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Abstract

We address the analysis of a model for brittle delamination of two visco-elastic bodies, bonded
along a prescribed surface. The model also encompasses thermal effects in the bulk. The related
PDE system for the displacements, the absolute temperature, and the delamination variable has a
highly nonlinear character. On the contact surface, it features frictionless Signorini conditions and a
nonconvex, brittle constraint acting as a transmission condition for the displacements.

We prove the existence of (weak/energetic) solutions to the associated Cauchy problem, by ap-
proximating it in two steps with suitably regularized problems. We perform the two consecutive
passages to the limit via refined variational convergence techniques.

1 Introduction

This paper deals with the analysis of a model describing the evolution of brittle delamination between two
visco-elastic bodies 24 and Q_, bonded along a prescribed contact surface I'¢, over a fixed time interval
(0,7). The modeling of delamination follows the approach by M. FREMOND [Fré88, Fré02|, which
treats this phenomenon within the class of generalized standard materials [HN75]. More precisely, the
adhesiveness of the bonding is modeled with the aid of an internal variable, the so-called delamination
variable z : (0,7) x ' — [0,1], which describes the fraction of fully effective molecular links in the
bonding. Hence, z(t,2) = 1 means that the bonding at time ¢ € (0,7) is fully intact in the material point
x € T'e, whereas for z(t,z) = 0 the bonding is completely broken. The weakening of the bonding is a
dissipative and unidirectional process, which is assumed to be rate-independent. These facts are modeled
by the positively 1-homogeneous dissipation potential

ar]3| if <0,

i (1.1a)
400 otherwise,

Ri(2) :=/F Ri()dS  with Ry(%) ::{

where Z is the partial time-derivative of z. A further dissipative process is due to viscosity in the bulk
and the amount of dissipated energy is described by the positively 2-homogeneous dissipation potential

Ro(e) = /Q\F Ro(¢)dz  with Ra(6):=1Le:D:eé (1.1b)
C

acting on the rate of the linearized strain tensor e. Here, 2 = Q_UT-UQ, and D is a positively definite,
symmetric fourth order tensor. In particular, the specific dissipation rate R(e, 2) = Ra(é)dx + R1(2)dS is
in general a measure which reflects the mixed (i.e., rate-dependent and rate-independent) character of the
model. Its absolutely continuous part is given by the (pseudo)potential of viscous-type dissipative forces
in the bulk. The possibly concentrating part, supported on I'¢, features the rate-independent dissipation
metric Ry.

The visco-elastic response in the bulk material is modeled with the aid of Kelvin-Voigt rheology. This
rheological model can be described by a parallel arrangement of a linear spring, which instantaneously
produces a deformation in proportion to a load, and a dashpot, which instantaneously produces a velocity
in proportion to a load. In other words, in a Kelvin-Voigt visco-elastic solid, a sudden application of a
load will not cause an immediate deflection, since it is damped (cf. dashpot arranged in parallel with the
spring). Instead, a deformation is built up rather gradually. Hence, the stress tensor of a Kelvin-Voigt
visco-elastic solid is of the form o = C : e+DRg(¢é), where C is a symmetric, positive definite fourth order
tensor and DRy is the derivative of the viscous dissipation density Ra; hereafter, with D we will denote
the Gateau derivative. For more details on the rheological modeling of visco-elastic solids the reader is
referred to e.g. [Fun65].

As a further constitutive property of the bulk material it is assumed, that temperature changes cause
additional stresses due to thermal expansion. Following [Roul0], for the stress tensor including visco-
elastic response and thermal expansion stresses we use the ansatz

o(e,é,0) . =C:e+DRy(é) —0C: E (1.2)



with 6 > 0 the absolute temperature and E the symmetric matrix of thermal expansion coefficients.

The unknown states in our model are given by the displacement field u : (0,7) x Q- UQ, — R%, the
delamination variable z : (0,7) x ' — [0,1] and the absolute temperature 6 : (0,7) x Q@ — (0,00). The
PDE system describing their evolution consists of the momentum balance for u, the heat equation for 6
and a flow rule for z, which couple the three unknowns in a highly nonlinear manner, see Section 2.1.
In the analysis, however, we will treat a weak formulation of this PDE system, the so-called energetic
formulation. This notion stems from the fact that this formulation involves the energy and dissipation
functionals related to the PDE system.

For the delamination system the overall Helmholtz free energy ¥ = ¥(u, z,0) consists of a bulk and
of a surface contribution

U(u, z,0) = WP (y, 2, 0) + U (y, 2, 0), (1.3)

where WPk (y, 2 0) = fQ\FC W(e(u),0) dz with W (e, 0) := Je : o(e,é,60) — 1o(0). Here, o is defined by
(1.2) and vy : (0,400) — R is a strictly convex function. While —1(8) is the (purely) thermal part of
the free energy, the (purely) mechanical part is given by the functional

®(u, z) := O (u) + @Surf([[u]] ,2), (1.4)

where

PPuk(y) = / t1e:C:edz and q)surf([[u],z) = / (bsurf([[u]] ,2)dS. (1.5)
O\Tl'c Tc

At fixed temperature, for fully rate-independent systems the energetic formulation was developed in
[Mie05, MT04, FMO6], and in this setting it is solely defined by the global stability condition and the
global energy balance, ie. (u,z) : (0,7) — Q is an energetic solution of the rate-independent system
(Q,®,Ry), given by a state space Q, the energy functional ® and the dissipation potential Ry, if for all

€ (0,7):

V(u,2)€Q: P(t,ult),z(t) <P(t,a,z) + Ri(2 — 2(t)) (stability), (1.6a)

O(t,u(t), z(t)) + Ri(=z(t) —=2(0)) =2(0, u( / P (s,u(s),z(s))ds (energy balance). (1.6h)

However, conditions (1.6) do not supply a suitable energetic formulation in the temperature-dependent,
viscous setting. For this context, a suitable notion was introduced in [Roul0], see Definition 3.3 here.
Instead of the two conditions (1.6), the energetic formulation in the temperature-dependent, viscous
setting consists of four conditions: a weak formulation of the momentum balance for u, a weak formulation
of the heat equation for 0, a so-called semistability condition for z and an energy (in-)equality. The
latter two conditions correspond to those in (1.6). In particular, the notion of semistability highlights a
significant difference, as, here, stability is only tested for z, while w is kept fixed as a solution u, i.e.

Vit e (0,T) Vtest functions 2 :  ®(t, u(t), 2(t)) < (¢, u(t), 2) + Ri(Z — 2(1)) (semistability) . (1.7)

The analogous minimality test for u with fixed solution z corresponds to the weak formulation of the
momentum balance. Hence, we want to stress that the energetic formulation in the sense of [Roul0]
splits the rate-independent stability condition (1.6a) into two separate conditions: the weak momentum
balance for u (with z fixed) and the semistability for z (with u fixed).

The adapted energetic formulation of Definition 3.3 will be analyzed for our delamination model in
visco-elastic solids with thermal effects. In particular, we aim at a model for brittle delamination, i.e. it
involves the

brittle constraint: z[u] =0 a.e. on (0,7) x e, (1.8)

where [u] is the jump of u across I'c. This condition allows for displacement jumps only in points = € T,
where the bonding is completely broken, i.e. z(t,2) = 0; in points where z(¢,z) > 0 it ensures [u] = 0, i.e.
the continuity of the displacements. In other words, the brittle constraint (1.8) distinguishes between the
crack set where the displacements may jump and the complementary set with active bonding, where it



imposes a transmission condition on the displacements. Moreover, our model contains a non-penetration
constraint ensuring that the two parts of the body, Q2_ and Q. , cannot interpenetrate along I'¢:

non-penetration condition: [u] - n>0 ae on(0,T)xT. (1.9)

Here, n denotes the unit normal to I'¢, oriented from Q4 to €2_.

The extremely strict and nonconvex brittle constraint (1.8) causes severe difficulties in the existence
analysis, even in the fully rate-independent setting (with fixed temperature and no viscosity), which was
addressed in [RSZ09]. Therein, the existence of energetic solutions in the sense of (1.6) was not proved
directly, but by passing to the limit in a suitable approximation procedure, where (1.8) was replaced
by the so-called adhesive contact condition. The latter model involves an energy term which penalizes
displacement jumps in points with positive z, but does not strictly exclude them, i.e. the

adhesive contact term: %/ z|[u] }2 ds. (1.10)

C

The existence of energetic solutions for the related rate-independent system was proved in [KMRO06]. As
k — oo it was shown in [RSZ09] that the (fully) rate-independent systems of adhesive contact approximate
the system for brittle delamination in the sense of I'-convergence of rate-independent processes developed
in [MRS08].

Our aim is to apply a similar strategy in the viscous, temperature-dependent setting. For this, we want
to make use of the results in [RR11b] (see also [RR11a]), where the existence of energetic solutions in the
sense of [Roul0] was proved for adhesive contact in visco-elastic materials with thermal effects. However,
as this notion of solution splits the stability test into two separate conditions, weak momentum balance
for u and semistability for z, we are not able to perform the limit passage k — oo in the model from
[RR11b] without adding suitable regularization terms. These will allow us to gain additional information
which, in turn, enables us to construct test functions for the semistability condition and the momentum
balance suitably fitted to the properties of the solutions.

We postpone a thorough discussion of these regularization terms to Section 2, where we gain further
insight into the PDE system, reveal its analytical difficulties, and explain our results. At this point, let
us just mention that our regularizations will consist of a gradient term for z and of a term of p-growth
in the strain e, with p larger than space dimension, ensuring the continuity of the displacements in
each of the subdomains Q_ and Q4. It was proved in [MRT12] that the model for brittle delamination
(without a gradient of z), also treated in [RSZ09], describes the evolution of a Griffith-crack along T'c..
This means that z € {0, 1}, only, and hence z marks the crack set and the unbroken part of I'. The fully
rate-independent brittle delamination model treated in [MRT12, Tho08, RSZ09] therefore complies with
crack models treated in e.g. [BFM08, DMFTO05], but on a prescribed interface, see also [NO08, KMZ08].
In the visco-elastic, temperature-dependent setting we also want to ensure that z € {0,1} and therefore
we choose the regularization such that z is the indicator function of a set of finite perimeter in I'... As the
perimeter is a nonconvex term, not well-suited for the tools used to prove existence in [RR11b], we first
approximate it by a Modica-Mortola term (2.13). Thus, our approximation procedure is the following:

1. From the model for adhesive contact with Modica-Mortola regularization (called Modica-Mortola
adhesive contact model) we will pass to the model for adhesive contact with perimeter regularization
(called SBV-adhesive contact model) in Section 4;

2. from the SBV-adhesive contact model we will then pass in Sections 5 and 6 to the SBV-brittle
delamination model (i.e. the model which incorporates the brittle constraint (1.8), but still contains
the perimeter term for the delamination variable z € {0,1}), thus proving the main result of this
paper, Thm. 5.1.

Crucial for the passage from adhesive contact to brittle delamination in the visco-elastic, temperature-
dependent setting is the construction of suitable test functions for the momentum balance. This requires
additional information on the semistable delamination variables which solve the adhesive problems. In
fact, it involves a fine analysis of their properties based on tools of geometric measure theory, to which



we have devoted the whole Section 6. Therein, it will be proved that delamination variables which are
semistable for the adhesive or the brittle problems have the so-called support property, which excludes
that their support contains isolated subsets of arbitrarily small Lebesgue-measure or arbitrarily thin
cusps, see Definition 6.4. This property will be used to verify support convergence, which means that the
supports of the delamination variables solving the SBV-adhesive contact problems can be enclosed into
balls around the support of the delamination variable for the SBV-brittle delamination model, and the
radii of these balls tend to 0.

This support convergence will be the key property to construct test functions suited for the limit
passage in the weak momentum balance from adhesive to brittle. In this connection, let us mention that,
in contrast to the fully rate-independent case treated in [RSZ09|, pure I'-convergence of the systems in
the sense of [MRSO08] is no longer sufficient for the present visco-elastic, temperature-dependent systems.
Here, Mosco-convergence will be needed.

Plan of the paper. After further discussing and motivating our approximation of the brittle delami-
nation model via the SBV-adhesive and the Modica-Mortola adhesive systems in Section 2, in Section 3
we will first collect all the assumptions on the domain and the given data. Hence, we will introduce the
energetic formulation of the visco-elastic, temperature-dependent systems for adhesive contact and brittle
delamination and finally discuss the general strategy for proving the existence of energetic solutions. In
Section 4 we will carry out the limit passage from Modica-Mortola to SBV-adhesive contact, see Thm.
4.3, in order to obtain an existence result for the SBV-adhesive contact systems (Thm. 4.1). This analysis
relies on the existence ofenergetic solutions to the Modica-Mortola adhesive contact system, stated in
Thm. 4.2, which shall be obtained by passing to the limit in a suitable time-discretization scheme in
Appendix A.1. These results will be used in order to prove our main result, Thm. 5.1, on the existence
of energetic solutions for the SBV-brittle delamination systems. Indeed, in Section 5 we will pass with
SBV-adhesive contact to SBV-brittle delamination. As mentioned above, this limit passage bears diffi-
culties in the momentum balance, which can be solved by exploiting additional information on semistable
delamination variables, viz. the support property and the support convergence. They will be proved in
Section 6, by means of tools from geometric measure theory collected for the reader’s convenience in
Appendix A.2.

2 Analytical difficulties and our results

In this section, we first detail the classical formulation of the PDE system describing the brittle delamina-
tion model for visco-elastic materials with thermal effects. We then highlight the main difficulties related
to its analysis and motivate its approximation by the SBV- and Modica-Mortola adhesive systems.

2.1 The classical formulation of the problem

Throughout the paper we assume that  C R?, d > 2, is a bounded domain, with Q = Q, UT' UQ_ and ',
representing the prescribed (flat) interface with possible delamination. We denote by n both the outward
unit normal to 92, and the unit normal to I', oriented from Q; to Q_. Given v € WH2(Q\I'w; RY), with
vt (v7) we signify the restriction of v to Q4 (Q_). We denote by

[v] =vF|re = v |re = the jump of v across I'c . (2.1)

The PDE system, coupling the momentum equation in the bulk (2.2a) for the displacement w, the heat
equation (2.2b) for the absolute temperature 6, and the evolution (2.2k)—(2.2n) for the delamination



parameter z, formally reads:

—divo(u,u,0) = F in (0,7) x (Q\I'c), (2.2a)
cv(G)é — div (K(e(u),0)V0) = e():D:e(d) — OE:C:e(n) + H in (0,7) x (Q\I'e), (2.2h)
u=0 on (0,7) x I'y,, (2.2¢)
O’(U,’[L,Q)!FNII =f on (0,7) x Ty, (2.2d)
(K(e(u),0)Vo)n = h on (0,7T) x 09, (2.2¢)
[o]n=0 on (0,T) x T'¢, (2.2f)
[u] - n>0 on (0,T) x T'¢, (2.2¢)
o(u,u, 9)|Fcn ‘n >0 wherever z(-) =0 on (0,7) x T'¢, (2.2h)
o(u,u, 9)|Fcn- [u] =0 on (0,7) x T¢, (2.2i)
z[u] =0 on (0,7) x T'¢, (2.2)
z2<0 on (0,7) x I¢, (2.2k)
d<a+a on (0,7) x I¢, (2.21)
z2(d—ag—a1)=0 on (0,7) x T¢, (2.2m)
d € 0Ij,1)(2) + 0:Js0 ([u], 2) on (0,T) x T'¢, (2.2n)
%(K(e(u), VOl +K(e(w),0)V0ls )n+n([u],2)[0] =0 on (0,T) x I, (2.20)
[K(e(u),0)VO]-n=—a12 on (0,T) x T'¢, (2.2p)

where 02 = ', Uy with I'y, the Dirichlet and T'y the Neumann parts of the boundary 0f).

System (2.2) was derived in [RR11b, Sec. 2] starting from the Helmholtz free energy (1.3) and the
dissipation potentials (1.1); its thermodynamical consistency was shown, in the sense that the Clausius-
Duhem inequality and the positivity of temperature are satisfied. In the following lines, we will confine
ourselves to just explaining the meaning of the equations; for more details we refer to [RR11b].

In (2.2a), (2.2d), (2.2f), (2.2h), and (2.2i), the term o := D:e(v) + C:(e(u)—Ef) is the stress tensor,

which encompasses Kelvin-Voigt rheology and thermal expansion, as explained along with (1.2). Here,

C,D:RIx deyxrff are 4th-order positive definite and symmetric tensors, C potential, (2.3)

sym

viz. Cijpr = Cjirg = Cpyij, and the same for D, and the operator div C:e(u) has a potential; E € R4xd ig
a matrix of thermal-expansion coefficients. Moreover, F: (0,T) x Q — R in (2.2a) is the applied bulk
force, f : (0,T) x Iy — R? in (2.2d) is the applied traction, while H : (0,7) x @ — R in (2.2b) and
h:(0,T) x 9 — R in (2.2e) are external heat sources.

In the heat equation (2.2b), the function ¢, : (0,+00) — (0,+00) is the heat capacity of the system.
Moreover, —K(e, )VO determines the heat flux according to Fourier’s law, with K = K(e, 6) as the
positive definite matrix of heat conduction coefficients. The terms e(@):DRqo(e(2)) = e(w):D:e(u) and
—0E:C:e(t) on the right-hand side of (2.2b) are heat sources due to viscous and thermal expansion
stresses, and they generate a coupling between the heat and the momentum equation.

Further, (2.2¢) and (2.2d) are the Dirichlet and Neumann conditions for u and (2.2e) is the Neumann
condition for the heat flux across the interface; conditions (2.2g)—(2.2i) yield the complementarity form
of the Signorini contact conditions, preventing penetration of either of the bodies Q4 and Q_ along
the interface. Furthermore, (2.2j) is the brittle constraint, which can be interpreted as a transmission
condition on the contact surface I'c, as explained along with (1.8).

The complementarity conditions (2.2k)—(2.2n) determine the evolution of the delamination variable.
In particular, (2.2k) ensures the unidirectionality of the delamination process as crack healing is prevented.
In (2.21), (2.2m), the coefficient ag (resp. a;) is the phenomenological specific energy per area which is
stored (resp. dissipated) by disintegrating the adhesive. The overall activation energy to trigger the
debonding process in the adhesive is then ag +a;. Moreover, in (2.2n), 0I}o ;) denotes the subdifferential
in the sense of convex analysis of the indicator function I}y 1) of the interval [0, 1]. Here, Ifg qj is defined



by Ijpqy(r) = 0 if r € [0,1] and I}g 1)(r) = 400 otherwise. The second operator in (2.2n) refers to the
indicator function featuring the brittle constraint

0 if vz =0,

. (2.4)
+o00 otherwise.

Joo(v,2) = Iy (v, 2), He. Joo(v,2) = {

Finally, conditions (2.20) and (2.2p) balance the heat transfer across I'. with the ongoing crack growth.
In particular, the function 7 in the boundary condition (2.20) on I'¢ for 6 is a heat-transfer coefficient,
determining the heat convection through I', which depends on the state of the bonding and on the
distance between the crack tips. We refer to [RR11b, Rem. 3.3] for further details.

2.2 Regularization and approximation via adhesive contact models

The analysis of system (2.2) encounters several difficulties: first of all, the mized character of the problem,
coupling rate-independent evolution for z, with rate-dependent equations for u and 6. Let us also mention
the highly nonlinear character of the heat equation, with a quadratic term on the right-hand side. The
evolution of z is ruled by the complementarity conditions (2.2k)—(2.2n), which can be reformulated as
the subdifferential inclusion

Ol oo 0)(2(t,2)) + 01 11 (2(t, ) + O Joo ([u(t, 2)], 2(t,2)) —ao —a1 20, (t,z) € (0,T) x e, (2.5)

where 0,J denotes the (convex analysis) subdifferential of the brittle constraint J,, from (2.4) w.r.t.
the variable z, viz.
0 if 2 #£ 0 and [u] #0,
0:Joe([u],2) =4 0 if [u] =0, (2.6)
R if [u] #0 and z = 0.

Let us observe that the subdifferential inclusion (2.5) for z is triply nonlinear, featuring three multivalued
operators. An additional difficulty stems from the fact that the subdifferential of the brittle constraint
Joo depends on [u], cf. (2.6).

Nonetheless, it is the analysis of the boundary value problem for the momentum equation which brings
along the most challenging problems. Indeed, in view of (2.2g)—(2.2j), on the contact surface ', we have
for the displacement u a double constraint, namely the non-penetration [u] - n > 0, and the nonconvex
brittle constraint z[u] = 0. Such constraints are reflected in the variational formulation of the boundary
value problem for (2.2a) as a variational inequality, viz.

[[u]]-nz(), z[uﬂ =0 on (0,7) x T, and

/ (D:e(u) + C:(e(u) — EB)) : e(v — u) da > / F - (v—u)dz + f-(v—u)dz 27)
O\Tl'c Q I'n

for all test functions v with suitable regularity and such that [v]-n > 0 and z[v] =0 a.e. on (0,7) x ...
A major difficulty is that the brittle constraint involves z, and accordingly the set of test functions in
(2.7) depends on z.

