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2 Summary

In this project we considered a class of cross-diffusion systems involving Cahn-Hilliard terms and gave
exhaustive answers to some main questions related to it. This class arises when modeling mixtures
composed of several species that interact with one another with cross-diffusion effects and also have
the tendency to separate from each other. In the case under consideration, there is only one species
(that accounts for the void) which does separate from all the others. The interest for such a model
stems from the fact that in many real world applications there exist multiphase systems where miscible
entities do coexist in one single phase of the system. Our project started from an existing model and, by
making a combination of both numerical and theoretical approaches, provided a systematical analysis
to some core topics related to it, in order to gain a better understanding of the dynamics of the model

and of its stationary solutions.

3 Progress report

Systems of cross-diffusion equations involving Cahn-Hilliard terms arise in modeling mixtures composed
of several species that interact with one another via cross-diffusion effects and also have the tendency

to separate from each other. Specifically, in the case under consideration, there is only one species
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(accounting for the void) which does separate from the others. The motivation for considering such a
model is justified from the fact that in practical situations there exist multiphase systems where miscible
entities may coexist in one single phase of the system, see as an example the process of physical
vapor deposition, also known as PVD [13; 16]. In the latter phase, cross-diffusion effects between the
different miscible chemical species may have to be taken into account in order to correctly model the

evolution of the concentrations or of the volume fractions of each species.

Systems of interacting particles can be observed in biology, physics or social sciences. In microscopic
models, the dynamics of each particle is accounted for explicitly, while the macroscopic models are
typically given by partial differential equations describing the evolution of their density. Passing from the
microscopic to the macroscopic model systematically is, in general, very challenging, in particular, when
taking into account the crowding effect due to the finite size of the particles. In this context, according to
the chosen assumptions, a variety of macroscopic equations has been derived, with several methods
as well, including, among the others formal Taylor expansions [4] or matched asymptotic expansions
[3]. Cross-diffusion is a common feature of all these models and poses a particular challenge for the
analysis since, for example, maximum principles do not hold. Classical examples of cross-diffusion

systems are systems describing multicomponent gas mixtures.

On the other hand, the Cahn-Hilliard equation (after J. W. Cahn and J.E. Hilliard [6]) was developed
to describe phase separation in a two component system, where the two components spontaneously
separate and form domains pure in each component, in which the unknown represents the concentration
of one of the two components. Concentration refers either to volume fraction or to mass fraction,
depending on the physical system under investigation. Thus, the Cahn-Hilliard equation constitutes a
continuous, as opposed to a discrete or lattice, description of a material undergoing phase separation.
As a generalization of the single equation, a Cahn-Hilliard system describes phase separation in
multicomponent alloys, with a physical interpretation similar to the case of the single equation. In
case of energetically not favorable conditions the system decomposes into a microstructure consisting
of many regions with different phases. Each phase is characterized by a distinct composition of the
individual components and these are such that the bulk chemical energy becomes small. The formation

of the microstructure happens on a very fast time scale and is called phase separation.

In this project we combined the two effects just described and then focused on a multicomponent
system with cross-diffusion effects between the different species and where each species tends to
separate from the others, thus obtaining a system of cross-diffusion equations with Cahn-Hilliard terms.
The most interesting case is when only one species has the tendency to separate from the others, a
situation that can be observed in some real world applications such as the phenomenon of deposition

for thin films or during the physical vapor deposition [13; 16].
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In this case, cross-diffusion effects between the different species are crucial in order to correctly model

the evolution of the concentrations or of the volume fractions of each species.

Although there is a vast literature on both cross-diffusion and Cahn-Hilliard systems, very little is known
in the case when these two features are combined, especially in the case when the phase separation
is experienced only from one species with respect to the others. To the best of our knowledge, we may

refer to [11], where an existence result for a class of such systems is shown.

In this project we aimed to provide a detailed description of some of the main features and to give an
answer to some of the main questions related to this topic. More precisely, we started from the system
presented in [11] and developed our investigation in the following directions: the role of the steady
states and the long time behavior; the associated finite-volume schemes; the nonlocal setting and the

nonlocal-to-local convergence.

From a mathematical point of view, phase separation acting only on one species yields to a transport
term with low regularity in the equations, and this requires a delicate analysis of the model. Following
the arguments in [11] we started from the already existing results for cross-diffusion systems and the
Cahn-Hilliard framework, respectively, and then adapted them to our context, in order to overcome lack

of a-priori estimates and to adapt to possible degeneracies.

The project followed the work plan as laid down in the proposal up to Work Package 3. In what follows,

we will provide a more detailed descriptions of our results.

3.1 Stationary solutions and large time asymptotics to a cross-diffusion Cahn-Hilliard system
In paper [7] we studied a multi-species degenerate Ginzburg-Landau energy and its relation to a system
of cross-diffusion Cahn-Hilliard equations. We assume that the mixture occupies an open, smooth and
bounded domain Q C RY, with d = 1,2, 3, and that there are n + 1, n € N\ {0}, species in the mixture.

