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Abstract

In this paper we study a distributed optimal control problem for a nonlocal convective
Cahn—Hilliard equation with degenerate mobility and singular potential in three dimen-
sions of space. While the cost functional is of standard tracking type, the control problem
under investigation cannot easily be treated via standard techniques for two reasons: the
state system is a highly nonlinear system of PDEs containing singular and degenerating
terms, and the control variable, which is given by the velocity of the motion occurring in
the convective term, is nonlinearly coupled to the state variable. The latter fact makes it
necessary to state rather special regularity assumptions for the admissible controls, which,
while looking a bit nonstandard, are however quite natural in the corresponding analytical
framework. In fact, they are indispensable prerequisites to guarantee the well-posedness
of the associated state system. In this contribution, we employ recently proved existence,
uniqueness and regularity results for the solution to the associated state system in order to
establish the existence of optimal controls and appropriate first-order necessary optimality
conditions for the optimal control problem.

1 Introduction

This paper is concerned with the study of a distributed control problem for a Cahn—Hilliard type
PDE system. More precisely, we investigate the case of a nonlocal Cahn—Hilliard equation with
convective term, degenerate mobility and singular potential. In fact, while the standard Cahn—
Hilliard equation (cf., e.g., [3, 4, 5]) is widely used, it seems that a more realistic version of the
Cahn—Hilliard equation can be characterized by a (spatially) nonlocal free energy. Although the
physical relevance of nonlocal interactions was already pointed out in the pioneering paper [29]
(see also [12, 4.2] and references therein), the isothermal and nonisothermal models containing
nonlocal terms have only recently been studied from the analytical viewpoint (cf., e.g., [1, 9, 15,
17, 18, 22] and the references given there).

The main difference between local and nonlocal models is given by the choice of the interaction
potential. Typically, the nonlocal contribution to the free energy has the form [, k(x, y) [¢(z) —
¢(y)|*>dy , with a given symmetric kernel & defined on  x €2, where ) denotes a (suffi-
ciently regular and bounded) domain in IR? in which the phase separation takes place; its local
Ginzburg—Landau counterpart is given by (0/2)|V(x)|?, where the positive parameter o is
a measure for the thickness of the interface. Here, ¢ represents the local concentration of one
of the two phases, which typically attains values in a bounded interval, say, in [0, 1]. The local
potential can be obtained as a formal limit as m — oo from the nonlocal one with the choice
k(z,y) = m°k(|m(x — y)|?), where k is a nonnegative function with support in [0, 1]. This



follows from the formula (which was formally deduced in [21])

/Qm%('m(x )P le(x) = p(y)* dy = /Q (@) kP | et i) LSl IR
= [ W) (Vo)) 0 = S0l

for a sufficiently regular ¢, where o = 2/3 [ k(|z]*)|2]? dz and Q,,,(z) = m(Q—x). Here
we have used that [, k(|2[?) (e, 2)* dz = 1/3 [; k(|2[?)|2|> dz for every unit vector e €
R3. As a consequence, the local Cahn—Hilliard equation can be viewed as an approximation of
the nonlocal one.

In the seminal paper [11], the authors established the existence of a weak solution to the local
Cahn—Hilliard equation with degenerate mobility and singular potentials endowed with no-flux
boundary conditions. However, in the local case no uniqueness proof is known in case of de-
generate mobility and singular potential. This is one of the main advantages of considering the
nonlocal potential: for the nonlocal Cahn—Hillard system, indeed, in the case of periodic bound-
ary conditions, an existence and uniqueness result was proved in [18]. Later, a more general
case was considered in [15]. More recently, the convergence to single equilibria was studied
in [24, 25] (cf. also [16] for further results), and in [14] the existence of a global attractor for a
convective nonlocal Cahn—Hilliard equation with degenerate mobility and singular potential was
proved in the three-dimensional case. Moreover, for the two-dimensional case also the long-time
dynamics of its coupling with the Navier—Stokes equation (the nonlocal version of the so-called
H-model) was analyzed in [14]. For this model uniqueness of weak solutions and existence of
the global attractor in two dimensions has been recently proved in [13].

Concerning the problem of deriving first-order necessary optimality conditions for optimal con-
trol problems involving local Cahn—Hilliard equations, we can quote the following references: in
[32], the authors studied the case of a polynomially growing potential f (in (1.3)) with constant
mobility m in (1.2), while only more recently in [19] and [20], the case of the double obstacle
potential f = Ijp 1) in (1.3) with constant mobility m in (1.2) was investigated; first-order nec-
essary optimality conditions were obtained by means of a regularization procedure. Moreover,
the convective 1D case has been dealt with in the very recent contribution [33]. Let us finally
recall the papers [8] and [7], where the authors study the optimal control problem associated
with a non-standard phase-field model of Cahn—Hilliard type, and [2], respectively, where opti-
mization techniques were used in order to solve variational inequalities related to Allen—Cahn
and Cahn—Hilliard equations.

While optimal control problems for certain classes of PDEs coupled with nonlocal boundary
conditions have already been studied in the literature (cf., e.g., [10, 26, 27, 28]), to our best
knowledge no analytical contribution exists in the literature to the study of optimal control prob-
lems for nonlocal phase-field models of convective Cahn-Hilliard type and, more generally, for
nonlocal PDEs where the nonlocal operator appears in the PDEs and not on the boundary.

