =d; for (t,z) € [0,T] x 0Q. (10Db)

(9)

We always assume that dy = d; on 02, which is a compatibility condition providing
regularity. For the initial and boundary values, we assume the regularity
voeL?, dyeH' and d, € HY?(09). (11)
Definition 2.1. The pair (v,d) is said to be a weak solution to system (4)—(11) if
v e L>(0,T;L2) N L*(0,T; Hy ,) N W0, T (W), 12)
de L=(0,T;H") N L*(0,T; H*) n W2(0,T; L*/?),

and

/ <8tv7<p)ds+/ ((v-V)v,p)ds
0 0

T T T
- / (VdTq, ) dt + / (TL : V) dt — / (g,0) dt = 0, (13a)
0 0 0
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/0 " od () i

T
[ (@ V)) ~ (T0)ird ) + A (T0)ynd )+ 7 0.8)) =0
(13b)
for all test functions ¢ € L2(0,T; W(l)g_) and ¥ € L*(0,T;L3).

The global existence of weak solutions was proved under the given assump-
tions (4)—(11) in [9, Theorem 3.1] for a domain of class C?.

Definition 2.2. A weak solution (v,d) (see Definition 2.1) is said to be a suitable
weak solution to system (4)—(11) if it is a weak solution and additionally satisfies
the energy inequality

t
Doz, + Fd) + / (1l (V) ey 22 + pial| (V0)aymml 22) dis
t
+ / (5 + 16 — M + 113)) | (V0)syme| 22 + 7 ]1g]2) ds

< Llvoll2: + Fldo) + / (0.2) + Ytz + 13) — A) (@, (V0)symd)) ds

(14)

N | =

for almost all ¢ € (0,T).

Definition 2.3. A weak solution (#,d) (see Definition 2.1) is said to be a strong
solution to (4)—(11) if it admits the additional regularity

v e L2(0,T; W), de L0, T;W?3), d-(Vo)symd € L*(0,T;L°).  (15)
Remark 1. For p; = 0 it would be sufficient to assume the regularity v €
L2(0, ;W13 N L*>®) and (V0)symd € L*(0,T;L?) instead of o € L?(0,T;W"°)
and d - (V#)symd € L2(0,T; LS).

A strong solution is also a suitable weak solution (see Definition 2.2) since it
fulfills an energy equation (see Lemma 3.1).

We can now state the main theorem of this paper.

Theorem 2.4. Let Q C R® be a domain of class C*. Let (v,d) be a suitable weak so-
lution (see Definition 2.2) to the Ericksen—Leslie system (4)—(11) and (v,d) a strong

solution (see Definition 2.3) to the same initial and boundary conditions (10)—(11).
Then

V=7, d=d.

Remark 2. Theorem 2.4 is a direct consequence of Lemma 5.1 below. In Lemma 5.1,
even the continuous dependence on the initial values is shown as long as a strong
solution exists.

Before we present the proof of the main result, we give an important remark on
the existence of suitable weak solutions.

Remark 3 (Existence of suitable weak solutions). In our recent work [9], we proved
global existence of weak solutions to the system (4)—(11) in the sense of Defini-
tion 2.1. This is done by establishing a Galerkin approximation leading to an
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approximate system whose solutions {(v,,d,)}nen obey the energy equation as
in (17). This allows us to show a priori estimates for the sequence of solutions to
the approximate system and extract weakly- and weakly*-converging subsequences.
Finally, it is possible to identify the limit of these subsequences with the solution
(v,d) to (13). It turns out that the energy inequality (14) cannot be shown to hold
for the limit. The a priori estimates for the approximate system (see [9]) imply the
following weak convergences as n — oo:

v, 2w in L>(0,T;L2) N L*(0,T; Hy ,) N W20, T (Wye)*),
an —q in L*(0,T;L?),
d, >d in L>°(0,T; H') N L*(0, T; H*) n W2(0,T; L*/?)
as well as
(V) symdn — (V0)symd in L*(0,T;L?),
d,, - (V,)symdn, — d - (VV)symd in L2(0,T; L?).

