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Abstract

A generalized formulation of the Dynamic Smagorinsky Model (DSM) is proposed as a versatile turbulent
momentum diffusion scheme for Large-Eddy Simulations. The difference to previous versions of the DSM is
a modified test filter range that can be chosen independently from the resolution scale to separate the impact
of the test filter on the simulated flow from the impact of the resolution. The generalized DSM (gDSM)
in a two-dimensional version is validated in a verification study as a horizontal momentum diffusion scheme
with the Kiihlungsborn Mechanistic General Circulation Model at high resolution (wavenumber 330) without
hyperdiffusion. Three-day averaged results applying three different test filters in the macro-turbulent inertial
range are presented and compared with analogous simulations where the standard DSM is used instead. The
comparison of the different filters results in all cases in similar globally averaged Smagorinsky parameters
cs =~ 0.35 and horizontal kinetic energy spectra. Hence, the basic assumption of scale invariance underlying
the application of the gDSM to parameterize atmospheric turbulence is justified. In addition, the smallest
resolved scales contain less energy when the gDSM is applied, thus increasing the stability of the simulation.

Keywords: Turbulence Modelling, Momentum Diffusion, Subgrid-scale Modelling

1 Introduction

Subgrid-scale (SGS) parametrizations in Large-Eddy
Simulations (LES) have to be considered with particu-
lar attention in computational fluid dynamics (cf. MEN-
EVEAU and Katz, 2000; LESIEUR etal., 2005, for an
overview). The transfer of kinetic energy from large
scales to small-scale turbulence, which is followed by
dissipation due to molecular friction is only partly cov-
ered by kinetic energy spectra from observations or nu-
merical simulations (NASTROM and GAGE, 1985; HAMIL-
TON etal., 2008). Modeled spectra are generally trun-
cated in LES, and a parametrization of momentum dif-
fusion is introduced to close the forward energy cas-
cade in the SGS. As the presence of an inertial range in
turbulence theory (KoLmMoGOROV, 1941) is also equiv-
alent to scale invariance (as discussed in more detail
in the textbook of FriscH, 1995), the application of
the standard Smagorinsky model (SMAGORINSKY, 1963;
SMAGORINSKY, 1993) is problematic (MENEVEAU and
Katz, 2000), as was proved by OBERLACK (2000): In his
work he derived the general symmetry transformations
of the Navier-Stokes and Euler equations by performing
a full Lie-group analysis. The application of the result-
ing scaling transformations to the standard Smagorinsky
SGS model leads to a violation of the transformation
rules due to the constant mixing length. However, the
dynamical extension of the Smagorinsky model, the so-
called Dynamic Smagorinsky model (DSM, GERMANO
etal.,, 1991; MENEVEAU and Katz, 2000), preserves
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scale invariance, as was further proven by a system-
atic application of a scale invariance criterion given by
SCHAEFER-ROLFFs etal. (2015). Yet, the DSM still de-
pends on the resolution scale, because in the present
applications of the DSM the filter used to determine
the mixing length / is defined by two wavenumbers,
one where the filter kernel sets in and one correspond-
ing to the resolution scale, cf. the discussion of Fig-
ure 1 of SCHAEFER-ROLFFs and BECKER (2013, here-
after: SRB13). Thus, a change of the resolution auto-
matically leads to a change of the filter and the impact
of the test filter cannot be separated from the dependence
on the resolution scale.

Moreover, there exist basically two approaches for
the “closure” of the energy cascade. In many LES it is
common practise to continue the —5/3 slope of the re-
solved energy cascade down to the resolution scale A
by a proper reduction of the small-scale energy due to
an appropriate turbulent diffusion. Hence the modelers’
aim is to explicitly simulate small-scale structures, e.g.
in channel flow simulations (PARK and MAHESH, 2009)
or in LES of isotropic and stably stratified turbulence
(METAIS and LESIEUR, 1992; KHANI and WAITE, 2015).
On the other hand, there exist, in particular in geophysi-
cal fluid dynamics, the approach that the energy cascade
is to be “closed” by a viscous-like subrange to remove
completely the kinetic energy that has cascaded down
to the smallest resolved scales. In such simulations the
small-scale part of the spectra is dominated mainly by a
so-called hyperdiffusion of higher order (see, e.g., Fig-
ure 2 in TAKAHASHI et al., 2006). Simulations with these
hyperdiffusion schemes usually run stably, because nu-
merical instabilities due to a small-scale accumulation of
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kinetic energy are avoided. However, as these scales are
governed by hyperdiffusion, they contain no physical in-
formation; and an “effective resolution” apart from the
nominal resolution has to be introduced (SKAMAROCK,
2004) that limits the physically meaningful range of the
spectra. In general, to increase the effective resolution a
“hybrid” approach consisting of a DSM balancing large
parts of the energy cascade and a weak hyperdiffusion at
the very smallest scales might be feasible. However, in
the present formulation of the DSM such a hybrid for-
mulation is questionable, because the test filter of the
DSM ranging up to the resolution scale may interfere
incalculably with the hyperdiffusion.