The SBV-brittle delamination system. To handle the coupling of the brittle and of the non-
penetration constraints, we will approximate system (2.2) by penalizing the condition zJu] = 0 on
(0,T) x T'c. For the passage to the limit in the weak formulation of the momentum equation, a suitable
construction of approximate test functions will be needed. This construction relies on a higher spatial
regularity for the displacement variable u. Therefore, we have to regularize the momentum equation
(2.2a) by means of a tensorial p-Laplacian term, with p > d. More precisely, in the momentum balance
(2.2a) and in the boundary conditions (2.2d), (2.2f), (2.2h), and (2.2i), from now on the stress tensor o
will be given by

o = o(u,v,0) = De(v) + C:(e(u)—EQ) + H:le(u) [P~ %e(u) with p > d (2.8)



and H a fourth-order symmetric positive-definite tensor. Note that the term H:|e(u)|P~2e(u) ensures that
u € WHP(Qy) € C°(Q4) (since p > d), which is crucial for tackling the brittle constraint z[u] = 0.

Furthermore, we shall also regularize the delamination variable z through an additional gradient term
G(z). Gradient regularizations of the type §(z) = [, 1[Vz|" dz are often used in models for damage (see
e.g. [FN96, BSS05, MR06, TM10, Thol0, MRT12]), and adhesive contact [BBR0O8, BBR09]. Here, for
technical reasons which will become apparent later on, we resort to a BV-type regularization, and hence
take the state space Z for z as a subset of the space BV (') of functions on bounded variation on T'¢,
whose distributional gradient is a finite Radon measure on I'. Hence, we consider Gy(z) = b|Dz|(T¢)
for some b > 0, where |Dz|(I'c) denotes the variation of the measure Dz in I'. Moreover, we add a
further constraint in our delamination system, namely that the variable z only takes the values {0,1}.
Therefore, our model accounts for just two states of the bonding between Q4 and Q_, viz. fully effective
and completely ineffective. On the one hand, the feature that z € {0,1} makes our model closer to a
Griffith-type model for crack evolution (along a prescribed interface). Therein, the delamination variable
z individuates the crack set, and thus only takes either the value 0, or 1, see [Thol0, MRT12]. On the
other hand, such a restriction brings along some analytical advantages, as the considerations in Sec. 6
will show later on. Since z € {0, 1}, it can be viewed as the characteristic function of a set Z with finite
perimeter. Therefore, the gradient term Gy, reduces to

9b(z) = b|Dz|(I'¢) = bP(Z,I'¢), (2.9)

P(Z,T.) as the perimeter of the set Z in I'¢, cf. Def. A.7. We will also use that G, (z) = H?2(J.), where
H4=2 denotes the (d — 2)-dimensional Hausdorff measure and J, is the jump set of z € SBV(T'¢; {0,1}),
see Def. A.13. Here, SBV(I's;{0,1}) is the set of characteristic functions of subsets of I'c with finite
perimeter. In particular, the acronym SBV stands for special functions of bounded variation, which is
the subspace of BV of functions whose total variation has no Cantor part, see [AFP05] for more details.
With the regularization Gy, given by (2.9), the subdifferential inclusion (2.5) is formally replaced by

Ol oo0)(2(t,2)) + Ol 1)(2(t, 7)) + 0. Jos ([u(t, x)], 2(t, ) + OGb(2(t,2)) — ap — a1 3 0, (2.10)

for a.a. (t,x) € (0,T) x I'c. In fact, we will analyze a weak formulation of (2.10).
Throughout the paper, we shall refer to the PDE system (2.2), with (2.5) replaced by (2.10), and

the stress o given by (2.8), as the SBV-britile delamination system. In fact, we shall propose a suitable
notion of weak solution for this system, cf. Def. 3.9 of energetic solution. This solution concept consists
of the weak formulations of the boundary-value problems for the momentum equation (2.2a) with o
from (2.8), for the enthalpy equation (2.2b), of a semistability condition in place of (2.10), and of an
energy (in-)equality. Our main Theorem 5.1 states the existence of energetic solutions to the SBV-brittle
delamination system. In what follows, we hint at the strategy for the proof of this existence result, and

in doing so we motivate the two aforementioned gradient regularizations.

The SBV-adhesive contact system. In order to deal with the brittle constraint z[u] =0 on (0, T)xT'¢,
we approximate problem (2.2), with an adhesive contact problem, where (2.2g)—(2.2i) are replaced by

[u(t,z)] - n>0
o(u(t, z),u(t, x), H(t,w))}FCnJrkz(t, )[u(t,z)]) - n>0 (2.11)
o(u(t,z),u(t, x), 9(t,x))|rcn+kz(t,x)[[u(t,x)ﬂ Ju(t,x)] =0

for a.a. (t,z) € (0,T) x I'c, whereas instead of (2.10) we have
. 1
Ol —oo,0)(2(t, ) +0I1p 1) (z(t,¢))+§k| [u(t, )] |2+5‘9b(z(t,w))faofa1 50, (t,x)€ (0,T)xT¢, (2.12)
with k& > 0 a fixed constant. Formally, (2.5), along with the brittle constraint z[u] = 0 on (0,7) x T,

arises in the limit as k — oo of (2.11) and (2.12). In [RSZ09], it was proved for the isothermal, purely
rate-independent delamination model, that the brittle delamination system can be obtained by passing



to the limit as £ — oo in its adhesive contact approximation. We shall perform the limit £ — oo for
our own temperature-dependent model as well. In doing so, the most delicate step is the passage to
the limit in the momentum equation (2.2a). For this, we need to construct special test functions for its
weak formulation (cf. (2.7)). Such a construction turns out to be a highly nontrivial technical point. To
carry it out, we need the mentioned p-Laplacian regularization of the displacement variable u in (2.2a).
We also rely on the gradient regularization Gy, (2.9) for z. Indeed, such a term guarantees the strong
convergence in L1((0,T) x T'y) for every 1 < ¢ < oo for the approximate sequence (zx)g, in addition to
the weak® convergence in L°°((0,T") x I'). We shall refer to the approximate problem obtained replacing
(2.2g)—(2.2j) and (2.10), with (2.11) and (2.12), respectively (combined with the quasi-static momentum
equation (2.2a) with o from (2.8)), as the SBV-adhesive contact system. First, we shall prove existence
of energetic solutions for the related Cauchy problem in Theorem 4.1. Hence we shall take the limit
as k — oo: Thm. 5.1 states that, up to a subsequence, solutions to the SBV-adhesive contact systems
converge to solutions of the SBV-brittle delamination system.

The Modica-Mortola adhesive contact system. Since the SBV-gradient term in (2.12) is noncon-
vex, to prove existence for the (weak formulation of the) SBV-adhesive system we use a Modica-Mortola
type approximation. This kind of regularization has been well known in the mathematical literature for
more than thirty years. Indeed, in the papers [MM77, Mod&7] (see also [A1b00]), within phase transition
modeling it was proved that the so-called static Modica-Mortola functional I'-converges to the static
perimeter functional. Modica-Mortola approximations in the context of models for volume damage have
also been exploited in [Gia05, Tholl]. The Modica-Mortola functional is

Gm(z) = /1“ (mg(z) + %|Vz|2 + 1o,y (z)) ds with g(z) = 2%(1—2)? and m > 0. (2.13)

Accordingly, we will approximate the SBV-adhesive system by replacing the subdifferential inclusion
(2.12) for z, with

OI(—oo,0)(2(t, ) + Oljo 1) (2(t, z)) + %k| [u(t,z)] |2 +mg'(2(t,z)) — %Az(t,w) —ap—a1 20, (2.14)

for a.a. (t,z) € (0,T) x I'c. The resulting approximate problem will be called Modica-Mortola adhesive
contact system.

3 General setup and weak formulation

In this section we present a suitable notion of weak formulation for the visco-elastic, temperature-
dependent systems of adhesive contact and brittle delamination, i.e. the energetic formulation developed
in [Roul0]. Prior to establishing this formulation in Section 3.3, in Sec. 3.1 we perform the so-called
enthalpy reformulation of system (2.2) (and its regularizations), first introduced in [Roul0O]. Then, in
Section 3.4 the general strategy of the existence proof will be outlined. Although Definition 3.3 of ener-
getic solution does not rely on a specific set of assumptions on the geometrical setting and the problem
data, subsequent results such as Thm. 3.1 do. That is why, we have chosen to preliminarily collect all
of the assumptions on the given data in Section 3.2, appropriate for all the systems and all the limit

passages. Let us now fix some general notation.
Notation 3.1 (Function spaces) Throughout the paper, for p € (1, 00) we shall adopt the notation
WeP(\Fo;RY) = {v € WHP(O\I';RY) : v =0 onTy}. (3.1)

We recall that .
w— ulr : WHP(Q\Te) — W% (T) continuously (3.2)

with' = 09, or ' = I'¢, or I' = I'. Furthermore, we shall exploit that, for p > d, the following embedding
holds for W1?(Q.) (and obviously for the Sobolev space WP(Q;R?) of vector-valued functions)

WhP(Qy) ¢ C%(QL) compactly. (3.3)



We shall denote by (-,-) the duality pairing between the spaces W14 (Q\I'o; RY)* and WHe(Q\T'¢; RY)
and Wh4(Q\I'¢)* and WH9(Q\I'¢) for any 1 < g < oco.

For a (separable) Banach space X, we shall use the notation BV([0,T]; X) for the space of functions
from [0, 7] with values in X that have bounded variation on [0,7]. Notice that all these functions are
defined everywhere on [0, T].

Finally, throughout the paper we will use the symbols ¢, ¢/, C, and C’, for various positive constants
depending only on known quantities.

3.1 Enthalpy reformulation

Following [Roul0, RR11b], we shall in fact analyze a reformulation of the PDE system (2.2), in which
we replace the heat equation (2.2b) with an enthalpy equation, cf. system (3.6) below. This is motivated
by the fact that the nonlinear term cv(H)é makes it difficult to implement a time-discretization scheme
for (2.2b). In turn, time-discretization will provide the basic existence result for the Modica-Mortola
adhesive contact system. Therefore, following [Roul0, RR11b] we are going to resort to a change of
variables for 6, by means of which cv(H)é is replaced by the linear contribution .

Hereafter, we switch from the absolute temperature 6, to the enthalpy w, defined via the so-called
enthalpy transformation, viz.

0
w = h(0) = /0 cy(r)dr. (3.4)

Thus, h is a primitive function of ¢,, normalized in such a way that h(0) = 0. Since ¢, is strictly positive
(cf. assumption (3.8a) later on), h is strictly increasing. Thus, we are entitled to define

wy={ MW w20, o) = K(&O)
& >'{ 0 stweo, T 6w) 39

where h™! here denotes the inverse function to h. With transformation (3.4) and (3.5), the classical
formulation (2.2) of the SBV-brittle delamination system (with o from (2.8) and the additional SBV-
gradient regularization in (2.10)), turns into

— div(DR2(e(2))+DWy(e(u))—BO(w))+DW, (e(u))) = F in (0,7) x (Q\TI'c), (3.6a)
w — div(K(e(u), w)Vw) = —O(w)B:e(d) + H in (0,7) x (Q\I'e),  (3.6b)
u=0 on (0,7) x T'p, (3.6¢)
U(u,d,w)|FNn =f on (0,7) x Ty, (3.6d)
(K(e(u),w)Vw)n = h on (0,7) x 09, (3.6¢)
[o(u, i, w)]n=0 on (0,T) x I, (3.61)
[u] -n>0 on (0,7) x I, (3.6g)

o(u, i, w)|, n-n>0 wherever z(-) =0 on (0,T) x T, (3.6h)

o(u, i, w)| n-[u] =0 on (0,7T) x Ie, (3.61)
O oo 0)(2) + 0119 1)(2) + +0:Joo ([u], 2) + 0SGb(2) —ag — a1 3 0 on (0,7) x e, (3.6))
1( K(e(u),w )Vw|F + K(e(u), w)Vw|1?C)~n+7)([[u]],z)[[®(w)]] =0 on (0,7) x T'¢, (3.6k)
[K(e(w),w)Vw] -n=—a12 on (0,T) x T, (3.61)

where W, (e) := L|e|” with n € {2,p} in (3.6a) and, where we have introduced the placeholder
B:=CE.

Furthermore, in the momentum equation and in the enthalpy equation, we have incorporated the notation
from (1.1) for the dissipation potentials. With slight abuse, we also write

o(u,v,w) := o(u,v,0(w)) = [DR2(e(v)) + DW2(e(u))—BO(w))+DW,(e(u))].



With obvious changes, one also obtains the classical enthalpy reformulation of the SBV-adhesive (cf.

(2.11) and (2.12)) and of the Modica-Mortola adhesive (cf. (2.14)) contact systems.

3.2 Assumptions on the domain and the given data

Assumptions on the reference domain ). We suppose that

e QCRY d>2 is bounded, Q_, Q. , Q are Lipschitz, Q. NQ_ =0,
e 00 =T,Uly, I'y, Iy open subsets in 9Q, Ty NIy =0, HH(Ty) >0,

(3.7a)
(3.7h)

o T'. c R 1is flat, i.e. it is a subset of a hyperplane of R? and H4H(T') = L4 1(I'.) > 0, (3.7¢)

where 3?1 and L4~ respectively denote the (d — 1)-dimensional Hausdorff and Lebesgue measures.

Assumptions on the given data. We impose the following conditions on ¢, K, and 7:
¢y : [0,4+00) — RT continuous,

2d
Jui>w>——, 1 >co>0V0 R co(14+0)“ " < ey (0) < cr(140) 71,

d+2
K : R x R — R ig hounded, continuous, and
inf K(e,w)&: =k >0,

(e;w,€)ERGL xRXRE, |€]=1
and that
n:lax (]Rd X R) — R* is a Carathéodory function such that
3C, >0 301, 02 > 0 such that V (z,v,2) € TexR? xR ¢ |n(z,v,2)| < C,y(1+]v]7 +]2]72).
In particular, notice that any polynomial growth of n w.r.t. the variables (v, z) is admissible.
Remark 3.2 It is immediate to deduce from (3.8b) that
3C), C2>0 YweRT : CHwY“ —1) < O(w) < C2w'/* +1).
Moreover, it follows from (3.8b)—(3.8c) and the definition (3.5) of X that
FCx >0 V& CeR: [K(e,w)é| < Cxle]I¢]-
Data qualification. We shall suppose for the right-hand sides F', H, f, and h that
F e L0, T;WH(Q\Te; RY)*) n W0, T; WHP(Q\Fe; RY) ),
fe LX0, T L2/ 4T RY)) n W0, T; LY (Tw; RY))

Hec LY0,T;LY(Q)), H>0ae. inQ,
h e L*'0,T; L' (0%)), h>0ae. in (0,7) x 0.

We also introduce the functions

F:(0,T) — W'P(O\To; RY)*, (F(t),v) := [, F(t)v dz + fFN f(tvdS for ve WHP(O\T'; RY),
H:(0,T) — WET(Q\Le; R, (H(t),v) := [, H(t)v dz + Joq h(t)v dS for vEWLT(Q\I'e; RY)

with 1 <r < %, cf. (3.26¢) later on. Finally, we impose the following on the initial data

up € WpP(\I'e;RY), [ug] = 0 on (0,T) x Tc,
zo € L™(Ty), 0<2z2)<1 ae. onl,
Oy € L1 (), 0o >0 ae. inQ,

where w; is the same as in (3.8b). It follows from (3.13c) and (3.8b) that wq := h(fy) € L(Q).
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3.3 General energetic formulation

In the weak formulation for the SBV-brittle delamination system and for its approximations, a crucial
role is played by the mechanical part of the overall Helmholtz free energy, i.e. by the functional ® :
WLP(Q\T ]Rd) x Z — (—o0,+oo] (with the space Z specified below), given by ®(u, z) := ®Puk(y) +
@5 ([u]], 2), cf. (1.4). In fact, the functional ®* : L2(T',) x Z — (—o0, +00] is the only contribution in
the mechanical energy ® to change when passing from the Modica-Mortola, to the SBV-adhesive contact,
to the SBV-brittle delamination systems, whereas the bulk contribution ®"Wk : WLP(Q\I'¢;RY) —
[0, 4+00) for all of the three models is given by

@bulk(u) = / (Wg(e(u)) + Wp(e(u))) dz with W,(e) := %|e|” , n€{2,p}. (3.14)
O\lc

In order to specify the surface mechanical energies, we observe that the impenetrability constraint [ul]-n >
0 on (0,7) x I'¢ can be reformulated as

[u(t,z)] € C(z) for a.a. (t,z) € (0,T) x I,
upon introducing the multivalued mapping
C:Te = R¥st. C(z) = {v e R vn(z) >0} for a.a. z € Te. (3.15)

We will denote by I¢(,) the indicator functional of the closed cone C(x), and by 0l its (convex
analysis) subdifferential.

Then, the surface contributions to the mechanical energy are

— for the Modica-Mortola adhesive system:

0 — 1[0, 2) = [ (Gt (D) + A [6]. )+ Ty 2) —a02) 45+ 5,02
e (3.16)

with Ji([u],z2) := §z| [[u]]|2
We denote by ® ,,, the corresponding mechanical energy, defined on WHP(Q\I'¢; R?) x Zyiv, with
Zam = HY(Te); (3.17)
— for the SBV-adhesive system:

pswrf — q)zurf([[u]LZ) — /F (IC(x)<[[u:H) + Jk([[u:l]’z) 4+ 1[071} (z) — (loz) ds + Sb(Z) (318)

C

with

a2 if 2 c;{0,1}),
9b(z)={ bHA2(J,) if z € SBV(I¢;{0,1}) (3.19)

400 otherwise,

where J, denotes the set of approximate jump points of z (cf. Def. A.13) and, from the calculations
for the T'-limit passage as m — oo in the Modica-Mortola functionals (G, )., (see [Mod87, Alb00]),
it follows that b = 2f01 £(1-¢) d¢. We denote by @y, the corresponding mechanical energy, defined
on the space W1P(O\I'w; RY) x Zgpy, with

Zspy := SBV(T'¢;{0,1}); (3.20)
— for the SBV-brittle system:
oot — o3t ([u], 2) = / (Io@) ([«]) + Joo([u], 2) + o1y (2) — aoz) dS + Gu(2),  (3.21)
T'c

cf. (2.4) for the definition of J.,. We denote by @y, the corresponding mechanical energy, defined
on the space W1P(Q\I'c;RY) x Zgpy-
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As in (1.1) we also introduce the dissipation potential Ry : L*(T'¢) x L(T'c) — [0, +00]

/ a1|2—z|dS if Z<zae. in I¢,
e

Ri(2—2) ::/F Ri(2—2) = (3.22)

+00 otherwise.

In view of the bulk term with p-growth in (3.14) and the surface energies (3.16) and (3.21), we shall use
the following notation for sets of test functions for the weak formulation of the momentum equation

U= {v c Wllg’(g\rc;[[{d) . [[v(x)]] € C(x) for a.a.x € I‘C}; (3.23)
U= {0 e WP@QTGRY) ¢ [o@)] € Ca), 2(@)[v(@)] =0 foraazele) (324

with a given z € L(I'). The former set is used in the adhesive and the latter in the brittle setting.
For the enthalpy equation, we shall use test functions in the space

W = CO([0,T]; WE (Q\Le)) N WE (0, T; L () € C°([0, T]; L=(Tq,)) (3.25)

where 7" = = is the conjugate exponent of 7 in (3.26¢) below. Since 1 <r < Zﬁ, by trace embedding

(3.2) the inclusion in (3.25) holds. In turn, we may mention that the L"(0,7; W™ (Q\I'¢))-regularity for
w derives from BOCCARDO-GALLOURT-type estimates [BG8&9] on the enthalpy equation, combined with
the Gagliardo-Nirenberg inequality. We refer to the proof of the forthcoming Proposition 3.12; and to
[Roul0] for all details.

We are now in the position to introduce a general weak solvability notion for a thermal delamination
system, i.e. the Modica-Mortola/SBV-adhesive, and SBV-brittle systems, consisting of the weak formu-
lation of the momentum equation, of a mechanical energy inequality, a semistability condition, and of
the variational formulation of the enthalpy equation. While the last three items have the same form for
each of the delamination systems we consider, we will not give a unified variational formulation of the
momentum equation, for it substantially changes when switching from adhesive to brittle delamination
(see Lemma 3.6 later on). In particular, let us highlight that in the brittle case the set of test functions
U, for the weak formulation of the momentum equation does depend on the z-component of the solution.

Definition 3.3 (Energetic solution) Given a quadruple of initial data (uo, %o, 20, 0o) satisfying (3.13),
we call a triple (u, z,w) an energetic solution to the of a thermal delamination system, if

we L0, T; WEP(Q\Te; RY)) N WH2(0, T3 Wi 2 (Q\Te; RY)), (3.262)
2z € L>=((0,T) x ') N BV([0,T]; LY(T.)), z(t,x) € [0,1] for a.a. (t,x) € (0,T) x T,  (3.26h)
w e L7(0, T; WH(Q\T'e)) N L0, T; LY(Q2)) N BV([0,T]; WH (Q\T'c)*) (3.26¢)
for every 1 < r < j—ﬁ, the triple (u, z,w) complies with the initial conditions
u(0) =up a.e. in €, z(0) =29 ae. in T, w(0) =wo a.e. in Q. (3.27)

and with
1. the weak formulation of the momentum equation
-in the adhesive case:

u(t) e U for a.a.t € (0,7), andforallvelU

/ (DRg (e(u(t))+DWq (G(U(t)))*B@(U}(t)))+pr(6(u(t)))) e(v—u(t)) dx
JONT¢ (3.28a)

+ [ kz(t)[u®)]-[v—u()]dS = (F(t),v—u(t))  fora.a.t € (0,T);
ING

-in the brittle case:
u(t) € Uy foraa.te (0,7), andforallve Uy
] (DRl DAVa(e(0) B0 DV (1) sl o (3.250)
> (F(t),v—u(t)) for a.a.t € (0,7);
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2. semistability for a.a. t € (0,7
VieZ: D (u(t),z(t)) < @(ult),2) + Ry (2 — 2(1)); (3.29)

3. mechanical energy inequality

®(u(t), =(t)) + /2922( (i) ds + Varz, (= [0, )

t (3.30)
® (ug, 20) / (1) dzds —|—/ (F,u)ds for all ¢t € [0, 77,
Q\PC 0
where we use the notation
k
Varg, (5, [tl, tg]) = SupZRl (2(81;)—2(81;_1)) for z € Ll(Fc), [tl,tg] C [O,T} s (331)
i=1
with the sup taken over all partitions t; = sg < ... < s, = t3 of the interval [¢, t2];
4. weak enthalpy inequality
(w( / e(u),w)Vw-V¢ — wl dadt + / / z, [u],z)[©(w)] [¢] dSdt
Q\FC
. +Clr,
/ / (2R2(e(11))[¢] — O(w)B :e(@)¢) dadt + // I *Clre desvri (s, 1)
O\Te (0,T)xTc 2 z
+ / (H, O)dt + / wol(0)dz for all ¢ €W, (3.32)
0 ON\T'c

where wo = h(fy) and §Z“rf is a measure (=heat produced by rate-independent dissipation) defined
by prescribing its values for every closed set of the type A := [t1,t2]xC C [0,T] x T by

€T (4) = /Rl( (t1, 2)—2(ts, ) dS . (3.33)

Notice that, since w € BV([0, T]; WL (Q\I'c)*), for all ¢ € [0, 7] one has w(t) € WL (Q2\I'¢)*, so that
the first duality pairing on the left-hand side of (3.32) makes sense pointwise.

