Probability Theory and Related Fields (2020) 178:735-770
https://doi.org/10.1007/s00440-020-00988-5

®

Check for

updates
Superdiffusive limits for deterministic fast-slow dynamical
systems

llya Chevyrev'® - Peter K. Friz23 . Alexey Korepanov* - lan Melbourne’

Received: 21 August 2019 / Revised: 9 July 2020 / Published online: 16 July 2020
© The Author(s) 2020

Abstract
We consider deterministic fast—slow dynamical systems on R” x Y of the form

2 ="+ nla () +n b (e Yo (),
Vi1 = FOn),

where & € (1,2). Under certain assumptions we prove convergence of the m-
dimensional process X, (1) = XEZZ | to the solution of the stochastic differential

equation

dX =a(X)dt + b(X) o dL,,
where L, is an «-stable Lévy process and ¢ indicates that the stochastic integral
is in the Marcus sense. In addition, we show that our assumptions are satisfied for

intermittent maps f of Pomeau—Manneville type.
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1 Introduction

Averaging and homogenisation for systems with multiple timescales is a longstand-
ing and very active area of research [34]. We focus particularly on homogenisation,
where the limiting equation is a stochastic differential equation (SDE). Recently there
has been considerable interest in the case where the underlying multiscale system is
deterministic, see [9-11,16,20,21,24,32,35] as well as our survey paper [8]. Almost
all of this previous research has been concerned with the case where the limiting SDE
is driven by Brownian motion. Here, we consider the case where the limiting SDE is
driven by a superdiffusive «-stable Lévy process.
Let o € (1, 2). The multiscale equations that we are interested in have the form

=l ) o,
Yer1 = f ()
defined on R™ x Y where Y is a bounded metric space. Here

a:R™ > R"™ b:R™ - R™4 4.y > R, f:Y—>Y.

It is assumed that the fast dynamical system f: Y — Y has an ergodic invariant
probability measure  and exhibits superdiffusive behaviour; specific examples for
such f are described below. Let v: ¥ — R? be Holder with J vdp = 0. Define for
n>1,
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|nt|—1

Wa)=n="" 3" vo f/. (1.2)

j=0

Then W,, belongs to D([0, 1], R¢), the Skorokhod space of cadlag functions, and can
be viewed as a random process on the probability space (Y, i) depending on the initial
condition yg € Y. As n — o0, the sequence of random variables W, (1) converges
weakly in R to an a-stable law, and the process W,, converges weakly in D ([0, 1], R?)
to the corresponding a-stable Lévy process L.

Now consider x(()") =&, € R™, and solve (1.1) to obtain (x,gn), Yk)k>0 depending on
the initial condition yg € (Y, w). Define the cadlag process X,, € D([0, 1], R™) given
by X, (t) = xfzg & again we view this as a process on (Y, ©). Our aim is to show, under

mild regularity assumptions on the functions a: R — R and b: R” — R”*?_that
X, —w X where X is the solution of the SDE

dX = a(X)dt + b(X) 0dLy, X(0) =& (1.3)

and & = lim,_ « &,. Here, ¢ indicates that the SDE is in the Marcus sense [29]
(see [2,5,25] for the general theory of Marcus SDEs and their applications).

Previously such a result was shown by Gottwald and Melbourne [16, Section 5] in
the special case d = m = 1. Generally the method in [16] works provided the noise
is exact, thatisd = m and b = (Dr)_1 for some diffeomorphism r: R™ — R™, but
cannot handle the general situation considered here where the noise term is typically
not exact. There are three main complications:

(1) Inthe case of exact noise, it is possible to reduce to the case b = id by a change of
coordinates, similar to Wong—Zakai [45]. The general situation necessitates the
use of alternative tools such as rough paths. In particular, weak convergence of W,
is no longer sufficient and we require in addition that W, is tight in p-variation.
This is shown in Theorem 1.3 below for specific examples, and in Sect. 6 for a
large class of deterministic dynamical systems f: Y — Y.

(2) Since the results for exact noise are achieved by a change of coordinates, the
sense of convergence for W, is inherited by X,. However, in general, even if
W, —u L, in one of the standard Skorokhod topologies [40], this need not be
the case for X,,. This phenomenon already appears in the simplest situations,
as illustrated in Example 1.4. Hence we have to consider convergence of X,
in generalised Skorokhod topologies as introduced recently in Chevyrev and
Friz [7].

(3) Rigorous results on convergence to d-dimensional stable Lévy processes in deter-
ministic dynamical systems are only available ford = 1, see [1,22,33,42]. Hence
one of the aims of this paper is to extend the dynamical systems theory to cover
the case d > 2. See Theorem 1.1 below for instances of this, and Sect. 6 for a
general treatment.

In the remainder of the introduction, we discuss some of the issues associated to
these three complications. We also mention some examples of fast dynamical systems
that lead to superdiffusive behaviour. The archetypal such dynamical systems are the
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Fig. 1 Examples of intermittent maps: a the map (1.4), b the map (1.5)

intermittent maps introduced by Pomeau and Manneville [37]. Perhaps the simplest
example [27] isthe map f: Y — Y, Y = [0, 1], with a neutral fixed point at O:

1/ 1/a 1
Fly) = y(1 4279y ), ye[(l), 7)s (1.4)
2y — 1, y €[5, 1].

See Fig. 1a. Here, @ > 0is areal parameter and there is a unique absolutely continuous
invariant probability measure u foroe > 1. Letv: ¥ — R be Holder with [, vdu = 0
and v(0) # 0, and define W, as in (1.2). For « € (1, 2) it was shown by Gouézel [17]
(see also [46]) that W,, (1) converges in distribution to an «-stable law. By Melbourne
and Zweimiiller [33], the process W, converges weakly to the corresponding Lévy
process L, in the M| Skorokhod topology on D([0, 1], R).

Now letd > 2. There are two versions of the M| topology on D([0, 1], RY), see [43,
Chapter 3.3]. In this paper we use the strong topology SM . For v: ¥ — R? Holder
with |, y vdu = 0and v(0) # 0, we prove convergence of W), to a d-dimensional Lévy
process Ly in the SM| topology.

The example (1.4) is somewhat oversimplified for our purposes since L, is essen-
tially one-dimensional, being supported on the line {cv(0) : ¢ € R}. This structure
can be exploited in proving that W, —,, L., though it is not clear if this sim-
plifies the homogenisation result X, —, X. To illustrate that we do not rely on
one-dimensionality of the limiting process in any way, we consider an example with
two neutral fixed points. (It is straightforward to extend to maps with a larger num-
ber of neutral fixed points.) Accordingly, our main example is the intermittent map
f:Y =Y, Y =][0, 1], with two symmetric neutral fixed points at 0 and 1:

y(143Veyl/e), yelo. b,
f)=13y-1, yels. 9. (1.5)
1— (1 —y(1+3%a—pl), yeli 1

See Fig. 1b. Again o > 0 is a real parameter, there is a unique absolutely continuous
invariant probability measure p for o > 1, and we restrict to the range o € (1, 2).

As part of a result for a general class of nonuniformly expanding maps (Sect. 6) we
prove:
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Theorem 1.1 Consider the intermittent map (1.4) or (1.5) with a € (1,2) and let
v: Y — R4 be Holder with fY vdu = 0and v(0) # 0, also v(1) # 0in case of (1.5).
Let P be any probability measure on Y that is absolutely continuous with respect to
Lebesgue, and regard Wy, as a process on (Y, P). Then

W, —w Lq in D([O, 1], ]Rd) with the SM topology as n — 00,

where L, is a d-dimensional o-stable Lévy process.
Remark 1.2 The limiting process L, is explicitly identified in Sect. 6.2.

In the context of [16], the conclusion W, —, L, was sufficient to prove the
homogenisation result X,, —,, X. This is not the case for general noise, and we
require tightness in p-variation. For I < p < oo, recall that the p-variation of
u: [0, 1] = R? is given by

X 1/p

lutll pvar = sup D lut) —uein|”| (1.6)

O=tp<t] <---<tp=1 =1

where | - | denotes the Euclidean norm on R<.

Theorem 1.3 Consider the intermittent map (1.4) or (1.5) with o € (1,2) and let
v: Y — RY be Holder with fY vdu = 0. Let P be any probability measure on Y
that is absolutely continuous with respect to Lebesgue. Then the family of random
variables || Wy || p-var is tight on (Y, P) for all p > a.

The main abstract result in this paper states that the properties established in Theo-
rems 1.1 and 1.3 are the key ingredients required to solve the homogenisation problem.
Informally:

Consider the fast—slow system (1.1) and define W), as in (1.2) and X,, = xﬁg |

with x(()") = £,. Suppose that lim,,_, o &, = &, W,, =4 L, an a-stable Lévy
process, in D([O0, 1], R9) with the SM-topology, and that || W, || p-var is tight
forall p > «a.

Ifvisbounded and a, b are sufficiently smooth, then X,, —,, X in D([O, 1], R™)
where X is the solution to the SDE (1.3).

We give arigorous formulation of this result in Theorem 2.6 (in the above statement
we assume that the limiting process is Lévy only for convenience—the result holds
true for an arbitrary limiting process as seen from Theorem 2.6). To complete the
statement, it is necessary to describe the topology on D([0, 1], R™) in which X,
converges. As already indicated, the SM | topology is too strong in general. The next
example illustrates where the problem lies.

Example 1.4 Let6 > 0 and consider continuous deterministic processes W), : [0, 1] —

R which are equal to 0 on [0, %], equal to 6 on [% + %, 1], and linear on [%, % + 51

Let X, = (X ,i, X,zl) be the solution of the ordinary differential equation
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Shas

g X, X2

Fig.2 Graphs of W, and X, = (X}, X2) in Example 1.4

ax)\  [(-x2 aw xlo)Y\ (1
ax2) — \ x} " x20)) \o)-
The graphs of W,, and X, are shown in Fig. 2.

It is easy to see that W, converges to 6 1{1,2,1] in the M topology as n — o0, and
that (X ,11, X %) = (cos Wy, sin W,,). The process X,, converges pointwise to

X {(1,0),

IA

~ o~
ST ST

(cos @, sinf),

In particular, if 6 = 27, then X = (1, 0) is continuous. At the same time, X, fails to
converge in any of the Skorokhod topologies.

The problem outlined in Example 1.4 arises naturally in the fast—slow system (1.1).
Figure 3 illustrates a realisation! of W,, and X,, ford = m = 2 and the map (1.5). The
function b is taken as

b(x1, X2)(v1> = ( x2>v1 + (x1>v2~
v X1 X2
Note that, although W,, appears to converge in SM in accordance with Theorem 1.1,
X, moves along the integral curves of a vector field, and thus does not approximate
its limit in SM.

