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Abstract. A recently developed unified description of low-order above-threshold ionization
(Becker et al 2014 J. Phys. B: At. Mol. Opt. Phys. 47 204022; 2015 J. Phys. B: At. Mol. Opt.
Phys. 48 151001) is revisited and extended. By considering the rescattering electron energies
and angles at the classical cutoffs and the contributions of particular quantum-orbit solutions,
it is shown that summing both the backward- and the forward-scattering contributions, within
the low-frequency approximation, it is possible to reproduce the observed features of the ATI
spectra both for low and high energies and both on and off the laser-polarization axis in the
momentum plane.

1. Introduction

Above-threshold ionization (ATI) of rare-gas atoms had been considered a closed chapter of
strong-field physics [1, 2, 3, 4] until, with the availability of mid-infrared lasers, unexpected
structures in the low-energy velocity map (at energies well below the ponderomotive energy
Up) were observed [5]. These include a series of energy peaks along the polarization axis below
0.1U, called the low-energy structure (LES) [6, 7, 8], another structure at energies below the
former referred to as the very-low-energy structure (VLES) [9, 10], a fork-like structure off the
polarization axis [11], and a V structure with the ‘V’ opening on either side of the origin along
the axis perpendicular to the laser polarization [12]. All of these structures came unexpected
because they are not afforded by a simple tunneling picture. In calculations based on the
time-dependent Schrodinger equation, they require the long-range Coulomb potential for their
presence.

In our recent papers [13, 14, 15], for a unified description of these low-energy effects we
revisited the classical simple-man model and its quantum-mechanical implementation in terms
of the improved strong-field approximation (ISFA), the low-frequency approximation (LFA)
[16, 17], and the quantum-orbit expansion [1, 18]. It turned out that rescattering into states
with low energy, especially forward scattering, generates all of the afore-mentioned effects. We
have shown that the angle-dependent energy cutoffs of the various simple-man and quantum
orbits are imprinted in the calculated velocity map [11, 13, 14, 15]. The agreement with the
various experimental data is good [11]. In particular, the recently observed V structure [12]
is very well developed [14]. The afore-mentioned cut-off pattern is independent of the atomic
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binding potential. However, via the magnitude of its scattering amplitude it determines whether
or not the rescattering contributions can successfully compete with the rather structureless
contribution of the direct electrons.

In the present contribution, we revisit and extend some aspects of the above-mentioned
results, with special emphasis on the rescattering electron energies and angles at the classical
cutoffs and the contributions of particular quantum-orbit solutions to the electron spectra in
the momentum plane. We show that summing both the backward- and the forward-scattering
contributions within the LFA, it is possible to reproduce the observed features of the ATI spectra
both for low and high energies and both on and off the polarization axis. We use the length gauge
and dipole approximation and employ the atomic system of units (h = |e|] = m = 4negg = 1) if
not stated otherwise.

2. Differential ionization rate for above-threshold ionization with rescattering

The differential ionization rate for above-threshold ionization with rescattering from a bound
state 1;, having the ionization energy E; = —1I},, to a final state of an electron with an asymptotic
momentum p, is given by [16, 19, 20]

2
, (1)

wps = 2mp [T,
where the rescattering T-matrix element in the saddle-point approximation is proportional to

T o 37 Altos, ts) 2 Mok () (ks + A(tos)|r - E(tos) [1i) expliS (tos, Ls)]. (2)

The sum over s is the sum over the solutions of the system of the two saddle-point equations
for the ionization time tgs and the rescattering time tg, viz.

1 1 1
5+ A(t)? =B gk + AWM =3[0+ AW, (3)
where kg = ftz dt' A(t")/(to — t) is the stationary momentum, S(tg,t) = p*t/2+p- a(t) + k2(t —
t0)/2 — Eito + [* dt’ A%(t') /2 is the action, and the determinant is given by

CTit—to)1? | [ 928 \® 02882
A(to’t)_{ 2770} [(am&) _a—tgﬁ] @

The electric field is monochromatic with frequency w and period T = 27/w and linearly
polarized in the direction determined by the unit vector € = %x. In this case, the electric
field vector is given by E(t) = éEjsinwt and we have A(t) = €Ay coswt, with Ay = Ep/w, and
a(t) = é(Ap/w)sinwt. The ponderomotive energy is defined by U, = [ A2(7)dr/(2T) = AZ/4.