Remark 3.4 (Consistency with the energetic solutions in the rate-independent case) Note
that, without viscosity in the momentum equation and in the isothermal case (i.e., in the case of a
purely rate-independent evolution of delamination, cf. [RSZ09]), the notion of weak solution of Definition
3.3 coincides with the concept of (global) energetic solution introduced in [MT04], see also [Mie05].

Remark 3.5 (Total energy inequality) Adding the mechanical energy inequality (3.30) (for t = T)),
and the weak formulation (3.32) of the enthalpy equation tested by 1 yields a further energy inequality

T T T
cI>(u(T),z(T))Jr/OQSQQ(e(iL))ds+<w(T),1> < ®(uo, 20) +/w0 dx +/O (F,a)dt +/0 (H,1)dt, (3.34)

. Q\Fc

which involves the enthalpy contribution (w(7T), 1) as well.

However, for the adhesive systems it is possible to prove even equalities in the energy inequalities (3.30),
(3.34) and in the enthalpy inequality (3.32). This is related to obtaining convergence of the quadratic
dissipation term on the right-hand side of (3.32).

Theorem 3.1 (Energy and enthalpy equalities for the adhesive systems) Assume (3.7), (3.8),
(3.11), and (3.13). Let the energy of the adhesive contact system be given by either @y, from (3.16) for
any m,k > 0 fized, or by @ from (3.18) for any k > 0 fized. Then the mechanical energy inequality
(3.30), the enthalpy inequality (3.32) as well as the total energy inequality (3.34) hold as equalities.
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The proof will be given in Section 4.3 for SBV-adhesive contact, i.e. for the energy @y ; for Modica-Mortola
adhesive contact one uses exactly the same arguments. They amount to first showing the opposite relation
in the mechanical energy estimate (3.30) by means of Riemann-sum arguments (developed in Sec. 4.3)
on the momentum balance and the semistability inequality. This yields the mechanical energy equality,
which then allows us to deduce convergence of the viscous dissipation, crucial to obtain the enthalpy
equality. Finally, summing the mechanical and enthalpy equalities leads to the total energy equality. Let
us mention here that the analog of Thm. 3.1 cannot be obtained in the brittle setting, where already the
strategy to gain the mechanical energy balance fails. The reasons for this are discussed in Remark 4.5.

In fact, in order to obtain the opposite relation in the mechanical energy inequality for the adhesive
models, we will not employ the momentum balance as a variational inequality but consider its reformu-
lation as a subdifferential inclusion, as stated in the following

Lemma 3.6 (Subdifferential formulation of the momentum equation)
Assume (3.7).

1. For I¢ from (3.15) and Jj, from (3.16) consider the functionals
Jo : WHP(Q\To; RY) — [0, +00], Jo(u) = / Iz ([u(z)]) ds, (3.35)
Tc

I WHP(Q\D; RY) x L2(Te) — [0, +00], di(u,z) = /FJ]C([[U]],Z) ds = %/Fz|[[u]]\2d5, (3.36)

Fr(u, z) :=TJc(u) + Jk(u, 2), (3.37)

with subdifferentials 0Jc, 0,dk, 0. Tk : WHP(Q\Te; RY) = WEP(Q\['; RY)* (9, denoting the sub-
differential w.r.t. u). Then, the sum rule

0uTFi(u,2) = 0Jc(u) + 0,k (u, 2) holds for all (u,z) € WHP(Q\I'e; RY) x L®(Te), viz.

A€ 0. Tk(u,2) & L€ dIc(u)st. Vo e WHP(Q\Te;RY) (A v) = (£,0) +/kz[[u]]-[[v]] ds,
Tc

(3.38)
and (3.28a) is equivalent to
for all v € WIP(Q\I'c; RY), for a.a. t € (0,T):
/Q\F(DR2(€(1'A(75)))+DW2(€(U(t)))—B@(w(t))+DWp(€(U(t))))ie(v) dz
+ g kz(t) [u(®)] - [v] dS +(€(t), v)=(F(t),v) (3.39)

(A(t),v)
with ¢ € L' (0, T; WhP(Q\Le; RY)*) such that £(t) € 8¢ (u(t)) for a.a.t € (0,T)
and \ € LP (0, T Wl’p(Q\I‘C;Rd)*) such that A(t) € 9,Fk(u(t), 2(t)) for a.a.t € (0,T),
where p’ = p%l is the conjugate exponent of p.

2. For I¢ from (3.15) and J from (3.21) consider the functionals
Joo : WIP(O\Ti RY) x L®(T0) — [0, +00], oo, 2) = / T ([u(@)].2(2)) dS,  (3.40)
ING

Foo(, 2) :=Jc(u) + oo (u, 2). (3.41)
Then, (3.28b) can be reformulated as

for all v € W'P(Q\T'¢;R?) and a.a. t € (0,7) :

/Q\F(DRQ(e(d(t))JrDWg(e(u(t)))IB%@(w(t)))JrDWp(e(u(t)))):e(v) dz + (A(t),v) = (F(t),v) (3.42)

with A € LP (0, T; W' P(Q\T'o; RY)*) such that A(t) € 0,F e (u(t), 2(¢)) for a.a.t € (0,T).
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Observe that the sum rule (3.38) holds thanks to the Rockafellar-Moreau theorem, see e.g. [IT79, p. 200,
Thm. 1]. For F, we only have 9Jc 4 0ydo0 C 04 F oo, whereas the converse inclusion in fact may not hold.
Now, we specialize Definition 3.3 to the delamination systems considered in what follows.

Definition 3.7 (Energetic solution of the Modica-Mortola adhesive contact system) Given a
quadruple of initial data (ug, o, 20, 0o) satisfying (3.13), we call a triple (u, z,w) an energetic solution to
the Modica-Mortola adhesive contact system, if, in addition to (3.26h), we have

z € L™ (0, T, ZMM) (343)

with Zyv from (3.17), the triple (u, z,w) fulfills Definition 3.3, with the weak formulation of the mo-
mentum inclusion (3.28a), and @ replaced by @y, from (3.16).

Definition 3.8 (Energetic solution of the SBV-adhesive contact system) Given a quadruple of
initial data (ug, %o, 20, 6p) satisfying (3.13), we call a triple (u, z,w) an energetic solution to the SBV-

adhesive contact system, if, in addition to (3.26b), we have
2 € L*(0,T;Zspv) (3.44)

with Zggy from (3.20), the triple (u, z,w) fulfills Definition 3.3, with the weak formulation of the mo-
mentum inclusion (3.28a), and ® replaced by @ from (3.18).

Definition 3.9 (Energetic solution of the SBV-brittle delamination system) Given a quadruple
of initial data (uo, o, 20, 0) satisfying (3.13), we call a triple (u, 2z, w) an energetic solution to the (Cauchy
problem for the) SBV-britile contact system, if (3.44) holds, the triple (u, z, w) fulfills Definition 3.3, with
the weak formulation of the momentum inclusion (3.28b), and ® replaced by @y, from (3.21).

As already mentioned, the energy and enthalpy equalities of Thm. 3.1 seem to be out of reach for the SBV-
brittle delamination system. In what follows we discuss a possible integration of the weak formulation
(3.32) of the enthalpy equation, by means of the concept of defect measure.

Remark 3.10 (Defect measure of the enthalpy equation in the brittle case) In our approach,
the failure of equality in the weak formulation (3.32) of the enthalpy equation is due to a lack of strong
compactness in L2(0,T; L*(Q; R?*4)) for the sequence (e(iy))r, where (ug,z2k,wy)r is a sequence of
solutions to the SBV-adhesive contact problems with which we approximate as k — oo the SBV-brittle
delamination system.

Therefore, the passage to the limit as & — oo in the first term on the right-hand side of the enthalpy
equalities (by Thm. 3.1) for the SBV-adhesive contact systems, solely relies on lower semicontinuity
arguments, cf. the proof of Thm. 5.1.

Nonetheless, one can consider the limit in the sense of measures of the sequence (2Ra(e(uy)))x: it is
a Radon measure o on [0, 7] x Q. Taking the limit of (3.32) as k — oo then leads to

(w(T),¢(T)) Jr/(; /Q K(e(u), w)Vw-V¢ — wl dzdt +/O /F n(z, [u],z)[©(w)] [¢] dSdt

T + -
= / / (2Ra(e()) — O(w)B :e(1)) ¢ dadt + / / Mdf?‘“f(&t) (3.45)
Jo Ja JJ(0,1)xTc 2 ?
T
d H,()d 0)dz for all W
wff et [ [ wcods orancew,
where the measure p is given by
p= pio — 2Ra(e(u))dL, (3.46)

with dL is the Lebesgue measure on (0,7") x . Following [Nau06] (see also [Fei04]), we refer to p as a
defect measure, for it represents the defect between the limiting measure 1o and the dissipation 2Rz (e()).
Hence, as in [Nau06] in the brittle case we could complete the weak enthalpy inequality by coupling it
with (3.45)-(3.46).
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3.4 Strategy of the existence proof and uniform a priori estimates

Here, we provide the general scheme for proving the existence of solutions to (the Cauchy problems for)
the Modica-Mortola, SBV-adhesive, and SBV-brittle delamination systems, when taking the limit in a
suitable approximate problem: i.e., passing to the limit either with a time-discretization scheme to the
Modica-Mortola system, with the Modica-Mortola system to the SBV-adhesive system, with the SBV-
adhesive system to the SBV-brittle system. We will refer to the latter limit passage as the brittle limit,
and to the former two passages as the adhesive limit(s).

Notation 3.11 Hereafter, we shall suppose that the parameters m and k vary in N. This will allow us
to directly consider sequences (U, Zm, Wm )m Of solutions to the Modica-Mortola delamination system

(uk, 2k, wi ) g of solutions to the SBV-adhesive contact system, when taking the limit as k — oc.
In performing the aforementioned passages to the limit, we shall always follow these steps:

Step 0: a priori estimates and compactness for the approximate solutions;

Step 1: proof of the weak formulation of the momentum equation. To this aim, we shall rely on the
subdifferential reformulations of Lemma 3.6, and in all of the adhesive limits, use techniques
from maximal monotone operator theory to identify the weak limits of the nonlinear terms. For
the brittle limit, we will need to prove MoOscoO-convergence as k — oo of the functionals (Jx)x
to the functional J.,. Combining this information with maximal monotone operator techniques,
we will handle the passage to the limit in the term £z[[u]|? as k — oo.

Step 2: proof of the semistability condition (3.29), verifying the mutual recovery sequence condition from
[MRS08], in Propositions 4.2 and 5.7;

Step 3: proof of the mechanical energy inequality (3.30) by lower semicontinuity arguments;

Step 4: proof of the weak formulation of the enthalpy inequality.

A priori estimates. We conclude this section by collecting the a priori estimates on approximate

solutions, which are valid for all of the successive approximations of the SBV-brittle system we shall tackle:

viz., the Modica-Mortola approximation of the SBV-adhesive system; the SBV-adhesive approximation of
the SBV-brittle system. In order to state such estimates in a unified way, we consider a generic sequence

(Uny Zn, Wp)n Of energetic solutions to the thermal delamination system driven by a sequence (®,,), of

energy functionals ®,, : WhP(Q\I'¢; R?) x 2 — (—00, +00]. More specifically, when considering

(al) the Modica-Mortola approximation of the SBV-adhesive system, we have the energies (®y, ), and
Z = Zym: we shall consider the energetic solutions (m,, Zm, Wm )m (for notational simplicity, we
omit their dependence on k € N), obtained by passing to the limit in the time-discretization scheme
of Problem A.1 in Appendix A.1;

(a2) the SBV-adhesive approximation of the SBV-brittle system, we have the energies (®y)x, and Z =
Zspy: we shall consider the energetic solutions (ug, 2x, wg ), obtained by passing to the limit in the
Modica-Mortola approximation, cf. Sec. 4.

We shall call an energetic solution to the Modica-Mortola adhesive (to the adhesive SBV, resp.) delam-

ination system approximable, if it is obtained by passing to the limit in the time-discretization scheme

of Problem A.1 (in the Modica-Mortola approximation, resp.). We can now state the following general

result yielding a priori estimates on the family (u,, z,, Wy )n.

Proposition 3.12 (A priori estimates) Assume (3.7), (3.8), (3.11), and let (uo, 0o, z0) be a triple of
initial data complying with (3.13). Suppose in addition that (ug, z0) comply with the semistability (3.29)
with the energy @, i.e.

q)n(’LL(), Z()) < (IDn(uo, 2) + le(éf,Z()) fOT‘ all Z € Z.

Let (un, zn, wn)n be a family of energetic solutions to the thermal delamination system in the adhesive
case (viz. with (3.28a)), in either of the two cases (al) and (a2).
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Then, there exist a constant S > 0 and, for every 1 < r < 92 S >0, such that for all n € N the

d+17
following estimates hold:

1unll oo o, mwtr (mayy w2 0,7t 2 (mey) < 55 (3.47)
sup @y, (un(t), 2n(t)) < 55 (3.48)

te[0,T7]

”ZnHLoo((o,T)er) <5 (3.49)

”ZnHBV([O,T};Ll(FC)) <55 (3.50)

l[wnll Lo 0,01 (0)) < S5 (3.51)

||wn| L7(0,T;W17(Q)) + HwnHBV([O,T];WL""(Q)*) < ST fOT‘ any 1<r< Z—ﬁ . (352)

The proof follows by lower semicontinuity arguments. Indeed, we start from the time-discretization of
the Modica-Mortola system, see Sec. A.1 ahead. For the related approximate solutions, the estimates
of Prop. A.6 hold, with a constant independent of the time-step 7, and of the parameters m and k. In
view of the convergences (A.15)—(A.23) of the approximate solutions, such estimates are inherited by the
approzimable energetic solutions of the Modica-Mortola delamination system. This yields the bounds
(3.47)—(3.52), with a constant independent of m and k. Then, the convergences stated in Thm. 4.3
and again lower semicontinuity arguments ensure that (3.47)—(3.52) are also valid for the approzimable
energetic solutions of the SBV-adhesive system, uniformly w.r.t. the parameter k.

Remark 3.13 (Extension: more general bulk energies) The bulk energy densities Wa(e) = %e: Cee
and Wy(e) = %|e|p_2e: H: e can be replaced by general strictly convez, Gateaux-differentiable functions
W, : R? — R fulfilling suitable growth assumptions from above and below.

4 Adhesive contact: From Modica-Mortola- to SBV-regularization

The main goal of this section is to prove the existence of energetic solutions in the sense of Definition 3.8
for the SBV-adhesive contact model, and precisely the following

Theorem 4.1 (Existence result for SBV-adhesive contact, k& > 0 fixed)
Keep k > 0 fized. Assume (3.7), (3.8), (3.11), (3.13). Suppose that the initial data (uo, z0) fulfill

CIDk(uo, Zo) < <I>k(u0, 2) + le(g*Z()) fOT' all Z € Zgpy. (41)

Then, there exists an energetic solution (u,w, z) to the SBV-adhesive contact system, such that (u,z)
comply with the semistability (3.29) for all t € [0,T]. Moreover, the mechanical energy, the enthalpy and
the total energy estimates (3.30), (3.32) and (3.34) with Oy, hold as equalities. Furthermore,
30" >0 : inf Og(z) >0 = 30>0: inf O(t,x) = inf O(w(t,x)) > 0. (4.2)
zEQ (t,z)€(0,T)x2 (t,z)€(0,T)x2
To prove this, we apply the following strategy:
1. we start from an existence result for Modica-Mortola adhesive contact, m, k>0 fixed (Thm. 4.2),
2. as m— o0, k>0 fixed, we show that the energetic solutions of the Modica-Mortola adhesive contact
models suitably converge to an energetic solution of the SBV-adhesive contact model (Thm. 4.3),
3. from Thm. 3.1 we directly conclude the validity of the mechanical, the enthalpy and the total energy
balance as equalities.
Indeed, we have

Theorem 4.2 (Existence for the Modica-Mortola adhesive contact model, m, k > 0 fixed)
Keep m, k > 0 fized. Assume (3.7), (3.8), (3.11), (3.13). Suppose that the initial data (uo, z0) fulfill

Dy (U0, 20) < Pp (U0, 2) + R1(2—20) for all Z € Ly (4.3)

Then, there exists an energetic solution (u,w,z) to the Modica-Mortola adhesive contact system, such
that (u, z) complies with semistability (3.29) for all t €[0,T]. Moreover, the energy estimates (3.30), (3.32)
and (3.34) with Oy ., hold as equalities. Furthermore, (4.2) holds.
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The proof of Thm. 4.2 follows from passing to the limit in a suitably devised semi-implicit time-
discretization scheme, which we detail in Appendix A.1. Therein, we will also sketch the main steps
of the passage to the limit in the time-discretization, and specifically dwell on the differences between
our argument and the arguments in [RR11b, RR11a], where a semi-implicit discretization procedure was
also developed for proving existence to adhesive contact models in thermo-visco-elasticity. In particular,
we will detail the proof of the semistability condition (3.29), which needs to be carefully handled due to
the gradient regularization in the subdifferential inclusion (2.14) for z.

Concerning the convergence of the Modica-Mortola approximation to SBV-adhesive contact, we have

Theorem 4.3 (Modica-Mortola approximation of SBV-adhesive contact, k > 0 fixed)

Keep k > 0 fized. Assume (3.7), (3.8), (3.11). Let (U, Wm,2m)m be a sequence of approximable
solutions to the Modica-Mortola adhesive model, supplemented with initial data (u2,,0°  29),, fulfilling
(3.13) and (4.3). Suppose that, as m — oo

ud —~ug in WHP(Q\Le;RY), 6% — 6y in L' (Q), 22 = 25 in L®(T.), and (4.4)
D (uly, 25) — P (uo, 20). (4.5)

Then, there exist a (not relabeled) subsequence, and a triple (u,w, z), such that the following conver-
gences hold as m — oo

Uy — U in L*(0,T; WP (Q;RY) nWH2(0, T3 W2 (Q; RY)), (4.6a)
T in CO([0, T]; Wr_ “P(Q\Fe; RY)) for all € € (0,1], (4.6D)

Zm = 2 in L>(0,T;SBV(I's;{0,1})) N L*=((0,T)) x '), (4.6¢)
2m(t) = 2(t) in SBV(T'¢; {0,1}) N L=(T'¢), (4.6d)
2m(t) — z(t) in LY(T¢) for all 1 < q < oo for all t € [0,T], (4.6e)
Zm — 2 in LU0, T; LYTy)) for all 1 < q < oo, (4.6f)

Wy, — W in L"(0,T; W (Q\T'e)), (4.6g)
Wi — W in L7(0, T; W'=S"(Q\T'¢)) N LY0, T; L* () for all € € (0,1], 1<g<oo, (4.6h)

W () = w(t) in WY (Q\De)* for all t € [0, T), (4.61)
O(wy) — O(w) in L2(0,T; L*()), (4.6))
[6(wm)] — [6(w)]  in L™(0,T; LE=99T)) for all 0 < e <s—1, (4.6k)

and (u,w, z) is an energetic solution to the SBV-adhesive contact system. Furthermore, (4.2) holds for
0 = O(w).

Proof: In order to develop the proof of the passage to the limit in the Modica-Mortola approximation,
we now follow the steps outlined in Sec. 3.4.