Topologies naturally suited for convergence in Example 1.4 were recently intro-
duced in [7]. These topologies are a generalisation of the Skorokhod S M topology
which allow for convenient control of differential equations. Briefly, jumps of a cadlag
process are interpreted as an instant travel along prescribed continuous paths which
depend only on the start and end points of the jump. The full “pathspace” thus becomes
the set of pairs (X, ¢), where X: [0, 1] — R is a cadlag path and ¢ is a so-called
path function [6] which maps each jump (X (r—), X (¢)) to a continuous path from
X (t—) to X (¢). It is often convenient to fix ¢, which in turn determines a topology on

! Generated from https://khu.dedyn.io/work/scaled- graphs/fast-slow/.
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W, Xn

Fig.3 Realisation of W, and X, withn = 104 points

cadlag paths; if ¢ is linear, one recovers the SM topology. For our purposes, it is
necessary to adapt the spaces introduced in [7], and we give details in Sects. 2 and 3.

The paper is organised as follows. In Sect. 2, we introduce the necessary prerequi-
sites on generalised Skorokhod topologies and Marcus differential equations in order
to state rigorously our main abstract result Theorem 2.6. The proof is given at the end of
Sect. 3 after introducing the necessary results from rough path theory. In Sects. 4 to 6,
we show that a class of nonuniformly expanding dynamical systems, including (1.4)
and (1.5), satisfies the conclusions of Theorems 1.1 and 1.3 which are in turn the main
hypotheses of Theorem 2.6. Section 4 deals with a class of uniformly expanding maps
known as Gibbs—Markov maps, and Sect. 5 provides the inducing step to pass from
uniformly expanding maps to nonuniformly expanding maps. In Sect. 6, we apply the
results of Sects. 4 and 5 to the intermittent maps (1.4) and (1.5). The precise result on
homogenisation of the system (1.1) with fast dynamics given by either (1.4) or (1.5)
is stated in Corollary 6.4.

Notation We use “big O” and < notation interchangeably, writing a, = O (b,) or
an < by if there is a constant C > 0 such that a, < Cb, for all sufficiently large
n. As usual, a, = o(b,) means that lim,_. o a,/b, = 0 and a, ~ b, means that
limy,— 0 ay /by = 1.

2 Setup and result

In this section, we collect the material necessary to formulate our main abstract result
Theorem 2.6.

2.1 Skorokhod topologies
Let D = D([0, 1], R4 ) denote the Skorokhod space of cadlag functions, i.e. the set of

functions X : [0, 1] — R which are right-continuous with left limits. For X € D and
t € [0, 1], we denote X (1—) = lim, ~, X(s), with the convention that X (0—) = X(0).
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742 I. Chevyrev et al.

Let A denote the set of all increasing bijections A: [0, 1] — [0, 1] and letid € A
denote the identity map id(z) = . For X1, X3 € D, let 05, (X1, X2) be the Skorokhod
distance

000 (X1, X2) = Alrelf\ max{[|A — id[leo, X1 0 A — X200},

where || X |loo = sup;¢(o,17 X (?)|. The topology on D induced by ¢ « is known as the
strong 71, or S.J 1, topology.

Another important topology on D is the strong M, or SM|, topology defined
as follows. For X € D consider the “completed” graph I'(X) = {(¢, x) € [0, 1] x
R : x € [X(t—), X(¢)]}, and let A*(X) be the set of all continuous bijections
&, y): [0,1] — I'(X) with A(0) = 0. Then the SM topology on D is induced by
the metric

dspm, (X1, X2) = inf - max{[[A1 — A2lles V1 = ¥2lloc}-
(ki,yg)EA;(Xi)

=1,

2.2 Generalised S.M, topologies

We now introduce generalisations of the SM topology from [7].
For1 < p < oo, recall the p-variation ||u| p-yar of u: [0, 1] — RY defined by (1.6).
We furthermore denote |[u || p-var = [ (0)| + ||u|l p-var. Let

ppvar _ {u c D([O, ]LRd) el povar < OO}

and CPV¥ ([0, 1], Rd) C DP™V be the set of u € DPV¥ which are continuous. Let
0 pvar denote the Skorokhod-type p-variation on DP™4":

0 pvar (X1, X2) = ){25\ max{||A — id|lcc, [| X102 — X2|Hp—var}~

Definition 2.1 A path function on RY is a map ¢: J — C([0, 1], Rd), where J C
R? x R4, for which ¢ (x, y)(0) = x and ¢ (x, y)(1) = y forall (x, y) € J. For a path
X € D([0, 1], RY), we say that ¢ € [0, 1] is a jump time of X if X(r—) # X(¢). A
pair (X, ¢) is called admissible if all the jumps of X are in the domain of definition of
¢,i.e. (X(—), X(t)) € J for all jump times ¢ of X. We denote by _@([0, 1], Rd) the
space of admissible pairs (X, ¢). We let 2([0, 1], RY) = 2([0, 1], RY)/ ~, where
(X1,01) ~ (X2,¢2) if X1 = X5 and ¢1(X1(r—), X1(¢)) is a reparametrisation of
¢ (X1(t—), X1(2)) for all jump times 7 of X.

Remark 2.2 We often keep implicit the interval [0, 1] and RY, as well as J, when they
are clear from the context. We allow J to be a strict subset of R? x R¢ since this
case arises naturally when considering driver—solution pairs for canonical differential
equations, see the final discussion in Sect. 2.3.

A simple path function which shall play an important role is the following.
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Definition 2.3 The linear path function on R¥ is the map £; : RExR¥ — € ([0, 1], R¥)
defined by ¢ (x, y)(#) = x +t(y —x) forallx, y € Rk,

Fix a sequence ry, 12, ... > 0 with Zj rj < oo.Given (X, ¢) € P and § > 0, let

X?% e C([0, 1], RY) denote the continuous version of X, where the k-th largest jump
is made continuous using ¢ on a fictitious time interval of length §rx. More precisely:

e Let m > 0O be the number of jumps (possibly infinite) of X. We order the jump
times {tj}’;’zl so that | X (fx) — X (tx—)| = | X (tx+1) — X (tx+1—)| for each k, with
x < tx+1 In case of equality.

o Letr = Z’]’?:l r; and define the map

T [0, 1] > [0, 1+46r], () =1+ Y Srelyy=s. 2.1)
k

e Define an intermediate process X e C([0, 1+ 8r], RY),

) = X(s) if t = 7(s) for some s € [0, 1],
X @), X)) (SHE) ift € [(i—), T(%) for some k.

e Finally, let X?9 (1) = )A((t(l + 8r)), scaling the domain of X from [0,1+6r]to
[0, 17.

For (X, ¢) € 2([0, 1], R%) and p > 1, let

X, )l pvar = 11Xl povar-

Note that [|(X, @) || p-var is well-defined since X1 p-var depends on neither the
parametrisation of ¢, nor the sequence {ry}. Let

PP ={(X,$) € Z: I(X, $)l p-var < 00}.
Given (X1, ¢1) and (X2, ¢pp) in 2PV Jet
& prvar (X1 81, (X2, $2)) = 1im 0 povar (X7, X577),
which defines a metric on PV [7, Remark 3.8].

2.3 Marcus differential equations

For y > 0, let C” (R™, R") denote the space of functions b: R™ — R” such that

D*b(x) — D*b
Ibllecr = max  ||[D%b|los + sup max | D*b(x) 62
la|=0,....L¥] x,yeRm la|=1y] lx — y|r—Lv!

.....
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Note that our notation is slightly non-standard since » € C" for N € N implies only
that the (N — 1)-th derivative of b is Lipschitz rather than continuous.

Suppose that W € DPV¥ ([0, 1], RY) with 1 < p < 2, and that a € CF(R™, R™)
and b € CY(R",R™*?) with B > 1 and y > p. Under these conditions, we can
define and solve (in a purely deterministic way) a Marcus-type differential equation

dX = a(X)dt + b(X) o dW. (2.2)

The solution is obtained as follows from the theory of continuous rough differen-
tlal equations (RDEs) in the Young regime [12,14,28]. Consider the cadlag path

:[0,1] — Rl given by | W(t) = (t, W(z)). Using the notation of Sect. 2.2,
con51der the continuous path Wwol. [0, 1+ r] - RY, where ¢ = €144 is the linear
path function on Ll?l+d .Let t: [0, 1] — [0, 1 4 r] be the corresponding map given
by (2.1). Then [[W? | pvar < W/l p-var (see e.g. [6, Corollary A.6]), and therefore
one can solve the (continuous) RDE

= (a,b)(X)dW.

The solution is a continuous path X: [0,1 4+ r] — R™ of finite p—vaLiation. The
solution to (2.2) is the cadlag path X: [0, 1] — R4 given by X(t) = X(t(¢)). We
discuss a more general interpretation of this equation in Sect. 3.2.

Remark 2.4 In the case that W is a semimartingale, one can verify that X is the solution
to the classical Marcus SDE (see [7, Proposition 4.16] for the general case p > 2 but
with stronger regularity assumptions on a, b; the proof carries over to our setting
without change).

To properly describe solutions of (2.2) and regularity of the solution map W — X,
it is not enough to look at X as an element of D([0, 1], R™). As in Example 1.4, one
may have X = 0 say, but with sizeable jumps in fictitious time.

Following [7], we consider the driver-solution space D([0, 1], R4+™) made to
contain the pairs (W, X), and introduce a new path function on Rd+m

Definition 2.5 Consider b € C!(R™, R"*4) Forx € R™ and ® € C'V' ([0, 1], RY),
let 7 [x; @] € C1V2([0, 1], R™) denote the solution IT of the equation

dIl = b(IT)dd, TI1(0) = x.
We define the path function ¢, on R by
op((wr, x1), (w2, x2)) (1) = (€a(wi, w2) (1), TpLx1; La(wi, w2)(1)), (2.3)
which is defined on

Jo = { (w1, x1), (w2, x2)) s wy, wy € RY, w15 Lg(wr, w)1(1) = x2}.
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Superdiffusive limits for deterministic fast-slow... 745

Note that Jj, is a strict subset of R4t x R4+™ Qbserve that if X solves (2.2),
then (W, X), ¢p) € 2P ([0, 1], R¥*™) and the path function ¢y, describes how the
discontinuities of (W, X) are traversed in fictitious time.

