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2 Summary

English (2.998 Characters) Piecewise linear (PWL) functions consist out of affine segments

which intersect at breakpoints. They are used to fit a set of discrete data points or to approx-

imate non-linear functions. PWL functions can be modeled by mixed-integer linear program-

ming (MILP) techniques, where binary variables are used to assign segments. When solving

large scale mixed-integer non-linear programming (MINLP) problems, PWL functions can be

used to approximate the non-linearities, leading to a MILP model; this can significantly enhance

computational tractability.

The goals of this project are to (1) advance the state-of-the-art in models for PWL func-

tion fitting and applications thereof, (2) develop tailored solution algorithms and (3) present

a non-convex nested Benders decomposition algorithm for MINLP problems based on PWL

approximations.

Regarding the first goal, a comparison of two existing MILP model is performed, show-

casing the superiority of one model from a theoretical and experimental perspective across a

number of different benchmarks. A framework for a class of problems using PWL functions,
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including regression and clustering as well as feature selection is proposed. This framework is

extended to support vector machines. Finally, a model from the literature on PWL computations

is investigated and three enhancements are proposed.

Regarding the second goal, a tailored combinatorial Benders decomposition for PWL func-

tion computation with inbuilt outlier detection is presented which showcases speedups of signif-

icant magnitude. Further, an efficient method for approximating non-linear continuous functions

using PWL functions, showcasing speedups of up to 100,000 times compared to the state-of-

the-art, is developed. To our knowledge, this is currently the fastest approach for univariate

PWL function fitting; a number of benchmark problems have been solved for the first time. An

R-package has been released. Finally, a spatial branch-and-bound algorithm is developed to

efficiently solve optimization problems containing univariate PWL functions.

Regarding the third goal, a multi-layered decomposition framework, the so-called non-

convex nested Benders decomposition, allowing to solve multi-stage (stochastic) MINLP prob-

lems with proven exactness is proposed. It uses PWL functions to approximate the MINLP by

an MILP, and this approximation is dynamically refined if required. To solve the MILP, it is de-

composed and certain Lagrangian dual problems are solved to iteratively generate non-convex

approximations of the arising value functions. As this is computationally challenging, some

alternative strategies for this step, which are either more efficient or yield cuts with favorable

properties (e.g. Pareto-optimality) are explored. To broaden the theoretical understanding of

the concepts used in this new framework, among them Lipschitz regularization and cut genera-

tion, their mathematical properties and interdependencies are analyzed and deep connections

are revealed.

German (2.995 Characters) Stückweise lineare (PWL) Funktionen bestehen aus affinen Seg-

menten, die sich an Knickpunkten schneiden. Sie dienen dazu, diskrete Datenpunkte zu

approximieren oder nichtlineare Funktionen näherungsweise darzustellen. PWL-Funktionen

lassen sich mit gemischt-ganzzahliger linearer Programmierung (MILP) modellieren, wobei

binäre Variablen zur Segmentzuordnung verwendet werden. Bei großskaligen gemischt-ganz-

zahligen nichtlinearen Optimierungsproblemen (MINLP) können PWL-Funktionen Nichtlineari-

täten approximieren, wodurch ein MILP-Modell entsteht – das verbessert die Rechenbarkeit

erheblich.

Ziele des Projekts sind (1) die Weiterentwicklung des Stands der Technik für die Model-

lierung und Anwendung von PWL-Funktionen, (2) die Entwicklung passender Lösungsverfah-

ren sowie (3) die Vorstellung eines nicht-konvexen geschachtelten Benders-Dekompositions-

verfahrens für MINLP-Probleme auf Basis von PWL-Approximationen.

Zum ersten Ziel: Zwei bestehende MILP-Modelle zur PWL-Approximation werden ver-

glichen, wobei sich ein Modell theoretisch und praktisch über diverse Benchmarks hinweg

als überlegen zeigt. Es wird ein allgemeiner Rahmen für Probleme unter Einsatz von PWL-

Funktionen – darunter Regression, Clustering und Merkmalsauswahl – vorgeschlagen und auf

Support Vector Machines ausgeweitet. Zudem wird ein Modell aus der Literatur analysiert und

um drei Verbesserungen ergänzt.
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Zum zweiten Ziel: Eine kombinatorische Benders-Dekomposition mit integrierter Ausreißer-

erkennung zur PWL-Berechnung wird vorgestellt und zeigt deutliche Geschwindigkeitsvorteile.

Außerdem wird eine effiziente Methode zur Approximation nichtlinearer Funktionen mittels

PWL entwickelt, die Beschleunigungen um bis zu 100.000-fach gegenüber dem Stand der

Technik erreicht. Soweit bekannt, ist dies aktuell der schnellste Ansatz zur univariaten PWL-

Approximation; mehrere Benchmark-Probleme wurden erstmals gelöst. Ein entsprechendes

R-Package wurde veröffentlicht. Zusätzlich wird ein spatial Branch-and-Bound-Algorithmus

entwickelt, um Optimierungsprobleme mit univariaten PWL-Funktionen effizient zu lösen.