Step 0: selection of converging subsequences. Estimates (3.47)—(3.52) hold for the sequence
(U, Winy Zm )m- Convergences (4.6a), (4.6b) follow from standard weak and strong compactness results
(cf. the Aubin-Lions type theorems in [Sim87, Cor. 4, Cor. 5]). Taking into account that p > d > 2,
Sobolev trace theorems (cf. (3.2)) and embedding results, from (4.6b) we deduce that

[un] = [u]  in CO([0, T]; C°(Te; RY)). (4.7)

As for (z;n)m, the L*°-convergence in (4.6¢) ensues from (3.49) via the Banach selection principle. To
obtain the weak*-SBV convergences in (4.6¢) and (4.6d), we exploit estimate (3.48), which implies that
G (zm(t)) < C for a constant independent of m and ¢. Therefore, in view of the well-known compactness
and ['-convergence result for the static Modica-Mortola functional recalled in Theorem 4.4 below, the
sequence (2, (t))m is precompact in L'(T'¢). The strong Li-convergence for any ¢ € [1,00), see (4.6e)
and (4.6f), is then implied by the uniform L*°-bound (3.49). From this we directly conclude

R1(z(s)—z(t)) = Varg, (z;[s,t]) = lim Varg, (zm;[s,t]) = lm Rq(zm(s)—2zm(t)) (4.8)

m—0o0 m—00

18



for all 0 < s <t < T. From (4.13) below, we also deduce that liminf,, . G (2m(t)) > Gp(2(¢)) for all
t € [0, T]. Then, taking into account (4.6a), (4.6d), (4.6e), and (4.7), we have

lm inf @y, (i (t), 2im (1)) > Pi(u(t), 2(t)) for all t € [0,T]. (4.9)

m-—0o0

As for (wy,)m, convergences (4.6g)—(4.6h) are a consequence of estimates (3.51)—(3.52), and of a
generalization of the Aubin-Lions theorem to the case of time derivatives as measures (see e.g. [Rou05,
Cor. 7.9]). Taking into account the a priori bound of (wy,(t)), in L'(2), we then conclude (4.6i).
Furthermore, arguing by interpolation (e.g. via the Gagliardo-Nirenberg inequality), it is possible to
derive from (4.6h) that

Wy — W in L4F2)/d=¢(, 7, [[@+2)/d=¢()) forall 0 < e < dTTQ -1, (4.10)

see [Roul0, Sec. 4] for further details. Hence, relying on the growth condition (3.9) for © and on the fact
that w > dz_fQ, one can tune € > 0 in (4.10) in such a way as to obtain (4.6j). Moreover, again taking into
account the trace result (3.2), we deduce from (4.6h) that, w! |, — w'|r. in L7(0,T; L*=¢(T.)) for all
0<e<s—1withs= (dd%r)r, for i = 4+, —. Therefore, (3.9) ensures (4.6k).

Steps 1 and 2, i.e. the limit passages in the momentum balance and in the semistability con-
dition will be carried out separately in Subsections 4.1 and 4.2, respectively.

Step 3: mechanical energy inequality. We use (4.6a), (4.8), and (4.9) to pass to the limit as
m — oo on the left-hand side of the mechanical energy inequality (3.30) for the Modica-Mortola solutions

(Up, Winy Zim )m- Combining (4.6a) and (4.6]), we have

O (W, )B:e(thy,)— O(w)B:e(u) in L'(0,T; LY(Q)). (4.11)

This, (4.5), and again (4.6a) enable us to pass to the limit on the right-hand side of (3.30), and thus to
conclude that (u,w, z) complies with the mechanical energy inequality for the SBV-adhesive system.
Step 4: enthalpy inequality. Thanks to convergence (4.61) we pass to the limit as m — oo in the
first term on the left-hand side of (3.32). We deal with the second integral by means of (4.6g), which
we combine with the convergence K(e(uy,), wm) — K(e(u),w) in L2(0,T; LI(Q)) for all 1 < ¢ < oo via
(4.6b), (4.6h), and the boundedness of K. To pass to the limit in the surface integral term on the left-hand

side, we rely on (4.6k) and on (4.6f) and (4.7), which yield n(Jum], zm) — n([u], z) in L2(0,T; L9(T¢))
for all 1 < ¢ < oo in view of the at most polynomial growth (3.8e) of . The passage to the limit in the
first term on the right-hand side of (3.32) is guaranteed by (4.6a) via lower semicontinuity, and by (4.11).
For the second term, we observe that

et fzurf in the sense of measures on (0,7) x T'.

Zm

This follows from the fact that Varg, (zm,[0,T]) — Varg, (z,[0,T]) (cf. (4.8)), arguing in the very same
way as in [Roul0, Sec. 4]. Finally, observe that the strong convergence 69, — 6 in L** () and the growth
condition (3.8b) yield that w?, = h(0),) — wo := h(fy) in L'(2), which allows us to take the limit of
the last term on the right-hand side. Thus, the triple (u,w, z) fulfills the enthalpy inequality (3.32).
Positivity of the temperature. Suppose that inf,cq 0o(z) > 6* > 0: it follows from convergence
(4.4) that there exist 7 € N and 6 > 0 such that inf,cq 6%, (z) > 6 for all m > m. Then, by Thm. 4.2 (cf.

also (A.29) later on) there exists 6 > 0 with inf(; ,)e(0.7)xq 0m(t,2) > 0 for all m > i, and (4.2) ensues
from convergence (4.6j). This concludes the proof of Theorem 4.3. ]

For the convergence results (4.6e), (4.6f) we exploited the well-known T'-convergence theorem for the
static functionals (G, )m proved in [MM77, Mod87], which will serve as a building block for the limit
passage in the semistability condition.

Theorem 4.4 ([MM77, Mod87]) Let ((m)m C HY(T¢) fulfill

sup gm(gm) < 00. (4.12)
meN

Then, the sequence (Cp)m is precompact in LY (') and every limit point belongs to SBV(I'c;{0,1}).
Moreover, the functionals (Gp,)m T-converge in L' (T'c) as m — oo to the functional Gy, (3.19), viz.
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[-liminf fnequality: for all (€SBV (T'¢;{0,1}) and ((m)m CHY(Te) with &y — ¢ in LY (Tg) there holds
liminf G,,, (Gn) = Gb(¢); (4.13)

[-limsup inequality: for every ¢ € SBV([¢;{0,1}) there exists (Cm)m C HY(To) with (n — ¢ in
Ll(r(‘,) and hm Sup7r1,—>oo SWL(CH),) S Sb(c)

Anyhow, let us observe that Thm. 4.4 is not sufficient to pass to the limit in the semistability condition.
This is ultimately due to the fact that the rate-independent delamination process is non-static. Hence,
taking the limit of (3.29) as m — oo requires the construction of a sequence which mutually recovers

R+ Sm -
— ~~

"o,

“dissipation" “static energy"

Such a construction of the mutual recovery sequence will be carried out in Section 4.2.

4.1 Step 1: Limit passage in the momentum balance

In the following we verify that the momentum balance (3.28a) holds for the SBV-adhesive limit system.
For this, we aim to take the limit m — oo in the momentum balance (3.28a) for the Modica-Mortola
adhesive systems. But as (4.6a) only guarantees weak W'P-convergence of the Modica-Mortola ad-
hesive displacements (u,)m, we cannot directly pass to the limit with the term of p-growth, i.e. with
fQ\Fc DWW, (e(tm (t)):e(v—1um(t)) dz. In order to circumvent this difficulty we are going to make use of the

equivalent subdifferential inclusions (3.39). For every m € Nand a.a. t € (0,T), these involve the elements
U (1) € Oy Ic(um (%)), o from (3.35), with (tm (1), wim (1), 2m (1), €m (1)) fulfilling (3.39) for a.a. t € (0,T).
Here, a comparison of the terms in (3.39) together with estimates (3.47), (3.49), (3.52) yields a uniform
bound for the sequence (£,,)m C LP (0, T; WHP(Q\Te; RY)*), i.e. sup,,cy 1€mll e (0, 73w 10 (\PesrE) ) < O,
and hence there exists £ € L¥ (0, T; W'?(Q\I'c; R%)*) such that up to a subsequence

lp— 0 in LP (0, T; W'"P(Q\I'e; RY)*). (4.14)

Moreover, due to the bound (3.47), there exists u € L? (0, T; L” (Q)) such that, up to the extraction of
a further (not relabeled) subsequence there holds

DW,, (e(tm))— o in LP'(0,T; L¥' (Q)). (4.15)

Thus, exploiting the convergences (4.6a), (4.6j), (4.14) and (4.15) as m — oo, we obtain that the quadruple
(u, w, p, £) fulfills

/Q (DRa(e(i(t)))+DWa (e(u(t)))—BO(w(t)+u(t)):e(v) ydo | O [u®)]- [v] dS+(e(t),v) = (F(t),v)

\T'c
(4.16)
for all v € WP (Q\I'c;RY) and a.a. t € (0,T). Hence, in order to conclude that (4.16) is the momentum
inclusion for the SBV-adhesive limit, we have to identify

wu(t) =DWp(e(u(t))) and £(t) € 0, Ic(u(t)) fora.a.te (0,T). (4.17)

This will be deduced by exploiting a well-known result from maximal monotone operator theory (see,
g., [Att84, p. 356, Lemma 3.57], as well as Lemma 5.4 ahead), for the maximal monotone operator

A= 0F with F: LP(0,T; WP (Q\I'¢; R?)) — [0, +00], F(v / )) dz +Jo(v)ds. (4.18)
Q\FC

Note, that the identification of the limits in (4.17) will ultimately imply the strong convergence of (tm)m
in LP(0,T; WHP(Q\T['o; RY)). Hence, we may state the following result:
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Proposition 4.1 (Momentum balance for the SBV-adhesive model) Let (3.7), (3.8), (3.11), and
(3.13) hold true. Keep k € N fized. Consider (Upm, Zm, W )m such that (W, 2m, W) — (u,z,w) as
m — oo in the sense of (4.6) and such that, for all m € N, the triple (wm, zm, W) Satisfies the Modica-
Mortola adhesive momentum inclusion (3.39). Then the limit (u, z,w) fulfills the SBV-adhesive momen-
tum inclusion for a.a. t € (0,T) and moreover we have u,, — u even strongly in LP (0, T; W1P(Q\I'; RY)).

Proof: In view of (4.16) it remains to identify the limits as in (4.17). For this, we apply [Att84, p. 356,
Lemma 3.57] on A = 0F from (4.18); in the following we use the placeholder X = LP(0,T; WP(Q\I'¢; R?)).
Consider u}, € X* defined by (uf,,v)x := fot Jarre DWp(e(um(s))): e(v(s)) dz + (€m(s), v(s)) ds for all
v € X. It clearly fulfills v}, € A(un,) and (4.14) and (4.15) yield that w),—u* in X*, with u* defined
by {(u*,v)x = fg fQ\Fc wu(s): e(v(s)) dz+ (€(s),v(s)) ds. Following [Att84, p. 356, Lemma 3.57], we now
check that limsup,,, . (uf,, um)x < (u*,u)x. To do so, we argue as follows. We test the reformulation
(3.39) of the momentum equation satisfied by (tm,, W, zm) with u,,, integrate in time, and take the
lim sup,,,_, .- Thus,

limsup// (/ DW, (e(um)): e(up,) dz + <€m,um>> ds
m—oc Jo \JO\T'c

< —liminf / / DRa(e(tinm)): e(ty,) deds  — liminf / / DWs(e(um)): e(uy,) deds
Q Q

m—0o0 \FC m—0oQ0 \FC

= Ra(e(um(t))) — Ra(e(im(0)))

t ¢
— lim inf//rgzm| [[um]} |2 dSds + hmsup//ﬂlﬂ%@ W)+ e(up,) deds + 11msup/0<F,um> ds (4.19)
C

m—00 m—o0o \I'c m—o00

L/Lg? umm—/lg?w —BO(W)): e(u) dzds
_/0 /chzu[u}]fds(m/o (F,u) ds
_ /Ot </Q\;1£:Ce(u) dz + (£, u>> ds,

where the second inequality follows from convergences (4.6a), (4.6b), (4.6¢), (4.6)), and the last equality
from (4.16). Thus, we have u* € A(u) by [Att84, p. 356, Lemma 3.57] and the sum rule (3.38) for A = 0F
yields that there exists ¢/ € X with ¢/(s) € 0Jc(u(s)) for a.a. s € (0,%), such that

u* UX_//Q\FC ) de + (€(s) ds—//ﬂ\rc e(v(s)) + (¢'(s), v(s)) ds (4.20)

for all v € X. We conclude that £ = ¢’ and (4.17) by the fundamental lemma of the calculus of variations
when choosing v(s,z) := ¢(s)v(x) for any ¢ € C(0,t) and any v € WHP(Q\I'c; R?). Thus, inserting
this in (4.16), we find that the triple (u,w, z) complies with (3.39), and hence (3.28a) holds true. |

4.2 Step 2: Limit passage in the semistability condition

We now prove that the pair (u, z) complies with the semistability condition (3.29) for any test function
Z € Zgspy = SBV(T'¢;{0,1}). To do so, we follow a well-established procedure in the analysis of rate-
independent systems. Viz., we prove that for all ¢ € (0, 7] there exists a mutual recovery sequence (or
MRS, for short) (Z)m C Zumm (whose dependence on t is omitted) such that Z,, — 2z in L'(T¢) as
m — oo, and

Hm sup (Pr,m (wm (t), Zm) + Ri(Zm—2m (1) — Prm (um(t), zm(t)))
m—oo (4.21)

< Pp(u(t), 2) + Ru(2=2(t) — Pu(u(t), 2(1))-
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Since @y (U (t), Zm) + R1(Zm—2m (t)) — Phm (um (t), 2m(t)) > 0 for all m € N and all ¢ € [0,7] in view
of the semistability (3.29) for the Modica-Mortola solutions (i, zm), from (4.21) we will immediately
deduce the desired semistability for the limit functions (u, z).

Proposition 4.2 (Mutual recovery sequences for the SBV-adhesive systems) Let (3.7), (3.8),
(3.11), and (3.13) hold true. Keep k € N fized. Let ®,, 1 and @y, be given by (3.16) and (3.18). Let
(U ) satisfy (4.6a) and let (zm)m C SBV(T¢;{0,1}) with 2, semistable for ®, i (tm,-) and z, - z
in SBV(L'¢;{0,1}). Then, for every Z € Zspy there is a sequence (Zp)m C Zym With Z, — 2 in LY(Te)
such that (4.21) holds.

Proof: We draw the definition of the MRS (Z,,), from the proof of [Tholl, Lemma 3.5] and, for
the reader’s convenience, we outline here the main steps in the construction, referring to [Tholl] for
all details. We suppose that @ (u(t),2) < oo and Rq(2—2(t)) < oo (otherwise, the recovery sequence
is trivial). For (4.21) to hold, it is also necessary that @y, (un (t), Zm) < 0o and Ry (Z,—2zm(t)) < oo
Therefore, in [Thol1] the construction from the proof of Thm. 4.4 in [MM77, Mod8&7] is suitably adapted
to accomodate the latter constraint. Viz., one sets

Zm = max{0, min{ (2, —0m ), zm(t)}}  with 0,, := Hém—i—i-z(t)—zm(t)H1L/12(FC). (4.22)
Here, (2,,)m is the classical recovery sequence used in [MMT77, Mod87] to prove the I'-limsup condition
of Thm. 4.4. In particular, this sequence

2m — % in LY(Te),

. R B (4.23)
lim SUP,,, 00 gm(zm) < gb(z)

(Zm)m C LY(Tc) fulfills {

By definition, we have 0 < Z,,, < z,,(t) < 1 a.e. on I'c. It follows from (4.23) and (4.6e) that J,, — 0.
Exploiting this, it can be shown that z,, — Z in LY(T¢), hence Ry (Z,—2zm(t)) — Ri(2—2(t)). Since
(Zm)m is bounded in L (T';), we immediately have

Zm — 2z in LY(T) for all 1 < ¢ < oo. (4.24)

Combining (4.6e), (4.7), and (4.24), we then infer
{ lim, — 00 fr‘c % (gm_zm(t)) |[[um(t)ﬂ|2 ds = fpc % (2_Z(t)) H[u(t)ﬂP ds,

4.25
limy,—o0 [r @0(2m(t)—Zm) dS = [1,_ao(2(t)—2)dS. (4.25)

Repeating the very same calculations as in the proof of [Thol1, Lemma 3.5], one can also show that

lim sup (Gm (Zm) —Gm (2m (1)) < Gb(2) — Gu(2(2)).

m—0o0

This concludes the proof of (4.21). ]

4.3 Bonus: energy and enthalpy equalities in the adhesive case

In the following we establish that the mechanical energy (3.30), the enthalpy (3.32) and the total energy
(3.34) inequalities hold even as equalities in the adhesive setting, cf. Theorem 3.1. For the proof, we will
confine ourselves to the SBV-adhesive system, but let us stress that the respective equalities indeed hold
for the Modica-Mortola adhesive system and they can be proved along the same lines as in what follows.
In the Modica-Mortola framework, the approximating systems to be used in the subsequent steps are the
time-discrete systems outlined in the Appendix A.1, to which we refer for more details.

We start with proving the opposite relation for the mechanical energy inequality (3.30) of the SBV-
adhesive system. In [RoulO, RR11b] this was obtained by applying a Riemann-sum argument on the
semistability inequality and by testing the momentum balance by the solution % of the adhesive system.
In our setting, however, the momentum balance cannot be tested by wu, as test functions are required to
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have WhP-regularity in Q\I¢, cf. (3.23). To avoid testing with 1, we adopt the Riemann-sum technique
also for the momentum balance: For an equidistant partition of the interval [0, T,

O=to<tV <...<t¥ =T with 8-tV =1y, (4.26)

we test the adhesive momentum inclusion (3.39) at time ¢, by the differences uy — u® ,

/(DRz( (@ 1)) +DWa(e(u’ 1)) = BOY | + DWy(e(uy)) e(u —ully)da
Q\T'e (4.27)

+ (A —wl ) FY e —uly)
with AN | € WEP(Q\To; RY)* st AN | € 0Fk(ul 1,2 |); here we abbreviated ulY := u(t)), etc.. Then
we will exploit, convexity inequalities for Ws, W, and /\1—1- Let us point out that ‘rhe semistability condition
is valid for all ¢ € [0,T], whereas the momentum balance (3.28a) holds only for almost every t € (0,T).

Hence, the sequence of partitions (7n)x with 7y — 0 as N — oo has to be carefully chosen such that
(3.28a), i.e. (4.27) holds for every ¢V involved.

Proposition 4.3 (Upper estimate for the mechanical energy) Let (3.7), (3.8), (3.11), and (3.13)
hold true. Let the energy of the adhesive contact system be given by either Oy ., from (3.16) for any
m,k > 0 fized, or by @y from (3.18) for any k > 0 fized. Then the mechanical energy inequality (3.30)
also holds in the opposite direction, i.e.

B(u(t), 2(1)) + /29z2( (@) ds + Varg, (2 [0,4])
(4.28)

t
P (uo, 20) / (u) dzds —|—/ (F,u)ds Jor all t € 0,7,
Q\Fc 0

with ® € { Py, i }. Hence, we have mechanical energy equality for the adhesive systems.

Proof: Consider a sequence of partitions (4.26) with 7y — 0 as N — oo, such that (4.27) is well defined
for all N € N. Since W5 and W, are convex, we have

Z/Q DW2 N) 4+ DW,(e(ul ))) ce(u) —ul ) da

\TI'c

= Z/ INAW(e(u))) — Wale(ul 1) —Wple(ul,))) da (4.29)

\Fc
_ /Q\(sz(e(u(T)))+Wp(e(u(T))) ~ Wa(e(un))— Wi (e(uo))) da
For the right-hand side of (4.27) we obtain

N t;

> AR Z 8)) + (FN, — F(s),(s)), (4.30)

i=1 ti—1

—0

where the second term tends to 0 due to the regularity (3.11a) of F' and (4.6a) of u. For all k € N we have
for AV, € 0F,(ul¥ ) with (AN, ) (N v +fr k2N [ul ] [v] dS and £ | € 0Ic(ulY ). Exploiting
the convexity of J¢ and that Jo(ulY ) = I (ul¥) = 0 we find

N
N

Zwl, ! +Z/ ke ] [ud —ud 1]]dS<O+Z/ /kz ][22 ] ds ds

N N
i

3 [ [ T Dasae 3 [ [ ke ] P s

1

/0 : /F Cke[u]-[i]as s +0, (4.31)
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where the convergence of the Riemann-sums is due to (4.6a) and (4.6¢). To obtain that the second
term on the right-hand side tends to 0 one uses that ||z||fe < 1 and then applies Hélder’s inequality in
L?(0,T; L*(T¢; RY) together with

UN—QJ.{V 1

uf\’—ufv i {V_“{V— - N
Z/ H t ) 1||W12 (Q\To;RY) d _;TN ||W12+TNHU7 1HW12 27N< fUisy) (4.32)
- Hu||L2(O,T;W1=2) + HUHLQ(OA,T;WLQ) - ZHUHLZ(U,T;WL?) =0,
where the convergence of the Riemann-sums is due to (4.6a).
For the term involving the viscous dissipation we have
Z/ DRy (e(ti-1)) : e(u;’ —u ) da
\le
N uN—uN .
Z/ (t; —t 1)DRa(e(t;—1)):e(ti—1)) do + Z/ / DRa(e(tt;—1)):e( = —— —1;_1)dxds
et O\Te Q\Tc N
!
/ / DRy (e (u)dxds +0, (4.33)
Q\F(‘

where the convergence of the Riemann-sums is again due to (4.6a) and the convergence to 0 of the second
term is obtained using (4.32). It remains to analyze the term involving the thermal stresses.