Throughout this paper, we will generally assume that 2 C R? is a bounded domain with
smooth boundary 02 and outward unit normal n, and we denote ) := € x (0,7") and
Y =009 x (0, T), where T" > 0 is a prescribed final time. We then consider the following
control problem:



(CP) Minimize the cost functional

o Bl r 2 ﬁQ 2 53 r 2
J(p,v) == o —po|"dedt + — [ |o(T) — po| dz + = [v|*dxdt,
2 Jo Ja 2 Jo 2 Jo Ja

1

(1.1)

subject to the initial-boundary value problem (the state system)

¢ — div (m(p)Vp) = =v- Ve in Q, (1.2)
p=f(e)+w inQ, (1.3)
wle,1) = / Kz — y)(1 - 20(y.8) dy in Q. (14)
m(p)Vu-n=0 on X, (1.5)
©(0) =¢o inQ, (1.6)

and to the constraint that the velocity v, which plays the role of the control, belongs to a suitable
closed, bounded and convex subset (to be specified later) of the space

Vi={vel?0,T;H. ()N L®Q)*: v, € L*(0,T; L*Q)*},  (1.7)
where
H} (Q) = {v € Hj(Q)? : div(v) = 0}. (1.8)

Notice that the velocity is assumed divergence free, and observe that through the convective
term —v - V¢ the coupling between control and state is nonlinear. This nonlinear coupling
between control and state is the reason for the strong and a bit nonstandard regularity assump-
tion for the time derivative of the control v. We also remark that both H, (Q) and V are
Banach spaces when equipped with their natural norms.

The singular potential f will be taken in the typical logarithmic form (cf. the original paper [4])

flp) = plog(p) + (1 — ) log(1 — ¢),
and the mobility m, which degenerates at the pure phases ¢ = 0 and ¢ = 1, has to satisfy
the compatibility condition (cf. [11], [15], [25])

m(yp) = L cop(l —¢)  with some constant ¢y > 0,

f"(p)
which entails that we have the relations
m(e)f'(¢) =co, m(e)Vu=coVe+m(p) Vu. (1.9)

Moreover, throughout this paper we assume that the given constants 31, (2, B3 in (1.1) are
nonnegative, while o € L*(Q) and ¢q € L*(Q) represent prescribed target functions of
the cost functional .J. We could generalize both the expressions of J and of the potential f,



but we restrict ourselves to the above situation for the sake of a simpler exposition. In particular,
we could consider the case when

f € C?*(0,1) is strictly convexin (0,1), Im(f)~'=10,1],

L. ,
— is strictly concave in (0, 1),

f'//

and, for example,
m € C*([0,1]) satisfies m(p)f"(¢) > co > 0 forevery ¢ € [0,1].

Other interesting problems would be related to the case of more general potentials and mobili-
ties, but also to the optimal control problem related to the coupling of (1.2)—(1.6) with a Navier—
Stokes system governing the evolution of the velocity v. The existence of weak solutions to
such coupled systems and their long-time behavior have recently been studied in [14] in the
two- and three-dimensional cases. The analysis of an associated control problem in the 2D
case will be the subject of a forthcoming paper.

Plan of the paper. The paper is organized as follows: in Section 2, we recall known results
regarding the well-posedness of the PDE system (1.2)—(1.6) as well as the related separation
property. We also prove a continuous dependence result (Lemma 2.1) which is needed for the
analysis of the control problem. In Section 3, we prove the main results of this paper concerning
existence and first-order necessary optimality conditions for the optimal control problem (CP).

Throughout this paper we will denote the norm of a Banach space E by || - || z. In the following,
we will make repeated use of Young’s inequality

1
ab§6a2—l—£b2 forall a,b € R and § > 0, (1.10)

as well as of the fact that for three dimensions of space the embeddings H'(Q2) C LP(12),
1 <p<6,and H?(Q) C C°(R) are continuous and (in the first case only for 1 < p < 6)
compact. Moreover, we recall that for smooth and bounded three-dimensional domains there
hold the special Gagliardo—Nirenberg inequalities

ol < B (lollie Ioliie + lole@)  Voe H'(@), @)

[l < Ka (0l 0l5he + lolee)  Yoe H(Q),  (12)

where the constants IAQ > 0 and IA(Q > () depend only on €2; observe that (1.10) and the
continuity of the embedding W14(Q) C L°°(2) imply that for every § > 0 it holds

~

K3

HUH%‘&(Q) < 5”““%{1(9) + 5 ||UH%Q(Q) Yve H'(Q), (1.13)
K4

[0l < dlvllte@ + HUHHl(Q) Vo e H*(Q), (1.14)



where also IA(;; > (0 and IA(4 > () depend only on 2. Finally, for the sake of a shorter exposition,
we denote by K the integral operator that assigns to ¢ the function w through (1.4); that is,
we put

K(g)(a.1) = / Bz — y)(1 - 2y, 1)) dy. (1.15)

Q

2 Well-posedness of the state system

In the following, we study the state system (1.2)—(1.6). To fix things, we assume for the set of
admissible controls:

(H1) Vg = {v=(v,09,u3) €V: vy, <v; <0y, ae.in Q, i=1,2,3,
IVl @3 + Vil < VY,

where V' > 0 s a given constant and vy,,v5, € L>®(Q), i = 1,2,3, are given
threshold functions; we generally assume that V,q # ().

Observe that V,q is a bounded, closed, and convex subset of ), which is certainly contained
in some bounded open subset of V. For convenience, we fix such a set once and for all, noting
that any other such set could be used instead:

(H2) Vi CV isanopen set satisfying V.q C Vg such that, forall v € Vg,

||V||L2(0,T;H1(Q)3) + ||VHLoo(Q)3 + HVt”L2(07T;L3(Q)3) < R. (2.1)

Before stating some known results on the well-posedness of the state system (1.2)—(1.6), we
now formulate the general assumptions for the problem data. We remark at this place that not
all of these assumptions are needed to ensure the respective results concerning existence,
separation, uniqueness, and regularity; however, they are indispensable prerequisites for the
continuous dependence result of Lemma 2.1 below, which will be needed for the derivation of
necessary optimality conditions for the control problem. Since we focus on optimal control here,
we have decided to impose the corresponding (stronger) conditions from the very beginning in
order to avoid any confusion. We make the following assumptions:

(H3) o € H*(QY), andthereissome ko >0 suchthat 0 < ko< @y <1—ko<1

a.e.in ).