We denote by u;(z,t),i = 0,...,n, the volume fraction of the i*" species at point 2 € 2 and time ¢ > 0

and set u = (uo, ..., uy). The dynamics of the system is governed by the free energy functional
B(u) = / [ (witnw; —wi+ 1) + 5[ Tuof + fuo(1 - uo) | da, (1)
Q"izo

where ¢ and 3 are positive constants. Moreover we let M : R**!1 — R(»+Dx(n+1) be 3 degenerate

mobility matrix with entries

M;j(n) :== —Kijuiu, Vi£j=0,...,n,

Mu(u> = Z Kikuiuk Vi= 07 ey Ny
0<kAi<n

where K;; are positive real numbers such that K;; = Kj;, for every i # j = 0,...,n. Denoting by

= Dy E(u) (3)
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the chemical potential, in [11] we considered the following problem
dyu = div (M (u) V) (4)
in Q x (0,00). As expected, due to their interpretation as volume fractions, the quantities u; must satisfy
0 <wi(x,t) <1 foralli=0,...,n and zn:ui(a:,t) =1fora.e. z € Q,t e (0,00), (5)

=0
and the constraint on the sum is referred to as the volume-filling constraint.

The aim of this paper was twofold. First of all, we studied some solutions to the stationary problem
0 =div(M(u)Vu) (6)

in Q. In general, the analysis of this system of coupled, degenerate elliptic equations is by no means
straight forward. In this work, motivated by the gradient flow structure of the time-dependent equation
highlighted above, we focus our study on the set of local minimizers of the energy functional (1), see
Lemma 2.1 and Theorem 2.4. The latter are natural candidates for solutions to (6), in the sense that
one naturally expects that solutions of the time-dependent system should converge in the long time
limit to one of these local minimizers. Of course other stationary solutions may exist, but we focused
our attention on local energy minimizers because they are of particular physical relevance for the
present system. When the parameters are chosen such that the energy functional is convex, the unique
minimizers are constants and we show that solutions to the evolution problem (4) converge to them
exponentially fast, see Theorem 3.3.

In the non-convex case, the dynamics is much more complex which leads us to the second aim
of the paper: we introduce a finite volume scheme that preserves the structure of the continuous
time-dependent system. The simulations demonstrate the capability of the scheme and allow to explore

the dynamics for arbitrary parameter regimes, see Sections 4 and 5.

3.1.1 Contributions

Our work made the following contributions:

e Proving existence and uniform lower and upper bounds for the local minimizers of (1) in the L>(2)
topology. We emphasize that the latter, in contrast to the results of [11], requires a construction
which has to preserve not only the box constraints but also the mass of the competitor, which

significantly complicates the argument, see Theorem 2.3.

e Gaining regularity of the minimizers from the Euler-Lagrange system, we show that they qualify as
classical solutions to the stationary system. We also show that the Euler-Lagrange equation for
the void species decouples, revealing a strong link with the single-species energy, see Theorem
2.4.
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e We study the convexity properties of (1) and are able to give explicit quantitative bounds. In a
particular parameters regime, we show that the minimizers are constant and that solutions to the
dynamical system converge exponentially fast to them, for arbitrary initial data with finite energy.

We give explicit rates of convergence, see Theorem 3.3.

e We introduce a two-point finite volume scheme that approximates the evolution problem (4),
preserving the constraints (5). The discrete free energy is shown to be nonincreasing, adapting
the convex-concave splitting of [11] to the discrete case. We provide numerical simulations to
illustrate the behavior of the scheme and to investigate the variety of stationary solutions in the

long-time limit, see Section 4.

3.2 Cross-diffusion equations with nonlocal Cahn-Hilliard terms

In the paper [9] we considered a nonlocal version of problem (4) and showed existence of a global-
in-time solution to a weak formulation of it, as well as the convergence of this solution to its local
counterpart. The interest for such models stems from multiphase systems modeling isothermal phase
separation of miscible entities occupying an isolated region @ ¢ R? d = 1,2,3, cf. [12] and the
references therein. Nonlocal interaction equations are continuum models for large systems of particles
where every single particle can interact not only with its immediate neighbors but also with particles
far away. These equations have a wide range of applications. In biology they are used to model
the collective behavior of a large number of individuals [14], in physics they are used in models
describing the evolution of vortex densities in superconductors [15], and they appear in simplified
inelastic interaction models for granular media [1]. Concerning nonlinear degenerate systems with
non-local terms, very little is known on the dynamics, which seems rather unexplored so far [5; 8]. In
[2] the authors study a nonlocal cross-diffusion model for two species, which can be derived from a
lattice-based microscopic model with size exclusion. In order to see the inherent phase separation in
their model, they rewrite it as a system of nonlocal Cahn-Hilliard equations by means of a nonlocal

Laplacian defined as a negative semidefinite operator.