The rescattering matrix element can be given in the first Born approximation (FBA) or in
the low-frequency approximation (LFA) [16]:

(p+ A(t)|Vanks + A(t))  (FBA)
Mpx, (1) = { (WS AV [k + A1) (LFA) ?

Here wl([,_) is the continuum eigenstate of the Hamiltonian —V?/2 + V with the atom-specific
rescattering potential V(r) modeled by a sum of the Coulomb potential and a short-range
potential [16]. The expression in the first Born approximation is simpler since the terms A(t)
cancel. We call this the improved strong-field approximation (ISFA) [20]. In this case, only the
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short-range part Vg, of the potential V is taken into account since the matrix element for the
Coulomb potential is singular for forward scattering, i.e. oc (p — k) 2.

According to [13, 18, 19] there are two classes of saddle-point solutions of the system of
equations (3): the backward-scattering (BS) solutions, which are classified by the multi-index
(v, B,m) in [19], and the forward-scattering (F'S) solutions, which are classified by the double-
index (v, p) in [13]. The names BS and F'S are related to the case where the liberated electron has
its final momentum p in the direction of the laser polarization axis €. In this case, the solutions
to the second equation in (3) are given by p + A(t) = £[ks + A(t)]. If the electron immediately
after the rescattering at the time ¢ moves in the opposite direction, i.e. if p+A(t) = —[ks+A(t)],
we have backward scattering. FS solutions correspond to the ‘4’ sign in the above equation.
They are simpler since for these solutions we have ks = p and the second equation in (3) is
satisfied for all values of ¢, while the first equation in (3) can be solved analytically over ¢y [13].
Therefore, for p || €, for a fixed value of p, the solution for ¢y is the same for all values of v and
. For other electron emission angles 6 (cosf = p - €/p), the system of equations (3) should be
solved over ty and t. New solutions can be easily obtained starting from the known solutions
for 6 = 0. We keep the name FS for such solutions even for # # 0. On the other hand, the BS
solutions {tgs,ts} are different for each s = (a, 8, m). Similarly to the FS solutions, we will call
BS solutions the solutions for # # 0 that are obtained starting from the (a, 8, m) solution for
0 =0.

For the BS solutions we can also use a more precise approximation in which the o = +1
solutions are combined in the uniform approximation [16, 19]. In this case, the sum over
s = (a,B,m) in the rescattering T-matrix element is replaced by the sum over (8, m) of
the matrix elements which contain the weights and the actions in equation (2) and a linear
combination of the Airy function and its first derivative.

3. Rescattering electron energies and angles at the classical cutoff
According to the LFA theory the rescattering ATI rate is determined by the elastic rescattering
amplitude (5). This amplitude depends on the electron kinetic energy at the rescattering
time E, = [ks+ A(t)]*/2 = [p+ A(t)]* /2 and on the scattering angle 6, at the instant of
rescattering. For fixed final electron energy E, = p*/2 and final emission angle 6 in the
laboratory frame the rescattering angle is given by [16]
[ for kg, + Ay (t) >0 B psin @
b= fa okt A0 20 T o ©

Let us analyze, as a function of the final electron emission angle 6, the maximum energy Fp, the
corresponding energy F, and the angle 6, for various backward (fm) and forward () scattering
solutions (for fixed Sm (u) the BS (FS) solutions « = 1 (v = £1) approach each other for the
corresponding maximum energy Ep so that the curves presented in figure 1 do not depend on
the values of « (v)).