Due to the weakly lower semi-continuity of the appearing norms, one can deduce
that

.. 1 9
lrlllglglof (§||’Un(t)||L2
t
+ F(d,(t)) +/0 (Nlndn : (V”n)symdn”%2 + :“4||(vvn)sym”%2) ds
t
[ (G = N s Do)l 1~ lg,00) )
0
1 t
> (3100002 + F@O) + [ (14 (F0)mdl + ol (To)oml) as

[ s o = Mo+ )Tl + 2l = lg.0) ds) . (16)

Note that v,, € C,,([0,7;L2) and d,, € C,,([0,7]; H'). However, we are not able to
identify the limit of the remaining term (g, (Vv,,)symdr) since g, and (Vv,,)symdn,
only converge weakly. Thus, it remains open weather a suitable weak solution in
the sense of Definition 2.2 exists.

Nevertheless, the existence of a suitable weak solution (see Definition 2.2) can
be proved when Parodi’s relation y(u2 + u3) = A is assumed. Then the last term in
the energy inequality (14) vanishes, and with (16) the energy inequality also holds
for the limit of the approximate solutions, which is the weak solution.

3. Properties of the strong solution.

Lemma 3.1 (Energy equation). A strong solution (,d) (see Definition 2.3) of the
system (4)—(11) fulfills the energy equation

I - K R .
SI0OIE+ F@0) + [ (1l (VOhudls + mal(T9)mlfe) ds
t
b (s 110 = Mz + ) (T8 + 22152 s
0

= S0l + 7o) + [ (9:9) + (o2 +119) = X) @ (T0)ymd) ds
a7)
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fort e [0,T].

Proof. Due to the regularity assumptions (15) on the strong solution, we can take
(0,q) as test functions in (13) and obtain the energy equation in the same way as
in [9, Proposition 4.1]. O

Lemma 3.2 (Regularity of the strong solution). A strong solution (9,d) (see Def-
inition 2.3) admits the regularity

dw € L*(0,T; (H} ,)*), dd e L'(0,T;L%). (18)

Proof. First, we estimate the time derivative of . Let ¢ € L?(0, T} H(l)ya) be a test
function in (13a). We estimate the terms individually. Because of the continuous
embedding Hj , < L°, we obtain for the convection term

T
| 160 9101001t < 9] w199l 20 ol

Similarly, the Ericksen stress can be estimated as

T
| 1980720, 00)dt < [V 10l .. -

For the right-hand side, we find that

T
| Ha®. o0t < lgluaqary e ol -
The definition of the Leslie stress tensor (see (8)) yields
T
| i@t vewa
< (NIH& (Vf))sym&HH(LG)H&”%OO(LG) + M4||(Vf’)sym||L2(L2)
+ (I (2 + p3)| + 1)||&||L°°(L6)||6”L2(L3)
+ (5 + p6) = Ap2 + p3)) | (V0)sym|| L2 (Lo) H&||2L°°(L6)) ol L2y )
< c(1d- (VO)symdlliz ) + 1(V0)sym 2ze) + 1@l eas) ) (Il o) +1)

X HQDHL?(H})‘U)'

Due to the regularity assumptions on the strong solution (see Definition 2.3), the
variational derivative (7) of the free energy can be estimated in terms of the L?
(0, T; L3)-norm by standard embeddings and the Gagliardo—Nirenberg inequality [30,
Section 21.19],

N - 1/~ -
Illz2zs) < Al 2wy + = (12130 o) + Il 2z

3 11/3 718/3
< c (Il 2wy + 12 a1 o) +1) - (19)

Note that ¢ is a constant parameter. Altogether, we observe that 9o € L?(0,T;
(Hj,)") and

10l s )

< 18]l L @2 I VO 2oy + 1Vl oo 22y 1l L2 (zs) + 190l 2y )
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+ e ((1d- (VO)ymdll2ws) + | (V)symll 2wy + 1@l 2 ) (113 zoy +1) )

with g estimated in (19).
Recalling equation (13b) and estimate (19), standard embeddings show that
d € L'(0,T; L3) with

10|15y < [0l 2@Vl L2(L3) + [(VO)skwllL2(z3) ]| L2 (Lo~)
+ [M(VO)symll2ze)lldl L2~y + gl zs)
< (Il 2wy Idllzwe) + lallz o )
O

4. Integration-by-parts formulae. In the course of the proof of Theorem 2.4,
we shall employ the following three integration-by-parts formulae.