Zum dritten Ziel: Ein mehrstufiges Verfahren, die sogenannte nicht-konvexe geschachtelte

Benders-Dekomposition, wird eingeführt, mit dem mehrstufige (stochastische) MINLP-Proble-

me exakt lösbar sind. Dabei werden PWL-Funktionen genutzt, um das MINLP als MILP zu

approximieren, wobei diese Darstellung bei Bedarf dynamisch verfeinert wird. Die entstehen-

den MILPs werden zerlegt und bestimmte Lagrange-Dualprobleme gelöst, um nicht-konvexe

Näherungen der Wertfunktionen zu erzeugen. Da dieser Schritt rechnerisch anspruchsvoll ist,

werden alternative Strategien geprüft, die effizienter sind oder Schnitte mit günstigeren Eigen-

schaften (z.B. Pareto-Optimalität) liefern. Zur Vertiefung des theoretischen Verständnisses

werden die mathematischen Eigenschaften und Zusammenhänge der genutzten Konzepte –

wie Lipschitz-Regularisierung und Schnittgenerierung – untersucht und tiefere Verbindungen

offengelegt.

3 Progress Report

This project aims at contributing to the body of knowledge in the area of piecewise linear (PWL)

functions. A continuous PWL function consists out of a finite number of affine functions which

are connected at breakpoints. Such PWL functions can be modeled exactly with mixed-integer

linear programming (MILP) methods, which makes them particularly suitable for incorporation

into MILP models.

Two streams of own previous research are important for this research project, among oth-

ers: (1) The computation of PWL functions [13, 24, 25, 26, 27] and (2) (multi-stage) linear and

non-convex Benders decomposition [3, 17, 22, 23].

The research associated with this project can be grouped broadly into three main areas,

which we discuss in detail in the following. The associated project results are highlighted
in bold face.

3.1 Enhancement of MILP Models for and with Univariate Functions

Warwicker and Rebennack present a comparison between two MILP formulations for PWL

functions, [15] and [27], which were published in the same journal at similar times. The au-

thors present a theoretical and experimental comparison on a number of benchmark instances

from both papers, to allow readers to take an objective view as to which model is preferable.

Although neither formulation is preferable across all tested data sets, the formulation from [27]
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is faster overall, and contains fewer complicating binary variables and sparse constraints. Va-

lidity of the results are ensured through carefully theoretical analysis and computational tests

on known problem instances. For the details, please refer to the associated publication [30].
Applications of PWL function fitting to machine learning problems, including regression and

clustering, are presented by Warwicker and Rebennack. Models for clusterwise regression

[19] and PWL regression [27] are presented alongside novel models for ordered clusterwise

regression and clusterwise PWL regression. Since these four models share structural sim-

ilarities, they are positioned within a single framework whereby tailored solution algorithms,

inbuilt outlier detection and feature selection, can be applied. A combinatorial Benders decom-

position is developed which shows great computational performance with speedups of up to

two orders of magnitude. The validity of the results are demonstrated through benchmarking

on five different data sets from the literature, including the debris flow data [16, 18]. For the

technical details, please refer to the associated publication [33]. John Warwicker presented

this research at the INFORMS Annual Meeting 2021 and at the 2023 “German SIAM Student

Chapters Meet Algorithmic Optimization” workshop.

Warwicker and Rebennack extend the previous framework to models for support vector

machines using PWL functions. Various formulations are presented for different settings of

piecewise linearity and connectedness of the model, as well as the incorporation of feature se-

lection. The paper presents three different MILP models, incorporating PWL functions. These

models are theoretically compared and computational results are presented. Validity is en-

sured through careful model development and computational tests on different data sets. For

the technical details, please refer to the associated publication [35].
The current state-of-the-art in PWL function modeling and the efficient computation of PWL

functions are summarized as encyclopedia articles, authored by Warwicker and Rebennack.

The first article presents the following six different MILP formulations for PWL function repre-

sentation: SOS2, Convex, Disaggregated, Incremental, Multiple-choice and Logarithmic. The

second article provides are overview about continuous PWL regression for univariate functions.

Please refer to the two publications for the details [32] and [34].
Finally, Goldberg et al. improve upon a previous MINLP formulation for PWL function fitting

presented previously in [9]. The previous model includes a fault whereby the outputted PWL

function may not be injective. Three alternative formulations are proposed to overcome this

limitation, and constraints that enforce an ordering on the data points to segments, such as

those presented in [27], are the most effective. For the technical details, please refer to the

associated publication [10].