For the BS solutions there are two groups of orbits, which are distinguished by the index f.
For all angles 0° < 6 < 90°, the orbits having 8 = —1 have higher final energies Ep,, higher
energies s upon return, and larger scattering angles 65 than those with § = 1. Hence, in all
three left-hand plots of Fig. 1 the contributions having § = —1 are located above those with
B = 1. Specifically, for § = 0° the energy Ey of the 8 = —1 solutions monotonically decreases
from 10.01 U, for m = 0 to 8 U, for m — oo, while for the 8 = 1 solutions it increases to 8 U,
from below. Similarly, for 8 = —1 the energies E; for § = 0° decrease from 3.17 U, for m = 0 to
2U, for m — oo, while for 8 = 1 they increase towards the same limit. With increasing angle
6 the energies Ep, decrease forming a set of almost parallel curves [Ep(6)]g,,. For 6 = 90°, the
curves for f = —1 approach a nonzero value (equal to 1.8 U, for m = 0 and lower for larger
values of m), while the curves for 5 =1 all approach the value £, = 0. The energy E, remains
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Figure 1. The scattering angle 65 (lower panels) and the angle-dependent cutoffs of the
electron energy F at the rescattering time (middle panels) and the final electron energy FEp
(upper panels) as functions of the angle 6. The corresponding backward- and forward-scattered
quantum-orbit solutions are denoted by the double index (5, m) and the index pu, respectively.

almost constant with increasing 6 from zero up to =~ 60° — 70°. With a further increase of 0, all
energies Fg decrease. For § = —1 the energies E, approach nonzero values (2.55U, for m =0
and lower than 1.87U, for m > 1), while for § = 1 all energies quickly decrease to zero. For
all solutions, for # = 0° the scattering angle 6, is equal to 180°, which is in accordance with
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the fact that the solutions (3, m) are BS solutions (an exception is the recently discovered [18]
solution (8, m) = (1,0), presented by a cyan solid line in the left panels of figure 1, which will
be commented on at the end of this section). With increasing 6 the angle 65 decreases. For
B = —1 it approaches a nonzero value (for m = 0 it is 05 ~ 56° for § = 90° while for the
m > 0 solutions we have 05 ~ 20° — 33°). For 5 = 1 the angle 6, approaches zero for § — 90°.
Very importantly, according to the Rutherford formula the Coulomb scattering cross section is
very large for small values of the angle #, and small values of the energy Es;. Now, the orbits
characterized by the double index (8, m) = (1, m) (which approach the cutoff energy Ep ~ 8U,
from below for increasing values of m and 6 = 0°) have 65 — 0° for § — 90°. Hence, they are
dominant for emission near right angles to the polarization axis, § — 90°. In fact, this explains
the experimentally observed outer prongs of the fork-like structures in the off-axis LES [11], as
well as the V structure [12, 14].

Let us now analyze the F'S orbits. In this case we have only one class of solutions, characterized
by the index p. From the right-hand panels of figure 1 we see that the cutoff energy Ep for
the solution = 0 (black solid curve; the corresponding energy is multiplied by 0.25) decreases
from 2U, at 6 = 0° to 0 = 46° and then increases from 1.05U, to 1.75U, at 6 = 90°. The
corresponding energy F increases from zero for 6 = 0° to a large value above 2.54 U,, for 6§ = 90°,
while the corresponding angle 6, increases from s = 42° to 8, = 56°. On the other hand, for the
solutions with > 1 both E; and 4 go to zero for § — 0°, so that the corresponding differential
cross sections are very large and these solutions are responsible for the experimentally observed
on-axis LES [6, 7, 8]. From the upper right panel of figure 1 one can see that these LESs appear
for energies Ep below 0.1U,. With increasing angle 6 the energies £, and Ej, as well as the
angle 6, increase. The angle 6 remains relatively small even for 6 = 90° (for p =1,2,3,4,5,...
the corresponding values of 0, are 32.8°,25.9°,22.0°,19.6°,17.7°,...). The final electron energy
Ep (in units of Up) for 6 = 90° approaches relatively large values (for p = 1,2,3,4,5,... they
are 0.54,0.33,0.23,0.18,0.15, . . .; these values are the same as for the BS solution § = —1 and
m = u so that the BS and the F'S solutions merge). We note that the F'S solutions with p > 1
are responsible for the middle prongs of the off-axis LES observed in [11].