2.4 Main abstract result

Now we are ready for a rigorous formulation of the main abstract result. Consider
the fast—slow system (1.1) with initial condition x(()”) = &, such thatlim,,, o &, = &.
Suppose that a € (1,2), @’ € [a,2), v € L™, RY), a € CE(R™,R™), b €

C7 (R™, R™*) for some B > 1,y > o. Define W, as in (1.2) and X, (1) = x|};.

Theorem 2.6 Suppose that

e W, = L in D([0, 1], RY) with the SM topology as n — oo for some process
L.
o |Wyll p—var is tight for all p > o'

Then, for all p > o', it holds that || L|| p.yar < 00 a.s. and
(W, Xn), Lasm) —w (L, X), p)  as n— o0

in (2P ([0, 1], Rd+m), o _var), where X is the solution of the Marcus differential
equation
dX =a(X)dr +b(X)odL, X(0) =& ecR™. (2.4)

The proof of Theorem 2.6 is given at the end of Sect. 3.

Remark 2.7 (a) The property || L|| pyar < 00 a.s. together with y > o’ guarantees that
the Marcus equation (2.4) admits a unique solution for a.e. realisation of L. In our
applications, L is an a-stable Lévy process, for which the finiteness of ||L|| p-var
is classical, and we take o’ = . We introduce the parameter «’ to highlight that
the threshold for the value of p in the second condition of Theorem 2.6 does not
need to be the same « as in (1.2).

(b) The drift vector field a plays no role in the definition of ¢;. This is expected since
the driver V,(t) = n~! ltn] corresponding to a in the RDE solved by X,, (see
the proof of Theorem 2.6 below) converges in g-variation for every ¢ > 1to a
process with no jumps.

(c) Since the limiting process L in general has jumps, it is crucial that we pair (L, X)
with the path function ¢. In contrast, the jumps of (W,,, X,,) are of magnitude at
most n~ /% so (W,, X,,) is almost a continuous path for large n;
we make the reference to £, only for convenience (cf. (3.10) below).

Recall that a stochastic process (L;)¢[o,1] is called stochastically continuous if,
for all t € [0,1], Ly — L; in probability as s — ¢. Note that Lévy processes are
stochastically continuous by definition.

Corollary 2.8 In the setting of Theorem 2.6, suppose further that the process L is
stochastically continuous. Then X,, — X in the sense of finite dimensional distribu-
tions.
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Proof Consider 0 <] < --- <ty < 1. The map
Y, p) > (Y(t1), ... Y @), (2770, 11, RIT™), & ppyar) — RYTME (2.5)

is continuous at (¥, ¢) whenever the path Y is continuous atall ¢, see [7, Lemma 2.12].
Furthermore, if ¢ € [0, 1] is a continuity point of L, then it is also a continuity point
of the solution X to (2.4). Since L is cadlag and stochastically continuous, any fixed
t € [0, 1] is a.s. a continuity point of L (see e.g. the proof of [2, Lemma 2.3.2]),
(L, X), ¢p) is a.s. a continuity point of the map (2.5). In particular, by Theo-
rem 2.6 and the continuous mapping theorem, (X, (¢1), ..., X, (fx)) converges in law
to (X(t1), ..., X(#)), as required. O

Remark 2.9 As in Example 1.4, we do not expect that X, —, X in any of the
Skorokhod topologies, or that f(X,) —, f(X) for certain standard functionals
S+ D — R that are continuous with respect to the Skorokhod topologies, such as
F(X) = [ Xlloo- Instead we have for example that ||X loo —w ||X||oo, where X
and X are the corresponding components of the continuous paths (W,,, X,,)%+»! and
(W, X)? 1,

3 Rough path formulation

In this section we expand the material in Sect. 2 in order to formulate and prove an
abstract convergence result, Theorem 3.4, from which Theorem 2.6 follows.

3.1 Generalised S, M topologies with mixed variation
We use a modified version of the topologies from [7] suitable for handling differential
equations with drift. We continue using notation from Sect. 2.

Forl < p, g < oo, wedefine themixed (¢, p)-variation foru = @O, ul, ..., ud) =
°, i): [0,1] - R!*4 by

et g, pr-var = 11 llg-var + 1] p-var-
Let
D@PY =y e D([0, 11, R'™*) < lull (g, pyvar < 00}

and C@-P)var([0, 1], R1*4) ¢ D@-P)Var pe the set of u € D@ PV which are con-
tinuous. We furthermore denote |u|(g, p)-var = 14(0)| + [[|l (¢, p)-var and define

G'(q,p)—vaI(Xls X7) = )%Ielf\ max{[|A — idco, |HX1 oA— X2|H(q,p)—var}-

Given (X1, ¢1) and (X2, ¢2) in 2, let

. 8 8
Ao (X1, ¢1), (X2, $2)) = gg%oroo(X‘fl ,Xg’z ).
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Following [7, Lemma 2.7], the limit exists, is independent of the choice of the sequence
rk, and is invariant under reparametrisation of the path functions. In particular, oo
induces a pseudometric on Z.

For (X, ¢) € 2([0, 1], R'*9), let

X, D)l ig. pyvar = 1XP V(g p)-var-

As before, note that ||(X, @) |l(g, p)-var is well-defined since | x%1 l(g, p)-var does not
depend on the parametrisation of ¢, nor the sequence {r¢}. Let

QAP — (X, 9) € D 1(X, D)l (g, p)var < OO

Given (X1, ¢1) and (X2, ¢) in 24PV et
: 8 )
(g, p)-var (X1, #1), (X2, $2)) = ggr%)a(q,p)_var(x‘fl , X929,
which is well-defined and induces a metric on 24PV (cf. [7, Remark 3.8]).

3.2 Differential equations with cadlag drivers
For 8, y > 0, denote by CBY the spaceofallb = @%b, ..., bd): R™ — Rmx(1+d)

such that

.....

1 -1 1
—+—->1 and —+ — > 1. 3.1
q q p

Remark 3.1 See [14, Remark 12.7] for a discussion about condition (3.1). In our appli-
cations, we will consider § > land y > pasfixed,andg = 1+« forkx > O arbitrarily
small. In this case condition (3.1) is always attained by taking « sufficiently small,
which explains why it does not appear in Theorem 2.6.

Recall that under these conditions, if W € C (‘f'p)'var([O, 1], R]+d), then the canonical
RDE (in the Young regime)

dX = b(X)dW, X(0) =& eR"

admits a unique solution X € CP¥¥ ([0, 1], R™).
For general W € D@-P)var ([0, 1], R'*9), consider the RDE

dX =b(X) xdW, X(0) =¢&. (3.2)
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Here, * stands for one of the different ways to interpret a differential equation in
the presence of discontinuities, which in general result in different solutions X. Two
common choices (considered in the case ¢ = p by Williams [44] and studied further
in [6,7,13,15]) are
e Geometric (Marcus) RDE. The solution is completely analogous to that of (2.2):
we solve the continuous RDE dX = b(i YdW?1, where ¢ = €144 is the linear
path function on R!*4 and then remove the fictitious time intervals (note that
the RDE is well-posed since ||W¢'1 lig, pyvar S IWll(q, p)-var by Chevyrev [6,
Corollary A.6]). For geometric RDEs we use the notation

dX = b(X)odW,  X(0) =&. (3.3)

Observe that (W, X), ¢p) € 2PV ([0, 1], R4+ where ¢ is the path
function on R4+ as in Definition 2.5 with £, replaced by £14.
e Forward (It6) RDE. The solution satisfies the integral equation

t
X (@) = X(0) +/ b(X(s—))dW(s), 3.4)
0

where the integral is understood as a limit of Riemann—Stieltjes sums with
b(X (s—)) evaluated at the left limit points of the partition intervals:

t
/ b(X(s—))dW(s) = lim Z b(X(s—)(W(s") — W(s)).
0 P10 [s,s'1€P

Here, P are partitions of [0, ¢] into intervals, and |P| is the size of the longest
interval. For forward RDEs we use the notation

dX = b(X)"dW,  X(0) =&.

Remark 3.2 Geometric RDEs use linear paths to connect the endpoints of each jump.
As mentioned in the introduction, this has been generalised in [7] allowing one to
solve

dX =b(X) od(W, ¢), X(0) =&, 3.5

for any (W,¢) € 2@P™([0,1],R'*). The interpretation is as for geomet-
ric RDEs: we construct a continuous path, solve the canonical RDE dX =
b(i)dW‘f”l, and then remove fictitious time intervals. Then (W, X), ¢p) €
Z@Pvar (0, 1], R1+4+m)  where ¢, is the path function on R4+ as in Defini-
tion 2.5 with £, replaced by ¢, and the solution map of (3.5)

R™ x (24P ([0, 11, R"™), g, pyovar) = (24P ([0, 11, R @y o) var),
&, (W, $) = (W, X), dp)

is locally Lipschitz continuous. (These results were shown in [7, Theorem 3.13] for
q = p,but the same proof applies mutatis mutandis for the general case upon using the
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RDE with drift estimates [14, Theorem 12.10]. In fact one can allow rough path drivers
in R?+4 with finite (¢, p)-variation for arbitrary p, ¢ > 1 satisfying p~! 447! > 1.
We consider only d’ = 1 and 1 < g < p < 2 since this suffices for our purposes.)

3.3 Convergence of forward RDEs to geometric RDEs

For the remainder of this section, letus fix 1 < g < p < 2,8 > ¢q, ¥y > p, such
that (3.1) holds. Suppose that W € D@2 ([0, 1], R'*) and b € C# 7. Then for
every £ € R™, the geometric RDE

dX =b(X)odW, X0)=¢

admits a unique solution Xe DPYA([0, 1], R™).
Suppose now that W has finitely many jumps attimes 0 < #; < --- < #;, < 1. Then
the solution X of the forward RDE

dX = b(X)"dW, X(0) =&

can be obtained by solving the canonical RDE on each of the intervals [0, #1), [#1, #2),
...[ty, 1) (on which W is continuous), and requiring that at the jump times

X)) = X(e—) + b(X =) (W (@tx) — W(te—)). (3.6)

Hence in the case that W has finitely many jumps, it is straightforward to construct
the solution X first on [0, #1), then at ¢{, then on [#1, #;) and so on. As we shall see, this
construction furthermore allows for an easy extension of stability results of continuous
RDEs to the setting with jumps.

Remark 3.3 The construction of the forward solution for processes with infinitely many
discontinuities is more involved, and can be achieved by solving directly the integral
equation (3.4). This is done in [15] but is not required here.

Recall that ¢y, is the path function on R'+9+" as in Definition 2.5 with £4 replaced
by £144.

Theorem 3.4 Suppose that {W, },>1 is a sequence of DY-Pva (0, 1], R1)-valued
random elements with almost surely finitely many jumps. Suppose that b € CPV . Let
X, be the solution of the forward RDE

dX, = b(X,)~dW,, X, (0) = En e R™.