Lemma 4.1. For functions (v,d) and ('T),lNi) fulfilling (12) and (18), respectively,
the integration-by-parts formulae

(v(t),9(t)) = (v(s),0(s)) = / ({v(7), 90(7)) + (Do (7),0(T))) dr,
(Vd(t); A : Vd(t)) — (Vd(s); A : Vd(s))
_— / ((9d(), Ard(7) + (And(7), D1d(7))) dr ,
(1), 1d(t)]*) — (ld(s)[?, |d(s)[*)
—2 [ ((0d(r)-dr). dP) + (A, 2d(r) - d(r))) dr
S (20)
hold true for every s,t € [0,T].

Proof. We choose two approximate sequences {v,} and {#,} with v, € C*([0,T);
H; ) and v, € Cl([O,T];Wé:g) such that

v, v € L*(0,T;Hy ,) n W0, (Wyio)*),
b, 0 € L*(0,T;Wyo) NWH2(0,T; (H} ,)"),

which is possible in view of density. For the approximate sequences, the integration-
by-parts formula

(vn(t)7ﬁn(t))7(””(5)7{)"(3)):/ ((Wn(7), 000 (7)) + (Bpvn(7),00(7))) dT (22)

S

(21)

obviously holds true for all s,t € |
the terms on the left-hand side of (
function ¢ € C*([0,T]) with

lp(t)] <1 forallt e [0,T], #(0)=0and ¢(T)=1.
Let u € C'([0,T]; H} ,) and @ € C' ([0, T]; W o). We have that
u(t) = o(thu(t) + (1 — ¢()u(t), u(t) = o(t)u(t) + (1 — o(t))u(t).

We abbreviate ¢(t) := 1 — ¢(t) for all t € [0,T] such that ¢(T) = 0. It can easily
be seen that for ¢ € [0, 7]

0,7]. In the following, we derive estimates for
22). Let us define a partition of the unity via a
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o(0)(w(t). @(t)) = 6(0)(u(0),2(0)) + / () (), () dr
/ o) (Oru(r), (7)) + (u(r), di(r))) dr

o(t)(u(t),a(t)) = &(T) / ¢/ (7) (u(r). (7)) dr
/ O()(Du(r). 6(7)) + (u(r), di(r))) dr

Summing up the two previous equations, we find that for all ¢ € [0, T]
)= [ dOe).am)dr+ [ o) (@mln). i) + (ur).aar) dr
0 0
T
- /t ((Oeu(7),u(r)) + (u(7), Opu(r))) d7

< max 0/(0) llull =z |2 22 + 20100l 2 awys)-

0
+ 2lullpzmy 10wl L2 my )y -
(23)

The above estimate is now applied to the left-hand side of (22). Since {v,} and
{v,,} are Cauchy sequences in the spaces indicated in (21), we observe with

(Wn (), 00 (1)) = (W (t),0m (1)) = (n(t) = Vm (1), 0n(t) + (Vm (L), Vn(t) — Om(t))
fort € [0,7] and m,n € N
and the estimate (23) that {(v,,v,)} is a Cauchy sequence in C([0,T]). Since
C([0,T7) is complete and since the limit is unique, the sequence {(v,,v,)} converges
to (v,9) in C([0,T]). For the approximation of the terms on the right-hand side of
the identity (22), we observe that the difference of the approximation and the limit
can be estimated by

/ (0(7), 05(7)) — (0 (7). Bron(7)) dr

< |llpzy ) 1000 — Otnll L2y )7y + |

V= vn”L?(HéYa) Hatﬁn”L?((ng)*) )

/ (O0(7),5(r)) — (Bon (1), 5 (7)) dr

< ||3t'v — 3t'vnHL2((W1 6

0y 18 = Bl 2y -
The right-hand sides of the above estimates converge to zero as n — oo since {v,}
and {9,,} converge to v and ¥ in the sense of (21). This proves that the integration-
by-parts formula (22) holds for v and .