(H4) f(p) = plog(p) + (1 —¢)log(l —p) for 0 <p <1, f(0)=f(1)=0,
f(po) € LY(Q).

(H5) m(p) = f,f—&p) for 0 < ¢ < 1, with some co > 0.

(H6) fQ fQ k(lz —y|)dedy =: kg < +00, Sup,ecq fQ k(|z —y|)|dy =: k < +o0.



(H7) Vpe [ Elk >0: H_2 fQ |JJ - y| )dyHWLp(Q) < k:l? HZHL”(Q)
forall z € Wl’p(Q).

(H8) For p € {2,3} thereissome s, >0 suchthatforall = € WHP(Q) it holds
=2 Jo ke = ) () dyl 0y < sollzlwroce-

We now collect some known results for the state system. At first, we claim that the system
(1.2)—(1.6) admits under the hypotheses (H1)—(H8) for any v € Vpx a unique solution triple
(¢, w, ) such that

p € WH2(0,T; L*(Q)) N HY0,T; H'(Q)) N C°([0, T]; HA(Q) N C°(@).  (2.2)

Indeed, adapting the proof by Gajewski and Zacharias (see [15, Thm. 3.5] and also [14, Thm. 4
and Prop. 4]) to the case v # 0, one can first establish the existence of a unique weak solution
(p,w, ) to (1.2)—(1.6) such that

0 € L*0,T; H'(Q)), ¢ € L*(0,T; H(Q)*), 0<p<1 ae.in @, (23)

/ap(x,t) dz = / wo(x)dz Vit e|0,T], (2.4)
Q Q
w e L0, T; Wh=(Q)). (2.5)

Next, we adapt the argument of Londen—Petzeltova (see [25, Prop. 3.1]) to the present situation
to conclude that there is a constant x € (0, 1), which is independent of the choice of v € Vg,
such that the weak solution satisfies the separation property

0<k<p<l—kK<1l aein@. (2.6)

Finally, we can argue as in the proof of [25, Thm. 2.2] to conclude the additional regularity
property (2.2).

Remark 1. A closer inspection of the abovementioned proofs reveals that there is a constant
61 > (), which only depends on the data of the system and on the constant 2, such that we
have

[l w0 (0,7522 (02 (0,751 ()00 (0,7 H2 ()0 @) < Ci, (2.7)
whenever ¢ is the first component of a solution (y,w, ;1) associated with some v € Vg.

But then it follows from the hypotheses (H7) and (H8) that, in particular,

~

w2 0,820 + W] coqom;m2@)nL0.mw 1= @) < Co, (2.8)

where also 62 only depends on the data and R . Moreover, the separation property (2.6) holds
even pointwise for every (z,t) € ), whence it follows that

" B .
max 119 (e Neo@) < Cs, (2.9)



where, again, (73 only depends on the data and R. Therefore, we can conclude from (1.3)
that ~
el 20,m20)) + 11l oo, m2@)npe 0 mwie @) < Ca, (2.10)

where also 64 only depends on the data and R. In the remainder of this paper, we denote
Kf = MmaXji<i<q Cz

Remark 2. The separation property (2.6) and the hypotheses (H4) and (H5) also entail the
estimate c o
ZO > m(e(x,t)) > cor(l—k) > 0 forevery (z,t) € Q. (2.11)

This means that under the given hypotheses neither the possible degeneracy of m nor the
possible singularity of f’ can become active. Also, we may without loss of generality assume
(by possibly choosing a larger K7') that

Im(@)llcog) + 1M (D)o@ + M (D)o@ < K- (2.12)

We will now show a global stability estimate. We have the following result.

Lemma 2.1. Let the hypotheses (H1)—(H8) be satisfied. Then there exists a constant K5 > 0,
which only depends on the data of the state system and on R, such that it holds: when-
ever vi,vy € Vg are given and 1,2 € WH(0,T; L*(Q)) N HY(0,T; H(Q)) N
C°([0,T); H*(S2)) denote the associated solutions to the state system (1.2)—(1.6) and w; , wy
the corresponding nonlocal operators according to (1.4), then we have for ¢ = p1 — @2,
W =W — Wy, V= V] — Vo, that

t t
/ o) oy ds + [0(®) 2y < 3 / V()| Esqpds Vie[0.7). (219
0 0

PROOF. In the following, the symbol C' will denote positive constants, which possibly differ from
line to line or even within lines. They may only depend on the problem data and R. To begin
with, we observe that (y, w, u) satisfies

¢r — div(m(p1)Vin —m(p2)Vie) = —v-Voi — vo-Vp aein @, (2.14)

= f(e1) = f'(p2) +w aein Q, (2.15)

w(z, t) = —2/ E(lx —y|)e(y,t)dy ae.in @, (2.16)
0

©(0) =w(0) =p(0)=0 ae.in Q. (2.17)

We also notice that, owing to (1.3), (H2) and (1.9), we have

(M) Vi —m(p2)Vie) = co Vo + (m(p1)Vwy — m(e2) Vws)
=co Vi + (m(p1) — m(p2))Vwr + m(p2)Vu. (2.18)