Suppose that

(a) lim,— o0 &, = & for some & € R™,

(b) W, = W in D([0, 1], R"*9) with the SM| topology as n — oo (we allow the
limit process W to have infinitely many jumps),

(c) the family of random variables |Wy|| g, p)-var S tight,
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d) X, W, (1) — Wr(t—) |2 — 0asn — oo, where the sum is over all jump times
of Wy,.

Then |W (g, p)-var < 00 almost surely. Let X be the solution of the geometric RDE
dX =b(X)odW, X(0)=E&.
(The RDE is well-posed because |W ||(g, p)-var < 00.) Then for each q' > q and
P>
(Wao Xn). Ligaam) =w (W, X).dp) in (200, 1R g pyvar)
asn — oo.

We give the proof after several preliminary results. We will see that if X, solved
the geometric RDE dX,, = b(X,) ¢ dW, instead of the forward RDE, then Theo-
rem 3.4 would readily follow from [7] (and assumption (d) would not be needed).
In Lemma 3.6, we verify that under assumption (d) the solution of the forward
RDE dX, = b(X,)~dW, closely approximates the solution of the geometric RDE
dX, = b(X,) ¢ dW, (generalising a result of [44]). First we show how a single jump
of a geometric solution relates to a “forward” jump (cf. [44, Lemma 1.1, Eq. (11)]).
Define the semi-norm

|b(x) = b(y)l

IbllLip =
x,yeRm |x - Y|

Lemma 3.5 Suppose that X € C([0, 1], R™) solves the ODE dX = b(X)dt with b
Lipschitz. Then |X(l) — X(0) — b(X(O))| < IblILip 1Dl oo /2.

Proof Write X (1) = X(0) + b(X(0)) + i (b(X(2)) — b(X(0)))dt. Since |X () —
X(0)] < 1blloot,

1

1 1
| /0 (X (1) = bOXO)dt] < b]Lip /0 IX(0) = XO)dr = [BllLipllblloo fo rdr.

We now quantify the error in moving from forward to geometric solutions.

Lemma3.6 Suppose that W € D) ([0, 1], R"*9) has finitely many jumps. Let b €
CPY and let X, X € D([0, 1], R™) be given by

dX = b(X)~dW, dX =bX)odW, X(0) = X(0) =&.
Then

1X = Xl pvar < 1BlLiplBlseK D (W) = W(t—)[2,
t
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where K depends only on ||bl|cs.v, Wl (q,p)-var, ¥, B, D, and q, and the sum is over
all jump times t of W.

Proof lett; < --- < t, be the jump times of W; let typ = 0.

For j < n, define X ; as the solution of forward RDE dX ; = b(X;)~dW, X;(0) =
&,on [0, t;], and as the solution of the geometric RDE dX ; = b(X ;) ¢ dW on [}, 1]
with the initial condition taken from the solution on [0, ¢;].

For each j, the processes X ;1 and X ; coincide on [0, #;) but possibly differ at 7;.
By Lemma 3.5 and the identity (3.6),

1
1Xjj) = Xj1 @l = S1blLiplblloc[W (7)) — W (-, (3.7

On [z}, 1], both X, ;1 and X, ; solve the geometric RDE dX = b(X)odW, although
with possibly different initial conditions. Recall that solutions of geometric RDEs are
obtained from RDEs driven by continuous paths by inserting fictitious time intervals
and linearly bridging the jumps. As such, they enjoy Lipschitz dependence on the
initial condition (see [14, Theorem 12.10])

X = Xj—1ll pvarsie;. ) = 1X;(t5) = Xj—1 ()1 + 11X = Xj—1ll pvars[;.1) 3.8)
< KIX;(t;) — Xj-1())l,

where K depends only on [|b|cs.y, IW (g, p)-var> ¥» B> P, and g.
It follows from (3.7) and (3.8) that

1
I1X; = Xj—1llp-var < §||b||Lip||b||ooK|W([j) - W(lj—)|2~
Observing that X = X and X » = X, and taking the sum over j, we obtain the result.
[m}

Proof of Theorem 3.4 Denote by a4, p)-var the metric on D@-»var ([0, 1], R¥) induced
by the corresponding metric on 2?4 ([0, 1], R¥) upon pairing paths with the
linear path function €, i.e. &(g, p)-var(X1, X2) = (g, p)-var (X1, €r), (X2, €x)). Let
DO @-p)var = p(g.p)var denote the closure of smooth paths in (D(@-P)-var, (g, p)-var)-
By the same argument as [7, Proposition 3.10 (v)], note that D@-P)var ¢ p0.(¢'.p)-var
forall ¢’ > g and p’ > p.

Fix 1 < ¢ < p' < 2with p’ € (p,y), ¢ € (¢, B), and such that (3.1)
holds with ¢, p replaced by ¢’, p’. By Chevyrev and Friz [7, Proposition 2.9],
convergence in SM is equivalent to convergence in (D, a¢x). By the Skorokhod
representation theorem, we can thus suppose that a.s. lim;,_ o €oo(W,, W) = 0.
Tightness of {[|W,ll(,p)-var} implies that a.s. there is a subsequence n; such that
lim supy_, o Wi ll(g, p)-var < 00, and thus [|[W||(g, p)-var < 00 a.s. by lower semi-
continuity of (¢, p)-variation. In addition, by a standard interpolation argument (cf. [7,
Lemma 3.11]), it holds that e (4’ p/)-yar(Wy, W) — 0 in probability, and therefore

W, — W in (D0 p)-var, &y, p)-var)-
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Since (D0-(@".P)-var, ®(y, p')-var) 1S separable, we can again apply the Skorokhod
representation theorem and suppose henceforth that, a.s., W, — W in a p/).var and
3 [Wy(t) — Wy (t—)|?> — 0 (we used here that 3 [W,,(t) — W, (t—)|?> converges in
law to a constant).

An application of the continuity of solution map for generalised geometric RDEs
(the proof of [7, Theorem 3.13] combined with [14, Theorem 12.10]; see Remark 3.2)
shows that

(W, X0), ) — (W, X), dp) in (2900, 1], R'T™) @iy o) var),

where )?n solves the geometric RDE 0
dX, = b(X,) o dW,,  X,(0) = &,.
Furthermore, since clearly
Tim oo (W Xu). @), (Waro X, €1aem)) = 0. (3.10)
it follows from [7, Lemma 3.11] that
Tim e, var (Wao Xn), ). (W, i), isasm)) =0. (B.1D)

It follows from Lemma 3.6 that lim,—, oo [|(Wy, )Nf,,) — (Wu, X))l provar = 0, and in
particular that o o ((W,, X,), (W,, X)) — 0. By virtue of interpolation, for each
q" > q’ and p” > p’, the identity map

W, X) > (W, X), Ligagm), (D921 aog) — (DOPIY oy ) var)

is uniformly continuous on sets bounded in (g’, p’)-variation (cf. [7, Proposi-
tion 3.12]), from which it follows that

nli)n;o a(q”,p”)—var(((wna )?n)’ Liva+m), (Wn, Xn), Li+a+m)) = 0. (3.12)
Combining (3.9), (3.11), and (3.12), we obtain

nlggo & pyvar (Wi X)), Liparm, (W, X), ¢p)) = 0.

Since ¢ > ¢’ > q and p” > p’ > p are arbitrary, the conclusion follows. O
We are now ready for the proof of Theorem 2.6.

Proof of Theorem 2.6 Defining the process V), : [0, 0c0) — [0, 00), V,,(¢) = n~!|tn],
observe that X, solves the forward RDE

dX, =a(X,)" dV, + b(X,) dW,.
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It follows from our assumptions that

(Vu, W) — (id, L) in the SM topology (3.13)
and
{1V, WD ll(1, py-var}n=1 is tight for every p > o’ (3.14)
Furthermore, since « < 2 and W,, makes at most n jumps of size at most Y]l sos
ST IWa) = W) < v]2n' 2% -0 asn— 0. (3.15)
t

Choose p € (¢, y) and ¢ € (1, min{p, B}) such that (3.1) is satisfied. By Theo-
rem 3.4, it follows from (3.13), (3.14), and (3.15) that || L|| p.yar < o0 a.s. and

((an Wn» Xil)a £1+d+m) —w ((ldv L’ X)’ ¢(a,b)) (316)

in (2P0, 17, Ry a1 var). Moreover, lim,—o |V, — idllgovar =
0 and thus (3.16) readily implies that (W,, X)), a+m) —w (L, X),¢dp) in
(2P ([0, 11, RIF™), o var). o

4 Results for Gibbs-Markov maps

In this section, we prove results on weak convergence to a Lévy process, and tightness
in p-variation, for a class of uniformly expanding maps known as Gibbs—Markov
maps [1]. The weak convergence result extends work of [1,22,33,42] from scalar-
valued observables to R?-valued observables. The result on tightness in p-variation
is new even ford = 1.

4.1 Gibbs—Markov maps

Let (Z, d) be a bounded metric space with Borel sigma-algebra 53 and finite Borel
measure v, and an at most countable partition P of Z (up to a zero measure set)
with v(a) > O foreacha € P. Let F: Z — Z be a nonsingular ergodic measurable
transformation. We assume that F is a Gibbs—Markov map. That is, there are constants
A>1,K>0andf € (0, 1] such that forall z, 7 € aand a € P:

e Faisaunion of partition elements and F restricts to a (measure-theoretic) bijection
from a to Fa; moreover inf,cp v(Fa) > 0;

o d(Fz,F7') = Md(z,7);

e the inverse Jacobian ¢, = d:i_:F of the restriction F: a — Fa satisfies

|log ¢a(2) — log ¢u(2))| < Kd(Fz, FZ')°. (4.1)

It is standard (see for example [1, Corollary p. 199]) that there is a unique F-invariant
probability measure 11z absolutely continuous with respect to v, with bounded density
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dpz/dv. The measure 17 is ergodic and we suppose for simplicity that 7 is mixing.
(The nonmixing case is also covered by standard arguments, see for example the end
of the proof of [33, Proposition 4.3], but is not required here.)

Definition 4.1 We say that an R?-valued random variable & is regularly varying with
index o > 0 if there exists a probability measure o on B(S?~!), the Borel sigma-
algebra on the unit sphere S = {x € R? : |x| = 1}, such that

B(E| >t §/1E1 € B) _
—e P(El =0

r~%c(B)

forall 7 > 0 and B € B(S¢~!) with o (9 B) = 0.