In the present study, we therefore modify the DSM
such that the test filter ends at a scale that is larger than
the resolution scale to obtain a generalized DSM (here-
after: gDSM) that is independent of the resolution. This
1) allows to investigate the impact of the test filter on
the model independently from the resolution, in partic-
ular with respect to scale invariance, and 2) enables the
possibility to apply a dynamic Smagorinsky approach in
combination with a hyperdiffusion, if needed.

2 Recapitulation of the dynamic
Smagorinsky model

To parameterize the SGS stress tensor in the momentum
equation, the conventional nonlinear mixing length or
Smagorinsky model (e.g. SMAGORINSKY, 1993; BECKER
and BURKHARDT, 2007) assumes a constant mixing
length [ being a prescribed global parameter that has to
be adjusted with respect to the resolution. In contrast, the
DSM uses, as mentioned in the introduction, a dynamic
mixing length that is calculated by assuming scale in-
variance. The mixing length becomes a temporally and
spatially variable local function of the resolved flow ac-

. =2 -=. .
cording to I = cg A, where A is the resolution scale and
cs is the dynamically determined Smagorinsky parame-
ter,

cs = cs(V,9). (2.1)

Here, a bar denotes the resolved quantities in the model:
v is the velocity and S is the trace-free shear tensor

St = 0]+ 072 - @0;/3,  (2.2)

where ¢;; is the Kronecker symbol.

The DSM employs a test filter operation at a certain
filter scale A > K, where hereafter test-filtered variables
are denoted with a tilde. Often the assumption A =
2A is made, but we emphasize that the exact relation
can be arbitrary as long as both scales lie in the same
inertial range. To calculate the Smagorinsky parameter
cs, the anisotropic (i.e. trace-free) stress tensors 7;; =

- ((v,- vido— (v v_j)0> at the resolution scale and T;; =

—((\;,-7 )0 — (v:,- v:j)o) at the filter scale, where (v; v;)o
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denotes the trace-free version of the tensor (v; v;), and

their respective Smagorinsky parametrizations are used

to obtain the tensor equation to be solved,
2

L,’j = CS Mij, (23)

where L;;, defined by the so-called Germano identity,
and M;; are given by

Lij=Tij=7ij,
D — — == o=
My = 28 (/A7 - 1885), 4

where |§| denote the norm of the tensor S (GERMANO
etal., 1991).

Hence, the smallest resolved structures are given on
the one hand directly by L;;. On the other hand they are
parameterized with the Smagorinsky model by M;;. The
solution of Eq. (2.3) is usually obtained with the least
squares approach (LiLLy, 1992; MENEVEAU and Katz,
2000) yielding

2ij LijMij

. 2.5
2ok My My 25)

2 _
CS_

A problem emerging when using Eq. (2.5) is that it al-
lows locally for negative values of cé which implies neg-
ative turbulent dissipation in contradiction to the sec-
ond law of thermodynamics. Usually this is bypassed
by averaging along a homogeneous direction (e.g. in
GERMANO etal., 1991; GHosAL etal., 1995) or by clip-
ping the negative values (ZANG etal., 1993; KUERTEN
etal., 1999). A different solution of Eq. (2.3) that fully
complies with the second law can be obtained following
SRB13 as

IL|

—, 2.6
M (2.6)

2 _
Cg =

because here cé is positive definite by definition.

Now, scale invariance is explicitly assumed, which
means that the calculated cg can be extrapolated to
the unresolved scales using the same SGS model. The
turbulent diffusion coefficient and the turbulent SGS
stress tensor then become

2G| _ 2 K2a <
K = FFIS| = cgA ||, T = —2KS ;. 2.7
This formulation has been used by SRBI13 in a
spectral mechanistic General Circulation Model (here-
after: GCM) where the global circulation and the hor-
izontal kinetic energy spectra showed a reasonable be-
havior. We emphasize that the basic idea of the DSM is
not limited to spectral models. Indeed, the first simula-
tions applying the DSM were performed using a finite
difference grid (GERMANO etal., 1991) with an appro-
priate spatial filter. Hence, the following discussions are
valid for all types of models if not stated otherwise.
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3 A generalized dynamic Smagorinsky
model independent from the
resolution scale