In order to prove the second and third formula in (20), d and d are approximated
by sequences of smooth functions d,, and d, in L?(0,T; H*) nW2(0,T; L*/?) and
L%(0, T;W?23) n WH2(0,T; L?), respectively. The approximate sequences can be
chosen such that every element, i.e.,d,, and &m of these sequences fulfills the same
boundary conditions as d and d, respectively. Since the boundary values of d,, and
d,, are constant in time, their time derivative vanishes on the boundary. Hence,
there are no boundary terms in the integration-by-parts formula
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(Vdn(t); A V&n(t)> - (Vdn(s); A: v[in(s))

_ / t ((vatdnm; A: v&n(r)) + (Vdn(T); A vatdn(f))) dr

- / t ((&dn(r), A Ezn(r)) + (AA do(7), 8t¢~in(7'))> dr.

Passing to the limit as n — oo shows the second integration-by-parts formula in (20).
The third integration-by-parts formula in (20) is proved by the same
approximation. O

5. Proof of the main result. We define the relative energy for two solutions
(v,d) and (9,d) to system (4) by
Sy 1 =112 1 7112 1 2 712 2
E(v,dfb,d) = S llv— |3 + 5 Vd — VA + - ||(dl — 1) — (P —1)|| . 1)
and the relative dissipation by

~ ~ ~112
W(o,dio,d) i= i [[d- (V0)ynd — d- (Vo)aymd| | + 11| (V0)oyn = (T0)eym

112
(s + 15 = Mgz + 19) | (V0)eymd — (V)eyumd]| |+ la — 32 .
(25)
where g and g are given by (7) for (v,d) and (v, ¢~i), respectively. Note that £ (v, d|:, ¢~i)
and W(v, d|v, d) are still functions in ¢ € [0,T]. We abbreviate £(v(t),d(t)[v(t),d(t))
and W(v(t),d(t)[o(t),d(t)) by E(v,d|v,d)(t) and W(v,d|v,d)(t), respectively
Lemma 5.1. Let (v,d) be a suitable weak solution (see Definition 2.2) to sys-
tem (4)~(11) for given initial values (vo,do). Let (v,d) be a strong solution (see
Definition 2.3) to system (4)—(11) for given initial values (Vg,dy). Then for almost
allt € 0,77

- 1/t -~ : -
E(v.dlv,d)(t) + 5 / W(,d[s,d)(s)els K@dBd(T)dr g
0

S g(,UOa d0|’607&0)€f0t K(vdlﬂl'a)(S) ds 5 (26)

where IKC is given by
K, d9,d)(t) = ¢ (14 13 o) + 1413 2
X (Ilﬁ(t)llﬁvm +1a(®)IZs + 1d(t) - (VO(E))symd(t)l|Zs
101z + 1AW ~ Ve + o) 30 + VA@I3:) @)
and c is a possibly large constant.

Remark 4. The function (27) only depends on the two norms [v||z2(zsy and
lld|| Lo (zs) of the suitable weak solution, which are known to be finite. Addition-
ally, it depends on several norms of the strong solution (9, (~i) Due to the regularity
assumptions (18) and estimate (19), the function K is in L'(0,7). For the rel-
ative energy and the relative dissipation, note that £(v,d|#,d) € L>(0,T) and
W(v,d|p,d) € L*(0,T) due to (12) and (14), respectively.
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Proof. Consider the relative energy
E(v,dlf,d) = = o]3: + = | V3 + —[d? — 112 + 2153 + = Va3
2 2 4e 2 2
£ LI 13— (0,8) — (Ve A V) — (P~ 1,117~ 1).

We insert the energy inequality (14) for the suitable weak solution (v,d) and the
energy equation (17) for the strong solution (9,d). This leads to

- 1 1. .
S(’v,d|v,d) < 5”'00”2_[,2 + 5“’!}0“%2 +}'<d0) +.F(d0)
t “3 ~
— Ml/o (”d . (V'U)syde%z + ||d . (Vﬁ)symd||%2> ds
t
_ ,u4/0 ([1(VV)syml72 + [[(VO)sym|72) ds

t
— (1= Mo ) [ (1T0) e + 1(V9) ) s
t

t
. / (g2 + l22) ds + / (g, +) ds

+ (v(p2 + p3) — A) /0 ((q7 (V)symd) + (a, (W)Sym&)) ds
~ (v,5) — (Vd; A : Vd) — 2%(|d|2 SR - ).