Recall that an a-stable random variable X in RY with & € (1,2) and E X = 0 has
characteristic function

Eexp(iu~X)=exp{—/ |u~s|°‘(1—isgn(u~s)tann7a)dA(s)}, ueR?
-

d—1

Here A is a finite nonnegative Borel measure on S9-1 with A(Sd ’1) > 0, known as
the spectral measure [39, Section 2.3]. It is a direct verification that y X, with y > 0,
has spectral measure y*A.

We say that an a-stable Lévy process L, has spectral measure A if Ly (1) has
spectral measure A.

Fix a function 7: Z — {1, 2, ...} that is constant on each a € P with value t(a)
such that [, tdpuz < oo.Let V: Z — R be integrable with [, Vduz = 0. Assume
that there exists Cy > 0 such that forand all z, 7’ € a,a € P,

V()| < Cot(a) and  |V(z) = V()| < Cot(a)d(Fz, FZ)’. (4.2)
Suppose that b, is a sequence of positive numbers and define the cadlag process

lnt]—1
Wu(t)=b," Y VoF/
j=0

We consider W,, as a random element on the probability space (Z, tz). Throughout
this section, || - ||, denotes the L” norm on (Z, j1z) for 1 < p < oo and E denotes
expectation with respect to (tz.

We now state the main results of this section.

Theorem 4.2 Suppose that

e Visregularly varying on (Z, uz) with index a € (1, 2) and o as in Definition 4.1,
e b, satisfies lim,conuz(|V| > b,) =1,
e V—_EWV |P)eL? forsome p > a.

Then W,, —, Ly in the SJ 1 topology as n — 00, where L, is the «-stable Lévy
process with spectral measure A = cos 5*I' (1 — a)o.
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Remark 4.3

(a) If V is regularly varying and lim, oo ntz(|V| > b,) = 1, then b, is a regularly
varying sequence. In particular, if uz(|V| > n) ~ cn™® for some ¢ > 0, then
by ~ Cl/(xnl/a_

(b) In many examples (including the intermittent maps in Sect. 6.2), T € L7 for each
g < o, and there exist C > 0 and 8 € (0, 1) such that |V (z) — V(z')| < Ct# for
all z, 7/ € a, a € P. This implies that V — E(V | P) € L? for some p > a.

Theorem 4.4 Suppose that t is regularly varying with index o € (1,2) on (Z, uz),
and that by, satisfies lim,_, o npuz(t > b,) = 1. Then sup, fZ Wil p-vardinz < 00
forall p > a.

4.2 Preliminaries about Gibbs-Markov maps

We recall the following standard result.

Lemma4.5 Let V: Z — R? be integrable with [, Vduz = 0 and satisfying (4.2).
Then

(@) V.= m+ x o F — x, where m is integrable with E(m | F~'B) = 0, and
Ix lloo < CCp with C > 0 independent of V.
(b) For every p € (1,2] there is a constant C(p), depending only on p, such that

max
k<n

< C(p)n"P(lIxlloo + IVl ,p)-
p

k—1
D> Vo Ff‘
J=0
(We do not exclude the case ||V ||, = 00.)
Proof For z,7' € Z, let s(z, z’) be the separation time, i.e. the minimal nonnegative

integer such that F* @) (z) and F*@3) (7)) belong to different elements of P. Let dy
be the separation metric on Z:

dy(z,7)) = 270,

Note that d(z, z')? < dg(z, z’)(diam Z)?, so #-Hélder observables with respect to d
are dp-Lipschitz. For an observable ¢: Z — RY, let

161l = bl + sup 2L =@

Z;éz’ d@ (Za Z/)

Let P: L'(uz) — L'(uuz) be the transfer operator corresponding to F and pz,
ie. [, Ppwduz = [,¢pwo Fduy forall¢ € L', w € L.

By for example [1, Section 1], there are constants C; > 0, y € (0, 1) such that
| P*p| < C1y*|¢|l forall ¢: Z — RY with E¢ = 0 and all k > 0.
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By Melbourne and Nicol [30, Lemma 2.2], there is a constant C> > 0 independent
of V such that || PV || < CoC; for all V satisfying the stated conditions. Hence

[PV = IPX=T PV < Ciy* HIPV| < CoCiCay* L

Let x = > 1o P*V . Then |xllee < lixll < CoC1C2(1 — )~ Letm =V —
x o F+ x.Define U: L'(uz) — L'(uz) by Up = ¢ o F. Then PU = I and
UP =E(-| F''B).Hence EGm | F-'B) = UPm = U(PV — x + Px) = 0
proving part (a).
For part (t1>), we proceed as in the proof of [33, Proposition 4.3]. Fix n > 0 and let
e

M = Zj:nfk m o Fi.By (a), M} is a martingale on 0 < k < n. By Burkholder’s

inequality, there is a constant C(p) depending only on p such that

[max M1, < C(pyn'Plmll, < C(PInP Rl lloo + 1V 1)-

Next,
k—1
max ;)v o | = 2l + 2] max ]
and part (b) follows. O

For sigma-algebras F and G on a common probability space (€2, P), define

|P(AN B) —P(A)P(B)|
P(A) P(B)

w(f,g)zsup{ AcF Beg}.

For 0 < n < k, let P,’f be the smallest sigma-algebra which contains F —JP for
Jj =n, ..., k. Astandard property of mixing Gibbs—Markov maps (see for example [1,
Section 1]) is that there exist y € (0, 1) and C > 0 such that forall k > 0,n > 1,

v (Ps. Pie) = Cv". 4.3)

where the probability measure in the definition of ¥ is 7.

4.3 Weak convergence to a Lévy process

In this subsection, we prove Theorem 4.2. We use the following result due to Tyran-
Kaminska [41].

Theorem 4.6 Let Xo, X1, . .. be a strictly stationary sequence of integrable R -valued
random variables with lE Xo = 0. For 0 < n < k, let .7-',lf denote the sigma-algebra
generated by { Xy, ..., Xi}. Suppose that:

(a) Xo is regularly varying with index a € [1,2) and o as in Definition 4.1.
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(b) Y20 ¥ (27) < 00, where yr(n) = supy-q ¥ (Ff, Fo3p)-

© limn_>OOIP’(|Xj| > €b, ‘ [ Xo| > ebn) = 0foralle > 0and j > 1, where the
sequence by, is such that lim,,_, o n P(|X¢o| > b,) = 1.

lnt]—1

j=0

to an a-stable Lévy process Lq in D([0, 11, R?) in the ST | topology.

Thenasn — oo, the random process W, given by W, (t) = b, ' X j converges

Remark 4.7 1t is implicit in [41] that L, has spectral measure A = cos %F(l —a)o,
where o is the measure on SY~! for X; as in Definition 4.1.

Proof of Theorem 4.6 We verify the hypotheses of [41, Theorem 1.1]. In the notation
of [41], observe that (b) and [41, Lemma 4.8] together with p < ¥ imply that [41,
Eq. (1.6)] holds. Moreover, (c) and [41, Corollary 1.3] together with ¢ < v imply
that [41, LD(¢o)] holds (for inequalities concerning p, v, and ¢, see [4]). O

Write V = V' + V" where V/ = E(V | P). Let

[nr]—1 nt]—1
Wity=b," > V'oFl, wlty=b" Y V'oFl
j=0 j=0

Proposition 4.8 (i) W, converges in SJ | to the a-stable Lévy process L with spec-
tral measure A = cos ' T'(1 — a)o.
(i) [[sup;ero.ny IWy DI, > 0asn — .

Proof To prove part (i), we verify the hypotheses of Theorem 4.6 with X; = V' o F.
Since 1z is F-invariant, {V’ o F¥};>¢ is a strictly stationary sequence of R?-valued
random variables. The remaining hypotheses are verified as follows

(a) The observable V is regularly varying with index a and measure o, and V' € LP
with p > «, so V/ =V — V" is regularly varying with the same « and o.

(b) This is a consequence of (4.3).

(c) It follows from (4.3) and invariance of uz under F that

pz(IV' o FI| > €b, | V'] > €by) < uz(IV'| > €by).

Now we prove part (ii). By the assumptions of Theorem 4.2, V" € L? for some
p € (a,2). Note that |V”| < 7,EV” =0and foreachz,z €a,a € P,

V") = V'@ = V(2) = V()| < Cot(a@)d(Fz, F)”

Hence by Lemma 4.5(b),

k—1 i
maxg<n | 3o V" o Ff|||p < nl/P = o(by,).

Proof of Theorem 4.2 By Proposition 4.8, W, = W, + W,) —, Lq. O
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4.4 Tightness in p-variation

In this subsection we prove Theorem 4.4.

First we record the following elementary properties of t. (The Gibbs—Markov
structure is not required here; the proof only uses that t is regularly varying with
values in {1, 2, ...} and that uz is F-invariant.)

Proposition4.9 Let p > «. Then

@ E(tPlz<p,) = O(n—lb,’i),
() E(tliz=p,)) = O(n'by),
© E{(X1Zht7 o FI)'7} = 0(ba).

Proof We have

E (P ljespy) = Y iPnzt =) < Y (7 =G = D)z = j)

b j=bn
<p Yy i’ luzx=p.
=

By Karamata’s theorem [3, Proposition 1.5.8], E(t”1{z<p,}) < bz (t > by), so
part (a) follows by definition of b,. A similar calculation proves part (b). Next,

n—1 1/p _ 1/p n—1 r
ZT”OF/ Z t1(r2p,)) 0 F/ + Z(Tpl{rsbn})OFj
j=0 j=0 =0
_ n—1 ) e
Z 7-'1{r>h })° F/+ Z (Tpl{fibn}) o F/
=0 Jj=0

By Jensen’s inequality, invariance of 7 and parts (a) and (b),

nel I/p
E Z P o F/
=0
nel 1/p
<ZE Tl{r>b} oF/ ZE pl{,<b} OFJ}
j=0
=nE(tl{rsp,)) + (n E(Tpl{rgb,,})) < b,
proving part (c). O

Write V=V, —E V) + V,, where

n?

Ve=Vlgsp,y, V) =Vig<w,) —EVIgzw,).
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Accordingly, define W, = W, — E W, + W,/, where

[nt]—1 lnt]—1
Woty=b," Y VioF/,  W@)y=b" > V/oF/
j=0 j=0

Proposition 4.10 sup, E || W, ||1.var < 0©.

Proof By Proposition 4.9(b), E |V,| < Cy E(rl{r>bn}) < n~'b,. Hence

n—1
EWyllivar =E | b," Y " Vilo FI | = nb, ' E |V = 0(D),
j=0

as required. O
Proposition 4.11 sup, E [| W)/ ||}.var < 00 forall p € (e, 2).