For a generalized Dynamic Smagorinsky Model (gDSM),
where the Smagorinsky parameter cg is computed in-
dependently of the resolution scale A, it is mandatory
to introduce a second test filter scale A, such that A >
A > A. Note that the idea of introducing a second fil-
ter is not new: PORTE-AGEL etal. (2000) introduced a
second test filter and assumed a power-law behavior of
the Smagorinsky parameter as a function of a length
scale ¢, according to c_% (af) = c_% (6)e? for the atmo-
spheric boundary layer where c¢g may be (vertically)
scale-dependent! . We also introduce a second testfilter
but use it for a different purpose, namely to calculate the
Smagorinsky parameter independently from the resolu-
tion scale.

First, we consider the SGS wind shear tensors at both
test filter scales,

T.=- ((W’E\/j)o - (%‘ VEj)O),

77, = = (0770 = (i %)) 3.1)

1 . . .
Note that the SGS tensor Tl.j is derived by applying

both filters (first at A and then at Z) to the momentum
equation. The modified Germano identity is then

Lij= Tl-l,- - T,-zj == ((v:i v:,-)o - V:j)o). (3.2)

As there are only resolved quantities (i.e. no prod-
ucts with an bar) in the Germano identity, we here-
after drop the bar to simplify the notation, i.e. L;; =

(@7 70 = @7 77)0)-
Both SGS tensors, Til/' and Tiz/" are also parameter-

ized according to the Smagorinsky ansatz with different
Smagorinsky parameters c; and c;, yielding

T -T2~ -2J [(cl/cz)2Z2|§|ST,~ ~R855]. 63)

where again the bars are omitted. Assuming scale in-
variance, i.e. ¢; = ¢ = cs, we have again the tensor
equation

Lij = csMj; (34)

with
M;j = -2A° ((Z/Z)2|§I~§fj - |§I§\U). (3.5)

Note that Eq. (3.4) is independent of the resolution scale
A because each fluid quantity in both L;; and M;; is

IHis variables « and ¢ represent the scaling factor for the test filters and the
corresponding power determined by the second test filter, but are not further
required in the work presented here.
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roof-filtered. The price of this independence is that each
term in the gDSM is subject to two consecutive filter
operations. However, by a smart choice of the test filters
we can unify some filter operations. If, for instance, a
spectral cut-off filter is employed, we find, e.g., v; = v;.
Hence, Eq. (3.4) becomes in this case

(777 = (7 7)o = 263 8% ((A/AVI8IST; - 8187
(3.6)
Eq. (3.4) or Eq. (3.6) can be solved using the methods

applied to solve Eq. (2.3). We note that though the
Smagorinsky parameter calculated by using Eq. (3.4) or

Eq. (3.6) is independent of the resolution scale A, the
complete SGS stress tensor

i) = —2cs AISIS i (3.7)

still depends on the resolution.

We close this section by briefly discussing three lim-
iting cases of the generalized DSM:

¢ A > A: This limit is equivalent to the original DSM,
as the Germano identity yields

Lij = = (% %o = @i ). (3.8)
o A — A: In this case, both test filters coincide, and the
Germano identity yields

Lj— - ((V:i vi)o — (i V:j)o). (3.9)

Note that the r.h.s. of thgﬁGermano identity (3.9)

does not vanish because (v; vj)o # (v; v;)o. Here, the
gDSM resembles the similarity model of BARDINA
etal. (1980) where the assumption of scale invariance
is assumed in an almost literal sense. In particular,
the SGS stress tensor is constructed only from the
resolved velocity field,

Tfj’m o< (V; vj = Vi V)). (3.10)
The differences between the similarity model and
this limit of the gDSM are that in the latter the res-
olution scale is substituted by the test filter scale. In
addition, the similarity model uses Eq. (3.10) directly
as parametrization instead applying it to determine
a Smagorinsky constant from the mixing length ap-

proach.