Adding the integral over the relative dissipation yields
- ¢ - 1 1. -
5(’0,d|’0,d) + / W(v,d\v,d) ds < 5”’1}0”%2 + 5”'00”%2 + ]‘—(do) + .F(do)
0
¢ _ _ t
=2 [ (4 (V0)nd.d (V) ds = 2us [ (T0)oys (V6).yu) ds
0 0

=205+ s Az +12) [ (T (F0)nd) s 21 [ @.0) s

# [t aast 00+ -0 [ (@ (Tolond) + (@ (F0)nd) ) as

~ (0,8) — (Vs A V) ~ (i’ ~ 1,1~ 1)
(28)
The last term can be written via Lemma 4.1 as
7i 2 212 o i 2 712 o
o= (14 = 1, 1dP? = D)(®) + 5-(do* — 1. |do[* — 1)
1 ! 2 212 2 1712
=g [ (4R = 1.20aR) + @ar. a2~ 1)) as
1 - - < -
= o [ (42 = 1) = (d* = 1),00d[) + @uldl? + ould%, 1d]* - 1)) ds
2e Jo
1/t -~ - - ~ -
= (((aP? = 1) = (P = 1),20,d - (d — d)) + (2,]d — 4, |df* — 1)) ds

_2750
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- % i (((Idl2 —1) = (d* — 1),20,d - d) + (20,(d - d), |d|* — 1)) ds
=5 [ (P =1) = (P = 1).20.d - @) + (@ld—dP. - 1) as
1

1 /Ot (((Idlz —1)d, 8,d) + (9,d, (|d|*> — 1)&)> ds

€

Recall the definition of the variational derivative of the free energy (see (7)),

_%/O (((1d2 = 1)d,0d) + (D1, (1> - 1)d)) s

+ / t ((at{z, And) + (0d, AA&)) ds = — / ((q,@t&)+(8td,q)) ds.

0 0
Due to the integration-by-parts formulae (20) and the two previous equations, the
last line in (28) can be reformulated as

—(v,9) — (Vd; A : V[i) — 21—8(|d|2 -1, |(~i|2 -1)
. ~ 1 ~
= — (v0,%0) — (Vdo; A : Vdy) — 2Tg(|do|2 —1,|do|* — 1)
1t
“5% )

_ /Ot ((v, 9,0) + (O,0) + (g, 8ed) + (9,d, (})> ds.

(42 = 1) = (1d* = 1),20,d - (d ~ d)) + ()d — P, |d|* 1)) ds

(29)

Note that the sum of terms with the initial conditions (vg, dp) and (9o, &0) appearing
in (28) and (29) is the relative energy of the initial values,

1 1, . ~ N ~
§||v0||%2 + §||v0||22 + F(do) + F(do) — (vo,90) — (Vdo; A : Vdy)

1 - o
—%(\doﬁ —1,|do|* — 1) = E(vo,do|v0,do) -

In order to calculate the last line in (29) explicitly, we use the fact that (v,d)
and (v,d) are solutions to (4)—(11). This shows with (28) that

E(w.dfp,d) + /t Wiv, dJp,d) ds
0

< Eon.dofinnda) + [ (0 V)o,0)+ (0 V0. )ds

+ / (((17 . V)&, q) + ((v-V)d,q) — (V&Tij,v) —(vd”q, f))) ds

0
+ /O ((d (V) symds (V0)symn : (d©d —d ® d))
+ (d (V) eymd, (VO)sym : (d©d —d® Zz))) ds
10 = A+ 12)) [ (Vg (V0ym(d =)

+ ((V0)oynd, (V8)oym(d —d) ) ) ds
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t ~
-t ) [ (498 (0)ugm — (T8)egm) + (A9 €5 (V8)ogn — (T)eym)) d
0
t
[ (A28 (F0)aa) + (@90 (T0)an) ~ (F8)und @) ~ (Vo)und, ) ds
0

t
A [ ((99)uda =)+ (T0)nd.a—0)) ds
1 t
-5
= E(wo, dolvo,do) + I + Io + pr T + (us + pe — Mz + p13)) I

(((a? = 1) = (dI* = 1),20,d - (d — d)) + (D4]d — P, |dI* — 1)) s

1
— (2 + ps)ls + e + M7 — 518

In the above equation, we have employed the weak formulation for the solutions
(v,d) and (f),;i) tested with (9,q) and (v,q), respectively. Note that the choice of
test functions is justified due to the additional regularity (see Lemma 3.2). We
calculate and estimate the terms on the right-hand side of the above inequality
individually. In the following let § > 0. For the fist term I, we observe that

Il:/t(((v-V(v—f)),f;—v)—I—(((v—f))'V)fhﬁ—v))ds
0
- / (0 —8) © (6 —v); (V8)oym) ds

t t
< Cs [ VBl =0l ds+5 [ o —olfoas.