Hence, testing (2.14) by ¢, we have, for every ¢ > 0,

3 IOl + <o / [ 9ol aras < [[ el aras

/ / im(1) — ml2) || Veor][Vip| dads + / / im(2) ||Vl | V| da ds

v [ [ Miveliplaras 219
0/

We denote the four integrals on the right-hand side by [j(t), 1 < 3 < 4,inthat order, and
estimate them individually. At first, it follows from (2.1) and Young’s inequality that

t t
) < @// |V¢|2dxds + C// |<p|2dxds. (2.20)
8 JoJa 0Jo

Next, from the mean value theorem, (2.12), (2.8), and Young’s inequality we infer that

c t t
B0 <Y [ 196 dras + € [ 190106) g Ie(6) s

t t
SC—O// Vp|*drds + C//|g0|2dxds. (2.21)
8 JoJa 00

Moreover, (2.11) and Young’s inequality imply that

t t
@// Vp|?drds + C//\Vw|2dxds
8 JoJa 0Jo
t t
< %0// Vp|*drds + C//|<,0|2d:pds, (2.22)
0Jo 0Jo

where the last inequality follows from (H7) and (2.16). Finally, we employ (2.7), Hoélder’s and
Young’s inequalities, as well as the continuity of the embedding H'(2) C L*(€2), to conclude
that

Is(t)

IN

t
0= C [ IVl 196105 s s ds
0
co [* 2 ! 2 2
<3 i ()51 ds + C i 01 () Ir20) 1V ($)]720)2 ds

co [* t
0JQ 0

Combining the estimates (2.19)—(2.23), and invoking Gronwall’s lemma, we have thus shown
that for any ¢ € [0,7"] we have

max [l0(s)]2s0 / lo(5) ey ds < € / V) oo s, (224)

0<s<t

8



where the constant C' depends only on the data of the system and R.

Having established the stability estimate (2.24), we can now proceed to prove the stronger
estimate (2.13). To this end, we multiply (2.14) by ¢, and integrate over Q x [0, ¢], where
t > 0. Integration by parts and (2.18) yield that

t 3
¢
[ [ lePazas + 21960len < Y1), 225
0/ i=1
where
t
L(t) = —//(m(gpl)le — m(p2)Vws) - Vi drds,

0/a

Lt) = —AX(v-v¢1)¢tdxds,
I3(t) = —/Ot/Q(VQ V) prdards.

We estimate these expressions individually. The last two terms are easily handled. Indeed,
owing to (2.7), Hélder's and Young’s inequalities, and due to the continuity of the embedding
H'(2) C L5(2), we have, for any v > 0 (to be specified later),

t
(1)) < C/O v (s)ll sy [[Vepr(s) sy [[n(s)ll 2o ds

t C t
< 4 / / o deds + & / / 101 (5) 2 I1V(S) 25 s s
<o [[1arards + [ [ Ivelasds. 226)

Similarly, by also using (2.1) and (2.24), we obtain that

t
OIS [ [ alo)lmes [Tz )y s
0

' 2 c [ 2
<o [ [ el ards + S [ 1ol ds
0/ 7 Jo
t C t
< 7// lo[* dzds + —/ ||V(3)||%2(Q)3 ds. (2.27)
0/ 7 Jo

It remains to estimate the first integral. First notice that integration by parts with respect to time,
together with (2.17), yields

It = - / (m(2)Vaon — ml(p)Vuwn) - Vi) (1) da

+ /O/Q(m(gol)le — m(p2)Vws), - Vodads =: I1(t) + L12(t) .



Using the mean value theorem, (2.8), (2.12), (H7), and Young’s inequality, we obtain
[Tu(8)] < /Q [m(1(t)) — m(pa(t)|[Vwr ()| Vo (t)| dz
+/QIm(wz(t)ﬂle(t)HVsO(t)ld:B
< C(le@®llza@ Vor®lliz=@q + [Vwt)llra@s) Vet 2@

C
< Y IV 22 + 7||90(t)||2L2(Q)

C t
< 7 IVl + = / IV ($)|22(qys ds, (2.28)
0

where the last inequality follows from (2.24).

Finally, we estimate I12(¢). We have

t
Ta(t)] < / / (1) — ' (i22) |01l [ Veor || Vo] s
0
t
+ [ [ mellal Tul Vel dz ds
0JQ
t
T / / 1 (92 [ ol V20| Vo] d ds

// Im(p1) — m(p2)||Vwi ||Vl dz ds

// im ()| | Vewn|| Vo] daz ds

= Ji(t) + Jo(t) + J5(t) + Ju(t) + J5(t) . (2.29)

We estimate the terms on the right-hand side individually. First, invoking the mean value the-
orem, Hélder’s inequality, the continuity of the embedding H'(Q2) C L*(Q), as well as (2.7),
(2.8), (2.12) and (2.24), we find that

t
|J1(t)] < C/ lo(s) | ey lone(8) Iy [[Vwi(s)]| Loy V()| L2(e)s ds

< ¢ [ Il ds < € [ V6l ds. 230

Similarly, using (2.8), (2.12), (2.24) and Young’s inequality, we have

| J2(t)] < / [[m (02(3)) oo () 1l0(8) | 20 [ Vw1 (8) || oo )3 V()] 2(q)s ds

< // loe|? dz ds + —/ V()1 72 (s ds - (2.31)

10



Also, invoking (2.7), (2.12), (H7), the continuity of the embedding H*(2) C L*(§2) and (2.24),
we find the estimate

t
[ J3(t)] < /0 I (02 (8) [ (@) [l@2.6(5) | ooy IVw(s) || s (s (Vo (s)l] L2(s ds

t t
< C/O () zao lle(s) [ (@) ds < C/O IV ($)lZ2(0s ds- (2.32)

Similarly, again using (2.7), (2.12), (2.24), together with Hélder’s inequality and (H7), we obtain
that

t
[Ja(t)] < C/O () |1 [[Vewr ()| [Ve(s)llz e ds

t t
<cC / I () ey lne(®)ll sy ds < € / V() |Eaqpds.  (233)