¢ In the case that all scales coincide, i.e. Z, A — K, the
correspondence to the similarity model is obvious,
Lij— = (@ vo - vd). (D)

However, the gDSM still calculates the Smagorinsky
parameter while the similarity model does not.
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4 Numerical results using a GCM

So far, the results of the previous sections were de-
rived for the typical three-dimensional application of the
DSM. However, as shown in SCHAEFER-ROLFFS et al.
(2015), the vertical scales of the atmosphere larger than
the Ozmidov scale exhibit a different scaling behaviour
than the horizontal scales such that a separate treatment
of horizontal and vertical scales in GCMs is inevitable.
Hence, we want to apply the gDSM in the Kiihlungs-
born Mechanistic General Circulation Model (KMCM,
cf. BECKER, 2003; BRUNE and BECKER, 2013) as the hor-
izontal momentum diffusion scheme without any hyper-
diffusion and compare it with the standard DSM. Test
simulations (not given) showed that using the Germano-
Lilly approach (2.5) in two dimensions a significant
percentage of the values of cé are negative such that
the KMCM become unstable, just as in SRB13. Hence,
to avoid instabilities, we applied the tensor norm ap-
proach (2.6) to solve Eq. (2.3).

The dynamical core of the KMCM is based on a
standard spectral General Circulation Model (GCM, as
described, e.g., in BOURKE etal., 1977). In the present
study the spectral truncation is at a total horizontal
wavenumber ny = 330. This corresponds, according to
the two-third rule (ORszAG, 1971), to an equatorial res-
olution of 40km. Hence, a 512 x 1024 transform grid
is used for calculating the nonlinear terms. The KMCM
also employs a terrain-following vertical hybrid coordi-
nate (SiMMONS and BURRIDGE, 1981). The vertical reso-
lution is 100 full hybrid layers from 990 hPa to 0.1 hPa,
i.e. from the surface up to about 60km. The vertical
level spacing is roughly 250 m from the boundary layer
to the lower stratosphere, and it increases to a few km
at the upper stratosphere. A sponge layer due to en-
hanced linear harmonic horizontal diffusion is placed in
the stratopause region to suppress reflection of waves at
the top level.

The effective filter kernel, hereafter denoted as
ng/np//n./ng for the gDSM (or n,/np for the DSM) is
constrained by the four (two) wavenumbers n,, np, n.
and ng (n, and np) in terms of a cos? spectral filter for-
malism f(n;n,, ny) described in detail in SRB13 and ap-
plied here to the gDSM, cf. Figure 1. The associated
wavenumber 7, , of a corresponding sharp cut-off filter
can be defined via

nr nr
f fn;ny, ny)dn = f H(nyy —n)dn = ny,, (4.1)
0 0

where H(n) denotes the Heaviside function. The ratio

A/A of the generalized DSM is then defined according
to

Ned

4.2)

D)l B>
Il

b
Nab

while for the standard DSM we have the ratio E/Z =
”T/na,b-
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1 - fin;n,ny)
l ——
} + >
1 -ftn;n,ny
l— -
$ + t —>
B n, n, n,
l__ﬂn:no.ndl - fin;n,ny)
} } } —>

n o n 5 n s n d
Figure 1: Top: Kernel of the tilde filter active from n,,n;, to the
resolution scale A as used for Tl.l. in Eq. (3.1). This filter kernel
represents also the total filter of the standard DSM. Center: Kernel
of the roof filter effective from n., ny to A as used for Tl.zj in Eq. (3.1).

Bottom: Effective kernel for the Germano identity L;; = Tl.lj - Ffj,

independent of A, cf. Eq. (3.2). Note that for clarity of the impact of
the filter, 1 — f(n; ny, ny) is plotted.

As mentioned in Section 3, the additional roof-
filtering of quantities that are linear in the prognostic
variables is provided in spectral space automatically by

the tilde filter, e.g. v; = v;. The spatial products v; v; and

—~—~—

|S|§,~\j need more computational efforts. We first have to
roof-filter the prognostic variables at low costs just by
multiplying the filter kernel; secondly, we have to ap-
ply (expensive) inverse spectral transformations to grid
space where these filtered variables are multiplied; and
thirdly, we have to tilde-filter these products after trans-
formation back to spectral space. Note that such prod-
ucts (only without roof-filtering) have to be calculated
analogously in the DSM (cf. SRB13), resulting in only
minor differences in computational costs between the
DSM and the gDSM. If the gDSM is applied to non-
spectral models, the additional computing time depends
mainly on the expensiveness of the roof filters that have
to be applied.