It is surprising that for the BS (FS) solution fm = 10 (u = 0) we found that for = 0° the
scattering angle 6y is different from 180° (0°). The reason is that for these solutions classical
considerations are inadequate. The classical cutoff for these solutions, Ep, = 2U, [14, 15],
corresponds to the travel time 7 = t — tg = 0, so that t = tg and p + A(t) = k + A(t) =
k + A(to) = 0. Therefore, for # = 0° both the nominator and the denominator of the second
equation in (6) are equal to zero, so that we can obtain a nonzero value for 5. Quantum-
mechanically we have p + A(t) # 0 so that we obtain §; = 0° for = 0 and the corresponding
differential cross section is large. This is important because only the solution p = 0 from the
F'S solutions contributes in the energy region ~ U, and modifies the spectrum of the direct
electrons. It should also be mentioned that the solution p = 0 (fm = 10) corresponds to the
sign “+” (“=”) in equation (11) in [15]. For # > 0, with increasing 7, the classical solution
of the saddle-point equations Ep ,—o(7) [15] increases and has a #-dependent maximum as can
be seen in the lower panel of figure 2 in [15]. On the other hand, for § > 0, with increasing
7, the classical energy Ep gm—10(7) continuously decreases from a maximum value towards zero
(see the upper panel of figure 2 in [15]). With increasing 6, this maximum value decreases from
Ep =2U, for § = 0° to zero for § = 90° (see the upper left panel of figure 1).

4. Spectra in the electron momentum plane

In experiments it is common to exhibit the electron spectra in the momentum plane (p,, p”) =
(py,;pz) = (psin®,pcosf). We first present the electron spectra that correspond to the BS
quantum orbits. In the left (right) panels of figure 2 we show partial spectra for § = —1
(B=+1)and form=0(m=1), m =1 (m = 2), and m = 2 (m = 3) in the upper, middle, and
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lower panel, respectively. The results presented are in accordance with the results of section 3
and with the classical analysis in figure 3 in [11] and references [14, 15]. For example, the radii
of the rescattering rings of the 8 = —1 orbits are all larger than those of the 8 = 1 orbits, and
the former enclose the origin while the latter all intersect exactly at the origin (the uniform
approximation that is used cannot be employed close to the origin). As already mentioned, near
the p, axis the 8 = 1 rings make up the outer prongs of the fork and also build the V structure.
Moreover, quantum interferences of the orbits o = +1, which are taken into account in the
uniform approximation, are clearly visible in each panel.

Next, in figure 3 we present the ISFA spectra obtained using the saddle-point method
(equations (1)—(5) for FBA), for particular F'S solutions u. In the lower right panel we present the
coherent sum of the contributions of the solutions g = 0,...,7, while in the remaining panels
we display the partial contributions of the solutions p = 1,2 and 3, as denoted. All spectra
exhibit a characteristic diamond-like structure and the cutoff values in p, and p, decrease with
increasing p. The cutoffs in p, are located at the LES momenta whose approximate values
are 4./U,/|(2p + 1)m] [23, 24]. If we were to sum the partial contributions for p = 1,2,3,...
incoherently, we would obtain nested diamonds (rhombi) similar to those of figure 3 in [11].
Instead, for the coherent sum presented in the lower right panel, we now have a characteristic
interference pattern inside the largest diamond (the one corresponding to the solution p = 1).
It should be mentioned that if we were to use the LFA instead of the ISFA the spectra would
be enhanced for small values of the momenta and the angle 6, which is caused by the Coulomb
effect (large differential cross section). The LES for y = 1,2 and 3 would then stand out more
distinctly.