Finally, we conclude from (2.12), (H7), (2.24), as well as Holder’s and Young’s inequalities, that

)] < C / 19n(8)l| 22y [IV0(5) | 2 (cys ds

< / o ()llzxc@n () sy

< v// | [* dzds + —/ ||v(s)|\%2(m3 ds. (2.34)

0/ Y Jo
Combining the estimates (2.25)—(2.34), observing the continuity of the embedding L3(f2) C
L*(€2), and adjusting v > 0 appropriately small, we have finally shown the assertion. [

Remark 3. By virtue of (H7) and (H8), the stability estimates (2.13) and (2.24) entail corre-
sponding estimates for w and . In particular, we may without loss of generality assume (by
possibly choosing an appropriately larger K > 0) that for all ¢ € [0, 7] we have

t t
/0 17w (3) o ds + ]y < K / V() 2o ds.  (235)

IN

t t
/ 190 (3) Bagys ds + 1l moiramroieny < K3 / V() |Esqpds.  (236)
0 0

3 Optimal control

In this section, we study the optimal control problem (CP) with V.4 defined as in (Hl) and
we assume that the general assumptions (H2)—(H8) are satisfied. Notice that, owing to Lemma
2.1, the control-to-state operator

S Vg — W0, T; L*(Q) N HY0,T; H(Q)) N C°([0,T); H*(Q)); v = o,

11



is well defined and Lipschitz continuous as a mapping from Vy (viewed as a subset of
L*(0,T; L*(Q)?)) into H'(0,T; L*(Q2)) N C°([0,T]; H'(£2)). Moreover, all of the global
bounds (2.7), (2.8), (2.9), (2.10), (2.12), as well as all of the stability estimates (2.13), (2.25),
(2.35) and (2.36), are satisfied.

We are now ready to prove existence for the control problem (CP).

Theorem 3.1. Suppose that the hypotheses (H1)«H8) are fulfilled. Then the problem (CP)
admits a solution v € V.

PROOF. Let {v,} C V.4 be a minimizing sequence for (CP) and ¢,, = S(v,,), n € N. Then
it follows from (H1) and (2.7) that there exist (v, ) such that, possibly for a subsequence which
is again indexed by 7, we have

v, — v weakly starin L?(0,T; Hj,, () N L=(Q)*) N H'(0,T; L*(Q)?),
©n — @ weakly starin W°(0, T; L*(Q)) N H'(0,T; H*(Q)) N L>=(0,T; H*(Q)) .

Clearly, v € V,q. In addition, by virtue of standard compactness lemmas (cf. [23, Thm. 5.1,
p. 58] and [30, Sec. 8, Cor. 4]), we have the strong convergences

v, — v strongly in C°([0,T]; L*(Q)?),
¢on — @ stronglyin C°([0, T]; H*(Q)) Vs €10,2),

which implies, in particular, that
©n — @ strongly in C°(Q).
Owing to the separation property (2.6) and the assumptions on f and m, we also have
f'(on) — f(@) and m(p,) — m(p), bothstronglyin C°(Q) .

Finally, it is easily deduced from (H6) that {w,, := KC(¢,)} converges strongly in C°(Q) to
w := K(p) (recall (1.4) and (1.15)). In summary, we can pass to the limit as n — oo in (1.2)—
(1.6), written for (v,,, ,), finding that ¢ = S(v); i.e., the pair (v, ¢) is admissible for (CP).
It then follows from the weak sequential lower semicontinuity properties of J that i, together
with the associated state ¢ = S(V), is a solution to (CP). ]

We now turn our interest to the derivation of necessary first-order optimality conditions for prob-
lem (CP). Referring to [31] for a detailed discussion and description of the various techniques
related to optimality conditions, we proceed as follows: we first prove a suitable differentiability
property for the control-to-state operator S, using the linearized system, and then we establish
the necessary optimality conditions in terms of a variational inequality and the associated adjoint
state equation. In the following, we will always (unless it is explicitly stated otherwise) assume
that v € Vg is fixed and that (p, w, 1) is the associated triple solving the state system, i.e.,

p=8(v), w=K(@), pn=/[(p)+w

12



The linearized system. Suppose that an arbitrary h € )V is given. As a preparation for the
proof of differentiability, we consider the following system, which is obtained by linearizing the
state system (1.2)—(1.6) at ¢ = S(V):

6~ e~ di (@ eve —2m(e) ¥ ( [ ko= uDew. a))

=—h-Vpo —v-V¢ aein@, (3.1)
B(at) = / k(lz — y))(1 — 26(y, 1) dy ae.inQ, (3.2)
Q
(Ve +m (@) Vo —2m(@) V( [ Ko =sl)glo. ) d)) -n =0
a.e.on X, (3.3)
£(0)=0 ae.in . (3.4)

After proving that (3.1)—(3.4) has a unique solution &, we expect that £ = DS(v)h, where
DS (v) denotes the Fréchet derivative of S at v. Recalling the global bounds (2.7)—(2.12),
we can expect the regularity

€ec HY0,T; L*(Q)) N C°([0,T]; HY(Q)) N L*(0,T; H*()) . (3.5)

We have the following result.

Proposition 3.2. Suppose that the hypotheses (H1)—(H8) are fulfilled. Then the problem (3.1)—
(3.4) has a unique solution satisfying (3.5).