3.2 Tailored Solution Methods for MILP Models for and with Univariate Func-
tions

An efficient solution approach to the MILP model presented in [27] has been developed by

Warwicker and Rebennack. After implementing inbuilt outlier detection, the authors tailor a

combinatorial Benders decomposition [2] to the model. Since the model contains many binary
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variables, has a symmetric structure and utilizes big-M constructs, this approach is particularly

well-suited. Alongside initialization settings, cut generation and a tailored branching approach,

the authors find speedups of up to 12,000 times compared to the monolithic model. For the

technical details, we refer to the paper [31]. John Warwicker presented this research at OR

2022. The paper was a “research highlight” at the July issue in 2023 of the ISE magazine.

A novel approach for approximating non-linear continuous functions through PWL functions

is presented by Warwicker and Rebennack. By incorporating the linear time algorithm for PWL

regression presented by [11] within the framework proposed by [27], a method that is up to

five orders of magnitude faster than the state-of-the-art is obtained which is able so solve six

benchmark functions for the first time. For the technical details, please refer to the paper [36].
The developed algorithms for the very efficient computation of univariate PWL functions,

approximating given data points or a continuous function, have also been implemented and

made publicly available in the R-package pwlapprox2d [29].
Hübner, Gupte and Rebennack develop a spatial branch-and-bound method for solving op-

timization problems containing (possibly discontinuous) PWL functions. The core novel idea is

to provide fast and tight updates of the convex envelope after a spatial branching step. This

turns out to be theoretically and computationally superior than standard branch-and-cut ap-

proaches from the literature. Computational tests are performed on knapsack and network

flow problems with comparisons to the latest logarithmic-sized models from the literature. The

results show speedups of more than three order of magnitude for large problem instances com-

pared to the PWL solver in Gurobi and demonstrate the validity of the results through intensive

benchmarking. The code and all data necessary to replicate the results are publicly available

in a permanent online repository. For the technical details, please refer to the associated paper

[12]. This paper was selected as “runner up” for the ICS Student Paper Award of the INFORMS

Computing Society in 2025.

3.3 Application in Non-convex Nested Benders Decomposition

Benders decomposition has been originally proposed by Benders in 1962 for linear optimiza-

tion problems with special structure [1]. Benders proposed to decompose the problem into a

master problem and a subproblem, where the subproblem information is communicated to the

master problem via a value function, which is itself iteratively refined through linear cuts. Ben-

ders decomposition has been extended in various ways, e.g., to solve multi-stage linear opti-

mization problems, to incorporate non-convexity (both due to integer variables and non-convex

functions) in the master problem and convex non-linearity in the subproblem [8, 20, 21, 28].

There has also been extensions to integer linear subproblems with the Stochastic Dual Dy-

namic integer Programming (SDDiP) algorithm, with the restriction to binary state-variables

[37]. All these extensions have in common that the value functions remain convex and can

thus be approximated by linear cuts [5].

Füllner and Rebennack present the first Benders decomposition-based algorithm which can

also handle general non-convexities in the subproblems, without any state-space restrictions.
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They coin this algorithm “non-convex nested Benders decomposition”. As the resulting value

functions are non-convex, linear cuts are no longer sufficient. Therefore, the authors introduce

the lift-and-project cuts. These cuts are linear in a lifted space and become non-convex after

projection into the original space, yielding valid and tight non-convex cuts for the original value

functions, which ensures finite convergence of the proposed decomposition algorithm. There-

fore, the algorithm first approximates the original non-convex subproblem as a mixed-integer

linear subproblem via PWL functions, generates a linear cut and projects it back to the origi-

nal subproblem. This step also requires a dynamic refinement of the binary approximation of

the state-space, in order to apply SDDiP like methods as a subroutine. Validity of the results

are ensured through rigorous mathematical proofs and through computational tests on the unit

commitment problem – an important problem in power systems optimization [14]. For the tech-

nical details, please refer to the associated paper [4]. Christian Füllner presented this research

at EURO 2021 and at OR 2021.

A theoretical analysis of the proposed nonconvex nested Benders decomposition algorithm

is performed by Füllner and Rebennack. They extend their own work by (1) considering also

stochastic multi-stage non-convex optimization problems and by (2) carefully engaging a regu-

larization ensuring Lipschitz continuity of the lift-and-project (non-linear) cuts. This eliminates

the need for one of the assumptions made in the original nonconvex nested Benders decom-

position algorithm. As a by product, new insights on the role of the so-called copy-constraints

– they are key in SDDiP – are gained. Validity of the results are ensured through rigorous

mathematical proofs and instructive examples. For the details, please refer to the paper [7].
The work by Füllner, Sun and Rebennack generalizes the so-called Lagrangian cuts, present

in SDDiP-type algorithms. A general and flexible new framework for generating a broad class

of Lagrangian cuts is presented which allows the computation of Lagrangian cuts with different

favorable properties, such as maximal depth, being facet-defining or Pareto-optimal. Com-

putational results for capacitated lot-sizing and capacitated facility location problems demon-

strate that the lower bounds in SDDiP can be improved significantly with these new type of

Lagrangian cuts. Validity of the results are ensured through rigorous mathematical proofs and

extensive computational benchmarking on known problem instances. For the technical de-

tails, please refer to the associated paper [6]. Christian Füllner presented this research at

ECSO-CMS 2022 and at OR 2022.
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