Z/ —BO; 1:e(ul —ul,)dx
Q

\I'c

—Z/ /Q —BO,_1:e(u L 1) dmds—l—Z/ /Q -BO,_1: eu ot 1—1l£\£1)d:cds (4.34)

\FC \FC

1

// (1) dzds +0,
O\le

where we exploited (4.6a), (4.6j), and again (4.32). Collecting (4.29)-(4.34) leads to

/ (F,u)ds S/ (Wa(e(u(T)))+Wy(e(u(T))) — Wa(e(uo)) = Wy(e(uo))) da
0 Nl
/ /9\21}32 — BO(w):e(w) drds + /0 /FC kz[u]-[a] S ds

Now, a similar estimate for the surface energy has to be established. As in [RoulO] we therefore test the
semistability inequality at time t Y, with z . Summing up over i € {0,..., N} yields

S [ T Pas et < 30 [ ]S et + D -2

(4.35)

(4.36)

—Z/ N[ S + (=) + RN — 2 +2/g ([e] 1 = 1[uN][?) ds

Scooping the left-hand side to the right, exploiting the cancellation of redundant terms and using that
the last term in (4.36) can be expressed via the chain rule, leads to

0</ % H[u ]]|2d5—/F %ZOH[Uo]HQdS-FSb(Z(T))—Sb(ZO)-i-le(Z(T)—ZQ)

- i /t ;_N /F . k2 [u(s)] [(s)]dS ds.

(4.37)
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For the last term in (4.37) we calculate

55 / [ ke T Titolas as
_i / [ B 50+ i / [ (0T B+ 1161 a2 D as as

! !

T
- / k= [u] [i] dS ds +0,
0 T'c

where above the convergence of the Riemann-sums is due to u € W12(0, T} WEf(Q;Rd)) by (4.6a) and
z € L*>((0,T) x T by (4.6¢). Altogether we have obtained

0.5 [ [ s~ [Seal unl 45+ 60 =0 o) +Ru(a(0) =200 [ [kl [ a5 .

(4.38)
The bulk (4.35) and the surface (4.38) estimates yield the upper mechanical energy estimate (4.28) for
the SBV-adhesive system. The same result is obtained for the Modica-Mortola adhesive system, when
repeating the steps for the surface energy with the regularization G,, instead of Gy, in (4.36) (4.38). m

With the aid of the mechanical energy equality one is able to conclude the convergence of the viscous
dissipation

/ 2Rs (e (i) ds — / 2Ry (e(i1)) ds, (4.39)
0 0

where (U, 2m, wy,) are the solutions of the Modica-Mortola adhesive systems and (u, z, w) is the solution
of the SBV-adhesive system. Therefore, we can state the following

Corollary 4.4 (Enthalpy and total energy equality) Let the assumptions of Theorem 4.3 hold. Then
the enthalpy (3.32) and the total energy (3.34) estimates hold as equalities for the adhesive systems.

Proof: To prove (4.39), as in [Roul0, RR11b] we develop the following chain of inequalities

/02R2(e(ia)) ds + Varg, (#;[0,¢]) < lim mf//QIRQ( () ds + Varg, (zm; [0, 1))

t
< limsup @y, k(u m7270n) - (bm,k’(um / O ’U)m B e(um) drds + /<F, ’I.Lm> ds
m—soo O\l t 0 (4.40)
— B(u(0), 2(0)) — Dy (u / (i) dads + [ (R ds
Q\Fc 0

_ /0 2Ry (e(11)) ds + Varg, (2:[0,1])

Here, the first inequality is obtained by lower semicontinuity and the convergences (4.6a), (4.6c), while
the second one relies on the mechanical energy equality for the Modica-Mortola adhesive systems. The
third equality is due to u,, — u strongly in LP(0,T; W'P(Q\I'¢; R?)) by Thm. 4.1, assumption (4.5) and
convergence (4.6j), whereas the mechanical energy equality for the SBV-adhesive systems is exploited
for the last equality. Since Varg,(zm;[0,t]) — Varg,(z;[0,t]) by (4.6¢), from (4.40) we deduce the
convergence of the viscous dissipation. Moreover, with the same arguments as in [Roul0] one can conclude
that Ry(2,,) — fzurf in measure on (0,7)xI.. Arguing along the lines of [RR11b, p. 3186] these
observations together with convergences (4.6a), (4.6¢) and (4.6)) allow us to pass with m — oo in the
weak enthalpy equality of the Modica-Mortola adhesive systems and to obtain that the limit, i.e. the
respective relation for the SBV-adhesive system, again is an equality. Finally, the total energy equality
for the SBV-adhesive system is deduced by summing up the mechanical energy and the enthalpy equality.

]
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For the brittle delamination systems, however, our methods to gain energy equalities fail in the very
first step, as the following remark highlights.

Remark 4.5 (Failure of the methods in the brittle setting) As described along with (4.27) we
have to avoid the occurrence of 4 in nonlinear, p-dependent terms due to a lack of regularity. In the
adhesive setting we therefore test the momentum inclusion at time tY; by u(t)—u(t) ;) and exploit
convexity inequalities for W, and Jc. In this step, to get the missing estimate, it is crucial to test with
uw(tN)—u(t) ;). In the brittle setting however, u(t) is not a suitable test function at time ¢, since
2(tN)[u(tM)] # 0 is not excluded a.e. on I'c. Clearly this problem does not occur in the adhesive setting.

5 From SBV-adhesive contact to SBV brittle delamination

In this section we deduce the existence of energetic solutions for the SBV-brittle delamination systems.
This will be done by passing to the brittle limit £ — oo with the SBV-adhesive contact systems.

During the limit passage as k — oo the properties of the surface energy functionals F from (3.37)
change dramatically: their smooth contributions Ji(-, z) for adhesive contact from (3.36) are supposed
to approximate the nonsmooth functionals doo (-, z) for the brittle constraint from (3.40). In addition,
also a suitable convergence of their functional derivatives is required in order to pass to the limit in the
weak formulation of the momentum balance, see (3.28a) and (3.28b), respectively.

Testing the adhesive momentum balance (3.28a) with functions suited for the brittle equation (3.28b),
i.e. functions in the set U, ) from (3.24), would need

for all v e U, : / kzi(t) [ue(®)] - [v] da 50 ask— oo (5.1)
Te

for a.a. t € (0,T), where (ug, 2k, wy)r are the SBV-adhesive solutions suitably converging to a limit
(u, z,w). But as we only have that [.. k2 (t)|[ux(t)]|*dS < C, while [i. 2z (t)[[v][*dS — 0 only without
the prefactor k, the integral in (5.1) might even blow up to co. Hence, we have to avoid dealing with (5.1),
i.e. passing to the limit in (3.28a) with fixed test functions v € U.«). Instead, we intend to construct a
suitable recovery sequence (vg)x for the test functions v € U, (4), which satisfies

I (v, 2 () = / 2 (@)|[or] |2dx =0 forall k€ Nandforalltel0,T]. (5.2)

Tc

Additionally (vg)r has to feature a convergence suited to recover the bulk terms. In other words, for
every k € N, v has to be modified in such a way that the support of Jui] fits to the null set of z; and,
as k — o0, also vy — v suitably in the bulk. For obvious reasons, this convergence necessitates that the
supports of z; converge to the support of z in the sense that for a.a. ¢ € (0,7) it holds

supp 2x(t) C supp 2(t) + By, (0) for all k € N and  p(k,t) — 0 as k — oo, (5.3)

where B, 4 (0) is the open ball around 0 of radius p(k,t); the above inclusion has to be understood
as L9 (supp zx (¢)\ (supp z(t) + By(x.+)(0))) = 0. This so-called support convergence cannot be deduced
from the convergence of functions in a particular metric. It is rather a fine property of sequences being
semistable for the perimeter functional, as we will establish in Section 6.

Nonetheless, apart from this, the convergence of the bulk terms requires vy — v strongly in the
respective Sobolev space over the domain Q_ U MU Q4 with M = supp z(t). The strong convergence of
the recovery sequence can be gained from a result in [Lew88|, which, for general M (of bad regularity),
is only valid in WHP(Q_ U MU Q. ;R?) with p > d. This is the ultimate reason for the regularization
of p-growth in the bulk energy. Like in Section 4.1, we cannot directly pass to the limit with the term
of p-growth in the momentum inequality (3.28a), i.e. here with fQ\FC DW,(e(ug(t)):e(vi — ug(t)) dz, as
we again have to identify the weak limit of the sequence (DW,(e(ux)))r. In fact, we will rather use the
construction of (vi)x to show that the sequence of functionals (F ) from (3.37) Mosco-converges to the
functional Fy, from (3.41), cf. Prop. 5.3 in Sec. 5.1. This will allow us to conclude G-convergence of the
corresponding maximal monotone subdifferential operators and hence, to carry out the limit passage in
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the equivalent subdifferential reformulation (3.39). For the reader’s convenience, we recall the following
definition, see e.g. [Att84, Sec. 3.3, p. 295].

Definition 5.1 (Mosco-convergence) Let X be a Banach space and consider the functionals Fy, :
X — R, and F : X — Ry. We say that the sequence (F})r MOSCO-converges as k — oo to the
functional F, if the following two conditions hold:

liminf inequality: for every u € X and (ug)r C X there holds

ug—u weakly in X = likm inf Fy,(ug) > F(u); (5.4)

limsup #nequality: for every v € X there exists a sequence (vg)r C X such that

vy — v strongly in X and limsup Fy(v) < F(v). (5.5)

k—o0

A closely related concept is the one of G-convergence of a sequence of maximal monotone operators: by
[Att84, p. 373, Thm. 3.66], Mosco-convergence of the functionals implies the one of the corresponding
subdifferential operators. We recall (see [Att84, p. 360, Def. 3.58]) that, given Ay, A : X = X* (set-
valued) maximal monotone operators defined on a Banach space X,

V(u,u*)e X x X* with u* € A(u),
(Ag)r G-convergesin X to A < I (ug,uf), with (ug, u}) € X x X* and uj € Ay (ug) : (5.6)

up — w strongly in X, uj — u* strongly in X*.
After outlining the features of our approach, let us now state the main result of this paper.

Theorem 5.1 (Adhesive contact approximation of SBV-brittle delamination) Assume (3.7),
(3.8) and (3.11). Let (up,wg, zx)r be a sequence of approximable solutions of the SBV-adhesive contact
system, supplemented with initial data (ul), 09, z)), fulfilling (3.13) and (4.1). Suppose that, as k — oo

u—ug in WHP(Q\Te; RY), 00 — 0y in L1(Q), 20 = 2z in L®(T), and (

7)
q)k(u(,i, z,?) — Dy, (ug, 20)- (5.8

)

Then, there exist a (not relabeled) subsequence, and a triple (u,w,z), such that convergences (4.6)
hold for (u,wg,zr) as k — oo and (u,w,z) is an energetic solution to the SBV-brittle delamination
system, fulfilling the semistability condition (3.29) for all t € [0,T]. In addition we have that

3.
3.

up — w in LP(0, T; WHP(Q\T; RY))  and @y (ug, 21,) — Pp(u, 2) . (5.9)
Furthermore, (4.2) holds.

Proof: The proof follows the scheme outlined in Section 3.4.

Step 0 : selection of converging subsequences. For the sequence (uy, wy, zi ), estimates (3.47)—
(3.52) are valid and thus convergences (4.6) can be obtained in the very same way as in the proof of Thm.
4.3. Furthermore, notice that

sup sup Pp(ui(t),zr(t)) <C = E/ z21(t)| Jur ()] |7 dS < C for all t € [0,T], k € N. (5.10)
keN te[0,T] 2 e

Now, it follows from (4.6b) via Sobolev trace theorems that [uz] — [u] in C°([0,T]; CO(T'w; R9)).
Hence, we obtain Ju]n > 0, and also taking into account (4.6d) we find that ch 2k () [ux(®)]|? dS —
ch 2(t)|[u(t)]|?dS for all t € [0,T]. Therefore, on account of (5.10) we easily conclude that the limit
pair (u, z) fulfills the brittle constraint z[u] = 0 a.e. on (0,7) x T¢.

The proof of Steps 1 and 2, momentum balance and semistability, will be carried out in
Sections 5.1 and 5.2, respectively. The mechanical energy inequality (3.30) and the enthalpy inequality
(3.32) can be obtained by the very same lower semicontinuity arguments as in Step 3 and Step 4 of the
proof of Thm. 4.3, and the same for the positivity of the temperature, that is why we do not repeat it. m
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5.1 Step 1: limit passage in the momentum equation via recovery sequences

In this section we pass from adhesive to brittle in the subdifferential formulations of the momentum
balance. As already mentioned, this will be done with the aid of a recovery sequence (v) for the test
functions v € U, of the brittle momentum balance, which has to satisfy (5.2). The construction of
this recovery sequence relies on the following Proposition 5.2. It was developed in [MRT12, Cor. 4.10] in
order to pass from (Sobolev-) gradient delamination to Griffith-type delamination in the rate-independent
setting. Its proof is based on a Hardy inequality derived in [Lew88, p. 190], which requires the assumption
p>d.

In this section we will often indicate that © = (z1,y) € Q is composed of the z;-component and
y:= (w2,...,24) C R4"L. Moreover, in view of assumption (3.7c), we suppose without loss of generality
that Q is rotated in such a way that the normal n on I'¢ points in the z;-direction.

Proposition 5.2 (Recovery sequence for theA test functions, [MRT12])

Keep t € [0,T] fived. Let z(t) € L>(T'c) and let M(t) := supp z(t). Let dy;(t, x) == mingy ) |z — 2| for
all € Qx. Let v(t) € WHP(Q_ U M(t) UQ,,RY), with p > d, such that v(t) = 0 on Ty, in the trace
sense. With fifl(t,x) = min{ﬁ(dM(t,x) —p(t)*,1} set

VP (t, 21,Y) = Vgym (L, 21,Y) + féu(t, 21, Y) Vanti(t, 1, Y) , (5.11)

where veym (t, x1,y) = 3 (v(t, 1,y) +v(t, —21,9)) and vanei(t, 21, y) := $(v(t, z1,y) —v(t, —x1,y)). Then,
for a.a. t € [0,T] the following statements hold:

(i) vP(t) — v(t) strongly in WLP(Q_ U Q4 RY) as p(t) — 0,

(ii) v(t) € WhP(Q_UM () Uy, RY) = vP(t) € WHP(QLU(M () + B, (0)UQs, RY) with B,(0) C RY,
(iii) [v@)] -n>0o0onTc = [v°(t)] - n>0o0onT, .

We apply the construction of Proposition 5.2 to tailor a recovery sequence (vy); for any test function
v € U ). For our purpose, the radii p = p(k,t) in Prop. 5.2 are given by

p(k,t) :=1inf{p >0 : suppzx(t) C supp 2(t) + B,(0)}. (5.12)

As proved in the forthcoming Propositions 6.6 and 6.9, we have p(k,t) — 0 as k — oo for all t € [0, T7.
Then, statement (ii) ensures that the sequence (v ), vg := v”*%) does not jump on supp zx(t) for a.a.
t € (0,T). Moreover, [uP*!] -n > 0 on T'¢ is given by statement (). Statement (i) guarantees the
desired convergence v*(®) — u(t), only if p(k,t) — 0 as k — oo. This is shown in Proposition 6.6 for
supp z(t) = () and in Proposition 6.9 for supp z(t) # 0.

The above recovery sequence will now be used to state the Mosco-convergence of several functionals
involved in the adhesive momentum balance.

Proposition 5.3 Assume (3.7¢).
(1) Let (zp)r € SBV(T'¢;{0,1}) with z, = z in SBV(T'¢; {0,1}) as k — oo and X := WHP(Q\T'¢; RY).
Then, the functionals Ji (-, z) (3.36) Mosco-converge in X as k — 00 to Joo(+, z) (3.40).
(2) Let the assumptions of (1) hold. Then, the sequence (Fr(-, 2x))r (3.37) MOsCO-converges in X as
k— oo to Fool:, 2) (3.41).
(3) Let X := LP(0,T; WHP(O\T'¢; RY)). For zy, 2 satisfying (4.6¢) consider the functionals

Folon): X = 0,00, Falv,20) ::/O/Q\F W, (e(u(s))) de + Fo(v(s), 2 (s)) ds,  (5.13)
Fool,2) : X — [0, 00], Foo(v, 2) ;‘A‘Q\F Wy(e(v(s))) dz + Foo (v(s), 2(s))ds.  (5.13b)

Then the sequence (Fi(-, z1))x MOSCO-converges to the functional Foo(-,2) in X.

Proof: Ad (1): The liminf inequality (5.4) immediately follows from the fact that Jj (ux, z1) > 0 for
all k¥ € N. This has to be combined with the observation that the limit pair (u, z) fulfills z[u] = 0 on T'c,
which can be checked arguing in the same way as throughout Step 0 of the proof of Thm. 5.1.
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The lim sup condition (5.5) is proved by associating with each v € WP (Q\I'c; R?) with Jo (v, 2) < 00,
ie. z[[v] =0 on I'¢, the recovery sequence
supp z

sym ) 9 anti ) if )
on(21,y) = {vy (1,9) + &y (@1, 9) Vanti(21,y)  if supp z # 0 (5.14)

v(z,y) if suppz=20.

The construction for the case supp z = (J, is due to Proposition 6.6 stating that, if supp z = ), then also
supp zx = ) from a particular index kg on. For supp z # 0 the construction is the one from Proposition
5.2. The sequence (vg)y strongly converges to v in X by (i) of Prop. 5.2. From (i) and (5.12) it follows
that zx[vg] = 0 for every k € N, hence Jj (vk, 2x) = doo(v,2) = 0 and (5.5) is verified.

Clearly, (2) is an obvious consequence of (1), also taking into account that, the construction of the
recovery sequence (vg)x preserves the non-penetration constraint, cf. (3ii) in Prop. 5.2.

Ad (3): Consider v € X = LP(0,T; WHP(Q\I'¢; RY)). Again, the liminf inequality (5.4) is easy to
check. For a.a. s € (0,t) fixed a recovery sequence for v(s) = v(s, z1,y) is given by vi(s) = v (s, z1,y) from
(5.14). We prove that vy, — v strongly in X. Statement (i) of Prop. 5.2 yields that vi(s) — v(s) strongly
in WHP(Q\Le; RY), ie. [[or(s)wrw\rere)y = 10(s)]lwie\re;re) pointwise a.e. in (0,t). Moreover, due
to f%«) (s,-) €[0,1] for a.a. s € (0,1), construction (5.14) gives ||vk(s)[lw1.r @\ reire) < [0(8)[[wir@\re v
with ||/U(')||Wl,p(Q\FC;Rd) € L”(O,t). Thus HUk;(')HWl,p(Q\FC;Rd) — ||’U(')||W1.p(Q\FC;Rd) in LP(O,t) due to
the dominated convergence theorem. [

Now, we want to carry out the limit passage in the momentum balance from adhesive to brittle
exploiting convergences (4.6). As in Section 4.1, we observe that, there exists p € L (0, T; L*' (€)) such
that, up to the extraction of a further (not relabeled) subsequence there holds

DW, (e(ug))—p in L¥ (0, T; LP (Q)). (5.15)

Furthermore, a comparison in the reformulation (3.39) of the adhesive momentum equation for (ux, wg, 2k )k
yields a bound for the sequence (Ax)x € L¥' (0, T; WHP(Q\Io; R%)*) such that A\ (t) € 8, Fp (ur(t), zi(t))
for almost all ¢t € (0,7T) and (ug, w, 2k, M) fulfill (3.39). Therefore, up to a subsequence,

Ar— A in LP (0, T; WHP(Q\De: RY)*). (5.16)

Convergences (5.15)—(5.16), combined with (4.6a)—(4.6h) allow us to show, as for (4.16), that the quintuple
(u,w, 2, u, A) for almost all t € (0,T) and all v € WHP(Q\I¢; R?) fulfills

/ (DRQ(e(ia(t)))JrDWg(e(u(t)))—lB%@(w(t))+u(t)):e(v) dz+(\(t),v) = (F(t),v). (5.17)
A\l'e

Thus, to be able to conclude that (5.17) is the momentum inclusion for the SBV-brittle limit, as in
Section 4.1 we have to identify the limits

wn(t) =DWp(e(u(t))) and A(t) € 0uFoc(u(t), 2(t)) fora.a.te (0,T). (5.18)

For this, we exploit the Mosco-convergence of the functionals (-, z,) defined in (5.13): indeed, we will

apply the following Lemma 5.4 to the G-convergent sequence (0, F (-, zk))k-

Lemma 5.4 Let X be a reflexive Banach space and (Ayp)r a sequence of mazimal monotone operators
Ag : X = X* which G-converge to a mazimal monotone operator A. Then the following holds

(up,up) € X x X* with uj, € Ap(uy),
up = uin X, up = u* in X*, =  (u,u”) € X x X" with u* € A(u). (5.19)

limsup,,_, o, (uj, ur)x < (u*,u)x

The proof can be retrieved {rom the lines of the proof of [Att84, p. 361, Prop. 3.59].
We then obtain the following result on the limit passage in the momentum balance, where, as in Propo-
sition 4.1, the identification (5.18) again implies the strong convergence of (u ) in LP(0, T; WP(Q\Io; R)).
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Proposition 5.5 (Passage to the limit in the momentum equation as k — o)

Assume (3.7), (3.8), (3.11), (3.13), and let (uk, wi, zk)x be a sequence of energelic solutions to the SBV-
adhesive contact systems, for which convergences (4.6a)—(4.61) to a limit triple (u,w, z) hold as k — oc.
Then, the limit triple (u,w, z) satisfies the weak formulation (3.28b) of the momentum equation in the
brittle case. In addition, there holds

ug — u strongly in LP(0, T; WHP(Q\T'o; RY))  and @ (uk, 21) — Pp(u, 2). (5.20)

Proof: To prove (5.18) we are going to show that u* € X* (with X := L?(0,T; W'*(Q\I'c; RY))) given
by (u*,v)x = fot Jo 1u(s): e(v(s)) dz4(A(s), v(s)) ds is such that u* € 8, Fo (u, z). To this aim, we observe
that the sequence (u})r C X* defined by (uj,v)x := fg Jo DWy(e(ur(s))): e(v(s)) dz + (Ar(s), v(s)) ds
fulfills u}, € auf;'"k(uk,zk) and uj—u* in X*. Then, we apply Lemma 5.4 to the sequence of maximal
monotone subdifferential operators (Ag), with A = E)ug'"k(~,zk) : X = X* and verify the limsup-
estimate in (5.19). For this, we again test (3.39) by wuy, integrate in time, and take the limsup_, .
Thus, the very same calculations as throughout (4.19) give

lilrcriscgp/o (/Sz\ll)cwp(e(uk)) : (e(ug)) dz + ()\k,uk>> ds < /0 (/Q\IHC: e(u) dz + (A,u)) ds. (5.21)

Hence, u* € 0,F o (u, z) and we conclude (5.18) as in the proof of Prop. 4.1.