PROOF. The proof is performed via a Faedo—Galerkin scheme inspired by [6, Sec. 4]. To this
end, we choose {@sz}jeN to be the family of (appropriately orthonormalized and ordered)
eigenfunctions to the eigenvalue problem

A+ =Xy in ), 8_¢:0 on 01,
on

as a Galerkin base in H'(Q). Putting &,(x,t) := > ;_; ax(t)¢x(z), we then look for a
solution to the approximating problem

[avar+ [ ave - vodr+ [ (w60 va
- 2mlp0) V(| Ko = u)unt) ) - Vo

_ /Q (h(t) - V3(t))  do — / F(t) - Ve,()wdr, forte (0.7,  (36)

Q
£,(0)=0 ae.in(, (3.7)
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for every b € W,, := span {11, ..., 1, }. Apparently, this is nothing but an initial value prob-
lem for a system of linear ordinary differential equations for the unknown functions ay, ..., a,,
where, owing to the global bounds (2.7)—(2.12), all occurring coefficient functions are continu-
ous on [0, 7. It is therefore a standard matter to show that there exists some 7, € (0,7
such that the ODE system has a maximal solution a := (ay,...,a,) € C*([0,T}); R") that
specifies a solution &, € C1([0,T},); H3(Q?)). Observe that

26, _ 0A¢,
on  On

=0 onX VneN. (3.8)

We now aim to prove a (uniform in n € N) estimate for &, in C°([0,T]; H(Q2))
NL?(0,T; H*(£2)). Once this is shown, it is a standard matter to show that 7,, = T and
to pass to the limit as n — o0 to recover a solution with the asserted regularity to the lin-
earized problem (3.1)—(3.4). Due to regularity of the coefficients and of the known functions in
the system, we can also prove that the solution is unique, simply by testing the difference be-
tween two equations (3.1), written for two possible different solutions &; and &, by &1 — & and
then exploiting the linearity of the problem. Since these arguments are straightforward, we can
afford to be brief here and to restrict ourselves to the derivation of the asserted global bounds.

To this end, let ¢t € (0,7;,) be arbitrary. In what follows, C;, ¢ € N, will denote positive
constants that may depend on the data of the system but not on n € N, and we will make
repeated use of the global bounds (2.7)—(2.12) and of (2.1). First observe that the global bounds
and hypothesis (H7) imply that, for any s € [0, t],

|mtets) €u(9) Pt = 2melo) V([ (e = éalvrs) )

Q L2(Q)
< Cr[€n ()] 22(q) - (3.9)
Now we insert ¢ = &,(t) in (3.6) and integrate over [0, ] to find that
1 t 3
3160 e + o [ [ Ve Pdzds < 310, @.10)
j=1

with expressions I;(t), 1 < j < 3, that will be specified and estimated below.

Let v > 0 be arbitrary (to be specified later). We have, using (3.9) and Young’s inequality,

ol = | [ 1690 - 2m@ 9( [1e - st s)ay)] - veraas

t
< 7// V& |? drds + @//|gn|2da;ds. (3.11)
0J0Q 7 JoJa
Moreover,

RO = | [ [ 906 deds] < [ Ih(s) o Vo0 s 160(5) o ds

t t
03 </ Hh(S)His(Q)s ds + // |€n’2 dz dS) s (3.12)
0 0JQ
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as well as

[I3(¢)| = ]/Ot/Q(v-vgn)gndxds’

t
04/ [V (8)[[ 2o )3 | VEn(8) 203 [1€n(8) | 2() ds

//Wgny?dxds + —//|§n]2dasds (3.13)

Combining the estimates (3.10)—(3.13), choosing v > 0 small enough, and applying Gronwall’s
lemma, we have thus shown the estimate

IN

| A

t t
max [[&(s)[72(o +/O I1€n ()l (@) ds < 06/0 Ih(s)[Zsp ds < C7. (3.14)

0<s<t

Next, we insert 10 = —AE,(t) in (3.6), integrate by parts using the boundary condition (3.8),
and then integrate over [0, ¢]. We then obtain

1 t t
VGO + o [ [ 186 Pards < [ [l + I 186 dsds
2 0JQ 0JQ
t t
+ [ [ mivelagldeas + [ [ FIveag) deds, @.15)
0JQ 0JQ

where the functions g1, go will be specified and estimated below. Now let v > 0 be arbitrary (to
be specified later). The last two integrals on the right-hand side of (3.15) are easily estimated.

In fact, using the general bounds (2.7), as well as Hoélder's and Young’s inequalities and (2.1),
we have

t t
/0 / h|VEl|AL | deds < Ci / I(s) oo [90(5) s [ A ()] 22y ds

t O t
< 7// |A€n’2dxd5 + _9/ Hh(S)”%3(Q)3 dS, (3.16)
0J0Q 7 Jo

t t
/0 / VIIVE] AL deds < / 1905 Lot 9 (3) ] 220608 1106 ()| 2y s

t C t
< 7//|A5n|2dmds+ﬁ/ 1€ (5) 131 ds. (3.17)
0.JQ Y Jo

It remains to estimate the first integral on the right-hand side of (3.15). To this end, we first infer
from the global bounds (2.7)—(2.12) that a.e. on () it holds

as well as

g1] = Idiv ['(9) & V] | < Cu (&l (9] + |Aa]) + [V&|V4])
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where it is easily verified that the expression in the inner bracket, which we denote by z, is
bounded in C°([0, T; L*(£2)). We thus have, invoking (1.10) and (1.14),

/ / Izl AG ] deds < / 16 ()2 1205 2y MG ()] 220y s
0JQ 0

t C t
<o [ [1a6fdrds + 22 [ 6) e ds
0/ 7 Jo

t t
< 27/0 160 (8)[[372(0 ds + Chs (7_1+7_3)/0 1€ () 1y s (3.18)