We recall that v and @ are solenoidal such that ((v-V)w,w) = ((v- V)w,w) = 0 for
allw € Hf .
The term I5 can be estimated by

= [ (0 V)@-0.0+ @ v@-d.o)
= / (0 =2), (VA= Vd)"g) + (@ V)(d —d).q —@)) ds
<0y [ (Jalva - val:) s [ ooz

t t
e / 6131V — Vd|2. ds + 6 / g — @3 ds.
0 0

With the standard embedding H(l),g < L5 and Korn’s inequality [24, Theorem 10.1],
we find that there exists a constant ¢ such that |[v—v||gs < ¢[[(V)sym —(VV)sym||L2-
We rearrange and estimate the term I3 by

Iy = /0 t (d (V) symds (V0)sym — (V8)sym) - (Zz 0d—do d)) ds

+ / t (d (V) symnd — d - (VD) symd, (V) sy : (d ©d—d® {1)) ds
0

_ /Ot (@ (V0)oymd, (F0)oymn — (T8)eym) : (2 (@ - d)) ) ds
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t
+/ d- (V0)symd, ((V0)symd — (V0)symd ) - (d —d) ) ds
[ (@ (V)osmd, (V0)md = (V0)ymd) - (d - d))
t
+ / (2 (V). (Vi) < (@ —d) @ (d — d) ) i
0

" /Ot (d- (V0)symd — d - (V) sym

\7&1
—
<
S}
-
<
8
—~
ISH
|
U
S~—
®
[~
N—
o,
»

t
+ / (4 (V0)eymd —d- (V)uyund, (V) d (d — ) ds
0
t
< Cslld|| (o) /O - (V0)symd|Zolld — dl|7s ds

t
+5 / 1(V0)eyum — (V) syl |22 ds
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t t
+ G / - (V8)aymd2sld — A2 ds + 6 / (V) ey — (V)aymd| 2 ds
0 0
t

[ (1 (Tl + 1(79) ) 14— s d
+ ol e, | (V) — dl ds

+ (5/(: Id- (Vv)symd — d- (Vﬁ)sym&||2L2 ds

+ ol ey | (Vo — dl ds

t
w / - (V0)symd — - (V8)oymd] 2 ds.
0

The embedding Hy < LS together with Poincaré’s inequality (see Morrey [25,

Thm. 6.5.6.]) assures that
ld —d|[zs < c|[Vd - Vd|a -
We continue with the term Iy,

Iy = /Ot ((V'ﬁ)sym&a ((v”)sym - (V'{’)sym) (d— d)) ds

+ /t ((Vv)symd — (V) symd, (VD) sym(d — &)) ds

0
t t
< Cs | 1(V9)symdlZs]ld — dl|Zo ds + 5/0 1(V0)sym = (VO)syml|Z ds

t t
+Cs / ||(v"~])sym|‘%3 d — dH%G ds + 5/ [(VV)symd — (Vﬁ>symd|‘%2 ds.
0 0

The term I5 can be rearranged as

I5

-/ (((99)egm — (V) @~ ) 9) + (V) — (V)o@ (g~ ) ds
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t
- /0 (((V0)eym = (VO)syms (A~ d) ©) + ((VO)oym(d — d),q — ) ) ds
t ~
# [ ((99)md = (Vo)mdg @) ds
0
and thus be estimated by
t t
5 <8 [ (V0 — (V9)eym s+ [ g~ a3 ds