Proof Note that EV,” = 0, that |V,| < |[V|+E|V| < Cit where C; = Co +E|V],
and that |V (z) — V/(z)] < |V(z) — V(Z)| < Cot(a)d(Fz, F7)? forall z, 7' € a,
a € P.By Lemma 4.5(a), V) = m, + xn o F — xn, where sup,, || xnlloc < 00 and
E(m, | F~'B) = 0. Then

lmallp < WVl + 200 llp < 20V 1z<byllp + 2l xnlloo

and E |V 1z <py|? < CY E (t71{z<p,)) < n~ b} by Proposition 4.9(a). The assump-
tions of Theorem 4.4 imply that b2 > n. Hence

E|mu|? <n~'bP. (4.4)
Write W) = M,, + B, where

[nt]—1 nt]—1
My(t)=b;" Y myoF, By(t)=b," > (tmoF —xu)oF
j=0 j=0
_ -1 Int]
—bn (XnoF — Xn)-

Let M, (1) = b;l Zy’:’{ mpo F"J . Then M, is amartingale since E(m,, | F'B) =
0. By [36, Theorem 2.1] and (4.4),

n
E | Mullpvar = ENM, | pvar S ba” Y Elmy o F* /|7 = nby " Elmy|” < 1.
j=1
4.5)
< b, " nQllxalloo)? S nby " S 1for p > a.

Finally, || By ||5-var
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Remark 4.12 For our purposes, it is sufficient to control the first moment E || W, || p-var-
Hence we could have used the simpler result [26, Proposition 2] in place of the sharp
result [36, Theorem 2.1]; this would give sup, E | W,/ ||‘;,_Var < oo forall p > o and

q<7p.

Proof of Theorem 4.4 Combine Propositions 4.10 and 4.11. O

5 Inducing weak convergence and tightness in p-variation

A general principle in smooth ergodic theory is that limit laws for dynamical systems
are often inherited from the corresponding laws for a suitable induced system [18,20,
31,33,38]. In this section, we show that this principle applies to weak convergence
in D([0, 1], R?) with the SM topology and to tightness in p-variation. The results
hold in a purely probabilistic setting.

Let Y be a measurable space and f: Y — Y ameasurable transformation. Suppose
that Z C Y is a measurable subset with a measurable return time t7: Z — {1, 2, ...},
ie. f7@(z) € Z for each z € Z. (It is not assumed that 7 is the first return time.)
Define the induced map

F:Z—>2Z, Fz=f'9(@).

Suppose that @z is an ergodic F-invariant probability measure and that T =

[;tduz < oc.
Define the tower fa: A = A

(z,£+1), £<t()—1,
(Fz,0), £=r1(2)—1,
5.1

with ergodic fa-invariant probability measure ua = (uz x counting)/7. The map
m: A=Y, n(z,0) = f 7 defines a measurable semiconjugacy between fa and f,
SO )L = T4 1s an ergodic f-invariant probability measure on Y.

It is convenient to identify Z with Z x {0} C A. Then on the tower, t is the first
return time to Z.

Let v: ¥ — R be measurable and define the corresponding induced observable

A={z0:2€Z 0=t <1(2)}, fA(Z»e):{

7(z)—1
ViZoRYL D VR = ) uifla). (5.2)
j=0

Letv, = Zl;;(l) vo f/. To measure how well the excursion {vy (2)}o<k<z(z) ApProx-
imates the straight and monotone path from 0 to V (z), we define V*: Z — R?,

V*= inf (max c-(vk —vp) + max |vg — (c-v c). 5.3
ceR9 |c|=1 \0=k=l=t (k Z) OSka’ k= 2 | >3)
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Note that V*(z) = 0 if and only if there exist 0 = s9 < 51 < --- < s¢(;) = 1 such
that v (z) = sxV(2) for 0 <k < 7(2).
Let b, be a sequence of positive numbers, bounded away from 0, and define

[nt|—1 lnt]—1
W, (1) = b, ! Z vof/ and  W,(t) =b;! Z VoF/ (5.4)
j=0 j=0

In this section, the notation —,, and — ,,, is used to denote weak convergence for
random variables defined on the probability spaces (Y, i) and (Z, nz) respectively.
We prove:

Theorem 5.1 Suppose that Wn —uy W in the SM, topology for some random pro-
cess W. Suppose further that

b 'max V¥ o FF — 0.
k<n

Then W, —,, W in the SM topology where W (t) = W (/7).

Theorem 5.2 Suppose that t is regularly varying with index o > 1 on (Z, uz), and
that by, satisfies lim,_ o niz(t > by) = 1. Let v € L. Suppose that the family
of random variables ||VAI7,1||1,_Var is tight on (Z, z) for some p > o. Then the family
||Wn||p—var is tight on (Y, w).

Remark 5.3 The assumptions of Theorem 5.2 on 7 can be relaxed. If t/: Z —
{1,2,...} is regularly varying with index « > 1 on (Z, uz) and b, satisfies
lim,, oo nuz(t’ > b,) = 1, then the result holds for all T < 7.

5.1 Inducing convergence in S M topology

In this subsection, we prove Theorem 5.1. Our proof closely follows the analogous
proof in [33], with the difference that we work in R instead of R.

Since r : A — Y is ameasure-preserving semiconjugacy, we may suppose without
loss of generality that Y = A and f = fa asin (5.1). In particular, we may suppose
that t is the first return time.

Define

V), y=(@r1t@@-1,

u:Y — Rd, u =
) 0, otherwise.

Let

lnt]—1
Un(t)=b," Y uo fi.
j=0

Thus defined, the restriction of U,, to Z corresponds to U, in [33].
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Lemma5.4 U, —,, W inthe SM topology.

Proof For the case d = 1, see [33, Lemma 3.4]. The proof for all d > 1 goes through
unchanged. O

Next we control excursions: we estimate the distance between U, and W,, in the
SM topology.

Proposition5.5 Ler w € D([Tp, T1], Rd) and define ¢: [Ty, T1] — RY 10 be the
linear path with ¢(Ty) = w(To) and ¢(Ti) = w(Ty). Then for each ¢ € R? with
lel =1,

dsm,(w,¢) <Ty —To+2 sup c-w(t,s)+2 sup |w(To, 1) — (c-w(Tp, 1))

To<s<t<T) To<t<T

)

where w(a, b) = w(b) — w(a).
Proof Without loss of generality, we suppose that w(Ty) = 0. Define x: [Ty, T1] —
[0, c0) and ¥ : [Ty, T1] — R4 to be X (t) = sup;., c - w(s) and ¥ (t) = x(¢)c. Then

Y is a monotone path in the direction of c.
Observe that |w(t) — ¥ ()| < x() —c - w(t) + |w(t) — (c - w(t))c|. Hence

sup lw(t) — ¥ (t)| <supc-w(t,s)+sup|w(t) — (c- w(t))c|. (5.5)
t s<t t

Further, let &: [Ty, T1] — R? be the linear path with £(Ty) = w(Tp) = 0 and
E(T1) = ¥ (T1) = x(T1)c. Since £ is a reparametrisation of ¥ (up to linear jumps),

dsm, (&, ¥) < T — To. (5.6)
Also, for each € > 0 there is s € [Ty, T1] such that |x (T1) — ¢ - w(s)| < €. Then

Sltlplfi)(t) — &) = [o(T1) — E(T)| = [w(T1) — (c-w(s))c| +€

< [w(T) — (c-w(T))c| +c - (wls) —w(Ty)) +e.

(5.7)

The result follows from (5.5), (5.6), (5.7) and that € can be taken arbitrarily small. O

For s < t, let ds s, 5,11 denote the distance on [s, f]. Let 7 = Zl;;(l) ToF.

Corollary 5.6 For each n and k, on Z,

ToF/ V*oFJ
=

sy 10.5/m (Un, Wa) < 2 max | — )

<Jj<k
Proof Denote T; = t;/n. Since we restrict to Z, each interval [T}, T;1], includ-

ing with j = 0, corresponds to a complete excursion with U, (T;) = W,(T;) and
Un(Tj11) = W, (Tjy1).Fix jandletg: [T}, Tj11] — R be the linear path such that
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¢(Tj) = Uy(T;) and ¢(Tj1+1) = Uy (T41). Recall that Uy, is constant on [T}, Tjy1).
By Proposition 5.5,

dsmy i1, 7:11WUn, @) < Tjp1 — T

2 .
dSM],[Tj»Tj+1](Wns ) < Tj—H - Tj + b_V* o F/.
n
Hence

2 . .2 P2 .
dSMl’[ijTjJrl](Un’Wn)fz(Tj+1 _Tj)+b—V o F/ =;‘L'OFJ+b—V o FJ.
n

n

Finally,

dS./\/l],[(),Tk](Una Wn) =< I}IS?dSM],[TJ‘,TjJrI](Un’ Wn) s

and the result follows. O
Lemma 5.7 dsa, 10,71(Un, Wp) =, Oforall T > 0.

Proof Fix T > 0and define therandom variablesk = k(n) = max{j > 0:1;/n < T}

on Z. Consider the processes U,, W, on Z, where the time interval [0, 7i /n] corre-

sponds to k complete excursions, while [t;/n, T] is the final incomplete excursion.
By Corollary 5.6 and the assumptions of Theorem 5.1,

ToF/ V*oFJ
+

n by

A5, 0.5 Un. W) < 2 ma | b=, 0.
Fory = (z,€) € Y, let E(y) = Z;(:%‘Wv( f7z)|. Since p is f-invariant and

by, — 00, we have b, 'E o f"T] — 0. Since 1 is absolutely continuous with
respect to 11, we also have b, 'E o fl"T) — 0. Hence

dSM],[O,T](Um W) < dSMl,[O,rk/n](Unv W)+ sup U, — W,|
[Tk /n,T]

1
< dSMlﬁ[o,fk/n](Un, W, + b_E o anTJ — .y 0
n

as required. O

Proof of Theorem 5.1 By Lemma 5.7, ds i, 10.71(Un, Wn) —,, O for every T. By
Lemma 5.4, U, —,, W in SM;. Hence W, —,, W in SM. The required con-
vergence of W,, —,, W in SM; follows from strong distributional convergence [47,
Theorem 1] upon verifying that dsaq, (W, Wy 0 f) <dsg,(Wy, Wy 0 f) =, 0in
the same way as [47, Corollary 3]. O
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5.2 Inducing tightness in p-variation

In this subsection we prove Theorem 5.2. Again, we suppose without loss of generality
that f : Y — Y is the tower (5.1).

Lemma 5.8 The family ||Wy || p-var is tight on (Z, juz).