Moreover, by (2.7), (1.13), and Hélder’s and Young’s inequalities, it holds

t t
/ / Vol VE|A | deds < 014/ 196(5) s(cs [1VEn(5) s [ AE ()] 22y ds
0 0

t
< 7//]A§n12da¢d +—/ IV6,(5)]25 0 dis
0JQ
t
< 24 / ()220 s

t
+Ci6 (v 777 / 160 (5)[[771 (0 s - (3.19)
0

Finally, notice that for a.e. (z,t) € () we have

o) = |aiv [2mpte ) V([ (= D0 )] \ ,

and it easily follows from (2.7), (2.12), and the hypotheses (H7) and (H8), that

/ 192(8) 220y ds < Cu / 1Ea(3) 2 ds

whence we obtain that

t t C t
// 92| | A&, dzds < 7//|A€nl2dxds + ﬁ/ 1€ ()21 ds. (3.20)
0J0 0JQ 7Y Jo

Now observe that 0¢,,/On = 0, so that standard elliptic estimates imply that

1€n () lr20) < Cro (1A&(9) I r2@) + 6n ()l z2e) -

where C19 > 0 depends only on 2. Therefore, choosing v > 0 appropriately small, and
invoking (3.14), we can infer from the estimates (3.15)—(3.20) that

t t
e 653y + [ 16005) oy ds < Can [ D) s ds < Cur. (@20
0 0

0<s<t

This concludes the proof of the assertion. ]

Remark 4. From (3.21) it follows, in particular, that the linear mapping h — ¢ =: &P is
continuous as a mapping from V into the space C°([0,T]; H*(2)) N L*(0, T} HQ(Q)).
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Differentiability of the control-to-state mapping. In this section we are going to prove the
following result:

Proposition 3.3. Let the hypotheses (H1)—-(H8) be satisfied. Then the control-to-state operator
S : Vg — Whe(0,T; L(Q)) N H'(0,T; H'(Q)) N C°[0, T]; H*(Q)), v — ¢,

is Fréchet differentiable in Vg as a mapping from V into Y = C°([0,T]; L*(Q))
NL2(0,T; H'(2)), and for every v € Vg the Fréchet derivative DS(v) € L(V,)) is
given by the relation

DS(v)h = &P, (3.22)

where &8 is the unique solution to the linearized system (3.1)~(3.4) with = S(V).

PROOF. Let v € Vg be fixed, and let = S(V). Since Vg is open, there is some A >
0 such that v + h € Vi whenever |lh|ly, < A. In the following, we only consider such
perturbations h and set

vi=v+h, ¢"=8KW"), P=¢"-p-¢".

Since the linear mapping h — &M is by Remark 4 continuous as a mapping from V into ), it
suffices to show that there exists an increasing mapping Z : (0, +00) — (0, +00) such that
limy\ 0 Z(\)/A? =0 and

h|2

19710 o,11:L2 @z () < Z([[hfly) - (3.23)
In the following, we will denote by C};, ¢ € N, positive constants that may depend on the data
of the system and on R, but not on the special choice of h € V with ||h||,, < A. For a shorter
exposition, we also often omit the arguments of the involved functions if no confusion may arise.
Notice that the global bounds (2.7), (2.9) and (2.12) are satisfied by gph for any perturbation

h with ||h|[y, < A, and, owing to the weak sequential lower semicontinuity of norms, it follows
from (3.21) that for all such perturbations we have

||fh||CO([O,T];Hl(Q))mL?(o,T;m(Q)) < (. (3.24)

First of all, it is easily verified that yh is a “strong” solution to the following system:
o = g aiv () V([ Ko~ o)1 - 204 )
Q
~m(@)V ([ Kl - )1~ 20)y)
Q
=@ € ( [ K- u)1 - 20)dy)
Q
+2m(e)v( [ Ko=) ) ay)]
Q
+v-Vy* + h- (V" - V@) =0 ae.in@Q, (3.25)
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vt ) ([ ko= a1 - 267 a0)

— @)V ( [ k(e =yl - 27) dy)

~ (@) €9 ( [ kil = a1 —2¢) )

+2m(<ﬁ)V(/Qk(]a: — y))er(y) dy)] n=0 aeony, (3.26)

y*(0) =0 ae.inQ. (3.27)

We now test (3.25) by y", integrate over (0,t) where t € (0,77, and use (3.26) and (3.27) to
get

I @ + [ [ 199 aras
v [ [ v {mien ([ re - - 2ema)
~m(@)V( [ k(e =1~ 27) dy)
—m' ()9 ([ klla = al)(1 = 2¢) )
+2m(@)v</ﬂk(|x—y|)§h(y) dy)} dz ds
+/Ot/9yh(v-Vyh)dxds +/Ot/Qh-(Vg0h—Vg5)yhdxds =0. (3.28)

We have f(ffg y? (v - VyP)dzds = 0, since v vanishes on 92 and is divergence free.
Moreover, using Hélder's and Young’s inequalities, as well as the stability estimate (2.13) and
the continuity of the embedding H'(2) C L°(12), we obtain that

t
/ / h- (Veh — V@)y*dzds
0JQ

t
< /IIV(sOh = @) ()22 ly" (5) ] oy [I(5) [ 3 02 ds
0

t t
Cs _
< 7/0 Iy ()l 7 (@ ds + 7/0 ()72 @) IV (" = 2)(5) 172 ds
! h 2 Cs ' 2 2
<3 [ 1O ds + ([ IR ds) 529
0 Y 0
for every positive v (to be chosen later).

It remains to estimate the third summand in (3.28). To this end, we observe that the expression
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in the curly bracket in (3.28) equals the sum of the following three expressions:

Ay(25) = (m(e™) — m(@) —m'(§) ") (z,5) ¥ / Kz — y]) (1 — 2(y, 5)) dy,
Ay, 5) = —2 (m(g") — xsv/ (2 = y) (" (5. 5) — By, ) dy.

A(z,8) = —2m(p(z, )V / k(i — y)) " (y.5) dy.