For the convergence of the energies, i.e. @y (ug, 2r) — P (u, 2), it has to be shown that Jj (ug, zx) — 0.
This is obtained by testing the adhesive momentum inequality (3.28a) by the recovery sequence (vg)g
constructed via (5.11) for the brittle limit solution u. Rearranging the terms in (3.28a) and exploiting
that zx[ux] = 0 a.e. on T'c by construction yields for a.a. ¢t € (0,T) that

0< /Fk;zk{ [ur] |2 dz < /Q\(FDRQ(e(dk))—l—DWg(e(uk))—B@(wk)—i—DWp(e(uk))):e(vk—uk) dz — (F, vk —uy)
—0 as k — oo,

since both vy, — u and uy, — wu strongly in WP(Q\I'c; RY) for a.a. t € (0,7). Hence ch k2| [ur] |2 dz — 0
as k — oo for a.a. t € (0,7). [

5.2 Step 2: closedness of semistable sets

We now prove that the limit pair (u, z) complies with the semistability condition (3.29) by constructing
a mutual recovery sequence, cf. Sec. 4.2, for the semistable sequence (zx)r C L*(0,7;SBV(T'c,{0,1}))
fulfilling (4.6¢). This construction is carried out in Proposition 5.7 below. It uses notation from the theory
of BV-spaces, which can be found in Appendix B, cf. in particular Def. A.9, A.10. In order to guarantee
that Rq1(Z; — 2zx) < oo for the mutual recovery sequence (Zx)x, we would like to apply a construction
similar to the one developed in [TM10] for Sobolev-gradients, which mainly consists of considering the
minimum of the stable sequence and the test function z. To deal with the gradient terms one exploits
a chain rule formula for Sobolev-functions and the Lipschitz continuous minimum function, cf. [MM72].
A corresponding chain rule formula for distributional derivatives, see [ADM90], is more complicated to
apply, as it also involves a kind of tangetial differential. For our purposes however, the following Theorem
5.2 on the decomposability of BV-functions, will provide an alternative construction that allows us to
circumvent this general chain rule formula.

Theorem 5.2 (JAFP05, Th. 3.84] Decomposability of BV-functions)

Let D C R™. Let 1, U2 € BV(D) and let E be a set of finite perimeter in D, with its reduced boundary
SE oriented by the generalized inner normal vg. Let vfgtE denote the traces on FE N D and Xg the
characteristic function of the set E. Assume that 61+5E and Uy, exist for H™ '-a.a. x € FEND. Then

w:=01Xg + 02Xp\p € BV(D) if and only if A |{;1:E - '52_3E‘d}cm’1 < 0. (5.22)
n

30



If w € BV(D) the measure Dw is represented by

Dw := Doy |[E' 4+ Dig | E® + (0, — 05, Jve @ K" [(FEND), (5.23)

1C§E
where E' and E° denote the measure-theoretic interior and exterior of E, see Def. A.10.
We then have the following result (see [Tho11] for the proof).

Corollary 5.6 Let D C R™ and v € BV (D) with a < v < b L™-a.e. in D for constants a, b € R.
Assume that T is a H™ '-rectifiable set oriented by v. Then a < v?(m) <b for H" '-a.a. x € D.

In the proof of the following result we will apply Thm. 5.2 and Cor. 5.6 with D =T and m =d — 1.

Proposition 5.7 (Passage to the limit in the semistability condition as k — o)

Assume (3.8), (3.11), (3.13), and let (u, zx)r be a sequence of energetic solutions to the SBV-adhesive
contact system, for which convergences (4.6a) (4.6f) hold as k — oo. Then, the limit pair (u, z) fulfills
the semistability condition (3.29) with the energy Py,.

Proof: To prove (3.29) with @y, it is sufficient to show for a.a. ¢t € (0,7T)
VZ € Zspy - O ([u®)], 2(1) < @3 ([u®)], 2) + Re(2 — 2(¢)). (5.24)

We will check (5.24) for ¢t € (0,T) fixed, thus we will omit the variable ¢ from now on. We verify the
following MRS-condition: Let (zj)r C SBV(T'¢,{0,1}) be a semistable sequence for the energies (),
with z;, — z in SBV(I'¢, {0,1}). Then, for all Z€2 there is a sequence (Z;)r C SBV(I'¢, {0,1}) so that

li;rls;ip (@k([[uk]],ék) — @k([ukﬂ,zk) + R (2K — zk)) < @b([[u]],é) — @b([[u]],z) +R1(z2=2). (5.25)

In the proof of (5.25) we distinguish between the following two cases:

Case A: Let 7 € Z be such that there exists a £¢~!-measurable set B C I' with £471(B) > 0 and
Z >z on B. Then R(Z — z) = 0o and (5.25) holds.

Case B: Let 2 < z ae. in T'c. Then, R(2—2) < co. To avoid trivial cases, we also suppose that
@, ([u], 2) < oo, hence 0<Z<1 and Z[u] = 0 a.e. on I'c. To construct a mutual recovery sequence we set

Zp = 2Xa, +2(1 —Xa4,), where Ay :={ax €T¢ : 0<2(z) < zp(a)} = [0 < 2 < z]. (5.26)

With this choice we ensure that 0 < Z; < zj a.e. in I'c. Note that T'o\Ax = [z < 2] = [z, = 0] N [Z2 = 1].
Since zy, z € SBV(T'¢, {0,1}) are the characteristic functions of sets Zy, Z of uniformly bounded, finite
perimeter, and relying on Prop. A.8, we find that

3C>0VkeN: P(ApTo) = P(Tc\Ap,Te) < P(Zy,Te) + P(Z,T¢) < C.

Additionally, Cor. 5.6 implies that |Z—z;| < 1, || < 1 as well as |z;| < 1 H? !-a.e. on the respective
reduced boundaries. Hence, Thm. 5.2 can be applied, yielding that 2z, € BV(T'¢) for all k € N.

To verify that %, — Z in L*(I'c) we use that [z < 2] C [z < 2] C [e < |2, — z]] for any ¢ € (0,1),
due to zg, 2,2 € SBV(I'¢; {0,1}). With Markov’s inequality in estimate (M) we conclude

o)
Ld_l(FC\Ak) < Ld_l([E < |Z—Zk|]) < 5_1||Z_ZkHL1(FC) — 0, (5.27)

the latter strong convergence due to z — z in SBV(I'¢; {0,1}). Thus, we infer
||2k — éHLl(FC) = ||Zk — 'gHLl(Fc\Ak) < Ldil(FC\Ak) — 0. (528)

In fact, since (2 )y is bounded in L*>°(T'¢) by construction, the above convergence improves to Z;, — Z in
Li(T.) for all 1 < g < co. Using that 0 < Z;, < z; a.e. on I'¢, we have that

1irnsup§/F (Zk—zk)|[[uk]]|2 dSSOz/F (Jm([[u]],é)—Joo([[u]],z)) ds.

k—o0
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Hence, in order to conclude the lim sup estimate (5.25), it remains to prove that

lim sup (Sb(ék) —Gp(zk) + R1(Zk — zk)) < lim sup (Sb(ék) — Sb(zk)) + limsup Rq (2, — 1) (5.29)
k—oo k—oo k—oo
and we estimate the different terms in (5.29) separately.
Due to the strong L'-convergence obtained in (5.28) and the fact that Z, < 2, for all K € N by
construction we conclude that Ry (2, — z) — Ri(Z — 2) as k — oo.
Thus, to deduce the estimate for Gy, it remains to show that

fm sup ([D2(Tc) = D24/ (Tc)) < [D2I(e) =[Pl (Te). (5.30)
oo

For this we recall that Z = 2X4, + 2i(1 — X4, ) as well as zp = 2, (X4, + (1 — X4,)) and we express
their derivatives, i.e. the Radon measures DZj and Dz, with the aid of formula (5.23):

D3| (Te) =|D3|(AL) + Dz (A9) + / 5 — 2 | d92, (5.31)
FALNC ¢

where we applied Cor. 5.6 to determine the traces éff on the different parts of the reduced boundaries.

Similarly we find

~D=4/(Te) = = Dzl (4]) - Darl(AD) — [ s —sp a2, (5.3
SANCc
We note that both |Dz;|(A%) = 0 and —|Dzy|(A) = 0in (5.31). To establish (5.30) we have to show that
—liminfy_ o [Dzx|(A}) < —|Dz|(I'c) and that the boundary terms in (5.31) + (5.32) can be estimated
as follows for all k£ € N:

/ |2 — 2, | dF2 —/ |2 — 2 [ dH2 < / 12T — 27| dHd2. (5.33)
SANT¢ FALNC ¢ FALNC ¢

To verify estimate (5.33) we use the information on the traces stated in Cor. 5.6 and distinguish between
all possible relations. On FA, N T it holds 0 < 2t < z,j and 0 < z; < Z~ H=2-a.e.. Hence, for
Hi2a.a. € FA, NF(T\Ar) NT¢ with

<z itis 2t <zl <z <F7,ie |FToz | <|Zt -2,
zi >z, itiseither 27 <zp <z <27, ie |ZT—z | < 2T -2,
or 2+§z,§ <2_§zk+,1e. |2+fz,;|§|2+72_|,
or zp <ZT<ET<zhie |FT—z | <t -2,
or 2z <iZT<zF <z e [Zt—z| < |- 2],
or 2z <zt <iT <ot de [Ft—2 | <o — 2 |

Using these estimates and denoting the set of points, where one of the latter three relations holds by F,
we find that

/ |2+fz,;|d9{d_27/ |z,jfz;|dﬂ{d_2§/ I2+72—|dﬂd‘2—0§/ 2=z |32
3 3 s §

ANl ANl Akﬂrc\E ApNTe
Thus, (5.33) holds. In total we have obtained that the left-hand side of (5.30) can be estimated by

timsup (D5 (Tc) - [Dz1/(T) < timsup (Dz|(4}) +
k—oo

k—o00 SANI'c

< [D2|(T'c) — lim inf Dz (4})

[ — 27|13t % - Dz |(4}))
(5.34)

To show that —liminfy_ o [D2k|(AL) < —|Dz|(T¢) in (5.34) we first choose a subsequence (zi)) such
that the lim inf is attained. Then, we introduce the sets U, := [J;—, (I'c\A) . Since L4~ 1T\ Ay) — 0 as
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k — oo we may choose a further subsequence s.t. Zkoil LA=YT\Ar) < oo. Hence for this subsequence,
L4~ (U,) < oo and L1 (U,) — 0 as n — co. We set lim,, oo U, = N and put T, := I'c\U,, which
satisfies I',, C A,, for all k > n. Then, also '}, C A} as well as '}, C '}, C T’ for all n € N by Cor.
A.11, 2.). Since L471(N) = 0 we conclude that (I';\N)! = '} by Cor. A.11, 1.). This proves that
I‘}l — I‘é. Note that I'c ¢ R4~! is an open set, i.e. for all z € T, there exists a constant 7, > 0 such that
B,(x) C T for all r <r,. Hence 'L =T.

Keep n € N fixed. Then the sets '}, C A} can be used to find a set independent of k > n, so that the
lower semicontinuity of the total variation functional can be exploited on I'} for the sequence 2 X zin

SBV(T'¢, {0,1}) and we have ensured that I'. — T'¢. For all k > n we have

- likminf|Dzk|(A,1§) < —likminf |Dz|(TL) < —D2|(T}) — —|Dz|(T'c) as n — oo.
c— 00 c— 00

This finishes the proof of estimate (5.34). Thus we conclude that the mutual recovery sequence (Z)x
given by (5.26) satisfies the lim sup-estimate (5.25). ]

6 Support property of semistable sequences

We now investigate fine properties of the sequence (z), which are exploited for proving the convergence
of the momentum equation as k& — oo in Section 5.1. We will deduce such properties from the sole feature
of semistability of the sequence (zj), with respect to the functionals @y (uy, ).

The statement of the main result of this section, Thm. 6.1 below, is given for a generic sequence
(z) C L>(0,T;SBV(I'¢;{0,1})) fulfilling the semistability condition (3.29). We refer to Remark 6.11
for further comments in this connection.

Theorem 6.1 (Support convergence) Assume (3.7c). Let (zi)r C L*™(0,T;SBV(T'¢;{0,1})) fulfill
(3.29) for all k € N. Suppose that

2e(t) = 2(2) in SBV(T'¢,{0,1}) for allt € [0,T] (6.1)
for some z € L*°(0,T;SBV(T'¢;{0,1})). Set
p(k,t) :=1inf{p > 0, supp zx(t) C supp z(t) + B,(0)} for allt € [0,T] and all k € N. (6.2)
Then, for all t € [0, T] we have support convergence, i.e.
supp 2x(t) C supp 2(t) + Byr,)(0) and p(k,t) -0 ask — oo. (6.3)

Since the solutions (zx)r of the thermal delamination problems satisfy the semistability (3.29) for
all t € [0,T], hereafter in most of the arguments for proving Thm. 6.1 we will suppose ¢t € (0,7T) fixed
and omit indicating the dependence of the functions and of the radii on ¢. Moreover, all the ensuing
calculations only involve functions defined on the interface I'c € R?~!, hence we will use the abbreviation

m:=d—1.

The main idea we will develop is the following: Thanks to the SBV-gradient term in the energies
O (ug, ) and Pp(u,-) (cf. (3.18), (3.21)), the delamination parameters zx, z in the adhesive and brittle
SBV-models are characteristic functions zy, z € SBV(T'¢, {0, 1}) of sets Zi, Z C T’ with finite perimeter.
To be more precise, since the bulk energy is independent of zj and since Ji(uk,2) < Ji(zk, ux) for all
z < zj, the semistability of zy for @y (ug,), k € NU{oco}, implies the semistability of the underlying set
7y for the energy term 8(-) :=bP(-,T'¢) — apL™ (), i.e.

S$(Z) < 8(Z) +Ri(5 — 2z) with 8(Z) := bP(Z,Tc) — apk™(Z). (6.4)

In particular, arguing by contradiction to the semistability condition (6.4), we will be able to rule out the
presence of isolated subsets or thin cusps of arbitrarily small L™-measure in Zj, which would counteract
property (6.3). To do so, we will resort to refined tools from geometric measure theory. We refer the
reader for Appendix B for the related definitions and results.

Before starting with the proof of Thm. 6.1, we first motivate heuristically why isolated subsets or thin
cusps in Zj, are undesirable properties of Zy, if (6.3) has to be proved.
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Preliminary considerations. First of all, one should be aware that elements z € SBV(T', {0,1})
(or in general z € L'(T'.)) are given by equivalence classes of functions differing on £™- null sets, only.
Hence, in this setting, the support supp z and the null set IV, are rather defined similarly to the context
of measures [Fed69, p. 60] by

supp z := N{A| A closed, L™ (Z\A) =0} and N, :=T\suppz, (6.5)
where Z :={z € T'¢|z(x) #0}.

This definition yields suppz closed and N, open and for continuous functions it coincides with the
conventional definition. As a direct consequence of (6.5) we have the following result.

Corollary 6.1 Let z € L'(Tc). Then suppz + B,y (0) — suppz as p(k) — 0, in the sense that
L™ (supp z + B,1)(0)\ supp z) — 0 as p(k) — 0.

Proof:  First assume that suppz = (. Then () + B,;)(0) = 0 so that the statement holds true.
Now, assume that = € suppz + B, (0) for all p(k) > 0. Then 2 ¢ N, because N, is an open set.
Then, the thesis follows, observing that by monotonicity (L™ (N, N suppz + B,y)(0)))r converges to
L™(N, N Ngen(supp z + B,y (0))) as p(k) — 0. ]

While for every fized z € L*(T'..) we have supp 2+ B,1)(0) — supp z as p(k) — 0, support convergence
(6.3) is in general not true for arbitrary sequences z;, — z in L*(I'c) with suppz # (). Clearly, for any
sequence z — 2z in L*(T'¢), which can attain values in the whole interval [0, 1], there is a sequence (p(k))x
with p(k) > 0 such that supp 2z, C supp z + B,)(0). This is due to the boundedness of I';. But not
necessarily p(k) — 0 as kK — 00, as can be seen from the following counterexample:

Example 6.2 Let z =1 on a closed set Z C intT'¢ and for all k € Nlet 2z, = z on Z and z;, = 1/k on
I'c\Z. Then zp — z uniformly on I'c. But for all £ € N we have supp 2z = I'c /4 supp z = Z and hence,
inf(p) = p(k) = dist(supp 2, 0T'¢) for all k € N. Thus, supp 2 C supp z + B, (0), but p(k) /4 0.

To exclude situations as above it is essential that zi(z) € {0,1} a.e. on T'¢, which is indeed given by the
space SBV(I'¢, {0,1}). Hence, zj, is the characteristic function of the finite-perimeter set Zj, as in (6.6).
However, working in SBV(I'¢, {0, 1}) in general neither ensures

Z), = supp z L™-a.e. on T, (6.7)

nor support convergence (6.3). This can be seen from Example 6.3 below, which is constructed in the
spirit of [Giu84, p. 24, Rem. 1.27] or [AFPO05, p. 154, Ex. 3.53]. In fact, (6.7) and (6.3) will be deduced
only by exploiting an additional qualification, namely (6.4).

Example 6.3 Let Q := (0,1)2. The set of points with rational coordinates @ N Q? is countable and can
be arranged in a sequence (g;);. For every j € N and every k € N we define the open ball B(g;, ;i) with
radius 7; := 1/(4k - 27) and center in g;. Then, L?(B(q;,7jx)) = m/(16k*-2%7) and P(B(q;, 1), Q) =
7/(2k-27). For all k € N we set Zj, := UjenB(gj,7jx) and as k — oo we obtain that

LA(Z) <3 BA(Blagr)) =7/(8K) =0, P(ZeQ) <Y~ P(B(agjr).Te) =/k 0.

Hence 2z, — z in LY(Q), where Z = () (which can be identified with Q@ N Q?, in the sense that the
respective indicator functions differ on a set of null Lebesgue measure). Additionally, the perimeters
as well converge, since P(Z,Q) — 0 = P(Q N Q2% Q). Notice that, since Q N Q* C Z, C Q the sets
Ay, are dense in @ for all £ € N. Hence, by formula (6.5) we have supp zi, = @ for all k& € N, whereas
supp z = ). This discrepancy is due to the fact that Z, converge to a dense set of zero L2-measure, while
L2%(Zy) < L2(supp zx) because the topological boundary 97 of the sets Zj is of positive L2-measure.
Thus, supp z 7 supp z. In particular, support convergence (6.3) does not hold, because 0+ B, (0) = 0
and hence supp z; ¢ 0 for any p(k) > 0.
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Examples 6.2 and 6.3 suggest that there two reasons for the failure of support convergence (6.3) under
convergence (6.1):

1. suppz =0 and suppz; #0 forall ke N. (6.8a)
2. suppz £ 0 and p(k) A0 for all k € N. (6.8b)

Because of 2z, — z in L'(T'¢) by (6.1), we observe that z;, — 0 in L'(N,). For the associated finite-
perimeter sets Zj as in (6.6) we have

L™(Z,N,) —0 as k — oo. (6.9)

Now, if the sets Zj satisfy either (6.8a) or (6.8b) in combination with (6.9), then necessarily Z; N N,
turns into a set with arbitrarily small £L™-measure, which is either isolated from supp zg, or is a thin
cusp. These two properties are defined as follows:

Definition 6.4 (Isolated subset, thin cusp) Let A, B C R™. Moreover, let A' denote the measure-
theoretic interior of A (cf. Def. A.10), and let X be the characteristic function of B. We say that

A is isolated from B < Jeg > 0 Vo € A ¢ dist(z,supp Xp) > &0, (6.10)
Jz € A': dist(z,suppXp) = 0 and
A is a thin cusp in AUB & Jpo>0 3 Ay C AL with L™(Ag) > 0: (6.11)
dist(Ay,supp Xp) > po .
As a direct consequence of Definition 6.4 we obtain for B = () :

any set A C R™ with A' # () is isolated from B = () and it is not a thin cusp of AU B. (6.12)

Outline of the proof of Theorem 6.1. Let (z;)r, 2 C SBV(I'¢; {0, 1}) be the characteristic functions
of the sets (Zy)r, Z with [inite perimeter, fulfilling the assumptions of Thm. 6.1, hence semistability (6.4).

Although L™(Z, N N.) — 0, not necessarily L™ (supp zxy N N.) — 0, as we have learned from Example
6.3. However, exploiting (6.4) we will show that the sets Z; (Z) neither contain isolated subsets nor thin
cusps of arbitrarily small L"-measure. To be more precise:

1. in Lemma 6.5 we prove that characteristic functions z; (z) of finite-perimeter sets Z (Z) which
are isolated subsets of sufficiently small L™-measure violate (6.4), hence cannot be semistable for
D (ur; ) (Poo(u,));

2. in Lemma 6.8 we prove that characteristic functions zj (z) of finite-perimeter sets Z; (Z) with
sufficiently thin cusps violate (6.4), hence cannot be semistable for @y (ug, ) (Poo(u,-)).