We present high resolution simulations applying
the gDSM to three different filter ranges A (90/120/
/120/150), B (90/120//270/300), and C (150/180/
/270/300), and two control runs where the standard
DSM is used for the filter ranges I (90/120) and
II (150/180). The two-day averaged mass-weighted
global-mean Smagorinsky parameters were calculated
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3T33O spectra around 250 hPa for filters A, B, and C

1 2 5 10 20 50 100 200 300
Horizontal Wavenumber

Figure 2: KE spectra in the tropopause around 250 hPa applying the
gDSM filters A (solid, red), B (dashed, green), and C (dotted, blue).

and are cs 4 = 0.341, c¢s p = 0.346, and c5c = 0.350
for the gDSM, and c¢s; = 0.363, and cs;; =~ 0.424
for the standard DSM. Hence, even though the applied
test filters have very different ranges, the values of the
Smagorinsky parameters are almost the same for the
¢DSM and for filter I. We emphasize that the only dif-
ference of the standard DSM to the gDSM is the inclu-
sion of all scales down to the resolution scale, therefore
the reason for the different behaviour of filter II is most
likely some interaction of these small scales in the pro-
cedure to compute cg that is less dominant in case I due
to the larger filter range. Hence, the assumption of scale
invariance of the gDSM is confirmed as the dynamic
procedure yields the same cg, independent of which
part of the macroturbulent inertial range is considered
for the filtering procedure. Nevertheless, the DSM and
gDSM produce more or less comparable results when

taking the limit A — A if applied to the same numer-
ical model (here the KMCM), see discussion of Sec-
tion 3. However, the specific numerical values obtained
for the Smagorinsky parameter exceed results from
three-dimensional simulations ranging from 0.17 to 0.23
by, e.g. SCHUMANN (1993), VREMAN etal. (1997), or
KuanN1 and WaITE (2015) by a factor of 1.5 to 2. This
may be attributed to the application of the tensor-norm
approach (2.6) instead of a (clipped) Germano-Lilly ap-
proach (2.5) to solve the tensor equation (2.3). An in-
terpretation relying on a pancake-like anisotropic three-
dimensional scheme as discussed in ScoTTI et al. (1993)
seems not appropriate, as the anisotropy therein origi-
nates only numerically from the choice of the grid and
not from a physical constraint like the vertical-acting
gravity in a GCM. The horizontal and vertical resolu-
tions given above would lead to a multiplicative correc-
tion factor fA,,/A = 0.65 to the Smagorinsky parame-
ters calculated in three-dimensional simulations, where
fand A, are a correction function and equivalent length
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5 T330 spectra around 250 hPa for filters A, B, and |

1 2 5 10 20 50 100 200 300
Horizontal Wavenumber

Figure 3: KE spectra in the tropopause around 250 hPa comparing

the different approaches for the filter onset at (90/120) applying the

gDSM filters A (solid, blue) and B (dashed, green), and the DSM

filter I (dotted, black).

T330 spectra around 250 hPa for filters C and Il

1 2 5 1‘0 2‘0 56 160 260 3b0
Horizontal Wavenumber

Figure 4: KE spectra in the tropopause around 250 hPa comparing

the different approaches for the filter onset at (150/180) applying

the gDSM for the filter C (solid, red) and the DSM filter II (dashed,

black).

scale introduced in ScotTI etal. (1993). Hence a de-
crease of cg down to 0.11 to 0.15 instead of an increase
would be expected.

Further, spectral results are obtained by averaging
over three model days including 96 snapshots after nine
preceding settling days. Figure 2 shows three simulated
spectra at about 250 hPa corresponding to the filters A
(solid, red), B (dashed, green), and C (dotted, blue). All
three spectra look similar: A —3 slope for the synoptic
scales is followed by a clear transition around wavenum-
ber 80 to a shallower slope very close to —5/3 except
for the largest wavenumbers of filter A, probably caused
by the very small filter yielding a slightly weak diffu-
sion. It is remarkable that the mesoscale spectra differ
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only little (with the aforementioned exception at high
wavenumbers for filter A), reflecting the behaviour of
the Smagorinsky parameters. In addition, these spectra
confirm that the gDSM removes sufficient kinetic en-
ergy to allow for a stable and reasonable simulation of
the global energy spectrum. In Figs. 3 and 4 two com-
parisons between the gDSM and the standard DSM with
the same onset range of the test filters (90/120 in the first
case, i.e. filters A, B, and I; and 150/180 in the second,
i.e. filters C and II) are given. Both standard DSM simu-
lations exhibit a pronounced upward hook at the smallest
scales as shown. Further, the amount of kinetic energy
in the mesoscales in the run with the filter II is about
50 % higher than in the other runs. We emphasize that
the reason for this diverging behaviour at the smallest
scales must be attributed to the explicit choice of the tur-
bulence model, analogously to the case of the averaged
Smagorinsky parameters. Therefore, the application of
the gDSM improves the model simulations, because the
smallest resolved scales exhibit a significant decrease of
energy instead of an increase. Hence, instabilities may
occur less likely. However, long-term simulations (not
displayed) show that even the DSM approach is numer-
ically stable without applying an additional hyperdiffu-
sion, despite of the accumulation of energy at the small-
est scales.