In figure 4 we present the coherent sum of both BS and FS quantum-orbit contributions. The
three prongs of the fork-like structure of the off-axis LES [11] are clearly visible. The differential
cross section depends on the rescattering angle at the instant of the recollision. This dependence
not only causes the Coulomb-induced enhancements in the low-energy region, it also modifies
the high-energy spectra, which are described by the BS solutions. This is clearly visible in
figure 4 where we see characteristic minima for particular values of the angle . These minima
are atom-specific and similar results have already been obtained for short-wavelength lasers [16].
For a fixed value of 6, from the middle left panel of figure 1 we can read off the electron energy F,
at the rescattering time, while from the lower left panel we obtain the corresponding scattering
angle 6. For example, we see that for 6 ~ 20° we have E, ~ 3U, and 05 ~ 140°. For these
parameters the differential cross section for elastic scattering of an electron off the xenon positive
ion exhibits a minimum. The situation can be reversed in the sense that from a measured ATI
electron spectrum in the momentum plane one can extract information about the differential
positive-ion cross section [21] (this is particularly useful for the molecular case [22]).

5. Conclusions
In this paper we have shown in detail in figure 1 how the cutoffs of the electron energy (both
for the returning electron at the rescattering time and for the final energy at the detector) and
the rescattering angle at the time of rescattering depend on the lab-frame electron angle (with
respect to the laser polarization axis). This was done both for back-scattering (BS) and forward-
scattering (FS) quantum orbits, which are classified by the index (8,m) and pu, respectively.
From this figure all aspects of the electron spectra can be extracted. Foe example, from the
right panels it is evident that for the u = 1,2, ... quantum orbits both the electron energy and
the rescattering angle are small for the on-axis spectra. The corresponding differential cross
section for electron—parent-ion rescattering is then very large due to the Coulomb potential so
that the LES clearly appears in the spectra. This is also in agreement with the soft-recollision
model [23, 24] (E; is small).

In figures 2 and 3 we have shown partial spectra for particular BS and FS quantum orbits.



24th International Laser Physics Workshop (LPHYS’15) IOP Publishing
Journal of Physics: Conference Series 691 (2016) 012002 doi:10.1088/1742-6596/691/1/012002

P, @)

Figure 2. The logarithm of the differential ionization rate of Xe presented in false colors (the
color map covers more than four orders of magnitude in arb. units) in the electron momentum
plane for ionization by a linearly polarized laser field having the intensity 5 x 103 W/ cm? and
the wavelength 2000 nm. The results are obtained using the uniform approximation with only
one saddle-point solution (3, m). For § = —1 we present the results for m = 0 (upper left panel)
m = 1 (middle left panel), and m = 2 (lower left panel), while for 8 = +1 we have m = 1 (upper
right panel), m = 2 (middle right panel), and m = 3 (lower right panel).
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Figure 3. The logarithm of the differential ionization rate of Xe, obtained using the ISFA
and the saddle-point method, presented in false colors (the color map covers four orders of
magnitude and the rates are normalized to one) in the electron momentum plane for ionization
by a linearly polarized laser field having the intensity 4.5 x 1013 W/ cm? and the wavelength
1800 nm. The results are obtained using the forward-scattering contribution p = 1 (upper left
panel), u = 2 (lower left panel), u = 3 (upper right panel) and the coherent sum of the eight
solutions = 0,...,7 (lower right panel).

All features of the electron spectra can be explained using these figures. The coherent sum of
all quantum-orbit contributions (figure 4) exhibits all the mentioned features. Especially, we
retrieved the so-called fork structure, which is located at approximately right angle to and on
either side of the polarization axis, both the two outer prongs and the central (split) prong.
It should be emphasized that all of these features are already afforded by the ISFA (improved
strong-field approximation), which corresponds to the first-order Born approximation for the
rescattering electron. The LFA (low-frequency approximation) goes beyond this, essentially by
replacing the scattering amplitude in the first-order Born approximation by the exact scattering
amplitude (in the absence of the laser field). This way, for higher electron energies the atom-
specific minima for particular values of the lab-frame angle also become visible.
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