From Lemma 6.5 we will immediately deduce the support convergence (6.3) in the case supp z = (),
cf. Prop. 6.6. Relying on both Lemma 6.5 and Lemma 6.8, we will prove (6.3) if supp z # 0 in Prop. 6.9.

The main tools for this are the isoperimetric inequality (in the case of isolated sets) and the relative
isoperimetric inequality (in the case of thin cusps), which we collect in the result below.

Theorem 6.2 (Isoperimetric inequalities [AFP05, Th. 3.46 and (3.43) |) Let m > 1 be an inte-
ger. Let A be a sel of finite perimeter in R™,
1. Isoperimetric inequalily: For any set A of finite perimeter in R™ either A or R™\ A have finite
Lebesgue measure and
min {£™(A), L™ (R™A)} ™ < ¢, P(A,R™) (6.13)
for some dimensional constant c,,.
2. Relative isoperimetric inequality in balls: For each ball B,(y) C R™ it holds
m—1 _
min {Lm(A N B,,(y)),Lm(Bp(y)\A)} " < &mP(A B,y(y)) (6.14)
for some dimensional constant é,,.

We will first treat the case of isolated subsets and then solve the more general and more problematic case
of thin cusps.
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Elimination of isolated subsets and support convergence (6.3) if supp(z(t)) = 0. In order to
prove that characteristic functions zj (z) of sets Zy (Z) which contain isolated subsets of sufficiently
small L™-measure cannot be semistable for 8 in (6.4), we have to construct a particular test function for
which (6.4) is violated. Since we deal with an isolated subset we can obtain such a test function simply
by eliminating this subset.

Lemma 6.5 (Elimination of isolated subsets by semistability) Let k € NU {co} fized. Assume
(3.7¢). Let zx be the characteristic function of a L™ -measurable set Zy with finite perimeter, semistable
for @i (uy, ), hence (6.4). Then, the measure-theoretic interior Z} does not contain any subset Ay, isolated

Jrom Zi\ Ay with 0 < L™(Ag) < bm((ao—i—al)cm)fm, where ¢, s from the isoperimetric inequality (6.13).

Proof: By contradiction, assume that Z,i contains a subset, Ay, isolated from Z;\ Ay with 0 < L (Ay) <

b ((ao—l—al)cm) ™ We test (6.4) with the characteristic function Zx of the set Ty = Z1:\ Ak, which clearly
satisfies Z;, < z;, a.e. in I’ and hence Ry (2, — zx) < oo. As Ay is isolated, (6.4) yields

bP(Ag,To) < (ap+a1) L™ (Ag) < (ao-+a1)(emP(A, To)) L™ (Ap) Y™ . (6.15)

The second estimate is due to the isoperimetric inequality (6.13) using that min{L™(Ay), L™ (R™\ Ax)} =
L™(Ag). Since L™(Ag) > 0, we have P(Aj, ') > 0. Thus, we can divide by P(Aj,T¢) in (6.15),

which yields b((ao + al)cm)_1 < L™(Ag)™. This is in contradiction to the assumption L™(Ag) <
bm((ao—i—al)cm)_m. Hence, the characteristic function z; of the set Zj containing the isolated subset Ay
with 0 < £™(Ay) < b™((ao+ai1)ey)  cannot be semistable, neither for 8 nor for @ (ug, -). |

As a direct consequence of Lemma 6.5 and (6.12), we exclude case (6.8a) for semistable sequences.

Proposition 6.6 (Support convergence of semistable sequences if supp z = 0)) Assume (3.7¢).
Let (z)k, 2 C L*°(0,T;SBV(I'¢; {0,1})) be as in Thm. 6.1. Assume that supp z(t) = 0 at somet € (0,T).
Then, there is an index ko(t) € N such that also supp z(t) = 0 for all k > ko(1).

Proof: Since suppz(t) = 0 and z(t) = 2(t) in SBV(I'¢,{0,1}), we have z; — 0 in L'(T¢). Now,
in view of relation (6.12), the sets Zj are isolated from supp z with £™(Z;) — 0. In particular, there

is an index ko € N such that L™(Z) < bm((ao—i-al)cm)fm for all £k > ko. By Lemma 6.5, this is in
contradiction to the semistability of z; for ®;. Thus, we conclude that zp = 0 for all k& > k. [ |

Elimination of thin cusps and support convergence (6.3) if supp(z(t)) # 0. Our remaining
task is to verify (6.3) for supp z(¢) # 0. From now on, we will again omit to indicate the time variable
t. Let us proceed by contradiction and assume that (6.3) does not hold. We will show that this leads
to a contradiction to the semistability of zj for ®j(uk,-). The sequence (p(k))) is uniformly bounded
by the boundedness of I'c. Hence, we can find a subsequence converging to the limsup of the whole
sequence limsupy_,. p(k) =: po. Moreover, due to z — z in L*(I'c), there is a further subsequence
which converges pointwise a.e. on I'c. Hence, to carry out the contradiction argument, we can restrict
ourselves to a (not relabeled) subsequence of weak solutions which satisfies

e 2 is the characteristic function of a set Z; with finite perimeter.
o (zp)) realizes po := limsup,_, . p(k) in (6.3). (6.16)

e 2, — z pointwise L™-a.e. on I'¢ .
For this subsequence the contradiction to (6.3) reads
supp zx C supp 2z + B, (0) for all k € N and  p(k) — po > 0 as k — oo. (6.17)
Because of py > 0 we can find a further subsequence and an index kg such that

p(k) > po/2 for all k > k. (6.18)
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Asgsume that L™ (supp zx N N,) > 0 (otherwise p(k) = 0). Then, also L™(Z;, N N,) > 0. Thus, for every
k > kg there is a point y;, € Z,i N N, with the property

dist(yx,suppz) > po/2 and thus B, /4(yx) C N. . (6.19)
For shorter notation we set
Vk>ko: Ap:i=ZpN Bp0/4(yk:)- (620)

The convergence z, — z pointwise L™-a.e. in particular implies that for every ¢ € (0,1) and L™-a.a.
y € N, there is an index k(y,¢) such that for all & > k(y, ) it holds |z, (y)| = |zk(y) — 2(y)| < &, hence

2p — 2 in SBV(T., {0,1}) & (6.16) = L™(Ax) <L™(ZxNN,) =0 as kg < k — co. (6.21)

Therefore, if additionally (6.19) must be satisfied, the sets Z; N N, either have to turn into isolated sets
or into thin cusps. The first case is already ruled out by Lemma 6.5.

The occurrence of thin cusps will be excluded in Lemma 6.8 by showing that the semistability (6.4)
of a set Z for 8 (resp. its characteristic function z), is violated for a particular test function Z being the
characteristic function of a suitable set Z. Since we are working in SBV(I'¢, {0,1}) this test function Z
can be constructed by “cutting off the thin cusp” in a suitable way. More detailed, this cut-off yields that
ARAS Additionally, it generates a new surface and we have to ensure that this new surface is smaller
than the surface of the part which is cut off. For this, we consider

ye 7z, p,, = dist(y,l'c) and A(y) := zZ'n By (y) (6.22)

with Z! the measure-theoretic interior of Z, cf. Def. A.10; later on, in Prop. 6.9, to prove support
convergence, we will choose y = yi, and p; = po/4. To show the existence of a suitable cut-off for a thin
cusp A(y) of sufficiently small L"-measure we fix « € (0,1) and show

0<L™(A(y)<M(py) = 3Ipelp;/2,p5): 0<H™ (A(y) NIB,(y)) < aP(A(y), B,(y)), (6.23a)
where M (p?) := min{(p}/2)"L™ (B1(0))/2, (ap})™ [ (28mm)™, b™ (1 —a)™ ) (ém(ag+a1))™} . (6.23b)

In order to verify implication (6.23a) we assume the contrary, i.e.
L™ (A(y) < M(p) and Vpelpl /2,3 : K™ (A(y) N9B,(y) = aP(A(y), By(y)).  (6.24)

For the contradiction argument we will use the volume formula, cf. [EG92, p. 197]
R
ye ACR™ ACBgr(y)y = VR>0: L™A) = / H™ YA ' NOB,(y))dp (6.25)
0

and we will exploit the relative isoperimetric inequality in balls (6.14).
Lemma 6.7 Assume (3.7c). Let A(y) be given by (6.22). Then implication (6.23a) is true.

Proof: We assume that (6.23a) is false, i.e. we have (6.24), instead. By (6.23b) it is L™(A(y)) =

L™(Z' N By (y)) < M(p;;) < L™ (B, /2(y))/2 and hence we have

Vp € [py/2,py) + min{L"(A(y) N B,(y)), L™ (B,(y)\A(y))} = L™ (A(y) N B,(y)) - (6.26)

Moreover, applying the relative isoperimetric inequality (6.14) on the estimate in (6.24) yields that for
all p € [p} /2, py] it is
m—1

3L (A(y) N OB,(y)) > — L™ (A(y) N By(y)) ™, (6.27)

CW'L
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where H™ 1 (A(y) N 0B, (y)) = LL™(A(y) N B,(y)) by (6.25). Since L™(A(y) N By(y)) > 0 for all

p
p € [p;y/2, py], we can divide by L™ (A(y) N B,,(y))mw:l in (6.27). Integration over p € (p; /2, p;) with the
substitution u = L™ (A(y) N B,(y)), du = H™ 1 (A(y) N dB,(y)) dp then yields

o, b

Y m 1—m m— 1—-m 14b

I:= / LT AG) N By () I (A 1198, (1) dp = / W du = [mu)”
py/2 a

m 1 m 1
=m (L™ (A(y) N By ()™ — L™ (A(y) N By j2(y) ™)
where we have used a = L™ (A(y)N B, /2(y)) and b = L™ (A(y)N By, (y)) for shorter notation. Altogether,
(6.27) then implies I > a¢,,}! fpp;;/Q dp = apj,/(2¢;,). In view of (6.23b) this leads to the contradiction

< (L A B« mo— A B . m .
0< 5 < (L™(Ay) N By ()™ = L7 (AW) N By a(y)™) < 5=
We conclude that (6.24) is false, thus (6.23a) holds true. .

Properties (6.23) will now be used in the proof of Lemma, 6.8.

Lemma 6.8 (Elimination of thin cusps by semistability) Assume (3.7¢). Let k € NU {oo} and
let ¢, be the constant from the relative isoperimetric inequality (6.14). Assume that z is semistable for
. (u, ), hence (6.4) holds. Then Z1 does not contain any thin cusp A(y) with the properties (6.23).

Proof: Suppose that Z' contains a thin cusp A(y) with the properties (6.23). We test (6.4) with the
characteristic function Z of the set Z := Z"\(A(y) N B,(y)), with p € [p}/2, p;] and o € (0,1) such that

estimate (6.23a) holds. For Z, resp. %, semistability (6.4) holds. In particular, the above construction
of Z ensures that Z < z, so that Ry(2 — 2) = ch a1(z — 2)dS. Moreover, in view of Def. A.9, A.13 and
(A.43), it yields J; = FZ\(FA(y) N B,(y)) U(A(y) UdB,(y)). Hence, (6.4) leads to the following relation

bP(A(y), B,o(y)) < (ao + a1)L™(A(y) N B,(y)) + bH" 1 (Aly) N 9B, (y)) - (6.28)
Property (6.23b) via the isoperimetric inequality (6.14) implies that P(A(y), B,(y)) > 0, since it ensures

L™ (A(y) N B, (y)) = min{L™(A(y) N By (y)), L™ (B,(y)\A(y))} - (6.29)

Hence, (6.28) is equivalent to

Ly T AW) N OB, (y)
y), Bo(y)) P(A(y), Bo(y))

where H™ 1 (A(y) N 0B,(y))/P(A(y), B,(y)) < «a by (6.23a). Additionally, the relative isoperimetric
inequality in balls (6.14) together with (6.29) and (6.23b) yields

L™ (A(y) N B,(y))
P(A(y), B,(y))

Inserting these estimates into (6.30) then generates the contradiction 1< 1, which concludes the proof. m

(6.30)

(ap + ay) < (ap + a1)cn, L™ (A(y) N Bp(y))% <b(l—a). (6.31)

Now we are in a position to show the support convergence of semistable sequences (6.3). For this, we
assume its contrary (6.17) and show that this setting leads to arbitrarily thin cusps in the supports, which
contradict semistability according to Lemma 6.8.

Proposition 6.9 (Support convergence for semistable sequences if supp z # 0) Assume (3.7¢).
Let (z), z C L*™(0,T;SBV(I'¢;{0,1})) be as in Thm. 6.1. Then the support convergence (6.3) holds true.

Proof: Fixte(0,T) outside a set of null Lebesgue measure, such that convergence (6.1) and semistability
(6.4) hold for (zx(t))x. For shorter notation we omit to indicate the time-dependence of z, and p(k).
Suppose by contradiction that (6.16) holds. Then, we can proceed as in (6.18) and (6.19) to obtain the

38



sets Ap=Z, NN, from (6.20). In (6.21) it is assured that these sets Ay converge to L™-zero sets and hence
turn into small isolated subsets and arbitrarily thin cusps. Lemma 6.7 then guarantees the properties
(6.23), since, clearly, all the arguments can be repeated for p; = po/4. But, Lemmata 6.5 and 6.8 state
that characteristic functions zj of sets Zj, which contain sufficiently small isolated sets and sufficiently
thin cusps Ayg, cannot be semistable, hence the contradiction to py > 0. This implies that p(k) — 0 for
the whole sequence (p(k))x and hence support convergence holds for the whole sequence (z ). ]

Remark 6.10 We note that Proposition 6.9 only requires the semistability of the delamination variables
(zx)r of the SBV-adhesive contact systems: The semistability of the limit function z is not required.
Nonetheless, the proof of the semistability for the limit function is completely independent from the
support convergence property (6.3).

Remark 6.11 (Generality) The results of Lemmata 6.5, 6.8 and Propositions 6.6, 6.9 are solely based
on semistability and strong L'-convergence. In other words, further properties of the delamination models
such as temperature dependence or visco-elasticity have no influence. In particular, Propositions 6.6 and
6.9 also hold for energetic solutions in the fully rate-independent setting, where solutions are characterized
as satisfying an energy balance and a global stability condition, see (1.6).

Remark 6.12 (Open problem: from brittle SBV-delamination to Griffith-type delamination)
It is an open problem to get rid of the SBV-gradient regularization, like in [MRT12] in the limit passage
from Sobolev gradient to Griffith-type delamination. In the present context, this would mean passing to
zero with the coefficient b in the gradient term Gy, (2) := bP(Z,T) contributing to the energy ®y,.

Seemingly, the main difficulty attached to the limit passage b — 0 is the proof of the support con-
vergence (5.3), which in turn would be crucial for passing to the limit in the momentum equation in this
case as well. More specifically, we highlight that Lemmata 6.5 and 6.8 exclude the presence of isolated
subsets Ay with L™ (Ay) < b((ao + al)cm)_m and of thin cups Ay, fulfilling (6.23b), respectively. Both
constraints on the measure of Ay explicitly involve the constant b > 0. Therefore, the passage from
SBV-brittle delamination to Griffith-type delamination as b — 0 would bring along a loss of uniform
boundedness in SBV(T'¢) for the sequence (zp), of delamination variables for the SBV-brittle delamina-
tion systems. Indeed, only the uniform bound in L*(T'¢) would remain. Hence, the limit of a semistable
sequence (zp,), C SBV(T¢,{0,1}) with 2, = z in L>(T'.) would be an L*-function, only, which can of
course contain arbitrarily small isolated subsets or thin cusps. Indeed, for b — 0, the uniform bound on
the measure of isolated subsets and thin cusps is lost and the larger the perimeters of the approximating
functions may get, the smaller the undesirable subsets in their supports may be.

A Appendix

A.1 Time-discretization for the Modica-Mortola adhesive system

In this section we outline the proof of Theorem 4.2. We perform a semi-implicit time-discretization:
for a given time-step 7 > 0, we consider the equidistant partition {t =0 < ... <t/ = j7 < ... <

tJm =T} of [0,T]. We approximate the data F, f by local means, i.e. setting FJ := %f:*_l F(s)ds and

T

fi=1 :T;l f(s)ds for all j = 1,...,J,. Then, from FJ and fJ we define FZ € WhP(Q\I'c; RY)* as in
(3.12). Furthermore, for technical reasons related to the existence proof of Problem A.1 below, we need
to approximate H and 1 by means of suitably constructed discrete data {H}7=,, {hd}/7 with

HI e WH2(Q)*, bl e HY?(9Q)* forall j=1,...,.J,, (A.1)

and analogously define HZ € W12(Q)* as in (3.12). Finally, we approximate the initial datum ug with a
sequence {ug .} C erl’:(Q\Fc;Rd) (with v > max{p, 22}, see Problem A.1) such that

11?& \VFHG(U(),T)”L’Y(Q;]R‘Z) = O, ug,r — Uo in Wl"p(Q;]Rd) as 7— 0. (AQ)
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We consider the following time-discrete approximation of the Modica-Mortola adhesive qu’rem Therein,
we add to the momentum equation the regularizing term 7le(u)[?~2e(u), with v > max{p, 24} and
w > m as in (3.8h): this enables us to apply to system (A.4) and (A.5) existence results from the the-
ory of pseudo-monotone operators, see the proof of Lemma A.3. Equations (A.4) and (A.5) are coupled
with the time-incremental minimization problem (A.6), whose solutions in particular fulfill the discrete
flow rule (A.7). However, (A.6) contains more information than (A.7). It will enable us to prove the
discrete mechanical energy inequality (A.10) and semistability (A.11) in Lemma A.5, which in turn play
a crucial role in the proof of the a priori estimates of Prop. A.6. For further comments on Problem A.1,

we refer to Remark A.2 below.

Problem A.1 Let 7 := max{p, %} Given

0 -1 . 0 0
U- = Uo,r, Uz = ug,r — TUQ, z) = 2o, w, = wo, (A.3)

find {(u?,w’ ZJ)};-];D with ul € W7 (Q\To; RY), wi € WH2(Q\I), and 2J € H(T.), fulfilling for all

T T

j=1,...,J; the recursive scheme consisting of
- the (boundary-value problem for the) discrete momentum equation:

/Q\F (DR2(e(Dyul ) )+DW2 (e(ul))—BO(w! ) +DW, (e(ul) ) +7DW, (e(u))) :e(v—ul) dz

—|—/ k2l [ul]-[v—ul]dS > (FL, v—ul) (A1)
Te

for all v € WHP(Q\I'; RY) with [v(z)] € C(z) for a.a.z € T,
et and W (e) = el
- the (boundary-value problem for the) dlscrete enthalpy equation: for all ( € W12(Q\T'¢)

where we use the notation Diul :=

/ Diwl¢dz + [ K(e(ul),w])Vwl-V¢dx +/ n([wi=], 2 [e(] [¢] 48
Q e

r Jo\r
\l'c \ c' | | C‘+ o | | (A5)
:/ (2R2(e(Dyud))—O(w!)Bie(Dyud ) (dz — [ 2re—2Te 4D,z dS + (HI, ¢);
O\Fo Jre 2
- the time-incremental minimization problem for the delamination parameter
. z—zj_l .
z5 € Argmin, ¢y (r,) {Tﬂh ( = ) + ¢k7m(ui_1,z)} . (A.6)
T

Remark A.2 We highlight that time-incremental minimization (A.6) is decoupled from equations (A.4)-
(A.5): indeed, starting from (uZ~!, 2271) one first solves (A.6) and then plugs 27 in system (A.4)-(A.5),
which can be handled via the theory of pseudo-monotone operators. The carefully designed coupling
between (A.4)—-(A.5) and (A.6) will be heavily exploited in the proof of Lemma A.14 below. Observe that
the Euler-Lagrange equation for (A.6) is indeed the discrete version of the flow rule (2.14), viz.

T

) ) 1 ) - 1 ;
OF (271 20) + §k| [ul] }2 +mg'(22) — —Azl —ap—a; 20 ae. inTg, (A7)
m

with F (2171 2) = [i_ (I( Ooo](z )+I[0 (2 )) dS and 0.7 (z171;.) : L*(Tc) = L*(T) its sub-
differential. However, (A.6) and (A.7) are not equivalent because of the nonconvexity of g, which

brings about additional analytical difficulties with respect to the adhesive contact systems considered
in [RR11b, RR11a].

Lemma A.3 Assume (3.7), (3.8), (3.11), (3.13). Then, Problem A.1 admits at least one solution.
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Sketch of the proof. The existence of a solution 27 to (A.6) follows from the lower semicontinuity
and coercivity properties of the functional @ ,,, via the direct method in the Calculus of Variations. We
then plug 2/ in (A.4)—(A.5) and prove the existence of solutions by suitably adapting the argument for
[RR11b, Lemma 7.4], where the time-discretization scheme for a thermal adhesive contact model similar
to the Modica-Mortola system was analyzed.