5 Conclusions

We have formulated a generalization of the three-
dimensional DSM (gDSM) with a test filter that is in-
dependent of the resolution scale A. In the context of the
standard DSM the filter is defined by the wavenumber

ngp associated with the large test filter scale A, and the
resolution scale A. In the gDSM the wavenumber n,,

is still given by the large test filter scale A, while the
wavenumber 7.4 is no longer associated with the res-
olution scale. Rather, it is defined by a smaller second
test filter scale A with A > A > A. (Note, however, that
the resolution scale is still included in the formulation of
the “final” diffusion coefficient, see Eq. (3.7).) We have
shown that three limiting cases of the gDSM correspond

to existing turbulence models: For A — A the gDSM

corresponds to the standard DSM, for A — A the gDSM
resembles the similarity model of BARDINA etal. (1980)
which are more obvious in the case A = A — A.

As done in a previous study (SCHAEFER-ROLFFs and
BECKER, 2013) we applied the gDSM as a turbulence
model for two-dimensional horizontal diffusion due to
the different scaling behaviour of the vertical scales.
Test simulations in a high resolution spectral GCM with
mechanistic differential heating show that the gDSM is,
in principle, able to reproduce the observed horizon-
tal kinetic energy (KE) spectrum in the lower strato-
sphere, characterized by a —3 spectral slope for synop-
tic scales followed by a flattening of the spectrum in
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the mesoscales with an approximate —5/3 slope (NAs-
TROM and GAGE, 1985). We have shown by a compari-
son of three filters at different scales (and for fixed reso-
lution scale A) that the basic assumption underlying the
gDSM, namely scale invariance, is justified as the filter
range chosen has almost no influence on the calculated
Smagorinsky parameter cg =~ 0.35 nor does it signifi-
cantly impact the corresponding energy spectra. In addi-
tion, we presented simulations using the KMCM apply-
ing the standard DSM with similar test filters proving
that it yields similar Smagorinsky parameters. Yet, the
gDSM is the preferable SGS turbulence model as there
is no accumulation of energy at the smallest resolved
scales, decreasing numerical instabilities.

Nevertheless, both the gDSM and the DSM can be
used as a SGS parametrization scheme as both provide
sufficient momentum diffusion for numerically stable
simulations with reasonable spectra. However, if one
wants to combine a dynamic model with hyperdiffusion,
only the application of the gDSM is unproblematic, as
its relevant filter range can be freely chosen within the
inertial range at hand such that it remains unaffected by
the hyperdiffusion. The gDSM also allows to investigate
whether a given numerical circulation model converges
with increasing numerical resolution, which means it al-
lows for testing if the climatology of large-scale fields
for fixed model parameters depends on the numerical
resolution. Hence, to settle any convergence issues, the
horizontal resolution would need to be increased signif-
icantly and, as BRUNE and BECKER (2013) showed, the
vertical resolution would need to be adjusted as well,
and the number of points in the spatial grid would be
about six to eight times larger. With the present paral-
lelization, 2.5 days are needed to compute one model
day with the gDSM (or the DSM) at wavenumber 330.
Further optimization in parallelization is pursued to per-
form such calculations in the near future.

Acknowledegments

The author would like to thank RAHEL KNOPFEL and
ERricH BECKER for useful discussions, and two anony-
mous reviewers for their valuable comments.

References

BarDINA, J., JH. FErzIGER, W.C. REYNOLDS, 1980: Im-
proved subgrid scale models for Large Eddy Simulation. —
Amer. Inst. Aeronaut. Astronaut. Pap. 80, 1357, DOI:
10.2514/6.1980-1357.

BECKER, E., 2003: Energetics of turbulent momentum diffusion
and gravity wave breakdown in general circulation models of
the atmosphere. — IAP Kiihlungsborn, Kiihlungsborn, 108 pp.

BECKER, E., U. BURKHARDT, 2007: Nonlinear Horizontal Dif-
fusion for GCMs. — Mon. Wea. Rev. 135, 1439-1454, DOI:
10.1175/mwr3348.1.