0 0

t
yer / (1812 + [(V8)symlZo) Id — ]2 ds

t
+ / ((V9)symd — (V0)ymd,q — @) ds.
0
The term Ig is bounded by

o= [ (((V0)in(@-).0) + ((0)iwd— D)) ) s

= [ (0t~ (T0)) @ ).2) + (V0 0 -7) ) s
< Cs [ al3alld = e ds +6 [ 1Tl — (V0ha 32

t t
+Cs [ 1V alld — dlads +5 [ g~ alads.
0 0
Note that due to Korn’s and Poincaré’s inequality, we find that
[(VO)siw = (VO)sikw|[L2 < [[v = 0]y < ¢ (VO)sym — (VO)symllz> -

The term I7 is already in the form desired. Finally, we estimate Ig. Starting
with the first term, we observe that

/Ot (((Idl2 —1) - (|d]* - 1)) (d 7d),at,§) ds

t

< [ 10l (1047 = 1) = (8 = DI + [ - d0) ds.
Since d is a strong solution (see Definition 2.3), 8,d is in L'(0,T;L?) due to
Lemma 3.2.

Now we reformulate the second term of Ig. Using that equation (13Db) is fulfilled
by d and d, respectively, yields

;/Ot (|{z|2 ~1,0,d - El|2) ds
_ /Ot ((d? - 1)@ - d), 0d — 0.d) ds
:/O ((\&F —1)(d—d),-V)d— (- V)d— (Vv)swd + (w;)skw&) ds

[ (0 = D@~ D N(T0)nd ~ (V8)snd) g~ 0)) s
=Ji+Js.



WEAK-STRONG UNIQUENESS FOR THE ERICKSEN-LESLIE SYSTEM 4633

The term J; can be rewritten as

Jp = /Ot ((|{z\2 —1)(d — d), Vd(v —f))) ds + /Ot (Id)* — 1,0 - (Vd — Vd)(d — d)) ds
_ /Ot (12 - D@~ @), (Vo)ae(d —d) ) ds
[ (08 = 1@~ ). (T~ () ) .

We observe that the third term, i.e., ((|d|> —1)(d—d), (V¥)skw(d —d)) vanishes since
(VV)skw is skew-symmetric. Hence, we can estimate J; by

t t
J1 < 05/ (|||d|2 —17s + ||Vd||i2) ld —d||7s ds +5/ [v — 9|70 ds
0 0
t ~ ~ ~
o [ (AR = 1+ fol) (190 - Va3 + 14 - i ) ds
0

t t
TCN T TR / 1d[2 = 126 ]ld — dl|2s ds + 8 / (V)i — (V)i 22 dis.
It remains to estimate the term Js:

t
T < Colldfquey [ AP = 1101 dl s

t
48 [ (AT = (79)egmd| e + 7l ~ ) ds.
0
Inserting everything back into (28) yields

E(v,d|v,d)(t) + / Wio, dfi ) ds < Evo, ol do)
0
00 =) [ (02 (F0)md = (T ds

t t
+5c/ W(v,d|ﬁ,d)ds+/ K(v,dlo,d) (v, d|5,d) ds.
0 0

Since the constants are assumed to fulfill the dissipativity relation (9) we can find
a real number ¢ € (0, 1) such that

(Y(p2 + p3) = N)? < Cay(ps + 6 — Mpa + p13)).- (30)

The relative energy can be estimated further on with Young’s and Holder’s inequal-
ity, and we arrive at

t
5(v,d\f;,d)(t)+/ Wi(v,d|s,d)ds
0
< &(vo,do|vo, do)
t
¢ [ (3lla =l + (s + 15 = Mtz + 1) [(V0)uymd — (V). ) ds
0

t t
+5c/ W(v7d|ﬁ,d)ds+/ K(v,d[o,d) E(v,d]v,d) ds
0 0

t t
< E(vg,dplvo,do) + (¢ + 56)/ W(v,dv,d)ds +/ Kw,d|v,d)E(v,d[v,d)ds.
0 0
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We now choose ¢ sufficiently small such that ¢ < (1/2 — {)/c. Thus, the relative
dissipation W can be absorbed into the left-hand side. Note that ¢ does not depend
on ¢ but only on the constants arising from the embeddings and Korn’s inequality
as well as the constants of the system (see (9)). The assertion (26) immediately
follows from Gronwall’s lemma (see Remark 4). O

Proof of Theorem 2.4. The main Theorem 2.4 is a direct consequence of Lemma
5.1. O
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