Different from problem (4), in this case we assume Q to be the d-dimensional flat torus of R¢, d = 2,3
(which corresponds to imposing periodic boundary conditions), let 7' > 0 be some final time, and
assume the same notation for the volume fractions u;(z,t) as in the previous subsection. Given
a small parameter ¢ > 0 which accounts for the radius of the nonlocal interactions, we denote by
u: = (ucp,...,usn) the nonlocal counterpart to w as appearing in (4). We are then interested in
the existence of weak solutions to the following system of cross-diffusion equations with nonlocal
Cahn-Hilliard interactions

du. = div (M (u.)Vp,), (7)
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such that
0 < wgi(x,t) <1lforeveryi=0,...,nand Z“Evi(m’t) =1fora.e. (z,t) € 2 x [0,T].
=0
Here M (u.) is the degenerate mobility matrix as in (2) while p. is the chemical potential as defined in

(3) but associated to the energy

n
1
B =3 [ weitnues— g+ Loty [ [ epleen) ueo) = uesln)) ey (@) = ey ) dody,
o aJo
(8)
where L. are L' and symmetric convolution kernels and C' = (c;;);; € R D> (1) is a suitable positive

semidefinite matrix.

In this paper we combined ideas mainly coming from [10] and [11] and proved the existence of global
weak solutions to system (7) with energy (8) and supplemented with appropriate initial- and boundary
conditions. Furthermore we showed that this solution, in the limit ¢ — 0, converges to a solution to the

local counterpart of (7).

The novelty of this work is threefold:

e This is, to the best of our knowledge, the first attempt to combine degenerate cross-diffusion

system with non-local Cahn-Hilliard contributions.

e We are able to treat an energy that involves non-local Cahn-Hilliard terms acting on all species.
Note that this requires an appropriate definition of weak solutions and a careful analysis when
performing the limit of an approximate time-discrete non-local system, as the non-local terms

yield less regularity in the a-priori estimates than their local counterparts.

e We apply the generalzed boundedness-by-entropy method exploited in [11] to this non-local

context.

Let us have a closer look to the two different results.

Concerning the existence theorem to the nonlocal system, we started by considering a still non-linear,
regularized time-discrete scheme, for a given small parameter 7 > 0. We then used a two-step
fixed-point argument involving the chemical potentials as unknowns to guarantee the existence of the
iterates, as stated in Proposition 3.1 and then showed in the subsequent lemmas. Finally, using the
fact that the formal gradient flow structure of the system is preserved in the discrete scheme, we obtain
some a-priori estimates on the iterates which are independent on the time step 7, see Proposition 3.9
and Lemma 3.10. We then see that these a-priori estimates are sufficient to pass to the limitas = — 0
and recover the desired weak solution, see the analysis carried in Subsection 3.3.

We emphasize the fact that one of the main difficulties was to treat the convergence of the least regular

terms of our system. To obtain the latter, we needed to use a careful truncation argument along with the
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strong convergence in L?(0,T; L?(Q2)) as well as the continuity properties of the operator accounting

for the convolution kernels. This is the object of Lemma 3.11.

To prove the nonlocal-to-local convergence we start by observing that the a-priori estimates collected
to obtain the previous result are actually uniform, that is, also independent on the parameter ¢, see
Lemma 4.1. These enable us to gain enough regularity and pass to the limit as € — 0, thus obtaining

convergence to a system which is the local counterpart of (7), as shown in Theorem 2.5.

4 Published Project Results

4.1 Publications with scientific quality assurance

- E. Davoli, G. Marino, and J.-F. Pietschmann, Existence and local asymptotics for a
system of cross-diffusion equations with nonlocal Cahn-Hilliard terms (2024), preprint

https://arxiv.org/abs/2408.07396.

- J. Cauvin-Vila, V. Ehrlacher, G. Marino, and J.-F. Pietschmann, Stationary solutions and large
time asymptotics to a cross-diffusion-Cahn-Hilliard system, Nonlinear Anal. 241 (2024), 113482,
https://doi.org/10.1016/j.na.2024.113482.

4.2 Other publications and published results

- G. Marino, J.-F. Pietschmann, and M. Winkler, A free boundary model for transport-
induced neurite growth, European Journal of Applied Mathematics, (2024), 1-27,
https://doi.org/10.1017/S0956792524000718.

- G. Marino and S. Mosconi, Lipschitz regularity for solutions of a general class of elliptic equations,
Calc. Var. (2024) 63—25, https://doi.org/10.1007/s00526-023-02632-1

- G. Marino, J.-F. Pietschmann, and A. Pichler, Uncertainty Analysis for Drift-Diffusion
Equations, 14, International Journal for Uncertainty Quantification, Issue 5 (2024), 31-59,
10.1615/Int.J.UncertaintyQuantification.2024039459

- A. Fiscella, G. Marino, A. Pinamonti, and S. Verzellesi, Multiple solutions for nonlinear boundary
value problems of Kirchhoff type on a double phase setting, Revista Matematica Complutense,
37 (2024), 205—-236, https://doi.org/10.1007/s13163-022-00453-y.

- G. Barletta, A. Cianchi, and G. Marino, Boundedness of solutions to Dirichlet, Neumann and Robin
problems for elliptic equations in Orlicz spaces, Calculus of Variations and Partial Differential

Equations, 62 (2023), no. 65, https://doi.org/10.1007/s00526-022-02393-3.

4.3 Patents (applied for and granted) N/A
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