BourkEg, W., B. McAvaNEy, K. Puri, R. THURLING, 1977:
Global modeling of atmospheric flow by spectral meth-
ods. — In: CHang, J. (Ed.): Methods in Computa-
tional Physics, Vol. 17, Academic Press, 267-324, DOI:
10.1016/b978-0-12-460817-7.50010-0.


http://dx.doi.org/10.2514/6.1980-1357
http://dx.doi.org/10.1175/mwr3348.1
http://dx.doi.org/10.1016/b978-0-12-460817-7.50010-0

Meteorol. Z., 26, 2017

BRUNE, S., E. BECKER, 2013: Indications of Stratified Turbu-
lence in a Mechanistic GCM. — J. Atmos. Sci. 70, 231-247,
DOI:10.1175/jas-d-12-025.1.

FriscH, U., 1995: Turbulence — The Legacy of A.N. Kol-
mogorov. — Cambridge University Press, Cambridge.

GERMANO, M., U. PioMELLI, P. MoIN, W.H. CaBoOT, 1991: A dy-
namic subgrid-scale eddy viscosity model. — Phys. Fluids A 3,
1760-1765, DOI:10.1063/1.857955.

GHosAL, S., T.S. Lunpp, P. MoiN, K. AKSELvVOLL, 1995:
A dynamic localization model for large eddy simulation
of turbulent flows. — J. Fluid Mech. 286, 229-255, DOI:
10.1017/s0022112095003156.

HamiLToN, K., Y.O. TAKAHASHI, W. OHFUCHI, 2008: Mesoscale
spectrum of atmospheric motions investigated in a very fine
resolution global general circulation model. —J. Geophys. Res.
113, D18110, DOI:10.1029/2008jd009785.

KHANI, S., M.L. WAITE, 2015: Large eddy simulations of strat-
ified turbulence: the dynamic Smagorinsky model. — J. Fluid.
Mech. 773, 327-344, DOI:10.1017/jfm.2015.249.

KoLMoGoRov, A.N., 1941: The local structure of turbulence in
incompressible viscous fluid for very large Reynolds num-
bers. — Proc. USSR Acad. Sci. 30, 299 pp.

KUERTEN, J.G.M., B.J. GEURTS, A.W. VREMAN, M. GERMANO,
1999: Dynamic inverse modeling and its testing in large-eddy
simulations of the mixing layer. — Phys. Fluids 11, 3778-3785,
DOI:10.1063/1.870238.

LESIEUR, M., O. METtaAls, P. CoMTE, 2005: Large-Eddy Simu-
lations of Turbulence. — Cambridge University Press, Cam-
bridge, DOI:10.1017/cbo9780511755507.

Litry, D.K., 1992: A proposed modification of the Germano
subgrid-scale closure method. — Phys. Fluids A 4, 633-635,
DOI:10.1063/1.858280.

MENEVEAU, C., J. KaTz, 2000: Scale-Invariance and Turbulence
Models for Large-Eddy Simulation. — Ann. Rev. Fluid Mech.
32, 1-32, DOI:10.1146/annurev.fluid.32.1.1.

METAIS, O., M. LESIEUR, 1992: Spectral large-eddy simulation
of isotropic and stably stratified turbulence. — J. Fluid Mech.
239, 157-194, DOI:10.1017/s0022112092004361.

NastrOM, G.D., K.S. GAGE, 1985: A Climatology of Atmo-
spheric Wavenumber Spectra of Wind and Temperature Ob-
served by Commercial Aircraft. — J. Atmos. Sci. 42, 950-960,
DOI:10.1175/1520-0469(1985)042<0950:acoaws>2.0.co;2.

OBERLACK, M., 2000: Symmetrie, Invarianz und Selbstihn-
lichkeit in der Turbulenz (Symmetry, Invariance, and Self-
similarity in Turbulence. — Habilitation), RWTH Aachen,
Aachen, 187 pp.

ORszAG, S.A., 1971: Elimination of Aliasing in Finite-
Difference  Schemes by Filtering High-Wavenumber
Components. — J. Atmos. Sci. 28, 1074, DOI:10.1175/
1520-0469(1971)028<1074:0teoai>2.0.co;2.

U. Schaefer-Rolffs: A generalized dynamic Smagorinsky model

187

PARk, N., K. MAHESH, 2009: Reduction of the Germano-identity
error in the dynamic Smagorinsky model. — Phys. Fluids 21,
065106, DOI:10.1063/1.3140033.

PORTE-AGEL, F., C. MENEVEAU, M.B. PARLANGE, 2000: A
scale-dependent dynamic model for large-eddy simulation:
application to a neutral atmospheric boundary layer. —J. Fluid
Mech. 415, 261-284, DOI:10.1017/s0022112000008776.