Moreover, Taylor's theorem, using also the separation property (2.6) and the global bounds
(2.12), yields that almost everywhere in () it holds

1 , )
m(e™) —m(@) —m'(@)e" < Culy®| + 5 max [m"(0)l¢" — @
2 r<o<l—

< CalyP| + G5 le" — @!2- (3.30)

Now, by virtue of hypothesis (H7) and (2.8), and by invoking Hélder’s and Young’s inequalities,
we have

t t
| [1awstiards < G [ [ (5 + 16" = o) 9" dods

0JQ 0 Q

t
<Co [ [ (W + 16" =) 9Pl daas
8 t

< [[(row + L) aras + [ (1" = olnll ToP iz o) ds

<27//|Vyh|2dxds + — //|yh|2dxds + / IIh(s ||L3(dis> ), (3.31)

where again (2.13) was employed. Similarly,

t t
14l deds < Cuo [ 1956 o 6(5) = (5] oy ds

t
<4 / / VP deds + 1 / 10"(5) — B() [y ds (3.:32)
0JQ

as well as, using hypothesis (H7) once more,
v [ Ko = st .s)
Q

t t
//‘Ag\\Vyh!dxdsﬁcl2/ RO] FRE
) 2(02)?
t
< 7//|Vyhl2d:cds + == //!thdedS (3.39)
0JQ

Collecting the estimates (3.28), (3.29) and (3.31)—(3.33), choosing v > 0 small enough, and
invoking the stability estimate (2.13), we can finally conclude from Gronwall’s lemma that

T 2
Hyh”%0([O,T];LQ(Q))QLQ(O,T;Hl(Q)) < Cl4</ ”h(t)”%3(9)3 dt) < Cis ||hfly,.  (3.34)
0
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This concludes the proof of Proposition 3.3. ]

Using the convexity of V.4, we immediately conclude from Proposition 3.3 the following result.

Corollary 3.4. Assume that the hypotheses (H1)<(H8) are fulfilled, and let v € V.q be an
optimal control for problem (CP) with associated state p = S (\7‘) Then we have for every
v € V.q the inequality

5 | [ -vaearas s g [ G0 - e

T
+ﬂ3//v-(v—v)dxd320, (3.35)
0 JQ

where & h s the unique solution to the linearized system (3.1)—(3.4) associated with h = v —+v.

The adjoint system and first order necessary optimality conditions. In order to establish
the necessary first order optimality conditions for (CP), we need to eliminate £ from inequality
(3.35). To this end, we introduce the adjoint system which formally reads as follows:

=0 dp = - [ m @)V ( [ K o)1 - 2000 0) dy)

Q
- Q/QVp(y,t) m(p(y,t)) - VE(lz —y|) dy = Bi(p — pq) in Q, (3.36)
@ =0 on X, (3.37)
on
p(T) = B2(6(T) — ) ae.in . (3.38)

Since the final value p(T') only belongs to L?({2), we can at best expect the regularity
pe H'(0,T; H()") N C°([0,T]; L*(Q)) N L*(0,T; H' (),

which entails that (3.36)—(3.37) must be understood in the weak variational sense. To this end,
we denote by (-, -) the dual pairing between H'(2)* und H'(£2). We then rewrite (3.36)—
(3.37) in the form

(pe(t),m) + co/QVp(t) -Vndx
= [ 090 [v0) + m@e)V( [ Ko = o)1 - 2600, dy) ] do
=2 [0 [ Ity m(@(0.0) - Vi(e =y dyde = [ 06 (610) = () do.

(3.39)

for every n € H'()) and almost every ¢ € (0,T)).

We have the following existence and uniqueness result.
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Proposition 3.5. The adjoint system (3.36)—(3.38), written in the weak form (3.39), has a
unique solution

p e HY0,T: H'()") N C([0,T]; LA(Q)) N LA(0, T; H(2)).
PROOF. The proof is analogous to the first part of the proof of Proposition 3.2. In fact, one can
again devise a Faedo-Galerkin approximation scheme, for which estimates similar to the ones
leading to (3.14) can be performed. An estimate resembling (3.21) cannot be derived since
B1 (¢(T) — pq) does not necessarily belong to H'(£2). One then obtains a weak solution

that enjoys the asserted regularity and turns out to be unique. Since these arguments are rather
standard and straightforward, we can afford to omit the details here. [ |

We are now in the position to eliminate §h from (3.35). We have the following result.

Theorem 3.6. Assume that the hypotheses (H1)—(H8) are fulfilled, and let v € V,q be an
optimal control for problem (CP) with associated state ¢ = S(V) and adjoint state p. Then we
have for every v € V,q the inequality

T T
ﬂg//\_/-(v—\_/)dxdt+//p(v—\_/)-VgpdxdtZO. (3.40)
0 Ja 0 JQ
PROOF. This is a standard calculation that can be left to the reader. We only note that we have
T
5 [ (o= vyt + 6 [ (A1) - o) (D)o
0 Jo Q
T T
=ﬁl/ /Q(@—wcz) & dadt + / ((pe(t), €7(1)) + (&8(1),p(1))) dt
0 0

T
://p(v—\‘/)~Vgodxdt, (3.41)
0 JQ

where the last equality easily follows from inserting for p;(t) and &/(t), using the adjoint
system and the linearized system, and then integrating by parts. |

Remark 5. The state system (1.2)—(1.6), written for ¢ = ¢, the adjoint system and the varia-
tional inequality (3.40) form together the first-order necessary optimality conditions. Moreover,
since V,q is a nonempty, closed, and convex subset of L2(Q)3, (3.40) implies that for 33 > 0
the optimal control v is the L?(Q)?-orthogonal projection of —3; 'p V% onto V,q.
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