Proof Let 7, = Y"}_{ 7 o F/ and define U, (1) = b;' Y57 v o £/ on Z. Note
that | Wyl p-var < [IUnll p-var- Let s; = 7/, i = 0, ..., n and write U, = U,, + U,/
where U, |5;.5;.1) = Un(si)-

Observe that U, is a time-changed version of W (indeed U, (s;) = W,, (i/n)), so
”U/ ”p -var = ”Wn ”p _var- Thus the family ”U ”p var 18 tighton (Z, 7).

Further we bound [, |U/ || p-vardptz. Note that U}/ (s;) = 0 and || 11,5, ) U,/ lloo <
b Yvlleot o Fi. Hence for t € [s;, si+1), ¢’ € [si, Sir41),

Up (1) = Un(t)I” < (b olleo(t 0 F' + 7 0 FT))”
<277, P (t? o F + 2P o F).

It follows that

n—l n—1
ani "yp —-p P i
U [ p-var < E IO W povar, (s 5111 +27b, "l E P o F'.
i=0 i=0

On [s;, si+1], there are T o F¥ — 1 jumps of size at most b;l lv]l 00, and one jump of size
atmost b, ' [[vllocTo FY, 501U | pvar.fsi.5i011 < U livar. 51,5111 < 26y HlvllooTo F.

JSi1]
Altogether, we have shown that
1 1/p
U | pvar S I0llooby ' [ D 270 FI
j=0
Now apply Proposition 4.9(c). O

Lemma 5.9 The family ||Wy || p-var is tight on (Y, wz) if and only if it is tight on (Y, ).
Proof Observe that W, (t) o f = W, (t + %) - bn_lv for all r > 0. Hence
|||Wn||p—var — [[Wall p-var © f| = bn_l(lv| + vl o f") —>u 0.

Hence by Zweimiiller [47, Theorem 1], || Wy, || p-var has the same limit in distribution
(if any) on (Y, nz) as on (Y, u) for each subsequence nj. The result follows. m|

Proof of Theorem 5.2 Combine Lemmas 5.8 and 5.9. O
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6 Results for nonuniformly expanding maps

In this section, we prove results on weak convergence to a Lévy process, and tightness
in p-variation, for a class of nonuniformly expanding maps. The weak convergence
result extends work of [33] from scalar-valued observables to R4-valued observables.
The result on tightness in p-variation is again new even for d = 1.

We show that intermittent maps such as (1.4) and (1.5) fit our setting in Sect. 6.2.

6.1 Nonuniformly expanding maps

Let f: Y — Y be a measurable transformation on a bounded metric space (Y, d) and
let v be a finite Borel measure on Y. Suppose that there exists a Borel subset Z C Y
with v(Z) > 0 and an at most countable partition P of Z (up to a zero measure set)
with v(a) > 0 for each a € P. Suppose also that there is an integrable return time
function 7: Z — {1, 2, ...} which is constant on each a € P with value t(a), such
that f7@(z) € Zforallz € a,a € P.

Define the induced map F: Z — Z, F(z) = f*9(z). We assume that f is
nonuniformly expanding. That is, F is Gibbs—Markov as in Sect. 4 and in addition
there is a constant C > 0 such that

d(f*z, f*7') < Cd(Fz, F7))  forall0 <k <t(a),z,7 €a,aecP. (6.1)

Let 11z be the unique F-invariant probability measure absolutely continuous with
respect to v. Define the ergodic f-invariant probability measure © = m.ua as in
Sect. 5. Set T = [, rduz.

Letv: Y — RY be a Holder observable with fY vdu = 0,anddefine V, V*: Z —
R? as in (5.2) and (5.3).

Let b, be a sequence of positive numbers and define W, as in (5.4). Let IP be any
probability measure on Y that is absolutely continuous with respect to v, and regard
W, as a process with paths in D ([0, 1], R¢), defined on the probability space (¥, P).

We can now state and prove the main results of this subsection.

Theorem 6.1 Suppose that:

(@) V: Z — RY is regularly varying on (Z, juz) with index a« € (1,2) and o as
in Definition 4.1.

(b) by, satisfies lim,conuz(|V| > by) = 1.

(¢) V_-EWV | P) € L? for some p > «, where E denotes the expectation on
(Z, nz).

(d) by ' maxg_, V*o F¥ —, 0on (Z, uz).

Then W, —, Ly on (Y, P) in the SM topology, where Ly is the a-stable Lévy
process with spectral measure A = cos 5*T'(1 — a)o /7.
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Proof Note that |V | < ||v|eoT. Letz,z’ € a,a € P. Then

T(z)—1 T(z)—1
V@ -V < Y Wl —vf<Co Y difiz, 72
j=0 Jj=0
Cot(a)d(Fz, FZ)?,

A

IA

where Cy is the Holder constant for v and 6 is the Holder exponent, and we used
condition (6.1) in the definition of nonuniformly expanding map. Hence condition (4.2)
is satisfied. _ -

Define W), as in (5.4). By Theorem 4.2, W, —,, Ly on (Z, uz) in the ST
topology where Lg is an a-stable Lévy process with Ly having spectral measure
A = cos Tl —a)o.

By Theorem 5.1, W,, —,, Ly on (Y, u) in the SM| topology where Ly (1) =
Lot /7). This proves the result when P = u.

By Zweimiiller [47, Theorem 1 and Corollary 3] (see also [33, Proposition 2.8]), the
convergence holds not only on (Y, i) but also on (Y, IP) for any probability measure
P that is absolutely continuous with respect to v. This completes the proof. O

Theorem 6.2 Suppose that t is regularly varying with index « > 1 on (Z, juz), and
that by, satisfies lim, oo npuz(t > by) = 1. Then {||Wy | p-var} is tight on (Y, P) for
each p > «.

Proof Condition (4.2) was established in the proof of Theorem 6.1. Tightness on
(Y, ) follows from Theorems 5.2 and 4.4. Tightness on (Y, P) holds by the same
argument used in the proof of Lemma 5.9. O

6.2 Intermittent maps

In this subsection, we show that Theorems 1.1 and 1.3 hold for the intermittent maps
f:10,1] — [0, 1], given by (1.4) and (1.5).

We choose Z = [%, 1] for the map (1.4), and Z = [%, %] for (1.5). Let T be the first
return time to Z. The reference measure v is Lebesgue and the partition P consists
of maximal intervals on which the return time is constant. It is standard that the first
return map F = f7 is Gibbs-Markov, and since f’ > 1, condition (6.1) holds. Thus
both maps are nonuniformly expanding.

Lemma6.3 Let v: [0,1] — R? be Holder with fvd,u = 0 and v(0) # 0, also

v(1) # 0 in case f is given by (1.5). Define V, V*: Z — RY as in (5.2) and (5.3).

Then

(a) There exists a unique absolutely continuous f-invariant probability measure |1 on
[0, 1]. Its density h is bounded below and is continuous on Z.

(b) V is regularly varying with index a on (Z, jz). The probability measure o as in
Definition 4.1 is given by

I ETOVRION for the map (1.4),

- (O] (D
\v(0‘>|\va—+\‘v<1)w Sv©/1v0)] + —\v(())‘ll‘})‘+\‘v(l)|a Suy/ory]  Sfor the map (1.5).
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(©) imy_oonuz(|V| > by) = 1 with b, = ¢/*n'/® where

IO ah ()T for the map (1.4),

s + (D)|*)a®h(3)T  for the map (1.5).
Here T = [, tduz.

(d) V—-E(V |P) e L? for some p > .

(e) n~ V¥ maxg<f., V* o F¥ -, 00n(Z, uy).

Proof We give the details for the map (1.5). The details for the map (1.4) are similar
and simpler.

Leta; = % and a; = ar41(1 + Bag11)"/%), k > 1. By a standard calculation, see
for example [19], a; ~ %a"‘k‘a. Let z; = %(ak + 1) and z;, = 1 — z;. The partition
‘P consists of the intervals (z, zx—1) and (z;ﬁl, z;{), k > 2, on which t equals k, and
(z1, z}) where 7 equals 1.

Observe that F = f7 has full branches, i.e. Fa = Z for every a € P, modulo
zero measure. It is standard that the unique F-invariant absolutely continuous mea-
sure w7z has continuous density iz bounded away from zero (see for example [23,
Proposition 2.5]). Moreover, 4 is bounded below and k|7 = hz/7T.

If z € (%,zk) and 0 < € < k, then f'z € (0, ar_¢+1), so |fz] < (k — o)~
Similarly, if z € (2, %), then |1 — fz| < (k —£)™®. Let# € (0, 1] be the Holder
exponent of v. Without loss, we assume that 6 < 1/a. Define 0 = v(O)l(%,%) +
v(l)l(%’%) on Z. Then ‘

—1 7(2)—1
60 =Y v(fD| < D@ —v@I+ Y. @) —v(ffal StE@F (62
j=0 j=1

for £ < 7(z), where B = 1 — a6 € (0, 1). In particular, |t0 — V| < F.
By symmetry and continuity of 41z,

_ hz(3)e
Ok«

Hr(e= bt > k) = pzt < Lot > 0 = (. 20))

Let B be a Borel set in SY~! and suppose that v(0)/|v(0)| € B, v(1)/|v(1)| ¢ B.
Then

puz(|to| > re, td/|td| € B) 1z <%, ©>rt/[vO)
pz(To| > t) Cpz < A s /O +puzz > LT /)
u lv(0)[*

— X ast — OQ.
[v(0)[* + Ju(D)|

The calculations for the remaining Borel sets B are similar, and it follows that tv is
regularly varying with index « and that the probability measure o as in Definition 4.1
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is given by the formula in part (b). By (6.2), V is regularly varying with index o and
the same o, proving part (b).

Moreover, uz(|t0] > n) ~ cn™ with ¢ as in part (c), so uz(|V| > n) ~ cn™
by (6.2). Part (c) follows by Remark 4.3(a).

It is immediate from (6.2) that |V (z) — V()| < t(a)? forall z,7' € a, a € P.
Part (d) follows by Remark 4.3(b).

Finally, it follows from (6.2) that V* < #, from which V* € L7(uz) for some
q > o, and

q
f(n_l/“ max V*oFk) duz

o

IA

0<k<n

n=4/ Zf(v*)q o Fduy

k<n
=n~ v T .

This proves (e) and completes the proof of the lemma. O

Theorems 1.1 and 1.3 now follow from Theorems 6.1 and 6.2. Moreover, L, is
identified as the a-stable Lévy process with spectral measure A = ccos 5 I'(1 —
a)o /T with ¢ and o as in Lemma 6.3.