SCcHAEFER-ROLFFS, U., E. BECKER, 2013: A Two-Dimensional
Version of the Dynamic Smagorinsky Model for Atmospheric
Circulation Models. — Mon. Wea. Rev. 141, 887-899, DOI:
10.1175/MWR-D-12-00101.1.

ScHAEFER-ROLFFS, U., R. KNOPFEL, E. BECKER, 2015: A scale
invariance criterion for LES parametrizations. — Meteorol. Z.
24, 3-13, DOI:10.1127/metz/2014/0623.

ScHUMANN, U., 1993: Direct and large eddy simulation of
turbulence - summary of the state-of-the-art. — In: KoLL-
MANN, W. (Ed.): Lecture Series: Introduction to the Modeling
of Turbulence, Von Karman Institute, Brussels.

ScotTl, A., C. MENEVEAU, D.K. LiLLy, 1993: Generalized
Smagorinsky model for anisotropic grids. — Phys. Fluids A §,
2306-2308, DOI:10.1063/1.858537.

SiMMoONs, A.J., D.M. BURRIDGE, 1981: An energy and angular-
momentum conserving vertical finite-difference scheme and
hybrid vertical coordinates. — Mon. Wea. Rev. 109, 758-766,
DOI:10.1175/1520-0493(1981)109<0758:aeaamc>2.0.co;2.

SkAMAROCK, W.C., 2004: Evaluating Mesoscale NWP Mod-
els Using Kinetic Energy Spectra. — Mon. Wea. Rev. 132,
3019-3032, DOI:10.1175/mwr2830.1.

SMAGORINSKY, J., 1963: General circulation experiments
with the primitive equations. 1i. the basic experi-
ment. — Mon. Wea. Rev. 91, 99-164, DOI:10.1175/
1520-0493(1963)091<0099:gcewtp>2.3.co;2.

SMAGORINSKY, J., 1993: Some historical remarks on the use
of nonlinear viscosities. — In: GALPERIN, B., ST.A. ORSZAG
(Eds): Ed.Large Eddy Simulation of Complex Engineering
and Geophysical Flows, Cambridge University Press, Cam-
bridge, 3-36, DOI:10.1016/0955-5986(96)00002-7.

TakaHAsHI, Y.O., K. HamiLtoN, W. OHFuUcHI, 2006: Ex-
plicit global simulations of the mesoscale spectrum of at-
mospheric motions. — Geophys. Res. Lett. 33, L12812, DOI:
10.1029/2006g1026429.

VREMAN, B., B. GEURrTS, H. KUERTEN, 1997: Large-eddy sim-
ulation of the turbulent mixing layer. — J. Fluid Mech. 339,
357-390, DOI:10.1017/s0022112097005429.

ZANG, Y., RL. STREET, J.R. KOSEFF, 1993: A dynamic mixed
subgrid-scale model and its application to turbulent re-
circulation flows. — Phys. Fluids A §, 3186-3196, DOI:
10.1063/1.858675.


http://dx.doi.org/10.1175/jas-d-12-025.1
http://dx.doi.org/10.1063/1.857955
http://dx.doi.org/10.1017/s0022112095003156
http://dx.doi.org/10.1029/2008jd009785
http://dx.doi.org/10.1017/jfm.2015.249
http://dx.doi.org/10.1063/1.870238
http://dx.doi.org/10.1017/cbo9780511755507
http://dx.doi.org/10.1063/1.858280
http://dx.doi.org/10.1146/annurev.fluid.32.1.1
http://dx.doi.org/10.1017/s0022112092004361
http://dx.doi.org/10.1175/1520-0469(1985)042%3C0950:acoaws%3E2.0.co;2
http://dx.doi.org/10.1175/1520-0469(1971)028%3C1074:oteoai%3E2.0.co;2
http://dx.doi.org/10.1063/1.3140033
http://dx.doi.org/10.1017/s0022112000008776
http://dx.doi.org/10.1175/MWR-D-12-00101.1
http://dx.doi.org/10.1127/metz/2014/0623
http://dx.doi.org/10.1063/1.858537
http://dx.doi.org/10.1175/1520-0493(1981)109%3C0758:aeaamc%3E2.0.co;2
http://dx.doi.org/10.1175/mwr2830.1
http://dx.doi.org/10.1175/1520-0493(1963)091%3C0099:gcewtp%3E2.3.co;2
http://dx.doi.org/10.1016/0955-5986(96)00002-7
http://dx.doi.org/10.1029/2006gl026429
http://dx.doi.org/10.1017/s0022112097005429
http://dx.doi.org/10.1063/1.858675