The key idea is to apply to the elliptic system (A.4)—(A.5) a Leray-Lions type existence theorem (see,
e.g., [Rou05, Chap. 2]). To do so, one needs to verify that the main part of the (pseudo-monotone)
operator involved in (A.4) (A.5), is strictly monotone, and that said operator is coercive in the space
WEY(Q\Te; RY) x WH2(Q\I') for the unknown (u, w). For this coercivity property, the term 7W, (e(u)) =
7le(u)|"~2e(u) in the discrete momentum equation plays a crucial role, as it compensates the growth of
the quadratic terms on the left-hand side of (A.5) with the right-hand side of (A.4). Indeed, in order to
prove the coercivity of the operator underlying (A.4)—(A.5), it is necessary to test (A.5) by w?, and from
this derive a bound for [[w?||y1.2(0\re)- The respective calculations involve the following estimate

O\T¢

O(w!)B:e(Dyul )wl dz| < —Hwi”%z(ﬂ) + C/ }e(’LLJT)—e(uJT—l)}2 |(w1)2/w+1} dz
167 Q\I'c

1, . -
< w2y + C (el oumara) + @i E s + 1) (A8)

L2 T i —1
< g”wg—”L?(Q) + @Hui”%l-v(ﬂ\r‘c;ﬂ@d) +C (”ug— “’IZ{/I,W(Q\FC;Rd) + 1) )

where we have used the placeholder p, := % In (A.8), the first estimate is due to Holder’s inequal-
ity and to the growth condition (3.9) for ©, the second one again derives from Hélder’s and Young’s
inequalities, and the last one also from the fact that v > p,,. Therefore, we can absorb the second term
on the right-hand side of (A.8) into the left-hand side of the discrete momentum equation tested by u,
whereas the first summand is estimated by the left-hand side of (A.5) tested by w’. The term involving
||u37"1|\ZVM(Q;Rd) is estimated from the previous step. With analogous calculations one deals with the

term | [, 2R2(e(Dyud))wd dz|. The reader is referred to the proof of [RR11b, Lemma 7.4] for all details.
]

We now introduce the interpolants of the discrete solutions {(uf,w?, 2J)}7z,.

Notation A.4 (Interpolants) For 7 > 0 fixed, the left-continuous and right-continuous piecewise
constant, and the piecewise linear interpolants of the family {ui}j;l are respectively the functions
T, w,, up : (0,T) — Wi (2\Fe; RY) defined by

-t W

, : —t . . :
u,(t) = ul, w (t) =ul™t, ur(t) ul 4+ T —ul ! for t € (t271 #1]. (A.9)
T

In the same way, we denote by w,, w,, Z- and z_, the piecewise constant interpolants of the elements

YLiry
{wi}j;l and {zJ 3-7;1, and by w, and z; the related piecewise linear interpolants. We shall also consider
the interpolants F, and H, of the J -tuples {FZ }];1 and {HZ 3];1. Finally, we use the nqtatipn t. for the
left-continuous piecewise constant interpolant associated with the partition, i.e. t,(t) = ¢Z if t7=1 <t < tJ.

Lemma A.5 Assume (3.7), (3.8), (3.11), (3.13). Define ®-(u,z) := @ m(u,2) + 7 [ p . Wo(e(u)) da.
Then, for all T > 0 the approzimate solutions (Tr,u.,Wr,Z-, Ur, Wr, z) fulfill the “discrete mechanical
energy” inequality

P, (ur (1), % (1)) +/OW) (/Q\FC 2Rs (e (i) +/Fca1|z'tT|dS)ds

£ (1) (A.10)
< @, (uo,r,20) —|—/ ( O(w, )B:e(u,) dz + (FT,uT>) ds,
0 Q\TI'c
and the “discrete semistability” for a.a. t € (0,T)
(i (QT(t),Z,—(t)) <P, (QT(t), 2) +Ri(Z2—7Z(t)) forall Z€ Znm with 2 < z.(t) on Te. (A.11)
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Proof: For notational simplicity we will develop the calculations in terms of the discrete solutions
{(ul,wi, ) ;];1. It follows from the time-incremental minimization (A.6) and the definition (3.16) of
@ that 22 < 271 ae. on I'¢, and

Ry(zd—27h) +/(§z3| [l ] 1P —aozl) dS + Gm(2) < /(gzgﬂ‘ [ui P —ao2i ") dS + G (z37Y).
I'c r

¢ (A.12)
Now, let us choose in (A.4) the (admissible) test function v = wZ~! and change sign in the inequal-
ity. Then, we use the elementary estimates DRg(e(Dyuf)):e(ul —ui™') = 72Ra(e(Dul)) as well as
DW, (e(ud)):e(ui—ui=t) > W,(e(ul)) — Wy(e(ui™t)) for n = 2, p, v, and kzd[ul] - [ul—ui=t] >
E23|[wl]|? — £29|[ui~']|%. Thus, we obtain

/ (Wale(u? )+ W, (e(ud )+ W (e(ud ) dx—l—r/ 2R2(e(Dtul))dm+/ k2| [ul] 2
O\I'c O\l I'c

/ (Wa(e(u )+ Wy (e(ul ") +7Wo(e(ul™))) dz + 7'/ O(w!)B:e(Dyul))dz (A.13)
O\l NI

+ [ e[ TP+ (B D).
Te

Hence, we add (A.12) and (A.13), observing that the term [._ E23|[uZ~']|? dS cancels out. Upon
summing over the index j, we thus arrive at the discrete mechanical energy inequality (A.10).
From (A.6) it also follows that
Ri (Zj _Zi_l) + (bk,m(uz—_la Zl) < Rl(é—zi_l) + (I)knm(ug—_la 5)

T

for all z € HY(T'¢) with Z < 227! on ', whence we immediately conclude (A.11). [

As a consequence of Lemma A.5, we have the following result.

Proposition A.6 (A priori estimates) Assume (3.7), (3.8), (3.11), and let (uo, z0,00) be a triple of
initial data complying with (3.13) and the semistability condition (4.3). Then, there exist constants
SO > 0 and, for every 1 < r < %, S > 0, such that for all 7, m, k > 0 and for all approxvimate
solutions (U, Wr, Zr, Uy, wr, z;) the following estimates hold

||H¢||Lw(o,T;WF1§(Q\rC;Rd)) + H“’F||Lw(o,T;WF1§(Q\rC;Rd)) + H’U”'||W1’2(0,T;W;]’32(Q\FC;]R<1)) < So, (A.14a)
_ So

||u’r||L°C(O,T;W11]';(Q\FC;R”)) < U (A.14b)
sup @, (u-(1),%(t)) < So, (A.14c)

te[0,T

||E7'HL°°(ZC) + ||ZF||BV([07T];L1(FC)) < S0, (A.14d)

||m7'||L°°(O,T;L1(Q)) + HU'JT‘ LT W (@\Ta)") < So, (A.14e)

||wT| Lr(0. T W (L) <S8, foranyl<r< % (A.14f)

where 1" = 5 is the conjugale exponent of r. Estimates (A.14d), (A.14e), (A.14f) respectively hold for

Zry Zr, Wy and Wy, as well.

The proof relies on the energy inequality (A.10) and on a suitable test of the discrete enthalpy equation
(A.5). The calculations are identical to those performed for [RR11b, Lemma 7.7], to which the reader is
referred. We can now develop the

Proof of Theorem 4.2. We follow the steps outlined in Sec. 3.4. However, we only detail the passage
to the limit in the discrete semistability condition (A.11), since the remaining steps can be performed as
in the proof of [RR11b, Thm. 6.1], see also the arguments developed here in Section 4.
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Step 0: selection of converging subsequences. Let (7;); be a vanishing sequence of time-steps.
Arguing in the very same way as in the proof of Thm. 4.3, it can be checked that, there exists a triple
(u,w, z) such that, up to a (not relabeled) subsequence, for the approximate solutions of Problem A.1
(cf. Notation A.9), the following convergences hold as j — oo:

U —uin L0, T; WP(Q\Te; RY)) N WL2(0, T Wi 2 (Q\Te; RY)),

. b (A.15)
U, —u in CO[0, T; Wr_ PO\T; RY))
Ty, = in L0, T; WAP(Q\T;RY)), @, — u in L0, T; Wi “P(Q\[e; RY)), (A.16)
T, (t) — u(t) in Wi “P(Q\T'¢;RY)) for all t € (0,7 '
and for all € € (0,1]. Besides, (A.14b) yields that
Tj|||e(ﬁ’rj)|7726(_,u’7'j)||L’Y/(’Y—1)((0,T)XQ\I“C;RdXd) < SOT]‘l/’Y —0 as 7, —0. (A.17)

Furthermore, taking into account estimate (A.14c) and the fact that z — ®,(u, z) has bounded sublevels
in HY(T'), and using an infinite-dimensional version of Helly’s principle (see e.g. [MT04, Thm. 6.1]),
we find that there exists z € L>(0,7; H'(I'c)) N BV([0,7]; L} (T¢)), with 0 < 2(¢,z) < 1 for almost all
(t,x) € X, such that

Sz in L®(0,T; HYTG)),  Z,(t), 2. (t) = 2(t) in HY(T) for all t € [0, 7). (A.18)

1y & " &r

=75

On account of the compact embedding H'(I'c) € LI(T'¢) for all 1 < ¢ < oo, we also have

Zr; (1), z-,(t) — 2(t) in LYLc) for all t € [0,7] and 1 < ¢ < oo, whence (A.19)
t
Varg, (z;[s,t]) = limo/ / a1lze; (r)|dSdr forall0<s<t<T (A.20)
i~V )s JTe

(recall definition (3.31) of Varg,). Thirdly, by the same tokens we conclude that there exists w €
L0, T; WhT(Q\I'e)) N BV([0, T); Wh (Q\I'¢)*) such that

Wy, wr; —w in L7(0, T} WU‘(Q\FC)): (A.21)
Wr;, Wy, — W in L0, T; W=e(Q\T'e)) N L0, T; L*(Q)) Yeec (0,r—1], 1 <qg< oo, '
wy, () S w(t)  in WH(Q\De)* for all t € [0,7]. (A.22)

Finally, let us observe that, thanks to (A.18) and (A.19), we have G,,,(2(t)) < liminf,, o G, (%, ()) for
all t € [0,T]. Therefore, also in view of the previous convergences (A.15)—(A.17), we conclude

D (u(t), 2(1)) < li;?i%f O, (U, (1), 2 (1)) (A.23)

Step 1: momentum equation. Relying on convergences (A.15)-(A.17), (A.18), (A.19)-(A.21), as well
as on the convergence F, — F in L2(0,T; Wh2(Q\T¢; RY)*) N WEL(0, T; WHP(Q\[; RY)*), and arguing
in the very same way as in the proof of Step 1 for Theorem 4.3, it is possible to pass to the limit in the
discrete momentum inclusion (A.4) for the approximating solutions, and conclude that (u,w, z) comply
with the weak formulation (3.28a) of the momentum inclusion in the adhesive case.

Step 2: semistability condition. Like in the proof of Thm. 4.3 and Thm. 5.1, in order to prove that
the pair (u, z) fulfills the semistability condition (3.29), we need to verify for the sequence (QTJ,ETj)j the
mutual recovery sequence condition. Viz., that for all ¢ € [0,7] and for all Z € Zym = HY(T¢) with
R1(Z — z) < oo, there is a sequence (Z;); (t-dependence omitted) so that Z;— Z in H'(I'¢) as j — oo and

limsup(®,, (u, (£), %)+ Ri G~ () = D (1, (), Zry (1)) < B ((2), 2) 4 R (—2(8) = B (u(t), 2(2).

7;—0
(A.24)
Observe that the left-hand side of (A.24) is positive thanks to (A.11). Notice that, for (A.24) to hold, it
is necessary that z; € H'(I'c) N L*°(I'¢) and

0<%;<z ()<l ae inlc. (A.25)
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For (Z;);, we use the construction from the proof of [TM10, Thm. 3.14], and set

ISR 3

—5; if (2=5.)t < t
o TE)T S, 0 e, (=2l ety (A.26)
() (30t > 2, (1) J c

T

Z =min{(2-0;)", 2, (1)} = {

Clearly, (%;); fulfill (A.25). In view of (A.19), 6; — 0 as j — oco. Let us now verify that (Z;),; complies
with (A.24). First of all, the very same argument as in [TM10] yields that (Z;); € H*(I'¢), and that z;— Z
in H'(T'¢), hence z; — Z in LY(T'¢) for all 1 < ¢ < co. Therefore, on account of (A.18) we immediately
have that lim,, .o R1(Z;—Z,(t))) = R1(£—2(t)). Furthermore, also in view of (A.16) we have

limr, o fp, 5 (%%, (1)) [lw, O] dS = [i § (Z—2(0)) [[u®)]]* S,
limr, o [r, ao(Z, (t)—2%)dS = [i._ao(2(t)—2)dS, (A.27)
limr, o [r., m (9(2)—9(Z, (1)) dS = [, m(9(2)—g(2(1))) dS

with g(z) = 2%(1—2)2. Repeating the very same calculations as for [TM10, Thm. 3.14], it can also be
checked that

hgli%p/rc % (IVZ?=|Vz, (t)°) dS < /rc % (IVZP=|Vz(t)]?) dS. (A.28)
Then, (A.24) ensues from (A.27) and (A.28).

Step 3: mechanical energy inequality. The mechanical energy inequality (3.30) can be obtained via
the very same lower semicontinuity argument as in Step 3 of the proof of Thm. 4.3.

Steps 4: enthalpy inequality. The previously proved convergences, as well as the fact that H — H
in L0, T; WET(Q\I. RY)*), allow us to take the limit of the discrete enthalpy equation (A.5). Argumg
in the very same way as in Step 4 of the proof of Thm. 4.3, we prove the weak enthalpy inequality (3.32).
Positivity of the temperature. Repeating the arguments of the proofs of [RR11b, Lemma 7.4, Thm.
5.1], it is possible to show that, if there exists 6* > 0 such that 0y(x) > 6* for almost all x € Q, then

1
t ——— .a. t) e Qx (0, T A.29
W) 2 gy e (0 € QX (0.7), (4.29)
where the constant C’ only depends on the problem data. Then, (4.2) ensues. |

A.2 Tools from the theory of BV-functions

In order to make this paper as self-contained as possible, below we collect all the measure-theoretic
definitions and tools from the theory of BV-functions which have been used. In what follows, D C R™
will denote a bounded set and Xp, with Xp(z) = 1 if 2 € D, Xp(x) = 0 otherwise, its characteristic
function. In Sections 1-6, all the statements below apply to D =T'c and m =d — 1.

Definition A.7 (JAFPO05, Def. 3.35] Sets of finite perimeter) Let E be an L™-measurable subset
of R™. For any open set D C R™ the perimeter of E in D, denoted by P(E, D), is the variation of the
characteristic function Xg in D, i.e.

P(E,D) := Sup{ / divedz [ € CHUD)™, |l¢llL=(p) < 1}. (A.30)
JE

We say that E is a set of finite perimeter in D if P(E, D) < oo. Here, CL(D)™ is the space of continuously
differentiable functions v : D — R™ with compact support in D.

Theorem A.1 (JAFPO05, Th. 3.36]) For any set E of finite perimeter in D the distributional deriva-
tive DX is an R™-valued finite Radon measure in D. Moreover, P(E, D) = |DXg|(D) and a generalized
Gauss-Green formula holds:

/ divepdr = — / ve - od|DXg| for all CL(D)™, (A.31)
E JD

where DXg = vg|DXg| is the polar decomposition of DX, i.e. vg € L*(D,|DXg|)™ is the Radon-
Nikodgm density for the measure DX g with respect to the measure |DXg|.
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Proposition A.8 (JAFP05, Prop. 3.38] Properties of the perimeter)
1. The mapping E — P(E, D) is lower semiconlinuous w.r.t. local convergence in measure in D.
2. The mapping E — P(E, D) is local, i.e. P(E, D) = P(F, D) whenever |DN ((E\F) U (F\E)| =0.
3. It holds P(E,D) = P(R™\E, D) and

P(EUF,D)+ P(ENF,D) < P(E,D)+ P(F,D). (A.32)

Theorem A.2 ([AFPO05, Th. 3.40] Coarea formula in BV) For v € L] (D) the varation on any

open set D CR™ is defined by V (v, D) :=sup { [, udivedz|p € CLD)™, [|¢llc = 1}. It holds

V(v,D) = /00 P{z e Dlv(z)>t},D)dt. (A.33)

— 00

In particular, if v € BV (D) the set {v >t} has finite perimeter for L'-a.a. t € R and

|Do|(B) = /OO IDX(y>3[(B)dt, Du(B) = /00 DX >y (B) dt (A.34)

for any Borel set B C D.

Definition A.9 ([AFPO05, Def. 3.54] Reduced boundary) Let E be an L™-measurable subset of
R™ and D the largest open set such that E is locally of finite perimeter in D. We define the reduced
boundary §E as the collection of all points x € supp |DXg| N D such that the limit

vg(z) = lim DX (Bo())

22 05| (Bo()) (4.35)

exists in R™ and satisfies vi(z)=1. The function vg : §E — S™! is called the generalized inner normal
to E; here, S™1 denotes the unit sphere in R™.

Definition A.10 ([AFPO05, Def. 3.60] Points of density ¢, essential boundary) For all ¢t € [0,1]
and every L™-measurable set E C R™ we denote by E' the set

L™(E N B,(z
{:c ER™| é:n% W = t} (A.36)

of all points where E has density t. We denote by O*E the essential boundary of E, i.e. the set R™\ (E°UE!)
of points where the density is either 0 or 1. Moreover, E' can be considered as the measure-theoretic
interior and E° as the measure-theoretic exterior of the set E.

Corollary A.11 The measure-theoretic interior has the following properties:
1. Let N C D with L™(N) =0. Then N' =0 and (D\N)' = D'.
2. Let AC BC D. Then A' C B! c D'.

Proof: Ad 1.): Assume that z € N'. Since L™(N) = 0 it is L™(N N B,y(x)) = 0 for all o > 0. Hence
2 € NV in contradiction to the assumption and thus N! = .

Let now z € D! and assume that x¢ (D\N)!, i.e. there is an index gp >0 such that L™(D N B,(x)) =
L™M(B,(x)) and L™ (D\N N By(x)) < L™(B,(x)) for all ¢ < gg. This implies that L™ (N N B,(x)) > 0,
in contradiction to L™ (N) = 0, and hence (D\N)! = D*.

Ad 2.):  Let z € A, then limy—o (L™(A N By(x))/L™(B,(z))) = 1. But for all ¢ > 0 it holds
L™(AN By(x)) < L™(B N By(x)), which implies that z € BY. [

The next theorem, which is due to Federer, states that §FE is the relevant part of the boundary, since
D\(E°UZE UE") is a H™ !-negligible set.

Theorem A.3 ([AFPO05, Th. 3.61] Federer) Let E be a set of finite perimeter in D. Then
SENDC EY?2Cc9*E and H™ YD\(E°UFEUEY))=0. (A.37)

In particular, E has density either 0 or 1/2 or 1 at H" '-a.a. x € D and H™ ‘-a.a. x € O*END
belongs to §E.
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Definition A.12 ([AFP05, Def. 3.63] Approximate limit) Let v € L\ (D)™. We say that v has
an approximate limil al x € D if there exists v € R™ such that

lim |v(y) —v|dy =0. (A.38)
e=0 JB,(x)

The set S, of points where this property does not hold is called the approzimate discontinuity set. For any
x € D\S, the vector v, uniquely determined by (A.38), is called approxzimate limit of v at x and denoted

by v(x).
We will use the notation
B/ (x,v) :=={y € By(x)|(y —z,v) >0}, B, (x,v):={y € By(z)|(y —z,v) <0}.

Definition A.13 (JAFPO05, Def. 3.67] Approximate jump points) Let ve L (D)™ and x€D.

loc

We say that x is an approximate jump point of v if there exist a,b€R™ and v€S™! so that a#b and

lim [v(y) —a|ldy=0, lim lv(y) —bldy =0. (A.39)

0—0 B:,r(ar,l/) 0—0 B, (z,v)

The triple (a,b,v), uniquely determined by (A.39) up to a permutation of (a,b) and a change of sign of
v, is denoted by (v, v™,vy(x)). The set of approzimate jump points of v is denoted by J,.

Definition A.14 (JAFP05, Def. 2.57] Rectifiable sets) Let E C R™ be an H*-measurable set. The
set £ is countably k-rectifiable if there exist countably many Lipschitz functions f; : R¥ — R™ such that

B C U, fi(RY); (A.40)
E is countably J*-rectifiable if there are countably many Lipschitz functions f; : RF—=R™ so that
HY(B\ U2, fi(RY)) =0. (A.41)
Clearly, k-rectifiability implies H¥-rectifiability.

Theorem A.4 ([AFPO05, Th. 3.59] De Giorgi) Let E be an L™-measurable subset of R™. Then §E
is countably (m—1)-rectifiable and |DXg| = H™ ! |FE.

By the Besicovitch derivation theorem [AFP05, Th. 2.22] one obtains that for any set of {inite perimeter
E that |DXg| is concentrated on FE. Hence, in this case, by Thm. A.4 the Gauss-Green formula (A.31)
can be rewritten as

/ divpdr = 7/ ve - edH™ ! for all p € CH(D)™. (A.42)
JE SE

Due to Thm. A.4 the perimeter of E can be computed by
P(E,D) =H"™" Y DN E)=H""HDnEY?). (A.43)

This can be used to rewrite the coarea formula (A.33) using the essential boundary of level sets
|Du|(B) = / H™ N (BN {u>t})dt for all Borel sets B C D. (A.44)

Theorem A.5 (JAFP05, Th. 3.77] Traces on interior rectifiable sets) Let v € BV(D)™ and let
I' C D be a countably H™ L-rectifiable set oriented by v. Then, for H™ 1-a.a. x € T there exist vl'f(m),
vp (z) € R™ such that

0—0 |

lim 7[ lu(y) —vf (z)|dy =0, lim 7[ lv(y) —vp (2)]dy = 0. (A.45)
By (x,v()) By

Moreover, Dv|T = (v —vp) @ vH™ 1T
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