Finally, as a consequence of these results combined with Theorem 2.6, we can record
the desired conclusion for homogenisation of fast—slow systems with fast dynamics
given by one of the intermittent maps in Sect. 1.

Corollary 6.4 Consider the intermittent map (1.4) or (1.5) with « € (1, 2) and let
v: Y — R4 be Holder with fy vdu = 0and v(0) # 0, also v(1) # 0in case of (1.5).

Consider the fast—slow system (1.1) with initial condition x(()n) = &, such that
lim,_ 00 & = &. Suppose that a € CE@R™ R™), b € CYR™, R"™ ) for some
B > 1,y > «a. Define W, as in (1.2) and X,(t) = x[%. Let P be any probability
measure on Y that is absolutely continuous with respect to Lebesgue, and regard Wy,
and X,, as processes on (Y, P).

Let £y denote the linear path function on R and let ¢y, be the path function on

R4 as in Definition 2.5. Fix p > a. Then
((Wa, Xn), Laym) = w (Lo, X), ¢p)  as  n— o0

in (2P ([0, 1], RI+m)y, o j.var), Where Ly, is the a-stable Lévy process with spectral
measure A = ccos %F(l — w)o /T with ¢ and o as in Lemma 6.3, and X is the
solution of the Marcus differential equation (2.4). O

Acknowledgements 1.C. was funded by a Junior Research Fellowship of St John’s College, Oxford while
this work was carried out. P.K.F. acknowledges partial support from the ERC, CoG-683164, the Einstein
Foundation Berlin, and DFG research unit FOR2402. A.K. and I.M. acknowledge partial support from the
European Advanced Grant StochExtHomog (ERC AdG 320977). A.K. is also supported by an Engineering
and Physical Sciences Research Council Grant EP/P034489/1. We would like to thank the anonymous
referees for their helpful and detailed comments.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which

permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,

@ Springer



Superdiffusive limits for deterministic fast-slow... 769

and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

10.

11.
12.

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.

. Aaronson, J., Denker, M.: Local limit theorems for partial sums of stationary sequences generated by

Gibbs—Markov maps. Stoch. Dyn. 1, 193-237 (2001)

. Applebaum, D.: Lévy Processes and Stochastic Calculus, vol. 116, 2nd edn. Cambridge Stud. Adv.

Math, Cambridge (2009)

. Bingham, N.H., Goldie, C.M., Teugels, J.L.: Regular Variation. Encyclopedia of Mathematics and its

Applications, vol. 27. Cambridge University Press, Cambridge (1987)

. Bradley, R.C.: Basic properties of strong mixing conditions a survey and some open questions. Probab.

Surv. 2, 107144 (2005)

. Chechkin, A., Pavlyukevich, I.: Marcus versus Stratonovich for systems with jump noise. J. Phys. A

47, 342001 (2014)

. Chevyrev, I.: Random walks and Lévy processes as rough paths. Probab. Theory Relat. Fields 170,

891-932 (2018)

. Chevyreyv, 1., Friz, P.K.: Canonical RDEs and general semimartingales as rough paths. Ann. Probab.

47, 420-463 (2019)

. Chevyreyv, L, Friz, P.K., Korepanov, A., Melbourne, 1., Zhang, H.: Multiscale systems, homogenization,

and rough paths. In: Friz, P., et al. (eds.) Probability and Analysis in Interacting Physical Systems:
In Honor of S.R.S. Varadhan, Berlin, August, 2016 (.), Springer Proceedings in Mathematics and
Statistics, vol. 283, pp. 17-42 (2019)

. Chevyrey, L., Friz, PK., Korepanov, A., Melbourne, I., Zhang, H.: Deterministic homogenization under

optimal moment assumptions for fast—slow systems. Part 2. Preprint (2019)

Dolgopyat, D.: Limit theorems for partially hyperbolic systems. Trans. Am. Math. Soc. 356, 1637-1689
(2004)

Dolgopyat, D.: Averaging and invariant measures. Mosc. Math. J. 5, 537-576 (2005)

Friz, P., Hairer, M.: A Course on Rough Paths. With an Introduction to Regularity Structures. Univer-
sitext. Springer, Berlin (2014)

Friz, PK., Shekhar, A.: General rough integration, Lévy rough paths and a Lévy—Kintchine-type for-
mula. Ann. Probab. 45, 2707-2765 (2017)

Friz, PK., Victoir, N.B.: Multidimensional Stochastic Processes as Rough Paths, vol. 120. Cambridge
Stud. Adv. Math, Cambridge (2010)

Friz, PK., Zhang, H.: Differential equations driven by rough paths with jumps. J. Differ. Equ. 264,
6226-6301 (2018)

Gottwald, G., Melbourne, I.: Homogenization for deterministic maps and multiplicative noise. Proc.
R. Soc. Lond. A 469, 20130201 (2013)

. Gouézel, S.: Central limit theorem and stable laws for intermittent maps. Probab. Theory Relat. Fields

128, 82-122 (2004)

Gouézel, S.: Statistical properties of a skew product with a curve of neutral points. Ergod. Theory Dyn.
Syst. 27, 123-151 (2007)

Holland, M.: Slowly mixing systems and intermittency maps. Ergod. Theory Dyn. Syst. 25, 133-159
(2005)

Kelly, D., Melbourne, I.: Smooth approximation of stochastic differential equations. Ann. Probab. 44,
479-520 (2016)

Kelly, D., Melbourne, I.: Homogenization for deterministic fast-slow systems with multidimensional
multiplicative noise. J. Funct. Anal. 272, 4063—4102 (2017)

Kocheim, D., Piihringer, F., Zweimiiller, R.: A functional stable limit theorem for Gibbs—Markov maps.
Preprint (2018)

Korepanov, A., Kosloff, Z., Melbourne, I.: Explicit coupling argument for nonuniformly hyperbolic
transformations. Proc. Edinb. Math. Soc. 149, 101-130 (2019)

@ Springer


http://creativecommons.org/licenses/by/4.0/

770

I. Chevyrev et al.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

40.
41.

42.

43.
44.

45.

46.

47.

Korepanov, A., Kosloff, Z., Melbourne, I.: Deterministic homogenization under optimal moment
assumptions for fast—slow systems. Part 1. Preprint (2020)

Kurtz, T.G., Pardoux, E., Protter, P.: Stratonovich stochastic differential equations driven by general
semimartingales. Ann. Inst. H. Poincaré Probab. Stat. 31, 351-377 (1995)

Lépingle, D.: La variation d’ordre p des semi-martingales. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 36, 295-316 (1976)

Liverani, C., Saussol, B., Vaienti, S.: A probabilistic approach to intermittency. Ergod. Theory Dyn.
Syst. 19, 671-685 (1999)

Lyons, T.: Differential equations driven by rough signals. I. An extension of an inequality of L.C.
Young. Math. Res. Lett. 1, 451-464 (1994)

Marcus, S.I.: Modeling and approximation of stochastic differential equations driven by semimartin-
gales. Stochastics 4, 223-245 (1980/81)

Melbourne, I., Nicol, M.: Almost sure invariance principle for nonuniformly hyperbolic systems.
Commun. Math. Phys. 260, 131-146 (2005)

Melbourne, 1., Torok, A.: Statistical limit theorems for suspension flows. Isr. J. Math. 144, 191-209
(2004)

Melbourne, 1., Stuart, A.: A note on diffusion limits of chaotic skew product flows. Nonlinearity 24,
1361-1367 (2011)

Melbourne, I., Zweimiiller, R.: Weak convergence to stable Lévy processes for nonuniformly hyperbolic
dynamical systems. Ann Inst. H. Poincaré (B) Probab. Stat. 51, 545-556 (2015)

Pavliotis, G.A., Stuart, A.M.: Multiscale Methods. Texts in Applied Mathematics, vol. 53. Springer,
New York (2008). Averaging and homogenization

Pene, F.: Averaging method for differential equations perturbed by dynamical systems. ESAIM Probab.
Stat. 6, 33-88 (2002)

Pisier, G., Xu, Q.H.: The strong p-variation of martingales and orthogonal series. Probab. Theory
Relat. Fields 77, 497-514 (1988)

Pomeau, Y., Manneville, P.: Intermittent transition to turbulence in dissipative dynamical systems.
Commun. Math. Phys. 74, 189-197 (1980)

Ratner, M.: The central limit theorem for geodesic flows on n-dimensional manifolds of negative
curvature. Isr. J. Math. 16, 181-197 (1973)

. Samorodnitsky, G., Taqqu, M.: Stable non-Gaussian random processes: stochastic models with infinite

variance. Chapman and Hall, London (1994)

Skorohod, A.V.: Limit theorems for stochastic processes. Theory Probab. Appl. 1, 261-290 (1956)
Tyran-Kaminska, M.: Convergence to Lévy stable processes under some weak dependence conditions.
Stochastic Process. Appl. 120, 1629-1650 (2010)

Tyran-Kaminska, M.: Weak convergence to Lévy stable processes in dynamical systems. Stoch. Dyn.
10, 263-289 (2010)

Whitt, W.: Stochastic-process limits. Springer-Verlag, New York (2002)

Williams, D.: Path-wise solutions of stochastic differential equations driven by Lévy processes. Rev.
Mat. Iberoam 17, 295-329 (2001)

Wong, E., Zakai, M.: On the convergence of ordinary integrals to stochastic integrals. Ann. Math.
Statist. 36, 1560-1564 (1965)

Zweimiiller, R.: Stable limits for probability preserving maps with indifferent fixed points. Stoch. Dyn.
3, 83-99 (2003)

Zweimiiller, R.: Mixing limit theorems for ergodic transformations. J. Theoret. Probab. 20, 1059-1071
(2007)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Superdiffusive limits for deterministic fast–slow dynamical systems
	Abstract
	1 Introduction
	2 Setup and result
	2.1 Skorokhod topologies
	2.2 Generalised SM1 topologies
	2.3 Marcus differential equations
	2.4 Main abstract result

	3 Rough path formulation
	3.1 Generalised SM1 topologies with mixed variation
	3.2 Differential equations with càdlàg drivers
	3.3 Convergence of forward RDEs to geometric RDEs

	4 Results for Gibbs–Markov maps
	4.1 Gibbs–Markov maps
	4.2 Preliminaries about Gibbs–Markov maps
	4.3 Weak convergence to a Lévy process
	4.4 Tightness in p-variation

	5 Inducing weak convergence and tightness in p-variation
	5.1 Inducing convergence in SM1 topology
	5.2 Inducing tightness in p-variation

	6 Results for nonuniformly expanding maps
	6.1 Nonuniformly expanding maps
	6.2 Intermittent maps

	Acknowledgements
	References




